Appendix



Results for the Gamma distribution

The Gamma distribution arises in several contexts:

® as the continuous analogue of the Negative Binomial dis-
tribution

® as a function related to the Poisson cdf

® as a consequence of the Poisson process.
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Connection to the Geometric distribution

Recall the origin of the Poisson distribution; we consider
Y ~ Binomial(n, p)
then fix A = np, and allow n — oo.

® We have an infinite sequence of independent Bernoulli
(binary) trials, where the successes occur at a constant
rate of )\, independently of the results of other trials.

¢ Furthermore, the number of trials between successes are
independent Geometric(p) random variables
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Connection to the Geometric distribution (cont.)

In the sequence of infinite independent Bernoulli trials, let Y;
be the number of trials until the first success. Then

Y1 ~ Geometric(p),

with
pv,(y)=(1-p)'p y=1,2.3,...

with py, (y) otherwise, with corresponding cdf

0 y<l1
F =
n) 1-(1-p) y>1

where |y| is the largest integer no greater than y.
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Connection to the Geometric distribution (cont.)

0.1

Now, let X; = Y1 /n, and A = np. Then for fixed x
FX1 (X) = P(Xl S X) = P(Yl S HX) = Fyl (HX)

that is
0 x<1/n
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Connection to the Geometric distribution (cont.)

0.1

Asn — o0
A [nx]
<1 - n) — exp{—Ax}
for x > 0. That is
0 x<O0
FX1 (X) —

1 —exp{—Ax} x>0

Thus X; ~ Exponential (1/)).
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Connection to the Geometric distribution (cont.)

0.1

This result also follows using mgfs: we have that

pel’ t pet/n
my, (8) = T ot mx, (t) = my, <n> =1 _qel/n
If p = \/n, then
(\/n)et/m Aet/n A

t) = =
mxl( ) 1—(1— )\/n)et/“ det/n ¢ n(l - et/n) — A—t
as n — oo, as et/n — 1 and

t/n t  t?
n(l1—e'?)=n 1—1—5———-~ — —t.
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Connection to the Geometric distribution (cont.)

0.1

Suppose X, Xy, X3,..., X, ... are defined in terms of the infin-
ite sequence of independent Bernoulli(p) trials and the ran-
dom variables

Y, = “number of trials between (r — 1)th and rth success”
via the relationship
Yr
X, =—.
n
Then in the limit as n — oo with A = np fixed

X1,X5,X3,..., Xy, ... ~ Exponential (1/))

with these variables independent.
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Connection to the Poisson distribution

0.1

Let Y ~ Gamma(r,1/)\) for positive integer r = 1,2,...

consider for y > 0 the cdf of Y,

Fy(y) = P(Y <y) = [ —2 _yr-lg-dug
Y(.V)_ ( .Y)_ 0 (T—l)‘u € u

with Fy(y) = 0 for y < 0. Define

Sy(r.y) = P(Y > y) = /Oo al
y

for y > 0.

| The Gamma Distribution
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Connection to the Poisson distribution (cont.)

Integrating by parts, we have that

)\r—l ) N S oo )\r—l ) N
S — | T —AlU R S —AU d
y(r,y) (r—l)!u e L} —i—/y (r—2)!u e u
-1
- X vy le™ + Sy(r—1,y)
(r—1)! Y ’
)\rfl L )\er L
B (1"—1)lyr eV (1"—2)|yr eV 4 Sy(r—2,y)

using the recursion.
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Connection to the Poisson distribution (cont.)

By extending the recursion, we find that

r—1 .;
N
SY(IUY):ZT,YJG N 4 Sy(1,y).
=

We also have by direct calculation that

Sy(l,y) = / Ae M du=e N
y

SO
r—1 J

0.1 | The Gamma Distribution 11



Connection to the Poisson distribution (cont.)

Therefore, evaluatingat y =1

Thus we have that if Y ~ Gamma(r,1/)\),
r—1 )\J

P(y>1)=> e

=0
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Connection to the Poisson distribution (cont.)

Recall the Poisson process definition of the Poisson distribu-
tion.

¢ The process X(t) defines a collection of discrete random
variables whose probabilistic properties are determined
as a limiting case of a sequence of independent Bernoulli
random variables.

e Events occur in continuous time at a constant rate A\, with
events occurring independently;

® The number of events that occur in any interval of length
t is a random variable having a Poisson distribution with
parameter \t.
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Connection to the Poisson distribution (cont.)

The cdf of X = X (1) is therefore

X

Fx(x) =P(X <x) = e”\),\—j
= 7
for non-negative integer x. Hence
x—1 )\j
P(X<x—1) :Z;e—kj! =P(Y >1)
J:

where Y ~ Gamma(x,1/)).
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Connection to the Negative Binomial distribution

The negative binomial distribution arises in the context of a
sequence of independent binary trials with success probabil-

ity p as the distribution of number of trials, Y;, required to
obtain the rth success.

The mgf of Y, ~ NegBinomial (r, p) takes the form

pet \’
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Connection to the Negative Binomial distribution

We now let the number of trials n tend to infinity, but fix A =
np. If we let X, = Y;/n for fixed r = 1,2,3,..., we have that

m (6) — mx(t) = (2

for t < A. Thus the limiting mgf corresponds to the limiting
random variable

X ~ Gamma(r,1/\).

0.1 | The Gamma Distribution 16



Transformations

0.2

Discrete case: In the discrete case, we consider how the
probability attached to individual values is transported under
the transformation.

Suppose Y takes values on the (countable) set

{YIa.VZa"';yH,...}.

Under the transformation h(.), these values map to the set

{uy,uy,...,up,...}

where u; = h(y;) for at least one j.
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Transformations (cont.)
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Transformations (cont.)

0.2

In the above example

up = h(y1) uz=h(y2) us=h(ys) us=h(ys)=h(ys)
We typically deal with simple transformations, for example

U=2Y U=exp(-Y) U=—— U=Y?
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Transformations (cont.)

0.2

To derive the probability distribution of U, we simply see how
the probability accumulates on individual values under the
transformation.

In the picture above, we have four values {uy, uy, us, us} with
probability as follows:

py(y1) u=u
pu(u) = P(U = u) = pr(y2) e
pY(Y3) u=us

(ya)

py(ya) + py(ys) u=u

| Transformations
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Transformations (cont.)

0.2

Continuous case: The obstacle to using the same approach
here is that for a continuous random variable Y we have

P(Yy=y)=0

for all real values y. To get around this, we can instead con-
sider
P(Ye A)

for a subset (eg interval) of the real line. For example, we
could consider A = [2, 5], and the probability

P(Ye A)=P(2<Y<5).

| Transformations
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Transformations (cont.)

0.2

Suppose that B represents the set of values containing all the
points that points in A can be mapped to under the transform-
ation h(.). That is,

B={u:u=h(y),someyc A}
Then we have that probability is preserved under the mapping

P(Ye A)=P(U € B).
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Transformations (cont.)

0.2 | Transformations
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Transformations (cont.)

Example

Suppose Y is a continuous random variable that can take val-
ues on [0,00), and U = h(Y) = 2Y. This means that we need
to consider the set

U={u:u=2y, someye€[0,00)} =]0,00)

that is, every point y gets mapped to u = 2y.
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Transformations (cont.)

Example

Consider interval A = [a, b] for a < b; if we let ¢ = h(a) = 2a
and d = 2b, then we have that

Pla<Y<b)=P(c<UK<d).
In terms of the cdfs, we have that

Fy(b) — Fy(a) = Fy(d) — Fy(c)
and letting a — 0, we have that

Fy(b) = P(Y < b) = P(U < d) = Fy(d).
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Transformations (cont.)

Example

That is, for b € R.
Fy(b) = Fy(2b)

Now, given Fy, we wish to compute Fy. We can do this by
noting that, for arbitrary u

Fy(u)=P(U <u)=P(U/2<u/2)
=P(Y <u/2)

= Fy(u/2).

0.2 | Transformations
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Transformations (cont.)

0.2

Example

To get to the pdf, we need to differentiate both sides with
respect to u:
_ dFy(u) dFy(u/2) 1

= —f 2
du du 2 v(u/2)

fu(ll)

by the chain rule. For example, if Fy(y) = 1 — exp{—y}, then
foru > 0,

fo(u) = < {1~ exp{~u/2}} = 7 exp{~u/2}.

| Transformations
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Transformations (cont.)

If h(.) is not 1-1 (non-monotonic), then the identity
P(U€B)=P(Ych '(B))

still holds, we just need more care in computing the right-
hand side.

0.2 | Transformations
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Transformations (cont.)

Example

Suppose that Y has a continuous uniform distribution on the
range [0, 1], and that

U=Y(1-Y)
that is U = h(Y) with h(t) = t(1 — t).
First, as ) = [0, 1], we have that

U=1[0,1/4].
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Transformations (cont.)

Example

Then for 0 < u < 1/4, we have that
PU<u)=P(Y1-Y)<u)=P(Y-Y?>-u<0)
That is
Fy(u)=P(Y2—=Y+4u>0)=P(Y—y1)(Y —y2) > 0)
where, factorizing the quadratic, we have

1—+/1-4u 1+\/1—4u>
2 ’ 2

(y1,y2) = <
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Transformations (cont.)

0.2

Example
Now, in the quadratic
Y-y)y-y)>20 <=y<y or y>y
sofor0<u<1/4
Fy(u) =P((Y = y1)(Y - y2) 2 0)

=P(Y<y)+P(Y>y)
= Fy(y1) + (1 = Fy(y2))
=ni+1l-w

=1-+v1-4u.
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Transformations (cont.)

Example
Differentiating, we have
2

o)==

Foru < 0and u > 1/4, fy(u) =0.

0.2 | Transformations

0<uc<1/4.
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Transformations (cont.)

Fy(u) =1— /1 —4u.

15
Fy(u)
0.8
0.6 |

0.4 |

0.2 +

t t t t
0.05 0.1 0.15 0.2

0.2 | Transformations
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Transformations (cont.)

0.2

fu(u) = 2/v1 - 4u.

| Transformations
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8 |
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t
0.05

t
0.1
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0.15

t
0.2

t
0.25
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Summations

0.3

Example (Poisson random variables)

If Y7 and Y, are independent Poisson random variables with
parameters A\; and Ay, thenif Y =Y; + Yo,

Y ~ Poisson(\1 + \2)
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Summations (cont.)

0.3

Example (Poisson random variables)

y
Z JP(Ya =y —w)

y )\{16—)\1 )\}2’_}’16—>\2

it (y—=»n)!

y1=0

()\ +)\) v y )\1 41 1
—\M 2 >\ _
¢ 30 (>\2> iy —»n)!

y1=0

e—(,\1+,\2)/\52’ 1+£ y
y! A2

| Summations of random variables
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Summations (cont.)

0.3

Example (Poisson random variables)

But

V(1M Y—A )Y
2 +)\72 *(l+2)

so therefore

e—(A1t+X2) (/\1 4 )\Z)Y
y!

P(Y=y) = y=0,1,2,...

that is, Y has a Poisson distribution with parameter A1 + \;.

| Summations of random variables 37



Summations (cont.)

Example (Exponential random variables)

Suppose

1
Ylile(yl)ZEe ity >0

1 _
Yzisz(Yz)ZEe nlfe y >0

are independent random variables, and let Y = Y; + Y,. For
convenience, write

0.3 | Summations of random variables
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Summations (cont.)

0.3

Example (Exponential random variables)

Then from the convolution formula, for y > 0,

Fi(y) = / " By — 1)) dya

—00

= /y )\ze_)‘Z(y_Y1)/\16_>‘1Y1 dy;
0

y
— )\1)\26—)\2)’/ e~ (M1—=22)n dy1
0
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Summations (cont.)

0.3

Example (Exponential random variables)

We then have two cases to consider:

%e—/\w(l — e~ M—y) A1 # A2
fy(y) = b
)\Zye*’\y A1 = A2 = A, say.

In the second case, we see that in fact Y has a gamma distri-
bution with parameters « = 2 and § = 1/\.

| Summations of random variables
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Summations (cont.)

0.3

fr(y)1 5

— =1, =2
— A =2, A =2
AM=3, ) =2

—-0.5

| Summations of random variables
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Markov’s inequality

Suppose that g(Y) is a function of continuous random variable
Y such that

E[lg(Y)]] < oc.

For any k > 0, let

A ={y eR:|g(y)| > k}.

0.4 | Markov’s Inequality
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Markov’s inequality (cont.)

Then

0.4 | Markov’s Inequality 43



Markov’s inequality (cont.)

0.4

Thus

or equivalently

| Markov’s Inequality
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Markov’s inequality (cont.)

Thus
1-P(lg(Y)| > k) >1- [E[lgk(Y)H
or equivalently
P(lg(Y)| <k)>1-— [EHgk(Y)H.

Note that the result is identical for a discrete random vari-
able.

0.4 | Markov’s Inequality
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The central limit theorem

Suppose that Y1,Y,,...,Y,, are independent, have the same

distribution, with finite expectation ; and variance 2.

For each n, let

be the sample mean random variable.

0.5 | The Central Limit Theorem
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The central limit theorem (cont.)

0.5

Then the random variable

converges in distribution to a standard normal distribution.

i FDH(!) i P(:n <—!) / E_ /
— 00 2”

This result is the Central Limit Theorem (CLT).

| The Central Limit Theorem
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The central limit theorem (cont.)

0.5

Note that we could write

(?n — 1)
o/

or, multiplying numerator and denominator by n

(£ -m)
NG

Un ==

Un:

| The Central Limit Theorem 48



The central limit theorem (cont.)

0.5

The result says that, provided the conditions on expectation
and variance are met, when n is large, we can approximate
the distribution of Yy, or of

n
Sn=) Y
i=1

using a Normal distribution, irrespective of the actual distri-
bution of Yy, ..., Y;.

| The Central Limit Theorem
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The central limit theorem (cont.)

That is,

® Y, is approximately distributed as
Normal (i1, 0% /n)
® S, is approximately distributed as

Normal (ny, no?)
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The central limit theorem (cont.)

If Yy,...,Y, are independent and identically distributed Nor-

mal random variables with expectation p and variance o2,

then

® Y, is exactly distributed as
Normal (u, 0% /n)

® S, is exactly distributed as

Normal (nu, no?)

0.5 | The Central Limit Theorem
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The central limit theorem (cont.)

0.5

The result is straightforward to prove using mgfs. For i =
1,2,...,n,let

Then from properties of expectations and variances, we have
that

and also

| The Central Limit Theorem
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The central limit theorem (cont.)

0.5

If we assume that m(t) is the mgf of each Y;, and mz(t) is the
mgf for each Z;, then by previous mgf results

0= {me ()}

Now, using a Taylor expansion of mz(t) att =0

t2
myz (t) = mz(0) + t m(0) + - m{” (to)

where 0 < ty < t yields the remainder term.

| The Central Limit Theorem
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The central limit theorem (cont.)

0.5

Now as E[Z;] = 0, and V[Z;] = 1 we can deduce that
mz(0)=1 mP(0)=E[Z]=0

and hence
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The central limit theorem (cont.)

Therefore

t?2 "
mUn(t):{l—kznméz)(to)} 0<ty<

Now, as n — oo

Bl

so tg — O.

0.5 | The Central Limit Theorem

NG
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The central limit theorem (cont.)

Hence

: : t?
lim my,(t) = lim {1 + op 17

n—o0 n——ao0

£2
= lim {1+m
2n

n—aoo

0.5 | The Central Limit Theorem
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The central limit theorem (cont.)

0.5

But méz)(O) = E[Z?] = 1, so therefore

t2 1" 2
lim my,(t) = lim {1—1—} =el’/?

n—so0 n—soo 2n

by definition of the exponential function. Hence the limiting
mgf is that of a standard Normal distribution, and so

U, -4z

where Z has a standard Normal distribution.
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Discrete bivariate distributions

0.6

A discrete bivariate probability mass function is a function of
two arguments

p(y1,¥2)

that distributes probability across the possible values of the
vector (Y1, Y2) so that

p(y1,y2) = P((Y1 =y1) N (Y2 = y2)) = P(Y1 = y1, Y2 = y2)

for —co < y3 < 0 and —0 < yu < o0.

| Discrete case: joint mass function

58



Discrete bivariate distributions (cont.)

We can think of p(y1,y2) as specifying the values in a probab-

ility table.
Y
1 2 3
1| p(1,1) p(1,2) p(1,3)
2|p(2,1) p(2,2) p(2,3)
Yl 3 p(371) p(372) p(373)
4|/ p4,1) p(4,2) p4,3)
5|p(5,1) p(52) p(5,3)

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

0.6

Forl <y; <5,1<y»<3

p(Y17Y2> =

1

(y1 +y2)

75

Y
2 3

Y;

O W N -

2/75
3/75
4/75
5/75
6/75

3/75 4/75
4/75 5/75
5/75 6/75
6/75 7/75
7/75 8/75

| Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

p(y1,¥2)

0.6

0.2

0.1 ]

Discrete case: joint mass function



Discrete bivariate distributions (cont.)

The function p(y1, y2) is the joint probability mass function: it
has two basic properties

® “specifies probabilities”
0<p(y1,y2) <1 forally,y>

® “sums to one”

Z Z p(y1,y2) = 1.

y1=—0 y2=—00

although p(y1,y2) may be zero for some arguments.

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

In the above example,

Lt 1l =
ZZT:ﬁZZ(ﬂ+V2)

yi=1y=1 y1=1y=1
1 5 3
=75 3 Z y1+5 Z Y2
=1 y2=1
_ 1 5x6 n 53 X 4
75 2 2
= — [45 4 30]
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Discrete bivariate distributions (cont.)

We define the joint cumulative distribution function F(yi,y?2)
by

1
F(y1,y2) =P(Y1 <y»n,Y2<y2) = Z Z (t1,t2)

tl—foo tz—f()o

that is, by accumulating the probabilities in the joint pmf over
a range of values up to and including (y1, y2)

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

3 6
F(3,6) =P(Y1 <3,Y,<6)= > Y p(t,t)
t1=0 t,=0
10 ¢ o o o o o o o o o o
Ole o o o o o o o o o o
Gle o o o o o o o o o o
T|o o o o o o o o o o o
O|Fe e 6 ¢ ¢ o o o o o
Y2 Hlle o o o o o o o o o o
A|e o © o o o o o o o o
(e © o o o o o o o o o
2l o o o o o o o o o o
1| © © o o o o o o o o
Oje e o o o o o o o o o -
012345678910
Y

0.6 | Discrete case: joint mass function



Discrete bivariate distributions (cont.)

8 2
F(8,2)=P(Y1 <8,Y,<2)= > Y p(t, t)
t1=0 t,=0
10 ¢ o o o o o o o o o o
Ole o o o o o o o o o o
Gle o o o o o o o o o o
T|o o o o o o o o o o o
O|® © o o o o o o o o o
Y2 Hle o o o o o o o o o o
J|e o o o o o o o o o o
3| o o o o o o o o o o
D] e © o o o o o o o o o
1| © © e o o o o o o o
Oje e o o o o o o o o o -
012345678910
Y
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Discrete bivariate distributions (cont.)

0.6

Example

A bag contains ten balls:
e five red;
® three yellow;
® two white;

Four balls are selected, with all such selections being equally
likely.
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Discrete bivariate distributions (cont.)

Example

Let
® Y; denote the number of red balls selected;

® Y, denote the number of yellow balls selected.

Then using combinatorial arguments, we see that the joint
pmf of Y7 and Y, is given by

Melo—ss)
<Y1> 2)\4—y1—y
10
(+)
for (y1,y2) such that the combinatorial terms are defined, and
zero when the terms are not.

le,Yz(Y17YZ) =

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

Example

We need (y1,y2) simultaneously to satisfy
0<y1<5 0<y»y<3 0<4-y1—y<2
in order to have a non-zero probability.

Total number of selections: (140> = 210.

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

Example

Red Yellow White

0 2 2

Y, 0 3 1

01 2 3 1 1 2

0/0 O 1 2 1
10 1 3 0

2 0 2 0 2
Y; 3 0 0 2 1 1
4 0 0O 2 2 0
5/0 0 0 O 3 0 1

3 1 0

4 0 0

0.6 | Discrete case: joint mass function



Discrete bivariate distributions (cont.)

Example

Red Yellow White Count

0 2 2 3
0 3 1 2
1 1 2 15
1 2 1 30
1 3 0 5
2 0 2 10
2 1 1 60
2 2 0 30
3 0 1 20
3 1 0 30
4 0 0 5

0.6 | Discrete case: joint mass function



Discrete bivariate distributions (cont.)

0.6

Example

0

1

Y,

2

3

0.0000
0.0000
0.0476
0.0952
0.0238
0.0000

<
U W N =R O

0.0000
0.0714
0.2857
0.1429
0.0000
0.0000

0.0143
0.1429
0.1429
0.0000
0.0000
0.0000

0.0095
0.0238
0.0000
0.0000
0.0000
0.0000

| Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

For more than two variables, we can define a joint pmf in the
same way:

p(yi,¥2,--»yn) =P(Y1=y1,Yo=y2,..., Y, = yn)

to represent an n-way table.

0.6 | Discrete case: joint mass function
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Discrete bivariate distributions (cont.)

0.6

Example (Previous example)

Four balls selected from 10.
® Y; denote the number of red balls selected;

® Y, denote the number of yellow balls selected.

The joint pmf of Y; and Y; is given by

5 3 2
<Y1> <Y2> (4 Vi - Y2>
10
(+)
for (y1,y2) such that the combinatorial terms are defined,
and zero when the terms are not.

DPy,,y, (yl7y2) =

| Discrete case: joint mass function



Discrete bivariate distributions (cont.)

0.6

Example (Previous example)

We can compute the marginal pmf for Y; by summing
probabilities in the joint probability table.

- ©)G)E)*Q)G)E) a2

10 210 210
4

Py,
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Discrete bivariate distributions (cont.)

Example (Previous example)

le(l) =

15+30+5 50
210 210
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Discrete bivariate distributions (cont.)

Example (Previous example)

Py, (2) =

10+60+30 100
210 - 210
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Discrete bivariate distributions (cont.)

Example (Previous example)

666 -6)EG6
20430 _ 5<0140>

le(S) =
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Discrete bivariate distributions (cont.)

Example (Previous example)
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Discrete bivariate distributions (cont.)

In this example we can compute py, (.) directly using the hy-

py,(71) = (140)

for0<y; <5and 0<4—y; <5.
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Discrete bivariate distributions (cont.)

Vi Numerator
5\ (5
0 g ‘é =1x5=5
1 é ?) =5x10=150
2 é g =10x10=100
3 g Fl) =10x5=50
4 4)\o =5x1=5 |

0.6 | Discrete case: joint mass function
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Continuous example

Example (Distribution on the unit square)

Suppose Y; and Y, are continuous with joint pdf
fv,v,(y1,¥2) = c(y1 + ¥2) 0<y3m<1,0<,»m <1

with fy, v, (¥1,y2) = 0 otherwise.
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Continuous example (cont.)

0.6

Example (Distribution on the unit square)

Thenfor0<y; <1,0<y, <1,

Y1 Y2
Fy,y,(y1,¥2) _/ {/ fry,v, (b1, t2) dtz} dty

/ { tl + tz) dtz} dty
0
y1 y2
/ |: <t1t2+t2>:| dt;
0 0
Y1 1 2
/ c <t1Y2 + 2)’2) dt;

o
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Continuous example (cont.)

Example (Distribution on the unit square)

e (Lezy, + Ly2e)]
= Shay2 T 5y2h .

= % (yiy2 + y1y3)

We require that Fy, y,(1,1) = 1, so we must have ¢ = 1.

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

Example (Distribution on the unit square)
That is

y1+y2) 0<y»<1,0<y, <1

.y, (1, ¥2) = { 0 otherwise

(no probability outside of the unit square).

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

Example (Distribution on the unit square)

' 0 y1 <0ory, <0 @
v +my3) /2 0<ymy<l (2
FYl,Yz(ylaYZ): (Y12+Y1)/2 0<ym<Ly,>1 @

(2 +vy2) /2 0<y;<1,y1>1 @
\ 1 yi >1landy, > 1 @
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Continuous example (cont.)

1.5

Y2

-1

0.5

77777777777777

n

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

To compute Fy, v,(y1,y2) we always integrate the joint pdf

below and to the left

of (y1,¥2).

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

(y1 + y2)

le,Yz (Y1aYZ)

(2h<16) e Ty

89

| Discrete case: joint mass function
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0.6

Continuous example (cont.)

Fy,.v,(y1,y2) = (viy2 + y1¥3)/2

Fy, v, (1, 52)

| Discrete case: joint mass function
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Continuous example (cont.)

frva(yay2)

Figure: fy, v,(¥1,y2): image and contour plot

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

Fro i1, y2)

1.0

08

06

Y2

04

0.2

0.0

Figure: Fy, v, (y1,¥2): image and contour plot

0.6 | Discrete case: joint mass function
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Continuous example (cont.)

fr,v.(ya, y2)

0.0 0.2 0.4 0.6 0.8 1.0

Figure: fy, v,(¥1,y2): contour plot
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Continuous example (cont.)

Frova(ya y2)

ER N
\\&
o
© x
2 | o
v
© %
c 7 0
S 3
o
< %
3
P25
g |
o
ocs
=
2
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure: Fy, v, (y1,¥2): contour plot
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Partial differentiation

Example

For 0 < yi1,y2 <1,

1
Fy,v,(y1,y2) = = (viv2 + v1¥3)

2
e Step 1:
5FY1 Y2(Y17Y2) 1 2
—— HRP AN YD, — S 2
8y2 5 (vi + 2y1y2)
* Step 2:
0{L (¥? + 2yy2 1
{3 (i )}:7(2y1+2)’2):(y1+5’2)

8}/2 2

0.6 | Discrete case: joint mass function
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The marginal density function

Once the joint pdf fy, v, (y1, y2) is specified, we define the mar-
ginal probability density functions (or marginal pdfs) in a sim-
ilar way as for the discrete case.

We have for Y; the marginal pdf fy, (y1) for each fixed y; by

o0
fy, (1) =/ fy, v, (¥1,¥2) dy2
— 00

and for Y, the marginal pdf fy, (y2) for each fixed y, by

o0
fy, (y2) =/ fy, v, (¥1,¥2) dyi

—00

0.6 | Discrete case: joint mass function
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The marginal density function (cont.)

Example (Distribution on the unit square)
For

i+y2) 0<y<1,0<y;,<1

vy, (y1,y2) = { 0 otherwise

0.6 | Discrete case: joint mass function
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The marginal density function (cont.)

0.6

Example (Distribution on the unit square)

We have for 0 < y; <1

o0
fy, (y1) =/ fv, v, (¥1,¥2) dy2

—00

1
=/ (y1 +y2) dy2
0

291
_|:12+22:|
0

=N o

with fy, (y1) = 0 otherwise.

| Discrete case: joint mass function
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The marginal density function (cont.)

Example (Distribution on the unit square)

Alsofor0 <y; <1

Y1
FY1(Y1>:/ fY1(t1) dty

— 00

Y1 1
—/0 (tl + 2> dt;

2
=71 4

i
2 27

with Fy, (y1) = 0 for y; < 0 and Fy,(y1) =1 for y; > 1.

0.6 | Discrete case: joint mass function
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The marginal density function (cont.)

0.6

le(.VI) =¥ +1/2 for 0 SYl S 1.

15 | B On)

y1

t t t
0.5 1 1.5
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The marginal density function (cont.)

Fy,(y1) = (yf +y1)/2for 0 < y; <1.

Fy, (y1)
1]
0.8 1
0.6 |
0.4 +
0.2 +
Y1
‘ ‘ ‘ ‘ ‘
0.2 0.4 0.6 0.8 1
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The marginal density function (cont.)

Example (Distribution on the unit square)

We can perform a similar calculation and obtain

1
sz(Yz)ZYZJrE 0<y;y><1
with fy, (y2) = 0 otherwise, and

2
_l’_
Fy,(y2) = vz £y2) 5 y2) 0<y:<1

with Fy,(y2) = 0 for y» < 0 and Fy,(y2) = 1 for y, > 1.

0.6 | Discrete case: joint mass function
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The conditional density function

Example (Distribution on the unit square)
For

y1+y2) 0<y»<1,0<y, <1

v, (1, ¥2) = { 0 otherwise

we can consider conditioning on values of y; or y, in the
interval [0, 1].

0.7 | Conditional density function
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The conditional density function (cont.)

0.7

Example (Distribution on the unit square)

As

1
le()’1):}’1+§ 0<y»y <1

we have for each fixed y; in this range

le,Yz(YhyZ) (Y1 +YZ)

fr,(1)  yn1+1/2

for 0 < y» < 1, with the function zero for other values of y;.

fy, v, (721y1) =
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The conditional density function (cont.)

(y1 +y2)

Vit 1/2 for0 <y, <1, withy; =0.2

fy,)y, (V2ly1) =

2 11y, |y, (7210-2)

1.5 +

0.5

y2

t t t t
0.5 1 1.5 2
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The conditional density function (cont.)

(y1 +y2)

Vit 1/2 for0 <y, <1, withy; =0.6

fy,)y, (V2ly1) =

2 11y, |y, (7210.6)

1.5 +

0.5

y2

t t t t
0.5 1 1.5 2
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The conditional density function (cont.)

(y1 +y2)

Vit 1/2 for 0 <y, <1, with y;y =0.95

fy,)y, (V2ly1) =

2 1 fy, |y, (7210.95)

1.5 +

0.5

y2

t t t t
0.5 1 1.5 2
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Covariance and correlation

0.8

For two random variables Y; and Y, with expectations ;1 and
Lo respectively, the covariance between Y; and Y, is written

COV[Yl, Yz]
and is defined by

COV[Yl, Yz] = [E[(Yl - /Ll)(YZ - IUZ)]
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Covariance and correlation (cont.)

0.8

Note that
Cov[Y1, Ya] = E[(Y1 — p11)(Y2 — p2)]
=E[YV1Y2 — 1 Y2 — Yipo + p1 2]
=E[Y1Y2] — i E[Y2] — u2E[Y1] + pa 2
=E[Y1Y2] — pap2 — popr + papi2

=EM"Y2] — papua.
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Covariance and correlation (cont.)

The correlation between Y; and Y;, Corr(Y1, Y,), is defined by

COV[Yl, Yz]

Corr[Yy, Y2] = V[Y1]V]Y,]

0.8 | Covariance and correlation
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Covariance and correlation (cont.)

Both covariance and correlation are measures of dependence.

We have that for any pair of random variables,

—1 < Corr[Y,Y2] <1

0.8 | Covariance and correlation
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Covariance and correlation (cont.)

If
Cov[Yy, Y2] = Corr[Y1,Y2] =0

we say that Y; and Y, are uncorrelated.

0.8 | Covariance and correlation
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Independent random variables

If Y; and Y, are independent then (in the continuous case -
discrete case works in the same way), we have that

o0 o0
E[Y1Yy] = / / iy2fy, v, (71, y2) dy1dy
— 00 — 00

—/ / y1¥25 (1) fr, (v2) dy1 dy

=/ Yszz(Yz){/ Ylle(Yl)dm}de

= /OO yofy, (y2)E[Y1]dy

—0o0

1] [ sf(va)dy = EIE[T:

—00

0.8 | Covariance and correlation
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Independent random variables (cont.)

More generally, if g1(Y1) and g»(Y2) are two functions of the
independent random variables, then

E[g1(Y1)g2(Y2)] = E[g1(Y1)]E[g2(Y2)]

0.8 | Covariance and correlation
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Independent random variables (cont.)

Therefore if two random variables Y; and Y, are independent,
then

COV[Yl, Yz] = [E[Yl Yz] — M2
= E[Y1]E[Y2] — pap2
= pap2 — pap2 =0

and Y; and Y, are uncorrelated.

0.8 | Covariance and correlation
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Linear combinations of random variables

0.8

Suppose that Yi,...,Y, and Xi,..., Xy be random variables
with
Elvi]=m  EX]=¢.

Define

n m
Uy =Y aY¥ Up=)» bX
i=1 j=1

for real constants a;,...,a; and by, ..., bp.
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Linear combinations of random variables (cont.)

0.8

(a) Expectations:

n n
Uil =Y aE[Yi] =) aip
i=1 i=1

(b) Variances:

n j—

n 1
V(U] = Z a’V[Yj] + 2 Z ajajCovl]Y;, Y,
i=1 j=21i

i—1

(c) Covariances:

n

Cov[U, U] = Z Z ajb;Cov|Y;, X;]
i=1j=1

| Covariance and correlation
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Linear combinations of random variables (cont.)

For (b):
V[U1] = E[U}] — {E[U1]}*.

But
n n j—1
(o) =y 23 Saany
i=1 j=2i=1

so therefore

n j-1
E[U?] = Z E[Y?]+2) ) agE[Y,
i=1 j=21i=1
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Linear combinations of random variables (cont.)

Similarly
n 2 n n j—1
{E[U4]}? = {Z ajui} = Z af i + 2 Z Z ajaj L L
i=1 i=1 j=2 i=1
Therefore
n
E[U7] — {E[U]}* = ) af (E[Y]] — )
i=1
n j—1
+2) ) aay(E[V Y] — )
j=2i=1

and the result follows.
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Linear combinations of random variables (cont.)

0.8

For (c): consider the simple case
U=aY1 +aY, Uz = b1 Xi + b Xo
Then

[E[U] Uz} = [E[(a1 Y1 + ap YZ)(lel + bzXz)]

=E[a1h1Y1X1 + a1baY1Xo + azb1 Y2 Xq + a2bh2 Yo X5

2 2
=2 D aibE[YiX]
i=1j=1
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Linear combinations of random variables (cont.)

Using the same logic

E[U1]E[U,] = (Z ai[E[Yi]> > bE[X)]
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Linear combinations of random variables (cont.)

0.8

and therefore

[E[Ule] —[E[Ul ZZ&IbJ

i=1j=1

and the result follows.

| Covariance and correlation
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Independent random variables

oo o0

E[Y1Y2] = iyefv, v, (71, ¥2) dy1dy

¢ g
:

v1y2fy, (v1)fy, (y2) dy1dy?

/
s

8
8

8

oy, (32) {/ yify, (y1) d.Vl} dy»

oo —00

g

/
/
/
-/

yofy, (y2)E[Y1]dy2

8

[E[Yl]/_ y2fy, (y2)dy2 = E[Y1]E[Y2]
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Sums of random variables (revisited)

Example (Sum of Binomial random variables)

If Y; and Y, are independent Binomial random variables with
parameters (nj, p) and (nz, p), we have

my, (t) = (pe' + @)™  my,(t) = (pe' + q)™
then if Y = Y; + Y5, we have that
my(t) = my, (t)my,(t) = (pe'+q)™ (pe’+q)™ = (pe‘+q)™ ™

and we recognize this as the mgf of the Binomial distribution
with parameters (n; + ny, p).
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Sums of random variables (revisited) (cont.)

Example (Sum of Poisson random variables)

If Y7 and Y, are independent Poisson random variables with
parameters \; and A, we have

my, (t) = exp{Ai(e" — 1)}  my(t) = exp{Az(e’ — 1)}
then if Y = Y; + Y2, we have that
my(t) = my, (t)my,(t) = exp{\1 (e’ — 1)} exp{A2(e’ — 1)}
=exp{(M + A2)(e' — 1)}

and we recognize this as the mgf of the Poisson distribution
with parameter A\; + Aj.
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Sums of random variables (revisited) (cont.)

0.8

Example (Sum of Normal random variables)

If Y7 and Y, are independent Normal random variables with
parameters (u1,0%) and (uz,03), we have

my, (t) = exp{ut + 0t?/2}  my,(t) = exp{uat + o5t?/2}
then if Y = Y; + Y,, we have that
my(t) = my, (t)my, (t) = exp{p1t + ot?/2} exp{uat + o5t*/2}
= exp{(u1 + p2)t + (07 + 03)t?/2}

and we recognize this as the mgf of the Normal distribution
with parameters (u1 + p2, 07 + 03).
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