MATH 523: EXPANSIONS FOR POISSON MODEL

Let Y ~ Poisson(p), and let g(Y') be a differentiable transformation. A Taylor expansion around p
yields
) 1
9(Y) =g(w) + (Y = (1) + 5 (Y = 1)°4(1) + Op((Y — )*)

Truncating at the first order term, as E[Y'] = Var[Y] =

E[g(Y)] =g(p)  Var[g(Y)] = {g(n)}*n

Truncating at the second term

[\

E[o()] = (1) + S EI(Y — w)?1i00) = (1) + 20

and

Var[g(Y)] = Var[g(u) + (Y = m)g(p) + (Y = 1)*j(1)/2] = Var[g()Y + (Y = p)*j (1) /2]
Now, using the formula for variance Var[X] = E[X?] — {E[X]}?, for the first term

G(Y + (Y = 1)*§(1)/2)* = (9(0)Y + (Y2 = 2Y + )§(1)/2)* = (a0 + m1Y + azY?)?

where ) ) )
i) _ {9} ~ {g(w)}
ao =p a1 = g(p) T a2 = —
and
(ap + 1Y + aY?)? = by + 01Y + bV 2 + b3Y3 + by Y
where

bo = CL% b1 = 2apa1 by = 2apas + a% bs = 2aia9 by = a%.
Thus to compute the E[.X 2] term, we need E[Y"] for r = 1,2, 3,4. We have

EY] = n

E[Y?] = p(l+p)

E[Y?] = u(l+3u+p?)
E[YY = p(l+7p+6p%+ %)

For the second term, {E[X]}?, we have

E[@(n)Y + (Y — w)%(u)/2] = (e + "2

2
which we need to square.
Square-root transformation: g(t) = t'/2
1 1
t) = =t~ 1/? G(t) = —=t=3/2
TORE ORI

so therefore

1 1 1 1

aw=-— a — o«
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