MATH 523: CONNECTION BETWEEN POISSON AND MULTINOMIAL
LIKELIHOODS

Binomial: If Y, ~ Poisson(u1) and Yo ~ Poisson(us) are independent, and if M = Y; + Y3, then we
have that
Y1|M = m ~ Binomial(m, )

where m = 1 /(111 + p2). Suppose we have a GLM for the two data, where log 111 = o, log 2 = 5o+ 1.
The likelihood based on data (y1, y2) is given by

L(Bo, Briy1,y2) = fyi,va (Y1, y2; Bo, 1)
so that the log-likelihood is

1(Bo, B1; y1,y2) = log L(Bo, B1;y1,42) = wyilogui — p1 + y2log po — po + const.
= y180 — €™ +ya(Bo + B1) — P+ const.

= (y1+y2)B0 +y2B1 — (1 + €”') + const.

Reparameterizing to use ¢ = p1 + po = ebo 4 ePotPr = bo (1+ eﬁl), we may re-write the likelihood for

(d}v ﬁl) as
L4, By, y2) = (g1 + y2) log ¢ — ¥ + yaf1 — (y1 + y2) log(1 + €”*) + const.
and, equivalently, if m = y1 + 2,

(W, Br1;m,y2) = mlog¢—¢+ygﬂl—mlog(1+eﬁl)+c0nst.

= Iu(¥;m) + lyy e (B1; y2, m) + const.
where
The first term [j/(1;m) is (up to an additive constant) the log-likelihood for a Poisson model with

mean ) = (1 4 1) = 11 + po. The second term is (up to an additive constant) the log-likelihood
for a Binomial model with parameters m and

- eP1 - ePot+h e
- 1+ et — eBo + eBothr B 1 _|_M2

™

Hence inference about 3; can be made via the conditional likelihood for Y,, given M = Y7 + Y5 is
observed to be m; this follows as, in the new parameterization, terms involving 3; appear only in the
conditional likelihood.

Multinomial I: This result may be extended to the K random variable case, and a multinomial model.
Suppose that Y), ~ Poisson(uy) for k =1,..., K are independent, and

log pr = Bo + Bizk

say (that is, retaining a two-parameter model for the moment). The calculation above goes through as

before with
K K
Y = Z ePotbizr — o Z Pk
k=1 k=1

and M =Y; +---+Yg. Thenif m =y +--- +yx,

K K
l(lﬁ)ﬁl;mayl)’"anyl) - mlOgd’_BlZl’kyk—mlOg <Zeﬂ1$k> -+ const.

k=1 k=1

= Iy (;m) + by (Br; 91, - - - Y, m) + const.

1



The first term 157 (1); m) is (up to an additive constant) the log-likelihood for a Poisson model with mean
Y = p1+- -+ pk. The second term is (up to an additive constant) the log-likelihood for a Multinomial
model with parameters m and (7, ..., 7x) where
ePrze ePotBizy Lk
7‘(‘k = = =

> ez > eBo+Biz; p+ T HE

=1 =1

We can see this result as for the multinomial case

L(mi,...,T;m,y1, ... Yk) = —————— b K
( y YK) TR K
yielding a log-likelihood
K K eP1Tk
Wmyyeo TR MG YL, - YR) = Zyk log mj, + const. = Zyk log — | tconst.
k=1 k=1 Z eﬁlrl

=1

K K
= Z Yk (ﬁwk — log (Z eﬂl‘”>> + const.

k=1 =1

K K
= b Z ygxp — mlog <Z eﬁm> + const.

k=1 =1
as required. In the above calculations we may write 5, = 51z for convenience.

Multinomial II: Finally, suppose that we have a Poisson model where log i, = 8o + B, with 81 = 0
for identifiability. Writing

K K K
Y= Zﬂk — Zeﬁo+ﬁk — Po (1 + Zeﬁk>
k=1 k=1 k=2

and conditioning on M = Y] + - -- + Y[ taking the value m, following through the identical steps, we
have the same factorization

l(¢7527'"76K§m7y17"'7yK—1) == lM('(/J,m) +ZY‘M(527"'7/8K;y17"'7yK7m) + const.
where

I(psm) = mlog — 4

K K
lY‘M(ﬁZa"'vﬁK;yla'”7yK)m) = Zyk‘ﬁk_mlog (Zeﬂl>
k=1

=1

The conditional distribution that yields the log-likelihood ly3/(B2; - - -, Bi; Y1, - - -, Y, m) is a multino-
mial distribution with probabilities

eBr eBo+Bk m
k=g ~ K - R ’
Z eb Z ePo+B m Hi
=1 =1
Note that as 51 =0,
1 Br
7T1:7K Wk_eiK, k:2, ,K
14 > ebr 14 > eb
=2 =2



