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LINEAR REPARAMETERIZATION OF ANOVA MODELS

For the two-way layout for factors A and B, we may use the data generating model

Xiji ~ Normal(m;, o?)

for
e ;=1,...,alevels of Factor A
e j=1,...,blevels of Factor B
e ¢t =1,...,r for the balanced replication.

with the mean model for m;; broken down into components as follows

my = B i=1,j=1
= B+8Y i=2,...,a,j=1
_ 51+5J(B> i=1,7=2,...,b
= B+ B8NP P =2 e j=2,...,b

The data fall into cells of the a x b table, where the cell means are m;;. For example, for a =
3,b=4.

Factor B
1 2 3 4

myy | M2 | M13 | M4

maog | M4

Factor A
&
3

mgy | M3z | M33 | M34

that is
Factor B
1 2 3 4
< B B1 + 5;3) B+ 5(3) B1 + @&B)
gl2]8+8" | p+8"+87 +487 | B+ + 87 257 | i+ 8 + 87 +4
B3| B+ B | B+ B+ 85 45 | B+ B+ 8 445 | B+ B+ 8P 4y

This model has ab parameters.




We may see the connection between the two different representations by examining the linear
system of equations obtained by vectorizing the quantities into 12 x 1 column vectors:

E
my] [1 0000000000 07]s%Y
Moy 110000000000 (4
a1 101000000000 (B)
mis 100100000000 25)
Mo 110100100000 o
mspl 101100010000 b
mizl {1 00010000000 {4B)
s 11001000100 0]][,08
mas 10101000010 0]||#s
M 100001000000/ 75,
oy 110001000010/ |7
My 10100100001 1][P
-7 - ~ | _.(A4B)

[ V34 "

or in vector/matrix form m = L3 where L is the 12 x 12 matrix. In fact, the matrix L is non-
singular, and its inverse is

(1 0 0 000 00O 0O 0]
-1 1.0 000 O0O0OO OOO
-1 01 000 O0OO OOOPO
-1 0 0 100 0O0O0 OODPO
-1 0 0 000 100 O0O0O
I, -1. 0 0 000 O0O0OO0OT1TO0DO0
~/1-1 0-1 10 0O0O0 O0O0O
1 0-1 -1 01 0O0O0 0O0O0
1 -1 0 000-110 00O
1 0-1 00O0-101 00O
1 -1 0 000 O0OOS-1TT1O
1 0-1 000 O0O0OO0OTS-101
so we may write § = L™ 'm. This gives the reverse relationships
fi = mn
A4 _
2 = Ma21 —Mn
Y — mgy —m
3 31 11

BéB) =MmMi3 — M
ﬁéB) = M3 — My

ﬁiB) = m33 — MM11
(AB)

Vo2 = M2z — Mg — Moy + My
(AB) _

Y32~ = M3z — M1z — M31 + M1y
(AB) _

Yoz = = M2z — M13 — Mo + M1y
(AB) _

Y33 = M33 — M3 — M31 + M1
(AB) _

You = = Maog — Mg — Moy + My
(AB) _

Y34 = M34 — M1y — M31 + M1y



