Sums of random variables (cont.)

® We can extend the result to three or more independent ran-
dom variables
Y=V1+Y2+Y3

by using the convolution formula recursively; we have
Y=M+Y)+Ys=Yi2 + Y3

say, and so we would compute the pmf or pdf of Y15 = Y1 +Ys
first, and then convolve it with the pmf or pdf for Y3.

® We can generalize to collections of random variables that are
not independent.

3.2 Probability calculation methods | Sums of random variables

Chapter 4: Multivariate distributions

Multivariate probability distributions

We now consider probability specifications for more than one
variable at a time.

® We have already used the straightforward concept of inde-
pendent random variables, that is, variables associated with
independent events;

e for example, the random variables associated with the out-
comes of two independent rolls of dice.
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Multivariate probability distributions (cont.)

4.1

However, there are many instances where we wish to consider
random variables where there is an absence of independence;

e for example where the outcome of one part of the experiment
depends on the outcome of the other.

In general we can consider a vector of random variables (or vector
random variable)
(Y1,Y2,...,Y5).

Multivariate distributions | Basic definitions 547

Multivariate probability distributions (cont.)

4.1

The critical thing to remember is that when we distribute
probability amongst the possible values of the random variables,
the total probability we assign must still equal one.

Multivariate distributions | Basic definitions 548

Discrete bivariate distributions

4.2

We consider two variables Y7 and Y5 that are both discrete. We
can suppose that both variables take values on the integers, Z.

A discrete bivariate probability mass function is a function of two
arguments
p(y1,92)

that distributes probability across the possible values of the vec-
tor (Y1,Y2) so that

p(y1,y2) = P(Y1 = y1) N (Y2 = y2))

for —oo < y1 < 00 and —o0 < Yo < 00.
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Discrete bivariate distributions (cont.) Notes

For shorthand, we write

P(Yi=y1)N(Ya=12)) = P(Y1 =y1,Y2 =12)
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Discrete bivariate distributions (cont.) Notes

We can think of p(y1, y2) as specifying the values in a probability

table.
Y,
1 2 3
Lip(L1Y) p(1,2) p(1,3)
2|p(2,1) p(2,2) p(2,3)
Yio31p(3,1) p(3,2) p(3,3)
41p(4,1) p4.2) p4,3)
51p(:1) p(5,2) p(5,3)
4.2 Multivariate distributions | Discrete case: joint mass function 551
Discrete bivariate distributions (cont.) Notes

For 1<y <5, 1<y, <3

(1 +y2)

p(y1,92) = 7E

Y,
1 2 3
2775 3/75 475

3/75 4/75 5/75

Yy 3|4/75 5/75 6/75

5/75 6/75 7/75
6/75 7/75 875

Uk W N
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Discrete bivariate distributions (cont.)

4.2

Discrete bivariate distributions (cont.)

4.2

Discrete bivariate distributions (cont.)

4.2

p(y1,y2)

Multivariate distributions | Discrete case: joint mass function

The function p(yi,y2) is the joint probability mass function:

has two basic properties

® ‘“gpecifies probabilities”

0 <p(y1,y2) <1 forall yi, o

® “sums to one”

Z Z p(y1,y2) = 1.

Y1=—00Y2=-0

although p(y1,y2) may be zero for some arguments.

Multivariate distributions | Discrete case:

In the above example,

5 3
Z Z (1/1;-5.1/2):

1=1y2=1

<

Multivariate distributions | Discrete case:

joint mass function

3
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y1=1y2=1
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Discrete bivariate distributions (cont.) Notes

We define the joint cumulative distribution function F(y1,y2) by

Y1 Y2

F(yi,go) =PM <y, Ya<wpo)= > > plt,t)

t1=—o00 tg=—00

that is, by accumulating the probabilities in the joint pmf over a
range of values up to and including (y1,y2)
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Discrete bivariate distributions (cont.) Notes

F(3,6)=P(Y1 §3,Y2§6)= i i p(tl,tz)

t1=012=0

=

CRNWE TR0 S

| ® ® © o o o o o o o o
NDje © o o o o o o o o o
W|e & ® o o o o o o o o

O e e 888 o o o o

wle o o @
S(‘ﬂo-o-a..oo-o
)| e o o o
~Jje o o o
Co|e o e o
Ole o o o
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Discrete bivariate distributions (cont.) Notes

F(8,2) = P(Y1 <8,Y, <2) = i i p(t1,t2)

t1=01t2=0

o

CRNWE D00 S

O|enene o
—|o o o o
e o o o
Wie & o o
|l o o o
S(‘ﬂoooo.o.oo-o
e e e o
~J|® & o o
oo|e e e o
Ole o o o
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Discrete bivariate distributions (cont.)

4.2

Example

A bag contains ten balls:
® five red;
® three yellow;
® two white;

Four balls are selected, with all such selections being equally
likely.

o
&
©

Multivariate distributions | Discrete case: joint mass function

Discrete bivariate distributions (cont.)

4.2

Example
Let
® Y] denote the number of red balls selected;

® Y, denote the number of yellow balls selected.

Then using combinatorial arguments, we see that the joint pmf

of Y] and YQ is giVCIl by
Y1 Y2 Y1 Y2

Pyye (Y1, 42) = 10
4

for (y1,y2) such that the combinatorial terms are defined, and
zero when the terms are not.
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Discrete bivariate distributions (cont.)

4.2

Example

We need (y1,y2) simultaneously to satisfy
0<y1<5 0<yp<3 0<4—y1—y2<2
in order to have a non-zero probability.

1
Total number of selections: ( 40> = 210.
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Discrete bivariate distributions (cont.)

4.2

Red Yellow White

Example
0
Y, 0
012 3 1
0[0 O 1
110 1
2 0 2
Y1 3 0 0 2
4 000 2
5/0 0 0 O 3
3
4
Multivariate distributions | Discrete case: joint mass function

Discrete bivariate distributions (cont.)

4.2

2

O R O N O WNRF W

Example
Red Yellow White Count

0 2 2 3
0 3 1 2
1 1 2 15
1 2 1 30
1 3 0 5
2 0 2 10
2 1 1 60
2 2 0 30
3 0 1 20
3 1 0 30
4 0 0 5

Multivariate distributions | Discrete case: joint mass function

Discrete bivariate distributions (cont.)

4.2

Example

0

Y,
1

2

3

0.0000
0.0000
0.0476
0.0952
0.0238
0.0000

Y

TR W= O

0.0000
0.0714
0.2857
0.1429
0.0000
0.0000

0.0143
0.1429
0.1429
0.0000
0.0000
0.0000

0.0095
0.0238
0.0000
0.0000
0.0000
0.0000

Multivariate distributions | Discrete case: joint mass function
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Discrete bivariate distributions (cont.) Notes

For more than two variables, we can define a joint pmf in the
same way:

(Y1, Y2, Yn) = PV1=y1,Ya = w2, .., Yo = yn)

to represent an n-way table.
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The marginal mass function Notes

Once we have specified a joint pmf, we can easily compute the
probability distribution for one of the variables alone.

The marginal probability mass function for Y; is merely the pmf

of Y7, which is computed via the Theorem of Total Probability.

4.3 Multivariate distributions | Marginal mass function 566

The marginal mass function (cont.) Notes

Suppose that the joint pmf for Y and Y3 is denoted py; v (., .).

The the marginal pmf for Y1, py, (.) is given by

o0
i) =PMi=y)= > PYi=uy,Ys=1y)

Y2=—00

that is

o0
v (y1) = Z Py1,ya (Y1, 42)

Y2=—00
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The marginal mass function (cont.)

This result uses a partitioning argument:

o0
MVi=y)= |J Mi=up)n(V2=w)
ya=—00
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The marginal mass function (cont.)

For example
PY1=2)=PY1=2,Y2=1)+P(Y1 =2,Y, = 2)

+P(Y =2,Y; = 3).
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The marginal mass function (cont.)

If py; v; (Y1, y2) specifies the values in a probability table, we com-
pute the marginal pmf

e for Y7 by summing across the rows of the table;

e for Y3 by summing down the columns of the table.

Yo

1 2 3 Py; ()

1 le,Y2(171) le,Y2(172) le,Y2<1~,3) le(l)

2 Py, (23 1) Py,.Ys (27 2) Py,.Ys (27 3) Py, (2)
i3 ImnB1) mvixB.2) pviyn3) | mE)
4 JATRE (43 1) JATRE (47 2) JASCR?] (47 3) Py (4)

5 Pyi,ys (57 1) Pyi,ys (57 2) Pyiys (57 3) Py, (5)

pyz(‘) pYQ(l) Py, (2) Py, (3) 1

4.3 Multivariate distributions | Marginal mass function 570

Notes

Notes

Notes




The marginal mass function (cont.)

Example (Previous example)

Four balls selected from 10.
® Y] denote the number of red balls selected;

® Y, denote the number of yellow balls selected.

The joint pmf of Y7 and Y5 is given by

() ()i )
y1)\y2) \4—1y1—y2
10
(%)
for (y1,y2) such that the combinatorial terms are defined, and
zero when the terms are not.

v, (Y, y2) =

4.3 Multivariate distributions | Marginal mass function

The marginal mass function (cont.)

Example (Previous example)

We can compute the marginal pmf for ¥; by summing
probabilities in the joint probability table.

EEE) D6 o

v (0) = <10> 210 _ 210
4

4.3 Multivariate distributions | Marginal mass function

The marginal mass function (cont.)

Example (Previous example)

y () = <140>

15+30+5 50
210 T 210

4.3 Multivariate distributions | Marginal mass function
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The marginal mass function (cont.)
Example (Previous example)

o DEEOOEGEE)

10460 +30 _ 100
210 © 210
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The marginal mass function (cont.)

Example (Previous example)

20 + 30 50
210 210
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The marginal mass function (cont.)

Example (Previous example)
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The marginal mass function (cont.)

4.3

In this example we can compute py, (.) directly using the hyper-

geometlic formula
<y1> <1 y1>
NE/ NT GRS

(¥)

v (y1) =

for0<y; <5and 0<4—y; <5.

Multivariate distributions | Marginal mass function

The marginal mass function (cont.)

4.3

Y1 Numerator
0 ?) i =1x5=5
5\ (5
1 )= 5 x 10 = 50
2 2 g =10 x 10 = 100
5\ (5
3 g é =10x5=150
4 o) = 5x1=5 |
Multivariate distributions | Marginal mass function

The marginal mass function (cont.)

4.3

The marginal pmfs py, (y1) and py, (y2) have all the properties
of single variable pmfs; specifically

e}

Do) = Y. Y miwnbuy) =1

y1=—o00 Y1=—00y2=—00

Multivariate distributions | Marginal mass function
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The conditional mass function

Once we have the joint pmf
vy (y1,y2) = P(Y1 =1, Y2 = 1)
and the marginal pmf
() = PV =u)

we can consider conditional pmfs.

4.4 Multivariate distributions | Conditional mass function

The conditional mass function (cont.)

We have that if P(Y; = y1) > 0, then the conditional probability
that Yo = yo, given that Y7 =y, is

PMi=y,Yo=4)

P(Y2=uylY1=y1) = PV = 1)

For a fixed value of y;, we can consider how this conditional
probability varies as argument y, varies.

4.4 Multivariate distributions | Conditional mass function

The conditional mass function (cont.)

The conditional probability mass function for Y, given that Y; =
y1, is denoted

Pysivy (y2ly1)
and defined by

Pyaly; (2ly1) = P(Ya = y2|Y1 = y1)

whenever P(Y; =y;) > 0.

4.4 Multivariate distributions | Conditional mass function
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The conditional mass function (cont.) Notes

The conditional pmfs are obtained by taking ‘slices’ through the
joint pmf, and then standardizing the slice so that the probabil-

ities sum to one.

Recall that

PM=y,Y2a=1) v y2)
P(Y1 =) Py (Y1)

pYz\Yl(ngyl) =

Py (y1,92)

= .
> Pviya(yi,t2)

ta=—o00
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The conditional mass function (cont.) Notes

Given Y7 = 2, we define the conditional pmf py, )y, (y2|2) by ex-
amining the second row of the table.

Y,

1 2 3 Py, ()

1 | ovyve11) pviye(1,2) pyviva(1,3) | py (1)

2 Py (27 1) Pyvi,ys (27 2) Pyvi,ys (27 3) Py, (2)

Yii 3 [mwnGl) mni2) mynB3) | mB3)

4 Py1,ys (4a 1) Py1,Y (4~, 2) Py1,Ys (47 3) Pyy (4)

5 pyl,Y2(57 1) thY2(572) le,Yz(573) Pyy (5)

pYz(') pYz(l) Py, (2) Py, (3) 1
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The conditional mass function (cont.) Notes

Given Y3 = 3, we define the conditional pmf py; |y, (y1|3) by ex-

amining the third column of the table.

Y,

1 2 3 ()

T v pviye(1,2) pvive(L,3) | pvi(1)

2 leyyz(Qa 1) le,Y2(2s2) le,Y2(273) le(Q)

i 3 |pmxnBl) pviv2) pviy(3,3) | m©3)
4 Pyi,ys (4,1) Py1,ys (4,2) Py1,ys (4,3) 4% 4)

5 Py1,Ys (57 1) Py1,Ys (57 2) Py1,Ys (57 3) Py, (5)

pYz(') pYQ(l) Py, (2) Py, (3) 1
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The conditional mass function (cont.) Notes

We have the fundamental relationship

Py1,ya (1, ¥2) = Py (Y1)Pya v (v2ly1)

whenever py; (y1) > 0.
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Independence Notes

Two discrete random variables Y7 and Y; are called independent

if
v,y (1, ¥2) = py; (¥1)pys (y2)

for all values y1,y2. Equivalently, they are independent if

Py Wily2) =pvi (W) Pyapv (B2ly1) = pya(y2)

for all values y;, y2 where the conditional pmfs are defined.

If Y7 and Ys are not independent, they are dependent.
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Independence (cont.) Notes

This definition extends to multiple variables: Yi,...,Y, are in-

dependent if

n
iy wn) = [ [ ovi(w)
i=1

for all vectors (yi,...,yn)-

Note that we could make equivalent statements in terms of the
joint cdf

n

By v, (i, yn) = P (ﬂ(Yz < yi)> = HFK(Z/i)
=1

i=1
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The joint density function

If Y1 and Y, are two continuous random variables, then we can
still consider statements of the form

P(Y1 <y1)N(Ya <2))
and hence define the joint cumulative distribution function cdf
Fyy v, (y1,92) = P(Y1 < y1) N (Ya < y2))

for any pair of real numbers (y1, y2).

4.6 Multivariate distributions | Continuous case: joint density function 589

The joint density function (cont.)
The joint cdf has the following properties:
® ‘“starts at zero”

li 1i Fy, v, =
pdm  lim Yi,Ya (y1,92) =0

e “ends at one”
Syl By, (y,y2) = 1
® “non-decreasing in y; and y2 in between”
Fyi v, (y1,92) < Fyy v, (1 + ¢, 42)
Fyiyvo (W1, 42) < Fyyyve (1,92 + ©)

for all y1,y2, and any ¢ > 0.
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The joint density function (cont.)

Furthermore, we have that

lim  Fy, v, (y1,y2) = P(Y1 < 00,Y2 < y2)
Y1 —>00

= P(Y2 < y)
= Fyz(?/?)

and similarly

S Fy v, (y1,92) = Fy, (y1)-
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The joint density function (cont.) Notes

Fy, v,(3,5) = P(Y1 < 3,Y2 <5)
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The joint density function (cont.) Notes

Fyv;(8,2) = P(Y1 <8,Y2 < 2)
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The joint density function (cont.) Notes

Py, v, (—1,5)=P(Y1 < -1,Y2 <5)

Y2

4.6 Multivariate distributions | Continuous case: joint density function 594



The joint density function (cont.) Notes

We accumulate probability over the shaded region, the rectangle

(7oc,y1} X (70071/2]7

to compute Fy; v, (y1,y2).

However, as in the single variable case, we must have

PYi=y,Ya=12) =0

for all y; and yo.
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The joint density function (cont.) Notes

As in the single variable case, we introduce the joint probability
density function (joint pdf)

rive (1 92)

to describe how probability is spread around the possible values,

where

Y1 Y2
Fy, v, (y1,92) = / Jy1,Ys (t1, t2) dtadty
o =00 J =00

that is, to compute Fy; vy, (y1,y2) we integrate fy; v, (y1,y2) over
the rectangle

(=00,41] x (=00, ya.
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The joint density function (cont.) Notes

We can compute the double integral as follows: writing

Y1 Y2
/ {/ fY|,Y-2(t1-,t2)dt2}dt1

e fix {1, and perform the first (inner) integration

Yo
/ Iy ye(ta,t2) dtz

in the ‘strip’ at ¢; to obtain a function g(t1,y2), say;

e perform the second (outer) integration

Y1
/ g(t1, y2) dtr.

J —oo

to obtain the joint cdf.
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The joint density function (cont.) Notes

Fy, v,(5,7) = P(Y1 <5,Y2, <7)

10
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The joint density function (cont.) Notes

The joint pdf describes how the probability is spread ‘point-by-

point” across the real plane. By the probability axioms, we must
have that

® the joint pdf is non-negative

iya(y1,92) > 0 —00 <y <00,—00 < Y <00

(as the joint cdf is non-decreasing in both y; and y2);

® the joint pdf integrates to 1

R

(as the probability must accumulate to 1 over the real plane).
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The joint density function (cont.) Notes

Example (Distribution on the unit square)

Suppose Y7 and Y, are continuous with joint pdf

My y2) =clyn+y2) 0<y<1,0<y <1

with fy; v, (y1,y2) = 0 otherwise.
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The joint density function (cont.) Notes

Example (Distribution on the unit square)

Then for 0 <y; < 1,0<yy <1,

Y1 Y2
Fy, v, (y1,92) = / { A RAGH)] dtz} dty
{o o}

—0o0

Y1 Y2
/ {/ C(tl + tz) dtQ} dty
0 JO

Y1 1 Y2
/ [c <t1t2 + —t%)] dt,
0 2 0

Y1 1 .
= / @ <t1y2 + *Uf) dty
Jo 2
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The joint density function (cont.) Notes

Example (Distribution on the unit square)

Y1

1 1
= ¢ (gt + 3uin) ]

@

2 (y%yz + ylyg)

We require that Fy, y,(1,1) = 1, so we must have ¢ = 1.
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The joint density function (cont.) Notes

Example (Distribution on the unit square)

That is

(B1+y) 0y <1,0<y, <1
thY)(yhyZ) = .
0 otherwise

(no probability outside of the unit square).
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The joint density function (cont.)

Example (Distribution on the unit square)

0 y1 <0ory <0 @

(W2 +9193) /2 0<y,pp<1 @
(+y)/2 0<y;<Lyp>1 (3)
(+d)/2 0<p<iyp>1 (@
1 y1 >1and yo > 1 @

vy, (y1,92) =
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The joint density function (cont.)

~
N Y

0.5

Y1

@ 0.5 1 1.5 2
|
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The joint density function (cont.)

To compute Fy, y,(y1,y2) we always integrate the joint pdf

below and to the left

of (y1,92)-
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The joint density function (cont.)

Notes
Friva(y1,92) = (91 +42)
2
g
2
&
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The joint density function (cont.) Notes
Py ya (y1,92) = (iye +1193)/2
2
g
=
&
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The joint density function (cont.) Notes

frunlay2)

Figure: fy;,y,(y1,92): image and contour plot
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The joint density function (cont.)

Notes
. Fror(yuy2)
Figure: Fy, y,(y1,y2): image and contour plot
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The joint density function (cont.) Notes
feonlyny)
Figure: fy, .y, (y1,¥2): contour plot
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The joint density function (cont.) Notes
Frovlyny2)

Figure: Fy, y,(y1, y2): contour plot
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The joint density function (cont.)

We compute fy; v, (y1,y2) from Fy, v, (y1,y2) using partial differ-
entiation:

92

fYLYz(ylny) = {FYl,Y‘z(ylryQ)}

0y10y2

e Step 1: differentiate Fy; v, (y1,y2) with respect to yo while
holding y; constant;

® Step 2: take the result of Step 1, and differentiate it with
respect to yj.
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The joint density function (cont.)

We can regard the calculation as

_9 M}
Mya(y1,92) = o { s

4.6 Multivariate distributions | Continuous case: joint density function 614

The joint density function (cont.)

Example

For 0 < 1,92 < 1,

1 ‘
By o (1, 30) = 5 (yiwe + 133)

® Step 1:
OFyiy,(y1,2) 1,
Yol _ 2 9
s > (7 + 2u192)
® Step 2:
{1 (y2 + 2 1
M = (2y1 + 2y2) = (y1 + o)
dyg 2
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The joint density function (cont.) Notes

In the partial differentiation, we could choose to differentiate
with respect to y; in Step 1, and then differentiate the result
with respect to y2: we will get the same answer

0? 0?
m v ve (y1,92)} = m {Fyv,y, (1, 92)} -

This is a general property of partial derivatives that holds
provided the result of each side is continuous.
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Constant pdfs Notes

If the joint pdf is constant over a finite region ) € R?

Mmyyye)=c  (y1,02) €Y

with fy; v, (y1,y2) zero otherwise, then to compute probabilities

associated with this pdf, for example

P((Y1,Y2) € A) = //fyl,yg(yl,yz) dyady
A

we must compute the area of A and divide it by the area of ).
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Constant pdfs (cont.) Notes

Y2

S Fviva (y1,92) dyadys =1
y

s Yy

Y1
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Constant pdfs (cont.)

y2

6 Yy

P((Y1,Y2) € A) = {lf Iy, ve (y1,92) dy2dy

.
2
y1
-1 2 4 6 8 10
-1
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Constant pdfs (cont.)
10
Y2
5 4
Fyy v, (5,4) = / / Fyy. vy (Y1, v2) dy2dys
. et e
p Yy
S
2 |
‘
|
‘
| y1
-1 2 4 ! 6 8 10
L ‘
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Constant pdfs (cont.)

y2

s M Yy

3.2 6.5
Pri vy 3265 = [ 77 pvy vy (rve) duady

4
2
|
I
| Y1
L L — L L 1
-1 2 ! 4 6 8 10
1 |
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Notes

Notes

Notes




The marginal density function Notes

Once the joint pdf fy; v, (y1,y2) is specified, we define the mar-
ginal probability density functions (marginal pdfs) analogously to

the discrete case.

We have for Y7 the marginal pdf fy, (y1) for each fixed y; by

i) = /jo iy (y1, y2) dy2

and for Y the marginal pdf fy,(y2) for each fixed yo by

fyz(yz)=/ rivs (Y1, 92) dyn
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The marginal density function (cont.) Notes

Example (Distribution on the unit square)

For

(m+y2) 0<y1<1,0< <1

0 otherwise

Iiya(y1,92) = {

4.7 Multivariate distributions | Marginal density function

The marginal density function (cont.) Notes

Example (Distribution on the unit square)

We have for 0 <y; <1

i) = [ viye (W1, y2) dy2

1
:/ (y1 + y2) dyo
0

with fy, (y1) = 0 otherwise.
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The marginal density function (cont.) Notes

Example (Distribution on the unit square)

Alsofor0<y; <1

Fy,(y1) = /jl fa(t1) dty

Y1 1 i
= t1 4= ) dt
i (tg)

_ﬁ_,’_tilyl
2 2],

M‘Sw

+

NS

with Fy, (y1) = 0 for y; <0 and Fy,(y1) = 1 for y; > 1.
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The marginal density function (cont.) Notes

frilyr) =y +1/2for 0 <y <1

1.5 1 fvi(wn)

Y1
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The marginal density function (cont.) Notes

Fy(y1) = (7 +51)/2 for 0 < gy < 1.

Fy, (y1)

0.6 +

0.4 +

0.2

0.2 0.4 0.6 0.8 1
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The marginal density function (cont.)

Example (Distribution on the unit square)

We can perform a similar calculation and obtain

1
sz(yz):y2+§ 0<y2<1
with fy,(y2) = 0 otherwise, and

_ W tw)

FYz(yZ) 2

0<y<1

with Fy, (y2) = 0 for yo < 0 and Fy,(y2) =1 for yp > 1.
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The conditional density function

Once we have the joint pdf

Iiya (Y1, 92)

and the marginal pdf
Iri(y)

we can consider conditional pdfs.
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The conditional density function (cont.)

The conditional probability density function for Ya, given that
Y1 = y1, is denoted
fyzm (y2ly1)

and defined by

. _ le.Yz(ylvfI/Z)
Tvaivi (y2ly1) = )

whenever fy, (y1) > 0.
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Notes

Notes

Notes




The conditional density function (cont.) Notes

The function fy,y, (y2|y1) is a pdf in yo for every fixed y;. That
is, for every fixed y; where fy, (y1) > 0,

® the conditional pdf is non-negative

Jralvi (v2ly1) > 0 — 00 < Y2 < 005

® the conditional pdf is integrates to 1 over ya

00
/ Jvaiva (v2ly1) dya = 1.
—00

We can define fy,|y,(y1|y2) in an identical fashion.
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The conditional density function (cont.) Notes

Conditional pdfs are obtained by taking a ‘slice’ through the

joint pdf at Y7 = y1, and then standardizing the slice so that the
density integrates to one.
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The conditional density function (cont.) Notes

Example (Distribution on the unit square)

For

(i+y2) 0<y <1,0<yp <1

0 otherwise

le,Y‘z(’ylvyZ) = {

we can consider conditioning on values of y; or ¥, in the
interval [0, 1].
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The conditional density function (cont.)

Example (Distribution on the unit square)
As

1
fra(y1) = n +§

we have for each fixed y; in this range

0<y <1

_ Mmwvuy) _ W+

fyzm (y2ly1)

for 0 < yo < 1, with the function zero for other values of ya.
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The conditional density function (cont.)

(y1 +92)

Tvavi (y2ly1) = v 12

Fri(y) y1+1/2

for 0 <y <1, with y; = 0.2

2 T vy (210.2)
1.5 +
.l
0.5
Y2
0.5 1 1.5 2
4.8 Multivariate distributions | Conditional density function

The conditional density function (cont.)

(y1 +92)

Tyvavi (y2ly1) = v 12

©

L fyyiv; (v210.6)

for 0 <y <1, with y; = 0.6
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Notes

Notes

Notes




The conditional density function (cont.)

(y1 +92) .
Traiv (v2ly1) = nEle for 0 <y < 1, with y; = 0.95

©

P vy vy (v210.95)
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The conditional density function (cont.)

As in the discrete case, we have the chain rule factorization

rive (1, 92) = frvi (W) froy (v2ly1)

whenever fy, (y1) > 0.

As ever, we can exchange the roles of Y7 and Y5 to obtain that

My (1,92) = fra(Y2) frapys (W1ly2)-

whenever fy, (y1) > 0.
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Multivariate distributions

All of the above ideas extend naturally to more than two vari-
ables. If (Y1,...,Y;,) form an n-dimensional random vector, we
can consider the joint pdf

and joint cdf
Fyi v Wi, yn)-
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Notes

Notes

Notes




Multivariate distributions (cont.)

We can consider marginalization by integrating out n —d < n of
the dimensions to leave a d-dimensional probability distribution:
for example if n = 4 and d = 2, we have

. 00
iy (Y1, 92) :/ / Iyiva,vs,v2 (Y15 Y2, Y3, Ya) dysdys
—00 — 00

or
(o] o0
Jyva,va (Y2, ya) :/ / fya,vavava (1, Y2, Y3, ya) dyrdys
—00 —00

and so on. This construction works with any n and any d.
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Independence
Continuous random variables (Y7,...,Y;,) are independent if
n
v um) = [ i)
i=1
for all vectors (yi,...,y,) € R". Equivalently they are independ-
ent if
n
v o) = [ P )
i=1
for all vectors (yi,...,y,) € R™
Random variables that are not independent are termed depend-
ent.
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Independence (cont.)

4.10

In the bivariate case, Y7 and Y5 are independent if

Tran (v2ly1) = fra(y2)

for all (y1,y2) where the conditional pdf is defined, or equivalently
if

v (ily2) = fri(y1)
for all (y1,y2)-
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Notes

Notes

Notes




Independence (cont.)

Notes
A straightforward way to exclude the possibility of two variables
being independent is to assess whether the set of values, Yi2
(called the support of the joint pdf), for which
fyvi v (Y1, 92) >0
is identical to the Cartesian product of the two sets, }; and ) for
which the marginal densities satisfy fy, (y1) > 0 and fy,(y2) > 0.
That is, if
Yig # Y1 X Vo
then Y7 and Y5 are not independent.
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Independence (cont.) Notes
10 %
Yo
Y1 =1[0,6]
8 12 = [0,6]
Yiz = {(y1,¥2) : 0 < y1,92 < 6,0 < w1 +y2 < 6}
6
4
24 Vg
Y1
—1 2 4 6 8 10
—1
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Independence (cont.) Notes

4.10

‘We can find points where

® fyi(y1) >0 and fy,(y2) > 0, but

° fY17Y2(y17y2) =0
(for example, the point (5,5)), so we do not meet the requirement
for independence that

f}/lyyz(ylny) = le (yl)fy2(y2)

for all (y1,y2) € R2.

Multivariate distributions | Independence




Multivariate expectations

We can extend the idea of expectation to two or more dimensions.

We consider a function ¢g(yi, ..., y,) of n random variables. The
expectation of this function is defined in the discrete case by

Elg(Yi,...,Y,)] =

o0 o0
Z Z g(yl,...,yn)fvl,...,Y,,,(yh---,yn,)-
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Multivariate expectations (cont.)

In the continuous case we define

E[g(yl -,Yn)] =

(oo} o0
/ / 915 Yn) o, (W, ) Ay dyye
—00 —00

These definitions hold when the sum/integral is finite.
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Multivariate expectations (cont.)

For two variables, this becomes

Eg(vi,Ya)l = > > 9uy2)friv(uve).
Y1

=—00y2=—00

or

fE[g(YnYz)]:/ / 9(y1,¥2) i vz (Y1, y2) dyrdys.
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Notes

Notes

Notes




Multivariate expectations (cont.)

Notes
The properties of expectations for more than one variable match
those in the single variable case.
In particular, if a;,as are constants, and g¢i(.,.) and ga(.,.) are
two functions, then
Ela191(Y1, Y2) + a2g2(Y1, Y2)] = a1E[g1(Y1, Y2)] + a2E[g2(Y1, Y2)]
provided all the expectations are finite.
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Covariance and correlation N
otes
For two random variables Y; and Ya, with expectations 1 and
2 respectively, the covariance between Y; and Ya, Cov[Yy, Ya],
is defined by
Cov[Yy, Yo] = E[(Y1 — p1)(Y2 — p2)]
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Covariance and correlation (cont.) Notes

Note that

Cov[Y1, Yo = E[(Y1 — p1)(Ya — p2)]

=EY1Y2 — 1Yo — Yipg + pipo]

= EV1Ya] — mE[Yo] — o E[Y1] + papuo

= EY1Ya] — papia — piopr + pajia

= E[V1Ya] — papto.

4.12  Multivariate distributions | Covariance and correlation 651



Covariance and correlation (cont.) Notes

The correlation between Y; and Ya, Corr(Y7, Y2), is defined by

COV[Yl, Yz]

Con, Yl = v
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Covariance and correlation (cont.) Notes

Both covariance and correlation are measures of dependence. We
have that for any pair of random variables,

—1 < Corr[Y,Y2] <1
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Covariance and correlation (cont.) Notes

If

Covl[Yy, Ya] = Corr[Yy, Y2] =0

we say that Y7 and Ys are uncorrelated.
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Independent random variables Notes

If Y7 and Y3 are independent then (in the continuous case — dis-

crete case works in the same way), we have that

00 00
EV1Yo] = / / yy2.fviy, (1, y2) dyidye
—00 —00

= / / Y1y2fvi (Y1) fry (y2) dyrdys

— /;oo y2.fya (y2) {/jo y1fv (Y1) dyl}dyz

00

= / Y2y, (y2) E[Y1]dy2

J—oo

— Evi) / " o fr )y = EVIE[Y:)
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Independent random variables (cont.) Notes

More generally, if ¢1(Y1) and ¢2(Y2) are two functions of the
independent random variables, then

E[g1(Y1)g2(Y2)] = E[g1(Y1)]E[g2(Y2)]
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Independent random variables (cont.) Notes

Therefore if two random variables Y7 and Ys are independent,

then

COV[Y17Y2} = E[KYz] — K12

= EV1]E[Y2] — papo

= ppz — papz =0

and Y7 and Y5 are uncorrelated.
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Linear combinations of random variables

4.12

Suppose that Y7,...,Y, and Xi,...,X,, be random variables
with
EYi]=w  E[X;]=§;.

Define
n m
Ur=> aY;, Uy=)» bX;
i=1 j=1
for real constants ai,...,a, and by, ..., by,.
Multivariate distributions | Covariance and correlation

Linear combinations of random variables (cont.)

4.12

(a) Expectations:

E[th] = Za,[E[Y,] = zaiw
i=1 i=1

(b) Variances:

n n j—1
V[Uh] =Y afV[Yi]+2) > aia;Covl;, Y
i=1 j=2i=1
(c) Covariances:
n m
Cov[U1,Us] = > " aibjCovl]V;, X]
i=1 j=1
Multivariate distributions | Covariance and correlation

Linear combinations of random variables (cont.)

4.12

For (b):
V(U] = E[U7] - {E[th]}*.
But

n j—1

n 2 n
Ui = (Z ale> = a2 +23" 3 aiaviy;
i=1

i=1 =2 i=1
so therefore

n j—1

E[U7] = i,ﬁuz[yf] +23 % g E[V;Y)]

j=2 i=1

Multivariate distributions | Covariance and correlation
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Notes

Notes




Linear combinations of random variables (cont.)

Similarly
n j—1
{E[U1]}? = {Za/zl} 202/12+222a @jLif;
Jj=21i=1
Therefore
n
E[UF] — {E[1]}* = ) a}(E[Y?] — 1)
i=1
n j—1
+2>°3 " aia (E[YiYj] — pipy)
Jj=21i=1
and the result follows.
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Linear combinations of random variables (cont.)

For (c): consider the simple case
Uy = a1Yh + a2Ys Uz = b1X1 + b2 X2
Then

E[U1Us] = E[(a1Y1 + a2Y2) (b1 X1 + b2 X5)]
= E[a1b1Y1X1 + a1b2Y1 Xo + a1b2Y1 X + a2ba Y2 Xo]

:ii b E[YiX;)
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Linear combinations of random variables (cont.)

Using the same logic

E[U1E[Uy] =

et
&

2 2
Z 1ﬂi> Z b;&;

2

2
ZZ //Mgl
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Notes

Notes

Notes




Linear combinations of random variables (cont.)

and therefore

2
E[Uh0,] — EE[U] = ) > aiby (E[YiX;] — mi€;)
i=1 j=1
and the result follows.
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Linear combinations of random variables (cont.)

Example (Sums of independent random variables)

If Yi,...,Y, are independent and identically distributed with
expectation y and variance o2, then

n
U=>Y
i=1

then
n n

E[U] =) EWi]=) p=npu

i=1 i=1

VU] = i\/[Yi] = 2":02 = no?
i=1 i=1

as the covariance terms are all zero.

and
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Sums of random variables (revisited)

For two random variables Y7 and Y5 consider the distribution of
Y=V1+Y,

which we studied previously in the context using the convolution
calculation in Chapter 3.
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Notes

Notes

Notes




Sums of random variables (revisited) (cont.)

We now see that the convolution formula can be viewed in the
context of a joint distribution calculation:

Fy(y) =P <y)=PM1+Y2 <y) = //A Ivi.va (Y1, y2) dyadys
A Y

where
Ay ={(1,y2) ER®:yn+12 <y}

4.13  Multivariate distributions | Sums of random variables

Sums of random variables (revisited) (cont.)

Need to integrate over the region below the line y; + y2 = y.

10 ¢
y2
s |
6
T2
y1+y2=y
24 A,
Y1
—1 2 4 6 8 10
A%
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Sums of random variables (revisited) (cont.)

Therefore we can write
0o Y=y
Fy(y) = / / i ya (Y1, 92) dyadyn.
—0C —00

By differentiating with respect to y under the integral sign, using
the Fundamental Theorem of Calculus, we see that

fv(y):/i iva (Y, y — ) dys.
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Sums of random variables (revisited) (cont.) Notes

We now consider an alternate method of calculation: recall the
definition of the moment generating function:

my(t) =E [ety}

for —b <t < b, some b > 0.

We can define a similar quantity for the random variable U which

is a transformation of Y, U = ¢g(Y') say, as

my(t) =E [e”U} =E {e"’g(y)] .
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Sums of random variables (revisited) (cont.) Notes

For two random variables Y; and Ya, with

Y = a191(Y1) + a292(Y2),

we have

my(t) = E [ety} —E [et{awz(Y1)+azg2(Y2)}]

This is the mgf for Y. We can write

my(t) =E [BLY] - E {ctalgl(h)ctazm(b)} .
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Sums of random variables (revisited) (cont.) Notes

If Y7 and Y3 are independent we can further write

my(t) =E {efalgl(yn)] E [Etaggg(yz)] .

— this follows by the earlier result on expectations.
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Sums of random variables (revisited) (cont.) Notes

Now consider the special case Y = Y] + Ya:

my(t) =E [et{Y‘JrYQ}] .

It follows immediately that if Y7 and Y5 are independent,

my(t) =E [etyl} [etYZ] = my, (t)my, (t).

This gives us a way to compute the distribution of sums of inde-

pendent random variables.
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Sums of random variables (revisited) (cont.) Notes

Example (Sum of Binomial random variables)

If Y7 and Y3 are independent Binomial random variables with

parameters (n,p) and (ng,p), we have

my, (1) = (pe' + ™ myy(t) = (pe’ + )"

then if Y = Y7 4+ Y5, we have that

my () = my; (my, (t) = (pe’ + @)™ (pe’ + @)™ = (pe’ +q)™ "2

and we recognize this as the mgf of the Binomial distribution
with parameters (n; + ng,p).

4.13  Multivariate distributions | Sums of random variables 674

Sums of random variables (revisited) (cont.) Notes

Example (Sum of Poisson random variables)

If Y7 and Y> are independent Poisson random variables with

parameters A\; and Ao, we have

my, (t) = exp{ M (e! — 1)} my, (t) = exp{Aa(e’ — 1)}

then if Y = Y] 4 Y5, we have that

my (t) = my; (t)my, (1) = exp{hi (e’ — 1)} exp{Aa(e’ — 1)}
= exp{(A1 + A2)(e" — 1)}

and we recognize this as the mgf of the Poisson distribution

with parameter A\ + \o.
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Sums of random variables (revisited) (cont.) Notes

Example (Sum of Normal random variables)

If Y7 and Y3 are independent Normal random variables with

parameters (u1,07) and (ug, 03), we have

my, (1) = exp{pit + 01t%/2}  my,(t) = exp{uat + o5t*/2}

then if Y = Y] + Y3, we have that

my (t) = my, (t)my, (t) = exp{pat + o2t?/2} exp{uat + o5t>/2}

= exp{(um + p2)t + (o + 03)%/2}

and we recognize this as the mgf of the Normal distribution

with parameters (p1 + pi2, 0% + 03).

4.13  Multivariate distributions | Sums of random variables 676

Multivariate transformations
Notes

It is possible to consider general multivariate transformations of

variables. For example if Y7 and Y5 are two variables with joint
pdf fy;,v;(y1,y2), we can consider

U] = h] (K,YQ) U2 = }LQ(}/],YQ)

and attempt to compute

fUl,Uz(’”’la 71'2)-
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Multivariate transformations (cont.) Notes

For example, we might have

U=Y1+Y, Us=Y1—-Ys

or

U1=Y1YZ U2:YI/Y2

etc.
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Multivariate transformations (cont.) Notes

We can approach this from a ‘change of variable’ perspective. If
the transformation

(11,Y2) — (U, U2)

is a one-to-one transformation, then the inverse transformation

(Ulv UZ) — (Yl YQ)

is well-defined. Suppose we write

Yy =h (UL, Us) Yo =hy'(Uy,Us).
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Multivariate transformations (cont.) Notes

Then we may derive that for (u1,us) € R%,

—1

Jor o (w1, u2) = fyy vo (B (un, u2), by (u, ug)) | (u, ug)|

where J(u1,ug) is the Jacobian of the transformation, that is

Ohy Y (ug,ua)  Ohy H(uy, ug)
8U1 BUQ

J(u1,uz) = det
ahgl(ul,llq) 0h2’1(u1,U2)

8u1 81L2

where det[.] denotes determinant, and |.| denotes absolute value.
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Multivariate transformations (cont.) Notes

This result holds provided that all the partial derivatives exist
and are continuous, and that

\J(ul,uz)| > 0.

The result extends beyond two dimensions.
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