MATH 323 - EXERCISES 8- SOLUTIONS
1. From first principles
e U =2Y —1,s0lUy =[-1,1]
Fy,(u)=PU; <u)=P2Y —1<u)=PY <(1+u)/2)=F((1+u)/2)
SO )
fn(w) = Sh(1+w)/2) = (1-w)/2 —1<u<]
and zero otherwise.
e Uy=1-2Y,solUy =[-1,1]
Fy,(u)y=PUy<u)=P1-2Y <u)=PY >(1—-u)/2)=1—-Fy((1—u)/2)
SO )
fra(w) = S A (1 -w)/2) = (1+w)/2 —1<u<1
and zero otherwise.
o Uz = Y2, so Uz = [0, 1]
Fy,(u) = P(Us < u) = P(Y? <u) = P(—/u <Y < Vau) = Fy(Vu) = Fy (=)

SO

fus(u) (fy(\/ﬁ)Jrfy(—ﬁ)):Q\aafy(ﬁ)z(l—\/ﬂ)/\/& 0<u<l

1
T 2y/u
and zero otherwise, as fy (y) = 0 fory < 0.

We could also use the general transformation formula for the first two calculations, as the trans-
formations are 1-1

gt) =2t — 1= g '(t) = (1+1)/2 git) =1-2t<= g '(t) = (1 —1)/2

then use
d

fulw) = frig™ @) 5 g—1<u>}\ -

2. Using the general result for expectations of functions with g(Y) =2 (1 —e™?¥), with A = 1/,

E[g(Y)] = /Oo 9(y) fy(y) dy = /0002 (1—e ) xe M dy

—00

— 2/\/0OO (e‘Ay — e_(2+>‘)y> dy

1 1 4 1
:2 -_ — = e —
/\<)\ 2+)\> 241 2
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3. fy(y) =1/2,for 1 <y < 1and zero otherwise. From first principles, U = |Y'| soU = [0, 1]
Fulu) = P(U < u) = P(Y] <u) = P(-u £ ¥ < u) = Fy (y) — Fy(—y)

s0
fulw)=fy(w) + fy(—u)=1 0<u<l

and zero otherwise. Also Z = Y?2,s0 Z = [0, 1], and
Fy(2) = P(Z < 2) = P(X? < 2) = P(—vZ < X < V5) = Fx(v3) — Fx(—V%)

so therefore .

(fx(V2)+ fx(=V2) == 0<2<1

fz(2) NE

B 1
2z
and zero otherwise.

4. From first principles, if Y has cdf Fy, then as Y is continuous, Fy is 1-1 and monotone increasing.
IfU =Fy(Y) thenld = [0, 1]

Fy(u)=P(U <u) = P(Fy(Y) <u)=PlY < Fy ' (u) = Fy(Fy'(u) =u 0<u<l.
soU ~ Uniform(0,1). Next Z = —In Fx(X) = —InU, then Z = R™", s0
Fr(2)=P(Z<z)=P(-ImU<z)=PU>e*)=1—-Fy(e*)=1—€e7* 2>0
so Y ~ Exponential(1).
5. From first principles, if Y has a Weibull distribution, then U = Y%, sotf = R
Fyu)=PU<y)=PY*<u)=PY <u"/*)=FR@w’/)=1—e u>0
so U ~ Exponential(1/).

6. Y ~ Normal(0,1), and thus if ® and ¢ are the standard normal cdf and pdf respectively, we have
immediately that X = Y2 implies X = R™.

(a) We have
Fx(z) = PIX <a) = P[Y2 <] = P(—/3 <Y < V& ] = ®(V&) — B(—/a).
(b) By differentiation, we have

1

(6(Va) + (V) = <>1/2 e V2 e 0<z<oo

fx(@) 27

1
=k
(c) By inspection, we have that X ~ Gamma (1/2,2) = x3
7. Convolution: We mazl use the convolution result directly based on the result from Q6 (b). If

X1 = Y? and X, = Y3, then we have that X; ~ Gamma(1/2,2) and Xs ~ Gamma(1/2,2) with
X1 and X5 independent. Then by the convolution result

fr(v) = /0 " (@) fxa (0 — 1) diy
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as both X; and X, are non-negative. We have from Q6(b)

ERE 1/2 2 (1 2 /2 g—(v=z1)/
_ - —x1/2 —-1/2 —(v—z1)/2
fv(v) —/0 (271’) z, e <2W) (v—x1) e dxy

1 v
= 271_61}/2/ xq 1/2(7)—1‘1)71/2 dzq
0

1
:1”/2/ 20— 2 g (= 2 o).
27T 0

The integral does not depend on v, so the pdf is proportional to e ~¥/2 for v > 0. Therefore we can
conclude that V' ~ Ezponential(2). Note that we have from this result that for the Beta function

B(1/2, 1/2) = F(l/lg)(g)(l/Z) _ /01 t,1/2(1 _t)71/2 _
and asI'(1) = 1, we deduce that I'(1/2) = /7

From first principles: By using a joint pdf approach, we could also write

Fr(v) = P(V <v) = P (Y2 +Y2 <) = / /A Fa (1) fra (v2) dyadly

where A, = {(y1,42) : yi +y3 < v} thatis, the integral over the region A, of the joint density
function of Y7 and Y>. Now, should reparameterize into polar coordinates in the double integral;
let y; = rcosf and yo = rsin . Then

1
FV(U):// Iva (W) fra (y2) dy1dyo ://A %e_(y%ﬂ%)/z dy1dys
AU v
VU o 2w
:/ / %e*’a/Qrd@dr
r=0J0 ™

Jo
:/ re 2 dr=1—e?  2>0
r=0

so V ~ Exponential(2) = xa.
Using mgfs: If Y ~ Normal(0, 1) then X = Y2 ~ Gamma(1/2,2) and hence

o 1\ 12 1\ V2 poo 1\Y2 (2m)1/2
- ty [ “1/2 o=y/2 gy = [ — —1/2 o—v(2-0)/2 g, — [ — B Sl
ey A 6 B O Y e CO =

for 2 > t, as the integrand is proportional to a Gamma(1/2,2/(2 — t)) pdf. Hence

Now, let U; = X? and Us = X3, so that U; and Us are independent Gamma(1/2,2) variables.
Now we have from a key mgf result

V=Ui+U = my(t)=my (t)my,(t) = (1_12t>1/2 (21_t>1/2 - (1—12t>

and hence, noting that this is the mgf of a Gamma random variable with parameters 1 and 2, we
conclude that

2
V ~ Gamma (1,2) = Gamma (2,2> =3

MATH 323 EXERCISES 8 - Solutions Page 3 of 3



