Chapter 5: Probability inequalities and
theorems



Markov’s inequality

5.1

Suppose that g(Y) is a function of continuous random variable
Y such that

Eflg(Y)]] < oo

For any k£ > 0, let

Ar ={y €R:|g(y)| > k}.
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Markov’s inequality (cont.)

Then

Els(v)) = [ " 9wy () dy

~ [ @i s+ [ 1ol dy
Ay Al

> /A o)l ) dy

> kfy(y) dy
Ap

=k | fry)dy
A,

= kP(lg(Y)| = k)
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Markov’s inequality (cont.)

Thus

or equivalently
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Markov’s inequality (cont.)

Thus
1-P(lg(Y)| > k) > 1 - [EHQ/E;Y)H
or equivalently
P(lg(Y)| <k)>1- [E[Igliﬂl]

Note that the result is identical for a discrete random variable.
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Chebychev’s inequality

aka
e Chebyshev’s inequality
e Bienaymé-Chebyshev inequality
e Tchebysheff’s Theorem

e Chebysheff, Chebychov, Chebyshov, Tchebychev ...
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Chebychev’s inequality (cont.)

Suppose that Y has finite mean p and variance o2. In Markov’s
inequality, consider the function

g(t) = (t — p)*.

We have for any k£ > 0 that

E[N(Y — 1)?
P((Y —p)?*| <k) > 1_[‘(]{“)”'
which can be more simply written as
E[(Y — u)?
P((Y —p)® <k)> 1[(k“)]_
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Chebychev’s inequality (cont.)

But
E[(Y — p)?) =0o”

and if we choose to write k = ¢?0?, the inequality becomes

E[(Y — p)?] 1

2 _ 22
P((Y —p)* <coc®)>1-— oy = =
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Chebychev’s inequality (cont.)

The left hand side of the inequality is equal to

P(VY = )2 < V@0?) = P(IY — | < co)
so the inequality becomes

1
PY —pu|l < >1—-—.
(Y =l <o) 21—
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Chebychev’s inequality (cont.)

An equivalent way to write this is
(Y —p[ =2 co) < *1

P(|Y co
ol = — 2

which holds for arbitrary ¢ > 0.

5.1 Probability inequalities and theorems | Probability inequalities

691



Chebychev’s inequality (cont.)

This states that for any distribution with finite mean p and

variance o2, we have that

1
Plp—co<Y <p+co)>1—-—
c

which bounds how much probability can be present in the tails
of the distribution.
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The sample mean

Suppose that Y7,...,Y, are independent random variables that
have the same distribution, and have expectation p and variance

o2. Recall that if
U=>Y
i=1

then
E[U] = nu V[U] = no?.
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The sample mean (cont.)

Let
_ 1 &
Yn:n;m-

be the sample mean random variable. Then

E[V,] = E 1iy _ g any- -
nj — E 2 —g ' 1 —nnM—M
i=1 i=1
and
— 1 & 1 n 1, o2
1= 1=
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The sample mean (cont.)

Now recall Chebychev’s inequality:

Applying this to Y ,,, we have that

_ co 1
PlIY, —ul>—)| < —=.
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The sample mean (cont.)

We can rewrite this for any n by setting

co Vne

€e=— sothat c=

vn o

Then the inequality becomes

2

= g
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Convergence in probability

5.2

Consider a sequence of random variables Y1,Ys, ..., Y,,..., and
real constant c. We say that the sequence converges in probability
to ¢ as n —> oo if, for every ¢ > 0,

nl'g}nooPﬂYn —cl<e)=1
that is, the probability
Plc—e<Y,<c+e)
converges to 1 as n — co. We write
Y, Lee

as n — 0o to indicate convergence in probability.
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Convergence in probability (cont.)

e If for a fixed € > 0,
pn = P(|Y, — | <¢)

the definition requires that the real sequence {p,} converges
to 1 in the usual sense.

e There is no restriction on the joint distribution of the Y;s in
the sequence (that is, they can be dependent).

e We can equivalently write the condition

lim P(|Y, —c| >¢€)=0.

n—aoQ
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The weak law of large numbers

5.3

Suppose that Y7,Ys,...,Y,, are independent random variables
that have the same distribution, and have expectation p and
variance 2. For each n, let

_ 1 <&
Yy =— ; Y;
be the sample mean random variable. Then
Y, 5w

as n — O00.
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The weak law of large numbers (cont.)

5.3

This follows from Chebychev’s inequality: recall that for the

sample mean
2

— o
P(|Yn_,u«’2€)§@-

or equivalently

for any € > 0.
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The weak law of large numbers (cont.)

But
2

1- 2 —1
ne

asn — 00, as o and € are fixed. Thus

lim P(|Y, —ul <€ >1

n—aoQ

and hence Y,, - L
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The weak law of large numbers (cont.)

5.3

What this result means: under the stated conditions, the
sample mean random variable converges to the expectation of
the distribution of the Ys.

For example, if you repeatedly and independently toss a fair coin,

the proportion of heads will converge to 1/2 as the number of
tosses increases.
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The weak law of large numbers (cont.)

The statement

0.2

P(Y,—pl<e)>1——.
(Vo-nl<a21-25
tells us that the rate of convergence is (at least) n;
e that is, the probability on the left hand side converges to 1
at rate (at least) n.

5.3 Probability inequalities and theorems | The Weak Law of Large Numbers



Convergence in distribution

5.4

Consider the sequence of cdfs, Fi(y), Fa(y),..., Fn(y),..., and
suppose that
lim Fo(y) = F(y)

n—aoo

for some other cdf F(y) at all points where F(y) is continuous.

Then F(y) is the limiting distribution for the sequence.
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Convergence in distribution (cont.)

If Y1,Yo,...,Y,,... are a sequence of random variables having
cdfs Fi(y), Fa(y), ..., Fn(y), ... respectively, and Y has cdf F(y),
then we say that the sequence Y1,Ys,...,Y,, ... converges in dis-
tribution to Y,

Y, Ly

as n —r 0.
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The central limit theorem

Suppose that Yi,Ys,...,Y,, are independent random variables
that have the same distribution, and have finite expectation pu
and variance 2. For each n, let

_ 1 &
Yn—n;n

be the sample mean random variable.
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The central limit theorem (cont.)

5.4

Then the random variable

converges in distribution to a standard normal distribution.

That is,
lim Fy,(u) = lim P(Ungu):/u L trg
i o V21

n—>00 n—>o00 _

This result is the Central Limit Theorem (CLT).
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The central limit theorem (cont.)

5.4

Note that we could write

(Y — )
o/vn

or, multiplying numerator and denominator by n

(&)
N

Up =

U, =
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The central limit theorem (cont.)

5.4

The result says that, provided the conditions on expectation and
variance are met, when n is large, we can approximate the dis-

tribution of Y,,, or of
n
5=
i=1

using a Normal distribution, irrespective of the actual distribu-
tion of Y7,...,Y,.
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The central limit theorem (cont.)

That is,

e Y, is approximately distributed as
Normal(p, 02 /n)
e S, is approximately distributed as

Normal(nu, no?)
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The central limit theorem (cont.)

If Y1,...,Y, are independent and identically distributed Normal
random variables with expectation p and variance o2, then

e Y, is exactly distributed as
Normal(u, 02 /n)

e S, is exactly distributed as

Normal(nu, no?)
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The central limit theorem (cont.)

The result is straightforward to prove using moment-generating
functions. For i =1,2,...,n, let
Yi—np

Z; = .
g

Then from properties of expectations and variances, we have that
E[Z] =0 V([Z]=1.

and also
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The central limit theorem (cont.)

If we assume that m(t) is the mgf of each Y;, and mz(t) is the
mgf for each Z;, then by previous mgf results

SURES)

Now, using a Taylor expansion of mz(t) at t =0
(1) NE)
mz(t) =mz(0) +tmy,’(0) + 5 My (to)

where 0 < tg < t yields the remainder term.
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The central limit theorem (cont.)

Now as E[Z;] =0, and V[Z;] = 1 we can deduce that

and hence
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The central limit theorem (cont.)

Therefore

t2 " t
mUn(t):{1+2nm(ZZ)(to)} 0<t0<%

Now, as n — 00

Sl

so tg — 0.
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The central limit theorem (cont.)

5.4

Hence

n—aoo

Probability inequalities and theorems

t? "
lim my,(t) = lim {1 +3, m(Zz)(to)}

n—-ao0

- 2@
nh;noo{l + 5, 2 (0)}
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The central limit theorem (cont.)

But m(Z2)(0) = E[Z?] = 1, so therefore

2\ 1
lim my, (t) = lim {1—1—;} =ef’/?

n—>o0 n—>o0 n

by definition of the exponential function. Hence the limiting mgf
is that of a standard Normal distribution, and so

U, % 7

where Z has a standard Normal distribution.
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Applications of the central limit theorem

We can use the central limit theorem to approximate some stand-
ard distributions for which it is otherwise awkward to compute
probabilities.

Suppose we wish to approximate the distribution of random vari-
able Y. We must first attempt to decompose Y as

Y:Zn:Yi
i=1

where Y1, ..., Y, are independent and identically distributed, and
have expectation p and variance o2 that can be easily computed.
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Applications of the central limit theorem (cont.)

We then can say that Y is approximately distributed as
Normal(nu, no?).

and compute, for example

ey =t <) = (Y < B ) 0 (2

where ®(.) is the standard Normal cdf.
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Applications of the central limit theorem (cont.)

Example (Binomial case)

If Y ~ Binomial(n,p), the mgf of Y takes the form
my (t) = (pe’ +q)"

By the uniqueness of mgfs, we recognize that Y has the

representation
n
v-3
i=1

where Y; ~ Binomial(1,p) = Bernoulli(p) are independent. We
have
E[Y;l=p  V[¥]=pg.
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Applications of the central limit theorem (cont.)

Example (Binomial case)

Therefore for large n, Y is approximately distributed as
Normal(np, npq)

and

Fy(y =PY <y)= (y\/_n%?)
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Applications of the central limit theorem (cont.)

Binomial: n = 100, with p = 0.6.

+  Binomial(100,0.6
—  Normal(60,24)

0.06
I

fy)
0.04

0.00
I
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Applications of the central limit theorem (cont.)

5.4

Binomial: n = 20, with p = 0.6.

fly)

Probability inequalities and theorems

0.15

0.10

0.05

0.00

+  Binomial(20,0.6)
— Normal(12,4.8)
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Applications of the central limit theorem (cont.)

Example (Poisson case)

If Y ~ Poisson(\), the mgf of Y takes the form
my (t) = exp{A(e’ — 1)}.

By the uniqueness of mgfs, we recognize that Y has the

representation
n
y=3%
i=1

where the Y; ~ Poisson(A/n) are independent. We have
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Applications of the central limit theorem (cont.)

5.4

Example (Poisson case)

Therefore Y is approximately distributed as
Normal (A, )

and

) =Py <) =2 (22

Note that for this approximation to work, we need to have A
large.
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Applications of the central limit theorem (cont.)

Continuity correction

When we use the central limit theorem to approximate a
discrete distribution, a continuity correction is sometimes
applied: that is, if Y is discrete we compute

-n
Fe(y) = P(Y <y) = @ (“IT’”?
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Applications of the central limit theorem (cont.)

Example (Gamma case)

If Y ~ Gamma(a, 8), the mgf of Y takes the form

By the uniqueness of mgfs, we recognize that Y has the

representation
n
y=3%
i=1

where the Y; ~ Gamma(a/n, B) are independent. We have

e =2 v -2
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Applications of the central limit theorem (cont.)

Example (Gamma case)

Therefore Y is approximately distributed as
Normal(ap, a8%)

and

Fr(y) =P(Y <y)=® (%)

Note that for this approximation to work, we need to have «
large.
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Applications of the central limit theorem (cont.)

5.4

Gamma: « = 200, with g = 0.1.

— Gamma(200,0.1)
— Normal(20,2)

Probability inequalities and theorems

The Central Limit Theorem and applications
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Applications of the central limit theorem (cont.)

Gamma: o = 50, with § = 0.4.

0.15

— Gamma(50,0.4
—— Normal(20,8)

0.10

fly)

0.05

0.00

5.4  Probability inequalities and theorems | The Central Limit Theorem and applications

730



