MATH 323 - EXERCISES 9- SOLUTIONS

1. Binomial:
Convolution: For y = 0,1, ...,n1 + no,

py(W) = D pvi()rw,(y—u)

Y1=—00

Y
- Z(Zj)pi’(l—p)myl( " )ptylu—p)””*yl

v1=0 Yy—mn

=S, e -pre
R (3

im0 \Y1 Yy—un

_ <n1 'z‘/'m)py(l _ pyratna-y

where the last line follows from the hypergeometric identity established earlier
ni + no Y n n2
( v > - y;{)(m) (y —yl)'
Hence Y ~ Binomial(ny + na,p).
Mgfs: from the formula sheet
my, () = (L —p+pe )™ my(t) = (1 —p+pe)™
so by the stated result
my (t) = (1 —p+pe')" (L= p+pe')™ = (1 - p+ pe’)" 7.
Hence Y ~ Binomial(ni + na,p).
2. Poisson:

Convolution: Fory =0,1,2,...,
Y Y _
MY , P e

py@) =Y pwmy—u) = S =y

Yyr=—0© y1=0

_ ()\1+)\2)ye_()\1+>\2) i(y){ A1 }yl{ A2 }y—yl
y! y1) A1+ A2 A1+ A2

y1=0

_ (A + A2)Y o~ (Oata)
y!
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where the last line follows as the sum is a binomial expansion

() ) G eat) =
U1 AL+ Ao A1+ Ao - A1+ Ao A1+ Ao -

y1=0

Hence Y ~ Poisson(A1 + A2).
Mgfs: from the formula sheet

my, () = exp{(e = 1)} my, (1) = exp{Aale’ — 1)}
so by the stated result

my(t) = exp{Ma(e — 1)} exp{h(e’ — 1)) = exp{ (1 + A)(e — 1))
Hence Y ~ Poisson(A\ + A2).

. Geometric:

Convolution: As per the previous Assignment solution, for y = 0,1,2,...,

py@) = Y pvi)pv(y—m)

Y1=—00

y—1
=Y (1-ppA-p¥ ¥ 'p
y1=1

y—1
=p’1-pP 2y 1

y1=1

=(y—p*(1—p)?
Hence Y ~ Negative Binomial(2,p).
Mgfs: from the formula sheet

my, (t) = (1_etp(e;_p)> My (t) = (%)

so by the stated result

Hence Y ~ Negative Binomial (2, p).

. Exponential:

Convolution: For y > 0, letting A = 1/,

friy) = / T ) sy — ) dy

— /y)\e—kyl Ae~My—y1) dy
0

Y
= )\26_@/ dyy = Nye M
0
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Hence Y ~ Gamma(2, B).

Mgfs: from the formula sheet

0= (125) =5

so by the stated result

Hence Y ~ Gamma(2, 5).

5. Gamma:

Convolution: For y > 0, letting A = 1/,

) = [ " ) faly — o) dn

Yy pea A2
_ a1—1_ Ay — )21y oA y—y)
= e Ae d

/(; F(al)yl ]._‘(Oéz) (y yl) Y1

\a1taz —)\y/y alfl( )a2_1 J
= — € —_
F(QI)F(OZQ) 0 yl y yl yl
Acrte A +a—1 ! 1 1
= MYyMTa" / w71 — w)*? du
Mot A
_ AT aitan-1,-y
[(ag + a9)

as the integrand is proportional to a Beta pdf

! ar—1/q1 u as—1 __ F(al)F(OQ)
/0 u (1 ) = Tl o)

Hence Y ~ Gamma(ay + a2, f).

Mgfs: from the formula sheet

my, (t) = (1_1&)0‘1 my,(t) = (1_1@5

al+ag
my (t) = <1 _1&)

so by the stated result

Hence Y ~ Gamma(ag + sz, ).
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6. Normal:

Convolution: Fory € R

fr) = [ Pty - m) don
00 1 1/2 1 ) 1 1/2 1 ,
N T2 WL 5y —y1 - d
[ () e {gatn -2} (5) " exo {5t - m 7}
1 1/2 1 1/2 1 ( )2 /oo 02 02u—03y1 2 ;
= expy ——— Iy — exXpy ——5—5 -
wof) \amod) "2 T LT g M i
1 1/2 1 1/2 1 ) 252
= —— (y — 9 1¥2
(27r0%> <27r0§> exp{ 202 (=) } 52

1\ /2 1 ,
~(5052) o0 {-goalv 0]

where ;1 = p1 + p2 and 0 = 0% + 03. The third line follows from the second by completing the
square in y; in the exponential term:

2
1 9 1 9 o? o2k — 051 1 2
_ _ + —(y — _ — _ + — _
O’% (y1 — 1) 0’% (Y —y1 — p2) 0_%0_3 Y o2 (y1 — )

The fourth line follows from the third as the integrand is proportional to a Normal pdf with mean

o2pt — O3y
o2
and variance
otos
o2
Hence Y ~ Normal(u1 + pa, 03 + 03).
Mgfs: from the formula sheet
o?t? o3t?
my, (t) = exp q pit + 5 My, (t) = exp { piat + o

so by the stated result
(o +o3)t” }

my(t) = exp {ml Py T

Hence Y ~ Normal(p1 + pa, 0% + 03).
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