MATH 523: ITERATIVELY REWEIGHTED LEAST SQUARES: EXAMPLE

In the Exponential-Dispersion family, with a;(¢) = ¢/w; for a set of known constants wy, . .., wy, the p
score equations for parameter (31, ..., 3,) " are obtained by differentiation of the log-likelihood partially
with respect to the elements of 3 and equating to zero. For example, for 3;
2 WBdy)r =) — \Yigs — =) — v = 0. 1
We have that 5
E[Y;] = b(6:) = i Var[Y;] = a;(¢)b(6;) = JU(M) = V(i)
say. After simpliﬁcation the score equations arising using link function g(t) are, for j =1, ...,p
Uz (yi — ) . wi (Y — ) T
=0. or equivalentl - =0 2)
Z v (ki) a Y ; v(p) g (k)

Consider the random quantity g(Y;); by a Taylor approximation g(Y;) = g(u;) + (Yi — i) (i), so let

Zi=mi+ (Y — pi) 9 (i) = B+ (Vi — i) g (pa) 3)
As E [Y;] = ui, we have that E [Z;] = »;, and

Wy

say. Hence, from (3) the {Z;} form a linear model in § given {y;}, and if observed values {z;} were
available, 3 could be estimated using a least squares procedure, that is, by 8 where

~ -1
5= (XTWX) XTW2 )
and where X is the n x n matrix whose n rows are x1, ..., x,, with z; = (2;1, ..., x;y) and from (4)

W = diag (v ',...,v, ")

ALGORITHM:

(0)

1 Initialize: choose any values for 1i; ~ and n(o) g(u EO)) fori=1,...,n

2 Fori=1,...,nset

2V =0+ - @)

and

(1) w; T ~(1) ~
T N, (A0 = W=disg <w1 ,w,(}))
{g(ﬂi )} v (ui )
3 Compute estimates
B = (XTWu)X)‘l XTwW O (1)
4 Define vectors (V) = X3 and M) = g~ (7))

5 Return to 2 and iterate through 2-5 using i(!) and 7)) as the updated starting values, eventually
to obtain i(?) and 7(?

6 Repeat until i) and 7 satisfy
’g(t) _ ﬁ(H)‘ <6 ’ﬁ(t) _ ﬁH)‘ <e

for tolerances ¢, and ¢,,.



Example:- Poisson log-linear model.

Suppose Y; ~ Poisson(yu;), and g(p;) = log pi = Bo + Bix;. Here v(pi) = pi, ¢ = 1 and w; = 1 for all 4.
Also note that ¢(t) = 1/, so that
v(pi)g(pi) = pa/pi = 1.

We write by the Taylor approximation in (3)

zi = (Bo + Brx;) + (v = 1)
Hi
Step 0: Set Béo) = B%O) = 0, so that %0) =0, ﬁgo) =1, for all 4.
Step1: Fori=1,...,n,let
_ (0 o
S0 50 (yi —11; ) —0+ (yi — 1) Y
i g ~(0) 1
Hi
and
~(1) _ Wi _ 1 _ o0 _

Wi~ = 2 = 2 -
@™} o (m7) (e}
thus defining wl= diag(@il), ceey @S)) = 1I,. Then set
B = (XTW<1>X)_1XTW<1>z<1> - (XTX) TXT 0

and
i =B + B A = exp{By) + 5V}

Step t+1: Fori=1,...,n,let

A0 i~y
/Z\gt+1) _ /\Z(t) + % — (ﬂét) + 59332) + %
¢ M

and )
&Y — 50

7 7

thus defining W+ = diag(i\”, ..., 4{"). Then set
Bl — (XTW(tH)X)*l XTWEHD 5 (t+1)

Iterate Repeat until convergence; check that the score equations from (2)

n n

S wi—a)=0 S i — i)z =0

i=1 =1

holds at the solution.



