
MATH 523: EXPONENTIAL FAMILY EXAMPLES

The mass/density function fY falls into the Exponential-Dispersion family with scalar parameters
(θ, ϕ) if fY can be written

fY (y; θ, ϕ) = exp

{
yθ − b(θ)

a(ϕ)
+ c(y, ϕ)

}
for specific functions a, b and c, and the support of the function does not depend on (θ, ϕ).

• θ is the canonical parameter
• b(θ) is the cumulant function parameter
• ϕ is the dispersion parameter

Note that the function a(.) is often the identity, that is

a(ϕ) = ϕ.

If
l(θ, ϕ; y) = log fY (y; θ, ϕ)

it follows by direct calculations that
EfY [l̇θ(θ, ϕ;Y )] = 0

and

EfY

[
l̈θθ(θ, ϕ;Y )

]
+ EfY

[{
l̇θ(θ, ϕ;Y )

}2
]
= 0

where

l̇θ(θ, ϕ; y) =
∂l(θ, ϕ; y)

∂θ
l̈θθ(θ, ϕ; y) =

∂2l(θ, ϕ; y)

∂θ2

Hence in the Exponential Family, we have

E[Y ] = ḃ(θ) = µ Var[Y ] = b̈(θ)a(ϕ) = V (µ)

say.

• µ = ḃ(θ) is the mean function
• V (µ) = b̈(θ)a(ϕ) is the variance function.

POISSON For y = 0, 1, 2 . . .

fY (y;λ) =
λye−λ

y!
= exp{y log λ− λ− log y!}

• Canonical parameter: θ = log λ
• Cumulant function: b(θ) = eθ

• Dispersion parameter: a(ϕ) = 1

• Mean function: E[Y ] = ḃ(θ) = eθ

• Variance function: Var[Y ] = b̈(θ)a(ϕ) = eθ = µ, so V (µ) = µ.
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BERNOULLI For y = 0, 1

fY (y;π) = πy(1− π)1−y = exp

{
y log

(
π

1− π

)
+ log(1− π)

}
• Canonical parameter: θ = log

(
π

1− π

)
• Cumulant function: b(θ) = log(1 + eθ)

• Dispersion parameter: a(ϕ) = 1

• Mean function: E[Y ] = ḃ(θ) =
eθ

1 + eθ
= π

• Variance function: Var[Y ] = b̈(θ)a(ϕ) =
eθ

(1 + eθ)2
= µ(1− µ), so V (µ) = µ(1− µ).

BINOMIAL For z = 0, 1, . . . ,m

fZ(z;π) =

(
m

z

)
πz(1− π)m−z = exp

{
mz log

(
π

1− π

)
+m log(1− π) + log

(
m

z

)}
Consider the data transformation y = z/m. Then for y = 0, 1/m, 2/m, . . . , 1 we have

fY (y;π) = exp


y log

(
π

1− π

)
+ log(1− π)

1/m
+ log

(
m

my

)
• Canonical parameter: θ = log

(
π

1− π

)
• Cumulant function: b(θ) = log(1 + eθ)

• Dispersion parameter: a(ϕ) = ϕ = 1/m

• Mean function: E[Y ] = ḃ(θ) =
eθ

1 + eθ
= π

• Variance function: Var[Y ] = b̈(θ)a(ϕ) =
eθ

m(1 + eθ)2
= µ(1− µ)/m, so V (µ) = ϕµ(1− µ).

GAMMA For y > 0

fY (y;α, β) =
βα

Γ(α)
yα−1e−βy = exp{(α− 1) log y − βy + α log β − log Γ(α)}

Consider the reparameterization
ν = α µ = α/β

so that

fY (y;µ, ν) =
1

Γ(ν)

(
νy

µ

)ν

exp

{
−νy

µ

}
1

y

and we have

• Canonical parameter: θ = −1/µ.
• Cumulant function: b(θ) = − log(−θ)
• Dispersion parameter: a(ϕ) = ϕ = 1/ν.
• Mean function: E[Y ] = ḃ(θ) = −1/θ

• Variance function: Var[Y ] = b̈(θ)a(ϕ) = (1/(1/µ2))(1/ν), so V (µ) = ϕµ2.
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