MATH 523: RESIDUALS

Residual checkmg is a key component of assessment of model fit for the linear model. The vector of
fitted values is Y = X3, and the (n x 1) vector of residuals is

R=Y-Y=Y-XB=(I, - XX"X)"'X")yY = (I, - H)Y
with observed values
r=y—y=~I.—Hy.
Under the assumption of a correct model specification, we have that
' =(XB) w-Xp) = FTXTy-pTXTX)5
= ¢y X(XTX)"'XTy -y X(XTX)H(XTX)(XTX) ' XTy
=0
by the previous orthogonality results. By similar arguments, we have that
XTr=XT(y—XB) =0,
that is, the observed residuals are

e orthogonal to fitted values y
e orthogonal to the columns of X.

so therefore plots of residuals versus fitted values or the columns of X should show no pattern, and be
centered at zero.

Note, however, that
y'r=yT(y—XB) =yTy -y XXTX)"'XTy =y (I, - H)y #0
in general, so the residuals are not orthogonal to the observed responses.
Note also that by similar calculations for the random variables
E[YTR] =0 E[XTR] =0,

and that
Var[R] = Var[(I, - H)Y] = (I, - H)X(I, - H)T =V
say. This suggests that the residuals can be standardized by dividing them by their (estimated) standard
errors; the standard error for R; is the square root of the (i, i) element of the matrix Vp
AS) _ Y (XB)s
’ Vrii
If ¥ = ¢21,, then
Ve=0c*1I,-H)1,-H)"=¢*1,-H-H+HH'") = ¢%(I, - H)

as HH' = H so that the it standardized residual is



