MATH 523 - MIDTERM 2011: SOLUTIONS
(a) We have,if Y ={0,1,2,...},

fy(y;m) = Ly(y) exp{ylog 7 + log(1l — m)}

so that the canonical parameter is # = log 7, and in the usual notation

b(0) = —log(1 — &%)

3 MARKS
(b) We have
o . o
b(6) = 1—e? b0) = (1—e%)2
so therefore , ,
e 0 e 0
G el e Vel =y = =y
and denoting E[Y'] = p, we have m = p1/(1 + 1), and therefore
Var[Y] =~ (14 ) = oV ()
T(l-m—m HMETHTONM
with ¢ = 1.
6 MARKS
(c) The canonical link sets
1
=0 =logm = log [ ——
SR
so g(t) = log(t/(1 +t)).
5 MARKS

(d) As0O < 7 < 1, the canonical link is a mapping onto R, rather than R. This might be inconvenient,
as the linear predictor could potentially take positive values. The given link function, however,
maps onto R.

Note: this link function is not available in R.

4 M ARKS
(e) The log likelihood in terms of 7 (common across all data) is
ly(m) = Z [yilog ™ +log(1 — m)] = slogm + nlog(l — )
i=1
where s = ) y;. By elementary calculations, we have
i=1
A S . o T s
s+ n o =13 "n
by invariance.
3 MARKS

MATH 523 MidTerm 2011 Page 1 of 2



(f) Under the log link,

exp{fy + 317}
1+ exp{By + Bizi}’

7T
n =Py + Bz =logp = log (1—7r> T =

and so, after some algebra
(1 —m; j =
o _om | =) 7=0 — (s
T =S5 = = ajm(l —m).
B; aimi(1 — ;) j=1

We have

n(Bo: B1) = Z yilog m(Bo, B, x:) + log(1 — m(By, By, )] = | [yilog m; + log(1 — ;)]
- i=1
Therefore, for j = 0,1,
oy . [ ! (yi — 1)
As Uy i 1_ i) — | = 172
2B, Z J[m 1—%1] ZI pill = mi) —mi] = Z I+,

i=1 i=1

as m; = p;/(1 + p;). Equating to zero yields the estimating equations.
5 MARKS

(g) Under the full model, z; = y;, so that @; = y;/(1 + y;). Therefore the deviance is

D(y; ) = 2; {yi{log (1%%) - (1%/3@)} * {log <1jyz> - (1 i@)}]

4 M ARKS

(h) This is the model described in (f), with a single covariate, and log link (the geometric distribution
is a special case of the negative binomial). The estimates and standard errors indicate that the
coefficient, 3, is significantly different from zero; that is X influences failure, and as X increases,

the expected lifetime shortens (the sign of B, is negative)
4 MARKS

The change in deviance between the fitted model and the null model (corresponding to the fit
given in (e)) is

84.730 — 61.232 = 23.498
which should be compared against the x3 density; clearly 23.498 is an atypical value from this

density, so that allows us to conclude that the null model is not an adequate simplification of the
fitted model.

4 MARKS

In this model, the dispersion parameter is ¢ = 1. The estimate of the dispersion parameter under

the fitted model is ¢ = 61.232/48 = 1.276 which is a little larger than 1, but not excessively so.
Therefore there is no reason to question the adequacy of the model overall.

2 MARKS
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