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1. (a) (i) Bonferroni’s inequality: P(AU BUC) < P(A)+ P(B) + P(C) = 0.8. 2 MARKS
(i) As AnBNCisasubsetof A, of Band of C
P(ANnBNC) <min{P(A),P(B),P(C)} =0.1

2 MARKS

(b) By definition of a partition, ENF = and E U F = S, so therefore by Axiom 1 and the
rule for complements

P(ENF)+ P(EUF) = P()+ P(S) = 1.
2 MARKS

(c) This is a sequence of separate combinatorial selections, and using the multiplication
principle, the solution is

4
(i) X <§> X (3) =15 x 20 x 4 = 1200.

where the first term is the number of ways of choosing the defenders (4 from 6),
midfielders (3 from 6) and attackers (3 from 4) respectively. 4 MARKS

(d) This is a multinomial/partition problem and the solution is

15!

Bx 5l 20790

5 MARKS

(e) (i) The probability of getting the white ball is 1/10 for each of the selections as
selections are made with replacement, so the probability is

9\ 10
(1—0) = (0.3487.

(ii)) This is given by the hypergeometric formula, with N =10, R=3,n=5and y = 2,

that is (n) (N B ”) <5> (5) _10x5 50
NG
(

R) ( ) (7>
—y 3) 3x35 105
_ = 0.41
(10) 2 app 46T
5

2 MARKS

= 2|

or equivalently

()

2

3

(%)

3 MARKS
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2.

(a) Let E; be the event that ¢ bad eggs are selected for i = 0, 1,2, and A be the event that
the taste is acceptable. We have that

P(A|E) =095  P(A|E) =060  P(A|E) =0.10

and can compute that

10 9 90 2 1 2
11 132

so that P(F;) = 40/132.
(i) Using the Theorem of Total Probability

2

90 40 2
P(A) =" P(A|E;)P(E;) = 0.95 X — 4 0.60 x — + 0.10 X — = 0.8311.
(A) ; (AIE)P(E:) = 0.95 X oo +0.60 X o +0.10 x - = 0.83
so P(A’) = 0.1689. 5 MARKS
(ii) By Bayes Theorem
40
P(A|E)P(E) 940 % 755
P(E|A) = = = 0.7175.
(Ea4) = 5 0.1689

;P(A’IEJP(EZ-)
5 MARKS
(b) (i) If R = 5 is the number of Red balls in the bag of N = 10 balls, n = 4 is the

sample size, and y = 3 is the number of Red balls in the sample, this is given by
the hypergeometric formula as

D000 s
Oy

(i) We now need to use Bayes Theorem, with P(R = r) constant across r =
0,1,2,...,10 before the sample is taken

4 MARKS

Ply=3n=4,R=r,N=10)P(R=r)
N

> Ply=3In=4,R=j N =10)P(R = j)
3=0

P(R=rly=3n=4,N=10) =
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From the information given (that in a sample of 4 balls, three are Red and one is
White), the only legitimate values of r to consider are » = 3,4,...,9 as we know
that there are at least 3 and at most 9 Red balls. Then

G- OC)
_ B B B \y/\n—y/) \3 1
Ply=3n=4,R=r,N=10) = N = 10
n 4
Cancelling P(R = j) in numerator and denominator as it is constant, we have that
r\ (10 —r
3 1
Y :
AV ])
=@

P(R=rly=3n=4,N=10) =

6 MARKS
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The mgf for a discrete and non-negative random variable is defined by

o0

m(t) =Y e¥p(y) = p(0) + e'p(1) + *p(2) + - --

and equating this to the given form demonstrates that we must have

p(0)=c  p(l)=2c  p(2)=3c
with p(y) = 0 for all other values of y. Thus the corresponding random variable takes
values on the set {0, 1,2} with positive probability.
(i) Weneed c+2c+3c=1soc=1/6. 2 MARKS

(ii) By direct calculation
- 1
E[Y®] = ¢'ply) = 2(0° + 1° x 2+ 27 x 3) = 4.333.
y=0 6

Alternatively, we can compute using the derivative result:
3

EY?) = 5 1)}y = m(0)

Here we obtain E[Y?] = }(2+ 3 x 2%) = 26/6 = 4.333.

3 MARKS
(iif) By direct calculation
> 1
EY (Y =1 =) uly—1Dpy) = (3x2) =1

y=0

Here we can also use the pgf
G(t) =m(Int) = é(l + 2t + 3t°)
and the derivative result
d2
EY (Y -1 = 251G} = G*(1)

and here we obtain E[Y (Y — 1)] = 1. 3 MARKS

(iv) Using the mgf result for the sum of independent random variables, we have

1
my (t) = my, (H)my, (t) = %(1 + 2¢t + 362t)2

1
= %(1 + 4e' + 10e* + 12€* + 9¢*)

and therefore, using the initial result we have that

((1/36 y=0
4/36 y=1
py(y) =14 10/36 y=2
12/36 y =3
| 9/36 y=4
and p(y) = 0 for all other values of y. 6 MARKS
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(b) We first compute the distribution of S; using the mgf result for the sum of independent
random variables

ms(t) = mz, (Dmz(t) = expfA(e! — 1)} exp{A(e! — 1)} = exp{2A(e' — 1)}

so therefore S ~ Poisson(2\) by the uniqueness of mgfs. Now consider the joint
probability P(Z; = z, S = s). We have

P(Zy=2,S=8)=P(Zi1=2,Zy=s—2)=P(Z1 =2)P(Zy=s— 2)

and hence \: o
_ NS 7 Y
P(Zy=2z25=5s)=e ¢ =2
Therefore fors >0and 0 < 2 < s
672)\)\3
P(Zy=25=s5) zl(s—2)
P(Z, =z5=35)= =
(21 =2 2 P(S =s) e 22 (20)*

“ama (3)

and therefore given that S = s, Z; has a conditional Binomial(s,1/2) distribution.
6 MARKS

MATH 323 Probability (Fall 2021) Page 6 of 9



4.

(a) (@)

(i)

(iii)

(iv)

(V)

By discrete transformation theory U takes values on {2,4,6,...}, and for u in this

set
pv(u) =PU=u)=P2Y =u)=PY =u/2)=(1- p)“/Q’lp

with py(u) zero for all other values of w. 2 MARKS

From first principles, for v > 0
Fy(u) = P(U <u)=P2Y <u)=PY <u/2) = Fy(u/2) =1— ¢ %2

and so U ~ Exponential(2). 2 MARKS

From first principles, for 0 < u <1

Fy(u) = P(U <u) = Plexp{-Y/2} < u)

=PY > —2Inu)
=1—-Fy(—2Inu)
=1—(1—exp{—(—2Inu)/2})

and so U ~ Uniform(0, 1).
2 MARKS

We have that if Z = (Y — p)/2, then by the result for linear transformations of
Normal random variables, Z ~ Normal(0,1), and U = Z%. Thus

Fy(u) = P(U <u) = P(Z* <u) = P(—Vu < Z < Vu) = Fz2(Vu) = Fz2(—Vu).

Differentiating we have

= 7 fz(v/u) as fz(z) is symmetric

so therefore U ~ Gamma(1/2,2) = Chisquared(1). 2 MARKS

Note that ¢(.) is a monotonic increasing transform mapping R to (0, 1). Thus, from
first princples, for 0 < u < 1,

Fy(u) = P(U <u)=P(®(Y) <u)=PY <& (u))

Thus

so U ~ Uniform(0,1). 2 MARKS
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(b) (i) By conditional probability

PY1>2Y,>1 P(Y, > 2 —2/h
P>y > PN 2N o) M=) n

P(Yoa>1)  PYo>1) e /A
1 MARK
(ii) Y; and Y, are independent, so
P(Yy >2|Ys > 1) = P(Y; > 2) =e /5,
1 MARK
(iii) If By = B2 = B say, then using mgfs we have that
Y =Y, + Y, ~ Gamma(2, B)
soif \=1/p
3
P(Y>3)=1—-P(Y <3)=1- / Ny exp{—Ay} dy
0
and integrating by parts we have that
‘ 3
P(Y > 3) =1 - [Syexp{-H} =3 [ esp{-2w) dy
0
=143 exp{—3A} — (1 — exp{—3A})
= exp{—3A}(1+ 3})
6 MARKS
(iv) By independence, using the Exponential cdf,
3 2
P(Y1>3,Y;>2)=P(Y; > 3)P(Y, >2):exp{— |:—+—:|}.
b1 P
6 MARKS
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5. (a) (i) By results for independent random variables, and using the formula sheet

vl vi_ 1-p)
EY,] = - V[Y,| = .
vi-o  vFl-i
2 MARKS
(ii) Using mgfs, we can identify that S, ~ Negative Binomial(r, p). 4 MARKS
(iii) By definition, and using the formula sheet
PV >2Y,>1) PV >2) (1—p)?
PYy>2)Y1>1) = = = =1
R S I S R (e B
2 MARKS
(iv) By statement, ¥; and Y5 are independent, so
P(Yy>2|Y; >1)=P(Y, >2) = (1-p).
2 MARKS

(b) For all n > 1, it follows using mgfs that S,, ~ Normal(0,n), and using transformation
methods (or mgfs)
Y, ~ Normal(0,1/n).

P (?n < %) =P ( ny, < \/7%) = ®(1) = 0.8413

using the table of the Normal distribution. 4 M ARKS

Therefore

(c) We have that by properties of the Bernoulli distribution,

Ey)=; V[¥]=

1 1
2 4

2 2

as the Normal approximation is symmetric around 1/2. 3 MARKS

By the CLT, we have then that

(d) We have that
E[Ui] = E[Y?] = V[Y}] + {E[Y}]}* = L.

s0, as the variance of U; is finite, by the weak law of large numbers
Un — [E[U1] =1

in probability as n — oo. 3 MARKS
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