
MATH 523: EXPANSIONS FOR POISSON MODEL

Let Y � Poissonpµq, and let gpY q be a differentiable transformation. A Taylor expansion around µ
yields

gpY q � gpµq � pY � µq 9gpµq �
1

2
pY � µq2:gpµq � OpppY � µq3q

Truncating at the first order term, as ErY s � VarrY s � µ,

ErgpY qs l gpµq VarrgpY qs � t 9gpµqu2µ

Truncating at the second term

ErgpY qs l gpµq �
1

2
ErpY � µq2s:gpµq � gpµq �

µ

2
:gpµq

and

VarrgpY qs l Varrgpµq � pY � µq 9gpµq � pY � µq2:gpµq{2s � Varr 9gpµqY � pY � µq2:gpµq{2s

Now, using the formula for variance VarrXs � ErX2s � tErXsu2, for the first term

p 9gpµqY � pY � µq2:gpµq{2q2 � p 9gpµqY � pY 2 � 2Y � µ2q:gpµq{2q2 � pa0 � a1Y � a2Y
2q2

where

a0 � µ2 t:gpµqu
2

4
a1 � 9gpµq �

t:gpµqu2

2
a2 �

t:gpµqu2

4

and
pa0 � a1Y � a2Y

2q2 � b0 � b1Y � b2Y
2 � b3Y

3 � b4Y
4

where
b0 � a20 b1 � 2a0a1 b2 � 2a0a2 � a21 b3 � 2a1a2 b4 � a22.

Thus to compute the ErX2s term, we need ErY rs for r � 1, 2, 3, 4. We have

ErY s � µ

ErY 2s � µp1� µq

ErY 3s � µp1� 3µ� µ2q

ErY 4s � µp1� 7µ� 6µ2 � µ3q

For the second term, tErXsu2, we have

Erp 9gpµqY � pY � µq2:gpµq{2s � 9gpµqµ�
µ:gpµq

2

which we need to square.

Square-root transformation: gptq � t1{2

9gptq �
1

2
t�1{2

:gptq � �
1

4
t�3{2

so therefore
a0 �

1

32µ
a1 �

1

2µ1{2
�

1

16µ3
a2 �

1

32µ3

1


