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INSTRUCTIONS

This exam contains 17 pages (including this cover page) and 8 problems. Formula sheets and
selected theorems and definitions are provided on the last three pages. The following rules apply:

• You may not use your textbook or notes during
this exam.

• You are permitted a scientific calculator. No
graphing calculators, computers, etc.

• Organize your work, in a reasonably neat and
coherent way, in the space provided.

• Mysterious or unsupported answers will not
receive full credit. A correct answer, unsup-
ported by calculations, explanation, or algebraic
work will receive no credit.

• If you need more space, use the back of the pages;
clearly indicate when you have done this.

Problem Points Score

1 16

2 10

3 7

4 9

5 9

6 14

7 16

8 9

Total: 90

PLEASE NOTE THAT
(a) I did not set this exam, so the style is different from the Fall 2018 version
(b) The information provided at the end does NOT match what will be provided in the Fall 2018 version.
(c) We have covered all the material in this year's course to enable you to answer all questions APART FROM ONE PART - I will 
leave it to you to spot which part this is.  Other than that, the level and content of the questions is appropriate.
(d) I DO NOT HAVE SOLUTIONS TO THIS EXAM - if that worries you, turn back now and forget you ever saw it.  DAS, 28/11
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1. Suppose that a drawer contains 21 loose socks; seven black socks, eight white socks and six
green socks. Two socks are drawn randomly (without replacement) from the drawer. Let X be
the number of black socks picked and Y be the number of white socks picked.

(a) (3 points) What is the probability that the two socks chosen from the drawer are the same
colour?

(b) (6 points) Find the joint probability mass function of X and Y . Summarize these proba-
bilities in a table rather than expressing them in functional form.
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(c) (4 points) Compute Cov(X,Y )

(d) (3 points) Given that the selected socks match, what is the conditional probability that
they were green?
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2. Jill’s bowling scores are approximately normally distributed with mean 170 and standard de-
viation 20, while Jack’s scores are approximately normally distributed with mean 160 and
standard deviation 15. If Jack and Jill each bowl one game, then assuming that their scores
are independent random variables, approximate the probability that

(a) (3 points) Jill scores above 135,

(b) (4 points) Jack’s score is higher than Jill’s score.

(c) (3 points) If X and Y are the normal RVs that approximate Jack and Jill’s respective
bowling scores, find E[(X − Y )2].
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3. (7 points) Let A and B be independent events. Prove algebraically (without Venn Diagams)
that A and B are independent of each other.
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4. A random variable X following a Laplace distribution has the following pdf

f(x) =
1

2
λe−λ|x| for −∞ < x <∞,

where the parameter λ > 0.

(a) (5 points) Show that the moment generating function of X is given by
λ2

λ2 − t2
when

|t| < λ.
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(b) (4 points) Use the MGF from (a) to show that the mean and variance of the Laplace
distribution are 0 and 2/λ2, respectively.
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5. Consider the following joint probability density function of X and Y

fX,Y (x, y) =

{
e−(x+y) for x ≥ 0, y ≥ 0

0 otherwise

(a) (6 points) Find the probability density function of Z =
X + Y

2
.
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(cont’d) Consider the following joint probability density function of X and Y

fX,Y (x, y) =

{
e−(x+y) for x ≥ 0, y ≥ 0

0 otherwise

(b) (3 points) Are X and Y independent? (Justify your answer)
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6. Suppose X and Y have the joint pdf given below,

fX,Y (x, y) =

{
24xy for 0 < x < 1, 0 < y < 1, x+ y < 1

0 otherwise

(a) (3 points) Find the marginal pdf of X (remember to specify the support).

(b) (5 points) Find P (Y > X).
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(cont’d) Suppose X and Y have the joint pdf given below,

fX,Y (x, y) =

{
24xy for 0 < x < 1, 0 < y < 1, x+ y < 1

0 otherwise

(c) (3 points) Find E[XY ].

(d) (3 points) Find the conditional pdf of Y given that X = 1/3 (remember to specify the
support).
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7. The number of planes arriving at a small private airport in a day is a random variable having
a Poisson distribution with a constant rate (day and night) of λ = 28.8 per day.

(a) (3 points) What is the probability that the time between two consecutive arrivals is at
least 50 minutes?

(b) (6 points) Monica begins her eight hour shift at the airport at 8am. This shift is divided
into four two-hour periods. What is the probability that at least two planes arrive during
exactly three of these four periods?
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(c) (2 points) If we define a random variable X as the waiting time from now until the arrival
of the second plane, what distribution does X follow? (Be sure to specify the values of
the parameters of the distribution)

(d) (5 points) In reference to part (c), find the probability that X is greater than 5 hours.
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8. The annual proportion of erroneous income tax returns filed to the Canada Revenue Agency is
a random variable having a beta distribution with α = 2 and β = 8.

(a) (5 points) What is the probability that there will be fewer than 10 percent erroneous re-
turns in a given year?

(b) (4 points) Assuming there are no erroneous returns, the cost of processing all tax returns is
3.8 million. With each percent increase of erroneous returns the processing cost increases
by $42,800. Compute the expected yearly total cost, and the corresponding standard
deviation. Recall that the mean and variance of the beta distribution are given by

µ =
α

α+ β
and σ2 =

αβ

(α+ β)2(α+ β + 1)
.
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Special probability distributions

1. Bernoulli distribution, f(x; p) = px(1− p)1−x, for x = 0, 1.

2. Binomial distribution, f(x;n, p) =

(
n
x

)
px(1− p)n−x, for x = 0, 1, ..., n

3. Discrete uniform distribution, f(x; k) = 1
k , for x = 1, 2, ..., k.

4. Geometric distribution, f(x; p) = p(1− p)x−1, for x = 1, 2, ....

6. Negative binomial, f(x; k, p) =

(
x− 1
k − 1

)
pk(1− p)x−k for x = k, k + 1, k + 2, . . . .

7. Poisson distribution, f(x;λ) =
λxe−λ

x!
, for x = 0, 1, 2, 3, . . . .

8. Hypergeometric Distribution, f(x1, . . . , xk;n,M1, . . . ,Mk) =

 M1

x1

 M2

x2

·····
 Mk

xk


 N
n

 ,

for xi = 0, 1, . . . , n and xi ≤Mi for each i, where
∑k

i=1 xi = n, and
∑k

i=1Mi = N

Special probability densities

1. Beta distribution, f(x;α, β) =
Γ(α+ β)

Γ(α)Γ(β)
xα−1(1− x)β−1 for 0 < x < 1, where α, β > 0.

2. Exponential distribution, f(x;λ) = λe−λx, for x > 0, λ > 0

3. Gamma distribution, f(x;α, β) =
1

βαΓ(α)
xα−1e−x/β for x > 0, where α > 0 and β > 0.

4. Normal distribution, f(x;µ, σ2) =
1√
2πσ

e−
(x−µ)2

2σ2 , for −∞ < x <∞, where σ > 0.

5. Uniform distribution. f(x;α, β) =
1

β − α
, for α < x < β.

6. Student-t distribution f(t; ν) =
Γ(ν+1

2 )
√
πνΓ(ν2 )

(
1 + t2

ν

)− ν+1
2

for −∞ < t <∞.

Theorem 1 Var(X) = E[X2]− (E[X])2.

Theorem 2 If a and b are constants, then E[aX + b] = aE[X] + b.

Theorem 3 If X has variance σ2x, then the variance of U = aX+ c is Var(U) = a2Var(X) = a2σ2x.

MGF The moment generating function of a random variable X is defined by MX(t) = E[etX ]

Theorem 4 MX+a
b

(t) = E[e(
X+a
b

)t] = e
a
b
tMX( tb)

Theorem 5 For two independent RVs, we have MX+Y (t) = MX(t) ·MY (t)

THIS INFORMATION NOT PROVIDED IN 2018 !
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Binomial Theorem For any positive integer n: (x+ y)n =
∑n

r=0

(
n
r

)
xn−ryr.

Geometric Series
∑∞

k=1 ar
k =

ar

(1− r)
or equivalently

∑∞
k=0 ar

k =
a

(1− r)
if − 1 < |r| < 1

Bayes Theorem If B1, B2, . . . , Bk constitute a partition of the sample space S and P (Bi) 6= 0 for

i = 1, 2, . . . , k, then for any event A in S such that P (A) 6= 0, P (Bj |A) =
P (A|Bj)P (Bj)∑k
i=1 P (A|Bi)P (Bi)

for j = 1, 2, . . . , k.

Chebyshev’s Theorem If µ and σ are the mean and the standard deviation of a random variable
X, then for any positive constant k, we have P (|X − µ| < kσ) ≥ 1− 1

k2
.

Theorem 6 σX,Y = Cov(X,Y ) ≡ E [(X − µX) · (Y − µY )] = E[XY ]− µX · µY

Theorem 5 Var(aX + bY ) = a2Var(X) + b2Var(Y ) + 2abCov(X,Y )

Theorem 6 If X and Y are independent, then E[XY ] = E[X] · E[Y ] and σX,Y = 0.

Theorem 7 If X ∼ N(µ, σ2), then Z =
X − µ
σ

∼ N(0, 1).

Theorem 8 If X1, X2, . . . , Xn are mutually independent normal random variables with means
µ1, µ2, . . . , µn and variances σ21, σ

2
2, . . . , σ

2
n, then the linear combination: Y =

∑n
i=1 ciXi

follows the normal distribution: N(
∑n

i=1 ciµi,
∑n

i=1 c
2
iσ

2
i ).

Theorem 9 If X1, . . . , Xn constitute a random sample from an infinite population with the mean
µ and the variance σ2, then, E(X) = µ and Var(X) = σ2/n.

Theorem 10 If X1, . . . , Xn
iid∼ N(µ, σ2) and X is the sample mean, then X ∼ N(µ, σ

2

n ).

Central Limit Theorem If X1, . . . , Xn constitute a random sample from an infinite population

with the mean µ and the variance σ2, then Z =
X − µ
σ/
√
n

is approximately distributed according

to N(0, 1) for large n.

Theorem 11 If X1, X2, . . . , XN
iid∼ N(0, 1), then Y =

∑n
i=1X

2
i ∼ χ2

n

Theorem 12 If Y and Z are independent RVs, where Y ∼ χ2
ν and Z ∼ N(0, 1), then a random

variable T =
Z√
Y/ν

follows a t-distribution with ν degrees of freedom, denoted by T ∼ tν .

Theorem 13 IfX and S2 are sample mean and sample variance of a random sample of size n from a

normal population with a mean µ and the variance σ2, then the t-statistic T =
X − µ
S/
√
n
∼ tn−1.

Theorem 14 If U and V are independent RVs with U ∼ χ2
ν1 and V ∼ χ2

ν2 , then F =
U/ν1
V/ν2

is a

random variable having an F distribution with ν1 and ν2 degrees of freedom denoted by Fν1,ν2

Theorem 15 If S2
1 and S2

2 are the sample variances of two independent random samples of size

n1 and n2 from normal populations with the variances σ21 and σ22, then F =
S2
1/σ

2
1

S2
2/σ

2
2

=
σ2
2S

2
1

σ2
1S

2
2
∼

Fn1−1,n2−1 and F is called an F -statistic.

THIS INFORMATION NOT PROVIDED IN 2018 !
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