MATH 323: PROBABILITY
CALCULATIONS FOR MULTIVARIATE DISTRIBUTIONS

EXAMPLE 1 Let Y] and Y; be discrete random variables each with range {1,2, 3, ...} and joint pmf

c
P ) = T ) TR
and zero otherwise. The marginal pmf for Y} is given by
= = c
pyi(y1) = yQZOO y(,y2) = g:l(yl s — D+ )+ 1)

c 1 1
= 2 2 {(yl ty— Dy +y) ity +ye+1)

y2=1
_¢c 1
2y1(yr + 1)

as all terms apart from the first cancel in the infinite sum. To calculate ¢, note that

S w5 St 55 [
Pyi\y1) = P — - =3
" = 2yl +Y) 244 Ly o+l 2

as again all terms in the sum except the first cancel. Hence ¢ = 2. Note that, as the joint function is
symmetric in form for Y; and Y3, py; and py, are identical.
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EXAMPLE 2 Let Y} and Y5 be continuous random variables defined on ), = ), = (0, 1) and joint pdf

iye (Y1, y2) = 4192 0<y1 <1, 0<y2<1

and zero otherwise. For 0 < y1,y2 < 1,

Y2 Y1 Y2 [ry1 Y1 Y2 9
Fyhy2 (yl,yg) = / fyhy2 (tl,tg) dtldtg = / / 4t1t2 dtldtg = {/ 2t1 dtl} {/ 2t2 dtg} = (ylyg)
—00J —00 0 0 0 0

and a full specification for Fy; y, is

0 Y1,y2 <0
(192)* 0<wyi,y2<1
Fyivo(y1,02) = i O<y1<lyy2 21
Y5 0<y2<lyyp>1
1 Y1,y2 2 1

(k104

For fixed y, to calculate P (Y7 + Y2 < 1) we need to integrate fy, y, over the corresponding region, that
is, set A = {(y1,y2) : 0 < y1,y2 < 1, (y1 + y2) < 1}, thatis,

1 pl-y 1 1
PMi+Y:<1)= / / 4y1y2 dya2dyr = / 2y1(1 —y1)* dyr = A
0 0 0
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EXAMPLE 3 Let Y}, Y, be continuous random variables with ranges V; = ), = [0, 1], and joint pdf
Myva(y,y2) =1 0<y,y2 <1
and zero otherwise. Let Y = Y] 4 Y5. Then has range ) = [0, 2], and
Fy(y) =P <y)=PY1+Y2) <y)
To compute P(Y; + Y2 < y), we need to integrate fy, y, over the set

Ay ={(y1,12) : 0 <yr,y2 < Liy1 +y2 <y}

This region is a portion of the unit square (that is, J; x )%) ; the line y; + y2 = y is a line with negative
slope that cuts the y; (horizontal) axis at y; = y, and the y axis (vertical) at yo = y. The region is
plotted in the figure below: the dotted line is line y; + y2 = y, for 0 < y < 1 (left panel) and for
1 <y < 2 (right panel).
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e For 0 <y <1, Ay is the grey shaded lower triangle in the left panel of the figure. Hence

2

) Yy—y2 ) Y
JWH+Jé<y%=/ / 1dm@m=/n@—yﬁ@2=2.
0 0 0

e For1l <y <2, A, is more complicated see the figure (right panel). It is easier mathematically to
describe the complement of A, within ); x ) (the red shaded region right panel of the figure),
so we instead compute the complement probability as follows:

P(Y1+Y2§y) = 1—P(Y1—|—Y2>y)

1 1 1 y?
= 1—/ / 1dy1dy2—1—/ (1—y—|—y2)dy2:—?+2y—1
y—1Jy—y2 y—1

These two expressions give the cdf Fy-, and hence by differentiation we have
Yy 0<y<l
2—-y 1<y<2

and zero otherwise.



EXAMPLE 4 Let Y7 and Y3 be continuous random variables with ranges J; = (0,1), Y» = (0,2) and

joint pdf

192
le,Yz(yhyZ):C(y%‘{'%) 0<y <1, 0<y2 <2

and zero otherwise. To calculate ¢, we have

00 e’} 2 1 Y192
/ / Ty va (Y1, y2) dyldy2/ {/ c (y% + ) dyl} dy2
—o0 J —00 0 0 2
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The marginal pdf of Y} is given, for 0 < y; < 1, by

00 2 272
6 Y1y 6 Y1y 6y1(2y1 + 1
fyvi(yr) 2/ viyve (Wi, y2) dy2=/ - (y%+ 122> dys = - [y%yfr 142} _ Syl 71 )
—00 0 0

and is zero otherwise.

To compute P(Y; > Ya),let A= { (y1,942) : 0<y1 < 1,0 <y2 <2,y2 <y },so that

1 v 6
P(Y1>Y,) = // iy (Wi, y2) dyadyy = / {/ - (y% + %) dyQ} dyr
A o o



EXAMPLE 5 Let Y7, Y5 and Y3 be continuous random variables with joint ranges

VO = {(y1,y2,3) : 0 < y1 < o < y3 < 1}

and joint pdf defined by
friveys(ye,ys) =c 0<yr <y <ys <1

and zero otherwise. To calculate ¢, integrate over Y®) as follows:

o0 o0 [ee]
/ / / Iy ye,vs (W1, Y2, y3) dyr dyo dys = 1
— 00 — 00 — 00

1 Y3 Y2
/ {/ {/ cdyl} dyg} dys =1
0 0 0
1 Y3 Y2 1 Y3 L o2 c
/ {/ {/ cdy1} dyg} dys—/ {/ cy2dy2} dys—/ %dy:a:g
0 0 0 0 0 0

and hence ¢ = 6.

gives that

Also, for 0 < y3 < 1, fy, is given by

o0 o Y3 Y2 Y3
fys(y3) = / / Ivi,ve,vs (Y1, Y2, y3) dy1 dyz = / {/ 6 dyl} dys = / 6y2 dy» = 3y3
—00 J—00 0 0 0

and is zero otherwise. Similar calculations for Y; and Y> give

) = 31-w)? O0<yi<l1

fro(y2) = 6y2(l—y2) O0<yo<1

with both densities equal to zero outside of these ranges.

Furthermore, for the joint pdf of Y; and Y3, we have

') 1
Iviye(W1,y2) = / Iyi e, va (Y1, Y2, y3) dys = / 6dys =6(1—52) O0<y1<y2<l
—o0 Y2

and zero otherwise. Combining these results, we have, for example, for the conditional pdf of Y7 given
Y2 = Y2,

My.(yi,y2) 1
Iy, Wily2) = ————- = — 0<y1 <y
Y2 A Y2

and zero otherwise for fixed ys.



EXAMPLE 6 Let Y7, Y5 be continuous random variables with joint pdf given by

My ye) =yrexp{—(y1 +y2)}  y1,92>0
and zero otherwise. Thus, for y1,y2 > 0,
fyiye (Wi, v2) = yrexp{—y1} x exp{—y2} = fy; (y1) fva (v2)
and Y; and Y5 are independent.

LetY =Y, + Y5 Fory > 0let Ay = {(y1,92) : y1 + y2 < y}. Then the region A, is the region in grey in
the figure, for the value y = 4.3:

y1+Y2<4.3

Then
Y Y=y
Fy(yy=PY <y =PMi+Ya<y) = //A viye (Y1, y2) dyidys = / {/ viye (Wi, y2) dyz} dy
y 0 0

We substitute ¢ = ya + y; (so that yo =t — y1) in the inner integral to obtain

Fy(y) = /Oy {/Oy Frava(nt— 1) dt}dm

Differentiating under the outer integral sign

fr(y) = FZ;y) = (Zy {/Oy {/Oy iy (it — 1) dt} dy1}

v (d y Y
= / {d {/ le,YQ(ylvt — yl) dt}} dy1 = / le,YQ(yluy - yl) dyl
0 Y 0 0

where the last step follows by the fundamental rule of calculus. Thus

Y Y 1.,
Ty (y) :/0 Iviye (Wi, —y1) dyn :/0 yrexp{—(y1 + W —v1))} dy1 = §y26 Yooy >0

and zero otherwise. Thus, in fact, Y ~ Gamma(3,1); in this case, we can see that Y7 and Y; are
independent, with Y; ~ Gamma(2,1) and Y ~ Gamma(1,1).



EXAMPLE 7 Let Y7, Y5 be continuous random variables with joint pdf given by

iy, y2) = 2(y1 + y2) 0<y1 <y2<1

and zero otherwise. Let Y = Y] + Y5; clearly Y takes values on Y = [0, 2]; If Y] can take values on the
real line, then

0 Yy—y1
Fy(y) =P <y) = / {/ Ivava(Y1,92) dyz} dy

and changing variables, and then differentiating under the integral sign as before yields

Ty (y) 2/ viye(W1,y — y1) dya,

—00

However, the joint pdf is positive only on a subset of R2, that is, the region outlined in red in the figure
below: the grey shaded region is the portion of the support of the joint pdf for which y; + y2 < y, with
y = 0.7 (left panel) and y = 1.5 (right panel).
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We have that fy, v, (y1,¥ — y1) = 2y; this holds when both y; and y — y; lie in the interval [0, 1] with
y1 <y — 1y for fixed y.

e For 0 < y < 1, the constraints
0<y1<y—wy <1

imply that 0 < 2y; <y, thatis, 0 <y; <y/2;
e For 1 <y < 2 the constraints imply 1 —y < y; < y/2.

Hence

y/2
/ 2udyr = y? 0<y<l1
o0 0
fY(y)Z/ Iviye(Wi,y —y1) dyr =

y/2
/ 2ydyr = y(2-vy) 1<y<2
y—1

and zero otherwise. It is straightforward to check that this density is a valid pdf.
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EXAMPLE 8 Let Y7, Y5 be continuous random variables with joint pdf given by

iy, (yi,y2) =c O<m <Ly <y2<yr+1

and zero otherwise. The support of the joint pdf is the grey shaded region.
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To calculate ¢, we have

[e's) 00 1 y1+1 1 1 1
/ / fyiye (Y1, y2) dyady =/ / ¢ dyzdy, =/ clylih ™ dyr =/ cdys =c
—00 J—o0 0 Y1 0 0

so ¢ = 1. The marginal pdf of Y7 is given by

00 y1+1
() = / yiye (i, y2) dya = / ldya=1 0<y <1
—o0 Y1

and zero otherwise, and the marginal pdf for Y5 is given by

Y2
/ 1dyy = Y2 O<ya <1
o) 0
Ty (y2) =/ viye (Wi, y2) dyn = )
—o0
/ 1 dy, =2-1y 1<y, <2
y2—1

and zero otherwise. Note that the support in the figure confirms that the range of integration when we
marginalize over y; (in the horizontal strip at a fixed y, value) depends on the value of y, chosen.



