Chapter 3: Probability calculation
methods



Probability calculation methods

We now study two specific calculation methods relevant for prob-
ability and distribution calculations:

e transformations;

e sums of random variables.
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Transformations

3.1

For a given random variable Y, we are interested in calculating
the probability distribution of the transformed random variable

U = h(Y)

where h(.) is a real-valued function with domain that includes
the region ) on which Y takes values with positive probability.
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Transformations (cont.)

3.1

Discrete case: In the discrete case, we consider how the prob-
ability attached to individual values is transported under the
transformation.

Suppose Y takes values on the (countable) set

{917?/27-”,?/”,. ..}.

Under the transformation h(.), suppose the individual values map
to the (countable) set

{ui,ug, ..., up,...}

where
Uj = h(yj)

for at least one j.
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Transformations (cont.)

g Eq Es5 E3 Ey E5
———— 9 —¢ ¢ o

3.1  Probability calculation methods

Transformations

Es
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Transformations (cont.)

In the above example

up = h(y1) w2 =h(y2) wu3z="nh(ys) us="h(ys)and h(ys)
We typically deal with simple transformations, for example

U=2Y U=exp(-Y) U=—- U=Y?
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Transformations (cont.)

To derive the probability distribution of U, we simply see how
the probability accumulates on individual values under the trans-
formation.

In the picture above, we have four values {uj,u2,us,us} which
receive probability as follows:

py (Y1) u=u
pulu) = PU =) = § Vit u=
Py (ya) + oy (ys) u=1uy
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Transformations (cont.)

For 1-1 transformations, this is extremely straightforward to ap-
ply; we simply

e identify the set of values {u1,ug, ..., uy,...} that the values
{y1,Y2,---,Yn, ...} map onto — in this case there is a one-to-
one correspondence between the sets, and

u; = h(y:);

e for each i, assign the probability py (y;) to u; to obtain py(u;)
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Transformations (cont.)

3.1

Example (Poisson case)

Suppose that Y has a Poisson distribution with parameter A.
Let U = 3Y; then only the values in the set

u=4{0,3,6,9,...,3n,...}
receive any probability, and

A\u/3 Y
pu(u) = (u/3)!6 u € {0,3,6,9,...}

with py(u) equal to zero for all other values of u.
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Transformations (cont.)

3.1

If the transformation is not 1-1, we essentially have to identify
the set U, and compute for each case the probability assigned to
the values in the set.
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Transformations (cont.)

3.1

Continuous case: In the continuous random variable case, we
try to adopt the same strategy and follow how values in the set
Y carry their probability to values in a set U.

The obstacle is that for a continuous random variable Y we have

for all real values .
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Transformations (cont.)

3.1

To get around this, we can instead consider
P(Y € A)

for a subset (eg interval) of the real line. For example, we could
consider A = [2, 5], and the probability

P(Y e A)=P2<Y <5).
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Transformations (cont.)

Suppose that B represents the set of values containing all the
points that points in A can be mapped to under the transform-
ation h(.). That is,

B ={u:u=h(y),some y € A}
Then we have that probability is preserved under the mapping

P(Y € A) = P(U € B).
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Transformations (cont.)

3.1

S

Probability calculation methods

Transformations
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Transformations (cont.)

3.1

Example

Suppose Y is a continuous random variable that can take values
on [0,00), and U = h(Y') = 2Y. This means that we need to
consider the set

U={u:u=2y, somey e [0,00)} =0, 00)

that is, every point y gets mapped to u = 2y.
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Transformations (cont.)

Example

Consider interval A = [a, b] for a < b; if we let ¢ = h(a) = 2a
and d = 2b, then we have that

Pla<Y <b)=P(c<U <d).
In terms of the cdfs, we have that

Fy(b) — Fy(a) = Fy(d) — Fy(c)
and letting a — 0, we have that

Fy(b) = P(Y < b) = P(U < d) = Fy(d).
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Transformations (cont.)

3.1

Example

That is, for b € R.
Fy (b) = Fu(2b)

Now, given Fy, we wish to compute Fy;. We can do this by
noting that, for arbitrary u

Fy(u) = P(U < u) = P(U/2 < u/2) = P(Y < u/2) = Fy(u/2).
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Transformations (cont.)

Example

To get to the pdf, we need to differentiate both sides with
respect to u:

_ dFy(u) _ dFy (u/2)

Iu du = %fY(U/Q)

fu(w)

by the chain rule. For example, if Fy(y) = 1 — exp{—y}, then
for u > 0,

fur(w) = 2 {1 = exp{—u/2}} = 5 exp{~u/2}.
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Transformations (cont.)

The key relationship here is that
P(Y € A)=P(U € B).

We want to compute Fy;(.) or fy(.), which means we want to fix
B first. Therefore, write

h™H(B)
for the set of y values that map onto B. Then we have

P(U € B) = P(Y € h"}(B))
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Transformations (cont.)

3.1

If h(.) is a 1-1 transformation, then h~!(.) is the inverse trans-
formation which we can often compute explicitly.

hy) b '(y)
y+0 y—=0
Ay y/A
eY Iny
Y Yy

1+y 1—y

etc.
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Transformations (cont.)

3.1

For 1-1 (or monotonic) transformations, we consider two cases

1. h(y) increasing: eg U = 2X

2. h(y) decreasing: eg U = 2/X
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Transformations (cont.)

For a 1-1 increasing transformation, we have for the cdf

Fy(u) = P(U <u) = P(h(Y) <u) = P(Y < h™!(u))

and therefore for the pdf, by the chain rule

_ dFy(u) _ dFy(h(u))

fuu) du du
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Transformations (cont.)

For a 1-1 decreasing transformation, we have instead
Fy(u) = P(U <u) = P(h(Y) <u) = P(Y > h™ ! (u))
— 1= By (h ' (w))
and therefore for the pdf, by the chain rule

_ dFy(u) _ dFy(h~\(u))

= = —fr(h™'(u))

fuu) du du

du
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Transformations (cont.)

Therefore we can write

dh=(u)

futw) = f ) |

to cover both cases. The term

dh~t(u)
du

is the Jacobian of the transformation.
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Transformations (cont.)

The identity
P(UeB)=PY €h 1(B))

can be re-written

[ an= [
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Transformations (cont.)

Note (cont.)
Changing variables in the right-hand integral

u=nhy) <= y=ht(v
we have by the rules of integration

[avtwan= [ sy P20

and the same result follows by equating the integrands.

du
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Transformations (cont.)

If A(.) is not 1-1 (non-monotonic), then the identity
P(UeB)=PY €h (B))

still holds, we just need more care in computing the right-hand
side.
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Transformations (cont.)

Example

Suppose that Y has a continuous uniform distribution on the
range [0,1], and that

U=Y(1-Y)
that is U = h(Y) with h(t) = t(1 —¢t).
First, as Y = [0, 1], we have that

U =1[0,1/4].
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Transformations (cont.)

Example

Then for 0 < u < 1/4, we have that
PU<u)=PY1-Y)<u)=PY -Y?2—-u<0)
That is
Fy(u) = P(Y? =Y +u>0) = P((Y —n)(Y — 2) > 0)

where, factorizing the quadratic, we have

(1. y2) = (1—\/21—W’ 1+\/21—W>
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Transformations (cont.)

Example
Now, in the quadratic
—y)y—92) >0 <= y<y or y>uy
sofor 0 <u<1/4
Fy(u) = P((Y —y1)(Y —y2) =2 0)
=P <y1)+P(Y > y3)

= Fy(y1) + (1 = Fr (2))

=y1+1—-1y
=1-—+1—4u.

3.1 Probability calculation methods | Transformations 501



Transformations (cont.)

Example

Differentiating, we have

2
v1—4u
For w < 0 and u > 1/4, fy(u) =0.

fu(u) =

3.1  Probability calculation methods | Transformations
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Transformations (cont.)
Fy(u) =1—+/1—4u.

1 Fy (u)

0.8 +
0.6 +
0.4 +

0.2 +

0.05 0.1 0.15
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Transformations (cont.)

3.1

fU(u) = 2/\/1 — 4u.

10 £
fu (u)
9 |

0.05

Probability calculation methods

Transformations

0.2
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Transformations (cont.)

For non 1-1 transformations, it is usually necessary to go back
to ‘first principles’ and investigate

P(U € B) = P(Y € h"}(B))

for B = (—00,u] and then carefully construct h=1(B) from it.
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Transformations (cont.)

Expectations

We previously saw for continuous random variable Y and

function g(.)
o

Elg(Y)] = / g() fy(y) dy.

—00
However, U = ¢g(Y) is a random variable in its own right. We
have

E[U] = /oo ufy (U) du.

—0o0

From the above argument, we see that

that is, we can regard the computation in two equivalent ways.

v
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Transformations (cont.)

Moment Generating Functions

Recall the definition of the moment generating function (mgf):
for —b <t <b,b>0,

my (t) = E[e'Y].
If U = ¢Y + d, for constants ¢ > 0 and d, we have that
my(t) = E [etU] —E [et(cY—i—d)] —E [e(ct)Yedt} — JUE [e(ct)Y]

as e is a constant. Therefore

dt

my (t) = e“my(ct).
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Transformations (cont.)

Moment Generating Functions: Normal case
If Y has a standard Normal distribution,

2
my(t):exp{g} teR.

If U =0Y + p, then

2
my(t) = e''my (ot) = exp {,ut + (a2t) } .

Thus, by the earlier result for the transformations of standard
Normal random variables

ot?
m(t) = exp {ut + T}

is the mgf of the Normal(u, 0?) distribution.
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Sums of random variables

3.2

Example (Two dice)

Two fair dice are rolled, with the outcomes of the rolls
independent events.

What is the probability that the sum of the scores of the two
dice exceeds 10 ?

Probability calculation methods | Sums of random variables
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Sums of random variables (cont.)

3.2

Example (Two dice)

Let Y7 and Y3 be the random variables recording the scores on
the two dice: Y7 and Y5 have discrete uniform distributions on
{1,2,3,4,5,6}.

1 2 3 4 5 6

)

9

)

1,1
2.1
3,1
4,1
5,1
6,1

~— — e N

( (
( (
( (
( (
( (
( (

S T W N
NN N S S

)

The outcome combinations in this table are equally likely, and
occur with probability 1/36.

Probability calculation methods | Sums of random variables

510



Sums of random variables (cont.)

Example (Two dice)

Let Y denote the total score. The possible total scores are
Y =1{2,3,4,5,6,7,8,9,10,11,12}

and to compute P(Y = y) we can sum down the antidiagonals

of the table to obtain

min{6,y — 1} — max{l,y — 6} +1
36

p(y) =P =y) = yey
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Sums of random variables (cont.)

Example (Two dice)

That is
(1/36 y=2,12
2/36 y=3,11
] 3736 y=4,10
PO =9 4/36 y=5,9
5/36 y=6,8
6/36 y="1.
Therefore
PIY >10)=PY =11] + P[y = 12| = &> = L
T - 973 12
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Sums of random variables (cont.)

In the example, we are computing the probability distribution of
Y=Y1+Y;

under the assumption that Y; and Ys are independent random
variables, that is,

e they are connected to events that are independent in the
original sample space.

3.2  Probability calculation methods | Sums of random variables
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Sums of random variables (cont.)

3.2

The assumption of independence of the events means that we
must have

P(Yi=y1)N(Ya=1y2)) = P(Y1 =y1) x P(Y2 =y2)

for all pairs of possible realizations (y1, y2), each value taken from
the set {1,2,3,4,5,6}.

Probability calculation methods | Sums of random variables
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Sums of random variables (cont.)

Now consider the event (Y = y) for the set of possible values
y€{2,3,4,5,6,7,8,9,10,11,12};

we have the partition given by result of the first roll
6
Y=y = U Y =ynY =)
y1=1

— that is, when we observe Y = 5, say, that could arise as the
unordered pairs

(1,4),(2,3),(3,2),(4,1).
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Sums of random variables (cont.)

3.2

However the event
Y =ynYr=u)

can be re-written
Yo=y—y1NYr =u1)

as if Y =y and Y] = y;, we must have Yo =y — y.
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Sums of random variables (cont.)

Using Axiom III, we can then write

6
PY =y)= Y P((Y =y) N (V1 =u))
y1=1

6
=Y P(Va=y—y)Nn(Mi=u))
y1=1

6

=Y PYVi=y)P(Ya=y—u)
y1=1
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Sums of random variables (cont.)

For the range of the summation, we require for fixed y that

so that P(Y1 = 1) > 0 and

in order to make
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Sums of random variables (cont.)

That is we need to have

in order for a term in the sum to be non-zero.
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Sums of random variables (cont.)

Therefore we need
max{l,y — 6} <y; <min{6,y — 1}

That is for example,

and so on.
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Sums of random variables (cont.)

3.2

Therefore

min{6,y—1}

PY=y)= >  PM=y)PVa=y—u)
y1=max{1,y—6}
min{6,y—1} 1 1
=2 G55
y1=max{1,y—6}

min{6,y — 1} —max{l,y — 6} +1
36
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Sums of random variables (cont.)

3.2

The crucial components of this calculation are
e the partition of the event (Y = y) according to the possible
values of Y7;
e the theorem of total probability;
e the independence of the outcomes of the two rolls, equival-

ently, the independence of the random variables Y; and Y5.

Using these elements, we can derive a general result in the dis-
crete case.

Probability calculation methods | Sums of random variables

522



Sums of random variables (cont.)

3.2

Suppose Y7 and Y5 are discrete random variables, with Y7 and Y»
independent. Suppose that Y7 and Y5 take values on the sets )
and ) respectively. Let Y = Y] 4+ Y5. Then

Py=y =P |JV=y)n™=u)

y1€M
= > P(Y=y)n(V1=u))
Y1EMN
= Z P(Ya=y—y1)N(Y1=1u1))
Yy1€EV1
=Y PMVa=y—y)P(V1=u)
Y1EMN
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Sums of random variables (cont.)

That is

P(Y=y)= Y PMVa=y—y)PYi=u)
y1€V;

where
Vi={yi: 1€ and y —y1 € Ia}
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Sums of random variables (cont.)

3.2

Y1, Y, take values on {0,1,2,...}.

—
s}
.
o .-
.
.
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.
.
.
.

>.<
no
O~ MW UTO ~] 00 ©
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
[ ]
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Sums of random variables (cont.)

Y1+Y,=5

[
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Sums of random variables (cont.)

Y1+Y, =8
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Sums of random variables (cont.)

3.2

Yi+Yy, =13

5.

h<
N
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°
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Sums of random variables (cont.)

3.2

In this example, for y =0,1,2,...

Probability calculation methods |

y
ZP(Yl =y)P(Ya=y—y1)
y1=0
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Sums of random variables (cont.)

If Y7 and Y5 are independent Poisson random variables with para-
meters A\ and Ao, then if Y = Y7 + Yo,

Y

P(Y=y)=)> PMi=y)P(Ya=y—un)
y1=0
)\?lJl e—)\l )\12/*3;1 e—)\Q
= ot ey
Yy 1 1
— o~ (A1) )\ < )
ylZO A2 11y —y)!
_ sl <1 T )‘1>y
y! A2
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Sums of random variables (cont.)

3.2

But

so therefore

—(A+A2) () Ao )Y

that is, ¥ has a Poisson distribution with parameter A1 + Ao.
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Sums of random variables (cont.)

3.2

If Y7 and Y5 are independent continuous random variables, a
similar strategy can be used. As before for continuous random
variables, we start with the cdf and aim to compute

Fy(y)=P(Y <vy)

If Y7 and Y5 are continuous, then it follows that Y is continuous.
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Sums of random variables (cont.)

3.2

Y1, Y, taking values on RT; region A3z is where Y7 + Y3 < 3.1.

Y25
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Sums of random variables (cont.)

3.2

Y1, Y, taking values on RT; region A4g is where Y7 + Yy < 4.8.

Y25
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Sums of random variables (cont.)

3.2

Y1, Y5 taking values on RT; region A7 is where Y7 + Yy < 7.

Y25
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Sums of random variables (cont.)

3.2

Then we have by definition that
y
Frlo) =P <) = [ fo

where fy (y) is the pdf for Y. However,
Y<y=M+Y2<y)

Therefore to compute Fy(y) = P(Y < y) we need to aggregate
all the probability across the blue shaded region, denoted A,, in
the above pictures.
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Sums of random variables (cont.)

3.2

In the discrete case in which

py(y) =P(Y =y)= Y PYo=y—y)P(Yi=un)
y1E€EVY

— Z Py, (Y — y1)py; (Y1)

y1€VY

where
e py(.) is the pmf for Y,
* py,(.) is the pmf for Y7,
* py,(.) is the pmf for V5.
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Sums of random variables (cont.)

we may write

friy) = / " (= ) f (1) dun

where
e fy(.) is the pdf for Y,
¢ fy,(.) is the pdf for Y7,
¢ fy,(.) is the pdf for Y.
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Sums of random variables (cont.)

3.2

This is termed a convolution formula. l
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Sums of random variables (cont.)

3.2

Example (Exponential random variables)

Suppose

1
Yi:fm(p) = Eefyl/ﬁl y1 >0

1
Y2 i fvy (y2) = EB_W/& y2 >0

are independent random variables, and let Y = Y7 + Y5. For
convenience, write
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Sums of random variables (cont.)

Example (Exponential random variables)

Then from the convolution formula, for y > 0,

fry) = / a0 — 1) (o) B
Yy
:/ )\2e—>\2(y—y1))\1€—>\1y1 di
0

Yy
— )\1)\26>\2y/ e~ (M=A2)y1 di
0
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Sums of random variables (cont.)

3.2

Example (Exponential random variables)

We then have two cases to consider:

ALA
e e R BV P
fr(y) = L
ANye M AL = A2 = A, say.

In the second case, we see that in fact Y has a gamma distribution
with parameters a =2 and 8 = 1/\.
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Sums of random variables (cont.)

3.2

fr@1 g

— M =LXA=2
M =20 =2
M =3 =2

—-0.5

Probability calculation methods

Sums of random variables
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Sums of random variables (cont.)

e We can extend the result to three or more independent ran-
dom variables

Y=Y1+Y2+Y;
by using the convolution formula recursively; we have
Y=M+Y2)+Y35=Y2+Y;

say, and so we would compute the pmf or pdf of Y15 = Y1 +Ys
first, and then convolve it with the pmf or pdf for Y3.

e We can generalize to collections of random variables that are
not independent.

v
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