
BALANCED COMPLETE FACTORIAL DESIGNS

Consider a factorial design (FD) with two factors A and B, with levels 1, . . . , a and 1, . . . , b
respectively, yielding a total of k = ab factor combinations (treatments), and suppose that there
are r replications in each treatment, giving n = rab observations in total. Let xijt be the tth
replicated observation in the (i, j)th factor-level combination.

• sample mean for Factor A level i

xi. =
1

br

b∑
j=1

r∑
t=1

xijt i = 1, . . . , a

• sample mean for Factor B level j

x.j =
1

ar

a∑
i=1

r∑
t=1

xijt j = 1, . . . , b

• sample mean for replicates in (i, j)th factor combination

xij =
1

r

r∑
t=1

xijt i = 1, . . . , a, j = 1, . . . , b

• overall sample mean

x.. =
1

n

a∑
i=1

b∑
j=1

r∑
t=1

xijt

• Sum of Squares for Treatments due to factor A (SSTA)

SSTA =
a∑

i=1

br(xi. − x..)
2

• Sum of Squares for Treatments due to factor B (SST B)

SSTB =
b∑

j=1

ar(x.j − x..)
2

• Sum of Squares for Interaction (SSI AB)

SSIAB =
a∑

i=1

b∑
j=1

r(xij − xi. − x.j + x..)
2

• Overall Sum of Squares (SS)

SS =
a∑

i=1

b∑
j=1

r∑
t=1

(xijt − x..)
2
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The following decomposition holds

SS = SSTA + SSTB + SSIAB + SSE ∴ SSE = SS − SSTA − SSTB − SSIAB

Define
MSTA =

SSTA

a− 1
MSTB =

SSTB

b− 1
MSIAB =

SSIAB

(a− 1)(b− 1)

and
MSE =

SSE

n− ab

• For testing for a FACTOR A effect, use

F =
MSTA

MSE

Under the assumption of NO FACTOR A EFFECT, then

F ∼ Fa−1,n−ab

which defines the rejection region and p-value in the usual way.

• For testing for a FACTOR B effect, use

F =
MSTB

MSE

Under the assumption of NO FACTOR B EFFECT, then

F ∼ Fb−1,n−ab

• For testing for an INTERACTION, use

F =
MSIAB

MSE

Under the assumption of NO INTERACTION, then

F ∼ F(a−1)(b−1),n−ab

Note: The only difference between a randomized block design and a factorial design is that in
the block design, one of the factors is known or strongly believed to have a significant effect on
the response. The method of analysis for interaction and no interaction models are identical.
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EXAMPLE Butterfat data (Sokal, R. R. and Rohlf F. J. (1981). Biometry, 2nd edition)

The data give the average butterfat content (percentages) for random samples of twenty cows
(ten two-year old and ten mature (greater than four years old)) from each of five breeds. The
data are from Canadian records of pure-bred dairy cattle. There are 100 observations on two
age groups (two year old and mature) and five breeds.

The response variable is butterfat level. Factor A is the age and there are a = 2 factor levels:
1. Mature
2. Two years

Factor B is the breed and there are b = 5 factor levels:
1. Ayrshire
2. Canadian
3. Guernsey
4. Holstein-Fresian
5. Jersey

r = 10 replicate measurements were made, yielding n = 2× 5× 10 = 100 data in total.

Results: Levene’s test indicates that there may be some differences in the variances

> car::leveneTest(butterfat˜breed*age,data=Butterfat,center='mean')

+ Levene's Test for Homogeneity of Variance (center = "mean")
+ Df F value Pr(>F)
+ group 9 2.711 0.00769 **
+ 90
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> car::leveneTest(butterfat˜breed*age,data=Butterfat,center='median')

+ Levene's Test for Homogeneity of Variance (center = "median")
+ Df F value Pr(>F)
+ group 9 1.871 0.0664 .
+ 90
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

We now fit the four models
• Model 3: A+B + A : B (main effect plus interaction)
• Model 2: A+B (main effects only)
• Model 1: B (factor B only)
• Model 0: 1 (constant mean)

> m3<-aov(butterfat˜breed*age,data=Butterfat)
> summary(m3)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ breed 4 34.3 8.58 49.57 <2e-16 ***
+ age 1 0.3 0.27 1.58 0.21
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+ breed:age 4 0.5 0.13 0.74 0.57
+ Residuals 90 15.6 0.17
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m2<-aov(butterfat˜breed+age,data=Butterfat)
> summary(m2)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ breed 4 34.3 8.58 50.1 <2e-16 ***
+ age 1 0.3 0.27 1.6 0.21
+ Residuals 94 16.1 0.17
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m1<-aov(butterfat˜breed,data=Butterfat)
> summary(m1)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ breed 4 34.3 8.58 49.8 <2e-16 ***
+ Residuals 95 16.4 0.17
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m0<-aov(butterfat˜1,data=Butterfat)
> anova(m0,m1,m2,m3)

+ Analysis of Variance Table
+
+ Model 1: butterfat ˜ 1
+ Model 2: butterfat ˜ breed
+ Model 3: butterfat ˜ breed + age
+ Model 4: butterfat ˜ breed * age
+ Res.Df RSS Df Sum of Sq F Pr(>F)
+ 1 99 50.69
+ 2 95 16.37 4 34.32 49.565 <2e-16 ***
+ 3 94 16.09 1 0.27 1.580 0.212
+ 4 90 15.58 4 0.51 0.742 0.566
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Note that we get the same result if we rearrange terms in the model formula: for example

> m3a<-aov(butterfat˜age*breed,data=Butterfat)
> print(summary(m3a), digits = 5)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ age 1 0.274 0.2735 1.5801 0.2120
+ breed 4 34.321 8.5803 49.5651 <2e-16 ***
+ age:breed 4 0.514 0.1285 0.7421 0.5658
+ Residuals 90 15.580 0.1731
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

The results are simply rearranged in the output.
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Taking the results in turn:
1. Interaction model: First note that the Levene test REJECTS the null hypothesis of equal

group variances (p = 0.008), so the following ANOVA results are questionable. However,
the p-value is not too small, so we proceed but with caution.

There is a significant difference due to Factor B (breed, Fobs = 49.565, p-value < 0.001),
but there is no effect of Factor A (age, Fobs = 1.580, p = 0.212), and no significant interaction
(age:breed, Fobs = 0.742, p = 0.566.

2. Factor B only: If we omit the Factor A and interaction term, and fit model m1, we confirm
the strong effect of Factor B (Fobs = 49.8, p < 0.000), and then can estimate the Factor
B treatment means. Note how the error degrees of freedom changes when terms in the
model are omitted.

3. The anova function can be used to summarize the fits of all the models.

Means plots:

> par(mar=c(4,4,1,2))
> buttersum <- Rmisc::summarySE(Butterfat, measurevar="butterfat",
+ groupvars=c("age","breed"))
> buttersum

+ age breed N butterfat sd se ci
+ 1 Mature Ayreshire 10 4.154 0.246270 0.0778774 0.176171
+ 2 Mature Canadian 10 4.389 0.260532 0.0823873 0.186373
+ 3 Mature Guernsey 10 5.001 0.408315 0.1291205 0.292091
+ 4 Mature Holstein 10 3.676 0.310133 0.0980725 0.221855
+ 5 Mature Jersey 10 5.452 0.506377 0.1601305 0.362240
+ 6 Two year old Ayreshire 10 3.966 0.251802 0.0796269 0.180129
+ 7 Two year old Canadian 10 4.488 0.456869 0.1444745 0.326824
+ 8 Two year old Guernsey 10 4.899 0.566224 0.1790559 0.405052
+ 9 Two year old Holstein 10 3.663 0.212606 0.0672318 0.152089
+ 10 Two year old Jersey 10 5.133 0.667334 0.2110295 0.477382

> pd <- position_dodge(0.2)
> ggplot(buttersum,
+ aes(x=breed, y=butterfat, colour=age, group=age)) +
+ geom_errorbar(aes(ymin=butterfat-ci, ymax=butterfat+ci),
+ width=0.25, position=pd) +
+ geom_line(position=pd) +
+ geom_point(position=pd, size=3) +
+ theme(legend.position="bottom") + ylim(3, 6.5)
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Figure 17: Means Plot by breed

> par(mar=c(4,4,1,2))
> pd <- position_dodge(0.2)
> ggplot(buttersum,
+ aes(x=age, y=butterfat, colour=breed, group=breed)) +
+ geom_errorbar(aes(ymin=butterfat-ci, ymax=butterfat+ci),
+ width=0.25, position=pd) +
+ geom_line(position=pd) +
+ geom_point(position=pd, size=3) +
+ theme(legend.position="bottom") + ylim(3, 6.5)
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Figure 18: Means Plot by age
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EXAMPLE Lyrics data (McClave and Sincich, Statistics)
The effect of violent song lyrics on the aggression level of listeners is to be investigated. Two
songs (classified as Violent and Non-Violent) were played to two groups (or “pools”) of students,
one volunteer group and one group drawn from a psychology class. The students then rated
the songs lyrical content, and from this (by means of a word-association test), the aggression
level of the students was computed.

The response variable is aggression level. Factor A is the song and there are a = 2 factor levels:
1. Violent
2. Non-violent

Factor B is the pool and there are b = 2 factor levels:
1. Volunteer
2. Psychology class

r = 15 replicate measurements were made, so that n = 2 × 2 × 15 = 60 data were obtained in
total.

> car::leveneTest(SCORE˜SONG,data=Lyrics,center='mean')

+ Levene's Test for Homogeneity of Variance (center = "mean")
+ Df F value Pr(>F)
+ group 1 0.017 0.897
+ 58

> car::leveneTest(SCORE˜SONG,data=Lyrics,center='median')

+ Levene's Test for Homogeneity of Variance (center = "median")
+ Df F value Pr(>F)
+ group 1 0.008 0.928
+ 58

> car::leveneTest(SCORE˜SONG*POOL,data=Lyrics,center='mean')

+ Levene's Test for Homogeneity of Variance (center = "mean")
+ Df F value Pr(>F)
+ group 3 0.329 0.804
+ 56

> car::leveneTest(SCORE˜SONG*POOL,data=Lyrics,center='median')

+ Levene's Test for Homogeneity of Variance (center = "median")
+ Df F value Pr(>F)
+ group 3 0.226 0.878
+ 56

First note that the Levene test does not reject the null hypothesis of equal group variances for
the model that fits the SONG factor only, nor for the full factorial model that fits both main effects
and interaction.
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> m3<-aov(SCORE˜SONG*POOL,data=Lyrics)
> print(summary(m3), digits = 5)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ SONG 1 5.8907 5.8907 26.1144 4.031e-06 ***
+ POOL 1 0.1307 0.1307 0.5793 0.4498
+ SONG:POOL 1 0.3527 0.3527 1.5634 0.2164
+ Residuals 56 12.6320 0.2256
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m2<-aov(SCORE˜SONG+POOL,data=Lyrics)
> print(summary(m2), digits = 5)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ SONG 1 5.8907 5.8907 25.8588 4.264e-06 ***
+ POOL 1 0.1307 0.1307 0.5736 0.452
+ Residuals 57 12.9847 0.2278
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m1<-aov(SCORE˜SONG,data=Lyrics)
> print(summary(m1), digits = 5)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ SONG 1 5.8907 5.8907 26.05 3.851e-06 ***
+ Residuals 58 13.1153 0.2261
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m0<-aov(SCORE˜1,data=Lyrics)
> anova(m0,m1,m2,m3)

+ Analysis of Variance Table
+
+ Model 1: SCORE ˜ 1
+ Model 2: SCORE ˜ SONG
+ Model 3: SCORE ˜ SONG + POOL
+ Model 4: SCORE ˜ SONG * POOL
+ Res.Df RSS Df Sum of Sq F Pr(>F)
+ 1 59 19.01
+ 2 58 13.12 1 5.891 26.114 4.03e-06 ***
+ 3 57 12.98 1 0.131 0.579 0.450
+ 4 56 12.63 1 0.353 1.563 0.216
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Results:
1. Interaction model: There is a significant difference due to Factor A (song, Fobs = 26.114,

p-value < 0.001), but there is no effect of Factor B (pool, line 5, Fobs = 0.579, p = 0.450), and
no significant interaction (song:pool, line 6, Fobs = 1.563, p = 0.216.

2. Fits of the main-effects model m2 (Factor A and Factor B but no interaction), and the Factor
A only model m1 confirm the results.
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EXAMPLE Gravel data
A company produces gravel from a number of quarries and in each quarry there are morning
and afternoon shifts of workers. The company wishes to know whether there are differences
in the quantity of gravel produced from these quarries and gathers the following data on the
amount of gravel produced by each shift in one week (in tonnes). It can be assumed that the
week being studied was a typical week, and that there was no systematic differences due to
different workers etc.

The response variable is amount of gravel produced. Factor A is the shift and there are a = 2
factor levels:

1. AM
2. PM

Factor B is the quarry and there are b = 4 factor levels:
1. A
2. B
3. C
4. D

r = 5 replicate measurements were made, so that n = 2× 4× 5 = 40 data were obtained in total.

> car::leveneTest(amount˜shift*quarry,data=Gravel,center='median')

+ Levene's Test for Homogeneity of Variance (center = "median")
+ Df F value Pr(>F)
+ group 7 0.168 0.99
+ 32

> m3<-aov(amount˜shift*quarry,data=Gravel)
> print(summary(m3), digits = 5)

+ Df Sum Sq Mean Sq F value Pr(>F)
+ shift 1 135.79 135.792 13.6670 0.0008139 ***
+ quarry 3 596.04 198.679 19.9964 1.742e-07 ***
+ shift:quarry 3 32.75 10.916 1.0986 0.3639819
+ Residuals 32 317.94 9.936
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

> m2<-aov(amount˜shift+quarry,data=Gravel)
> m1<-aov(amount˜quarry,data=Gravel)
> m0<-aov(amount˜1,data=Gravel)

> anova(m0,m1,m2,m3)

+ Analysis of Variance Table
+
+ Model 1: amount ˜ 1
+ Model 2: amount ˜ quarry
+ Model 3: amount ˜ shift + quarry
+ Model 4: amount ˜ shift * quarry
+ Res.Df RSS Df Sum of Sq F Pr(>F)
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+ 1 39 1082.5
+ 2 36 486.5 3 596.0 19.996 1.74e-07 ***
+ 3 35 350.7 1 135.8 13.667 0.000814 ***
+ 4 32 317.9 3 32.7 1.099 0.363982
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

1. Interaction model: First note that the Levene test does not reject the null hypothesis of
equal group variances. There is a significant difference due to Factor A (shift, Fobs =
13.667, p = 0.001), and due to Factor B (quarry, Fobs = 19.996, p < 0.001), but no signifi-
cant interaction (shift:quarry, Fobs = 1.099, p = 0.364.

2. Factor A and B only: If we omit the interaction term, and refit the model, we confirm the
strong effect of both factors (shift, Fobs = 13.55, p = 0.001, quarry, Fobs = 19.83, p <
0.001. The conclusion is that there is a difference between the two levels of factor shift
and the four levels of factor quarry, but that there is no interaction, that is, the difference
between morning and afternoon shift is the same in each block; this is depicted in the
Marginal Means plot.

Note again how the error degrees of freedom changes when terms in the model are omitted.

> par(mar=c(4,4,1,2))
> quarrysum <- Rmisc::summarySE(Gravel, measurevar="amount",
+ groupvars=c("shift","quarry"))
> quarrysum

+ shift quarry N amount sd se ci
+ 1 AM A 5 26.96 2.98044 1.33289 3.70070
+ 2 AM B 5 23.22 2.37318 1.06132 2.94670
+ 3 AM C 5 22.44 2.86671 1.28203 3.55948
+ 4 AM D 5 14.64 4.15187 1.85677 5.15522
+ 5 PM A 5 21.12 3.58148 1.60169 4.44699
+ 6 PM B 5 21.12 3.65335 1.63383 4.53624
+ 7 PM C 5 17.34 2.31257 1.03421 2.87144
+ 8 PM D 5 12.94 2.82719 1.26436 3.51042

> pd <- position_dodge(0.2)
> ggplot(quarrysum,
+ aes(x=shift, y=amount, colour=quarry, group=quarry)) +
+ geom_errorbar(aes(ymin=amount-ci, ymax=amount+ci),
+ width=0.25, position=pd) +
+ geom_line(position=pd) +
+ geom_point(position=pd, size=3) +
+ theme(legend.position="bottom")
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Figure 19: Means plot by shift

> par(mar=c(4,4,1,2))
> pd <- position_dodge(0.2)
> ggplot(quarrysum,
+ aes(x=quarry, y=amount, colour=shift, group=shift)) +
+ geom_errorbar(aes(ymin=amount-ci, ymax=amount+ci),
+ width=0.25, position=pd) +
+ geom_line(position=pd) +
+ geom_point(position=pd, size=3) +
+ theme(legend.position="bottom")
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Figure 20: Means plot by quarry
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