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1

Normed and Metric Spaces

We start by introducing the concept of a norm. This generalization of the absolute value on R (or ©) to
the framework of vector spaces is central to modern analysis.

The zero element of a vector space V (over R or C) will be denoted 0y. For an element v of the vector
space V the norm of v (denoted ||v]]) is to be thought of as the distance from Oy to v, or as the “size” of
v. In the case of the absolute value on the field of scalars, there is really only one possible candidate, but in
vector spaces of more than one dimension a wealth of possibilities arises.

DEFINITION A norm on a vector space V over R or C is a mapping
v &= [ol|

from V to RT with the following properties.

e [[0v]|=0.

e veEV|v|=0=v=0y.

o ||to]] = |t]|]v]] Yt a scalar,v € V.

o [[or + vl <Hloall + [Joall Vv, 02 €V

The last of these conditions is called the subadditivity inequality. There are really two definitions
here, that of a real norm applicable to real vector spaces and that of a complex norm applicable to
complex vector spaces. However, every complex vector space can also be considered as a real vector space

— one simply “forgets” how to multiply vectors by complex scalars that are not real scalars. This process
is called realification. In such a situation, the two definitions are different. For instance,

|z +iyl| = max(|e|, 2ly) ~ (z,y €R)

defines a perfectly good real norm on C considered as a real vector space. On the other hand, the only
complex norms on C have the form

1
lo + iyl = t(2® +y7)2

for some t > 0.
The inequality

[tro1 + tova + -+ tponl] < [Gal[Jor]] + [ofl[oal] + -+ [Ea]llvnll



holds for scalars ¢4, ...,%, and elements vy, ..., v, of V. It is an immediate consequence of the definition.
If || || is a norm on V and ¢ > 0 then

llelll= el
defines a new norm ||| ||| on V. We note that in the case of a norm there is often no natural way to normalize
it. On the other hand, an absolute value is normalized so that |1| = 1, possible since the field of scalars

contains a distinguished element 1.

1.1 Some Norms on Euclidean Space

Because of the central role of R™ as a vector space it is worth looking at some of the norms that are commonly
defined on this space.

ExaMPLE  On R” we may define a norm by
[[(z1,...,25)||cc = max|z;|. (1.1)

EXAMPLE  Another norm on R” is given by

n

s, = D ).

ji=1
O
ExampLE  The Euclidean norm on R™ is given by
1
" 2
sl = [ D el
ji=1

This is the standard norm, representing the standard Fuclidean distance to 0. The symbol 0 will be used
to denote the zero vector of R™ or C". a

Later we will generalize these examples by defining in case 1 < p < oo

1
n P
(sl = | Dl
ji=1
In case that p = oo we use (1.1) to define || ||oc. It will be shown (on page 34) that || ||, is a norm.

1.2 Inner Product Spaces

Inner product spaces play a very central role in analysis. In this section we only scratch the surface of the
subject.

DEFINITION A real inner product space is a real vector space V together with an inner product. An
inner product is a mapping from V x V to R denoted by

(v1,v2) = {(v1, v2)

and satisfying the following properties



o (t1vg + tavg, w) = t1{v1, w) + ta(va, w) Yw,vi,vs € V, 11,12 € R,
o (v1,v2) = {va2,v1) Yoy, ve € V.
o (v,v) >0 YveV.

e Ifv €V and (v,v) =0, then v = Oy.

The symmetry and the linearity in the first variable implies that the inner product is also linear in the
second variable.

(w,t1v1 + tawa) = t1{w, v1) + ta{w, va) Yw,vi,v2 € V 11,12 €R.

ExampLE  The standard inner product on R" is given by
n
(x,y) = zy
ji=1

The most general inner product on R™ is given by

n n
(,y) = Z ij,kl‘jyk

j=1k=1
where the n x n real matrix P = (p; 1) is a positive definite matrix. This means that

e P is a symmetric matrix.

e We have
n n
pjkzjrp >0
j=1k=1
for every vector (#1,...,2,) of R™.
e The circumstance
n n

pjykl‘]'l‘k =0

<
1
-
o
1
-

only occurs when &1 =0, ..., z, = 0.

In the complex case, the definition is slightly more complicated.
DEFINITION A complex inner product space is a complex vector space V together with a complex
inner product, that is a mapping from V x V to C denoted

(v1,v2) = {(v1, v2)

and satisfying the following properties

o (t1vg + tavg, w) = t1{v1, w) + ta(va, w) Yw, v, v € V, 11,15 € C.

. (vl,vz):m Yoi,vs € V.

o (v,v) >0 YveV.

e Ifv €V and (v,v) =0, then v = Oy.

It will be noted that a complex inner product is conjugate linear in its second variable.

<w,t1U1 + tZUZ> = E(wa U1> +E<wa Uz) Vwa VU1, V2 € VatlatZ S C.



ExaMPLE  The standard inner product on C* is given by

n
(,y) = Zl‘]%
ji=1

The most general inner product on C* is given by

n n
(x,y) = Z ij,kl‘jy_k

j=lk=1
where the n x n complex matrix P = (p; ;) is a positive definite matrix. This means that

e P is a hermitian matrix, in other words p;1 = pr;.

e We have
n n
DD pikiTE 20
j=1k=1
for every vector (#1,...,2,) of C".
e The circumstance
n n

pjykl‘]'l‘k = 0

1k=1

ol

J

only occurs when &1 =0, ..., z, = 0.

DEFINITION  Let V' be an inner product space. Then we define

o]l = ({0, 0)) 2 (12)

the associated norm.

It is not immediately clear from the definition that the associated norm satisfies the subadditivity con-
dition. Towards this, we establish the abstract Cauchy-Schwarz inequality.

PropPosSITION 1.1 (CAUCHY-SCHWARZ INEQUALITY) Let u,v € V an inner product space. Then
[{w, 0} < [l (1.3)

holds.

Proof of the Cauchy-Schwarz Inequality.  We give the proof in the complex case. The proof in the real
case is slightly easier. If v = Oy then the inequality is evident. We therefore assume that [|v|| > 0. Similarly,
we may assume that [|u|| > 0.

Let t € C. Then we have

0 < |lu+tv])? (u+tv,u+1tv)
(u, u) + t{v, u) + t{u, v) + t{v, v)

[Jul|? + 20T (u, v) + [l (1.4)



Now choose t such that

t(u,v) is real and <0 (1.5)
and
[lul
[t] =1 (1.6)
[loll

Here, (1.6) designates the absolute value of ¢ and (1.5) specifies its argument. Substituting back into (1.4)
we obtain

I SN
2= [ ) <l + { 5= ) [l
[loll [loll
which simplifies to the desired inequality (1.3). ]

ProPOSITION 1.2 In an inner product space (1.2) defines a norm.

Proof. We verify the subadditivity of v <— ||v||. The other requirements of a norm are straightforward
to establish. We have

||u—|—v||2 (u+v,u+v)
[l 4+ 2R (u, v) + [|o]|?
[l + 2[Jull[|o]] + [0l

(el |+ llol))” (1.7)

IA

using the Cauchy-Schwarz Inequality (1.3). Taking square roots yields
[l =+l < [lull + [Jv]]

as required. [ |

1.3 Geometry of Norms

It is possible to understand the concept of norm from the geometrical point of view. Towards this we
associate with each norm a geometrical object — its unit ball.

DEFINITION  Let V' be a normed vector space. Then the unit ball B of V' is defined by

B=A{v;oeV,||v|| <1}.

DEFINITION  Let V' be a vector space and let B C V. We say that B is convex iff
t1v1 —|—t21}2 €B Vvl,vz S B, th,tz Z 0 such that tl —|—t2 =1.

In other words, a set B 1s convex iff whenever we take two points of B, the line segment joining them lies

entirely in B.



DEFINITION  Let V be a vector space and let B C V. We say that B satisfies the line condition iff for
every v € V \ {0y}, there exists a constant a € |0, co[ such that

tveB & |t|<a.

Thus, the line condition says that the intersection of B with every one-dimensional subspace R of V is
the unit ball for some norm on R. The line condition involves a multitude of considerations. It implies that
the set B is symmetric about the zero element. The fact that @ > 0 is sometimes expressed by saying that
B is absorbing. This expresses the fact that every point v of V lies in some (large) multiple of B. Finally
the fact that a < co is a boundedness condition.

THEOREM 1.3  Let V' be a vector space and let B C V. Then the following two statements are equivalent.

o There is a norm on V for which B is the unit ball.

e B is convex and satisfies the line condition.

Proof. We assume first that the first statement holds and establish the second. Let vy, v, € B and let
t1,t2 > 0 be such that t; 4¢3 = 1. Then

[t1v1 +tava] [trv1 || + [[t2va]]
[tall|vall + [E2|lv2]|

t1+t=1.

ININIA

It follows that B is convex. Now let v € V and suppose that v # Oy. Then it is straightforward to show
that the line condition holds with a = ||v||~*.

The real meat of the Theorem is contained in the converse to which we now turn. Let B be a convex
subset of V satisfying the line condition. We define for v € V' \ {0y}

1

l|vl| = a”
where a is the constant of the line condition. We also define ||0y|| = 0. We aim to show that || || is a norm
and that B is its unit ball. Let v # Oy and s # 0. Then, applying the line condition to V' and sv we have
constants @ and b with ||v]] = a=! and ||sv|| = b~ such that

tveB & |t <a
and
r(sv) eB & |r| <6
Substituting ¢ = rs we find that
rsl<a & <b
so that a = b|s|. Tt now follows that

[svll = 6 = [s|la™" = |s]]|v]]. (1.8)
On the other hand if s = 0 or if v = Oy, then (1.8) also holds.
We turn next to the subadditivity of the norm. Let v; and vg be non-zero vectors in V. Let ¢1 = ||vy]]

and 2 = ||vz||. Then tl_lvl € B and tz_lvz € B. Hence, we find that

[ = tltl_lvl + tztz_lvz

3] _1 ts _1
= (2 it it it
(1+2)<t1+t2101+t1+t2202

= (tl —|—t2)v




where v € B by the convexity of B. If v; + vy # Oy we have the desired conclusion
llve + va] < t1 4+t = [lva | + [Jv2| (1.9)

by the definition of the || ||. If v1 + v2 = Oy, then (1.9) follows trivially. We also observe that (1.9) follows
if either v; or vy vanishes. The remaining properties of the norm follow directly from the definition.
It is routine to check that for v € V'\ {Ov }

<1 < wveB.

and both sides are true if v = Oy . It follows that B is precisely the unit ball of || || [ ]

ExAMPLE  Let us define the a subset B of R? by

2+t <1 in case ¢ > 0 and y > 0,
. max(<z,y) <1 in case <0 and y > 0,
B if .
(z,y) € ! 2+t <1 in case < 0 and y < 0,

max(z,<y) <1 incase z > 0 and y < 0.

<

FIGURE 1: The unit ball for a norm on R2,

It is geometrically obvious that B is a convex subset of R? and satisfies the line condition — see Figure 1.
Therefore it defines a norm. Clearly this norm is given by

1
(z2+y?)2  ifz>0andy >0,
(@, )| = 4 max(ll [yl) if o <0 and y >0,
(z2+y?)2 ifz<0and y <0,
max(|z|,|y|) if >0 and y <0.

1.4 Metric Spaces

In the previous section we discussed the concept of the norm of a vector. In a normed vector space, the
expression ||u <>v|| represents the size of the difference u < v of two vectors v and v. It can be thought of
as the distance between u and v. Just as a vector space may have many possible norms, there can be many
possible concepts of distance.



In this section we introduce the concept of a metric space. A metric space is simply a set together with
a distance function which measures the distance between any two points of the space. While normed spaces
give interesting examples of metric spaces, there are many interesting examples of metric spaces that do not
come from norms.

DEFINITION A metric space (X, d) is a set X together with a distance function or metricd : X x X <—
RT satisfying the following properties.

o d(z,z)=0 Vee X,

e r,ye X dx,y)=0 = z=uy.

o d(z,y) =d(y,z) Ve, y € X.

o d(z,z)<d(x,y)+ d(y, z) Ve,y,z € X.

The fourth axiom for a distance function is called the triangle inequality. It is easy to derive the
extended triangle inequality

d(zy, zpn) < d(x1,22) + d(w2,23,) + -+ d(@p_1,2,) Yoi,...,0p0€X (1.10)

directly from the axioms.

Sometimes we will abuse notation and say that X is a metric space when the intended distance function
1s understood.

Let X be a metric space and let Y C X. Then the restriction of the distance function of X to the subset
Y xY of X x X is a distance function on Y. Sometimes this is called the restriction metric or the relative
metric. If the four axioms listed above hold for all points of X then a fortior: they hold for all points of
Y. Thus every subset of a metric space is again a metric space in its own right. This idea will be used very
frequently in the sequel.

ExXaMPLE Let V be a normed vector space with norm || [|. Then V is a metric space with the distance
function
d(u,v) = [|[u <.

The reader should check that the triangle inequality is a consequence of the subadditivity of the norm. O

ExaMPLE  As an example of an infinite dimensional normed vector space we consider the space £°°. Its
elements are the bounded real sequences (#,) and the norm is defined by

[(@n)lleo = sup |-
neN
O

EXAMPLE  Another example of an infinite dimensional normed vector space is the space ¢!, Its elements
are the absolutely summable real sequences (#,) and the norm is defined by

%]
()l = Y lenl.
n=1
O

ExampPLE It follows that every subset X of a normed vector space is a metric space in the distance function
induced from the norm. ad



ExamMPLE  Let ( , ) and || || denote the standard inner product and Euclidean norm on R™. Let S"~!
denote the unit sphere
1 = f € B Jol] = 1)

then we can define the geodesic distance between two points x and y of S*~! by

d(z,y) = arccos({z, y)). (1.11)

We will show that d is a metric on S~ !. This metric is of course different from the Euclidean distance
e <3l

To verify that (1.11) is in fact a metric, at least the symmetry of the metric is evident. Suppose that
z,y € S"~! and that d(z,y) = 0. Then (z,y) = 1 and

e ell? = l|l2]” <20, v) + [yl = 1 =2+ 1=0.

It follows that » = y.

To establish the triangle inequality, let z,y,z € S*~1, @ = arccos({z,y)) and ¢ = arccos({y, z)). Then
we can write £ = cosfy 4+ sinfu and z = cospy + sin ¢ v where u and v are unit vectors orthogonal to y.
An easy calculation now gives

(,z) = cos 0 cosp + (u,v)sin @ sin .

Now, since 0 < f,¢ < m, we have sinf sinp > 0. By the Cauchy-Schwarz Inequality (1.3), we find that
(u,v) > <1. Hence
(x,z) > cos cosp<sind siny = cos(f + ¢).

Since arccos is decreasing on [<1, 1] this immediately yields

d(x,2) <0+ ¢ =d(x,y) +d(y, 2).



2

Topology of Metric Spaces

2.1 Neighbourhoods and Open Sets

It is customary to refer to the elements of a metric space as points. In this chapter we will develop the
point-set topology of metric spaces. This is done through concepts such as neighbourhoods, open sets,
closed sets and sequences. Any of these concepts can be used to define more advanced concepts such as
the continuity of mappings from one metric space to another. They are, as it were, languages for the further
development of the subject. We study them all and most particularly the relationships between them.

DEFINITION  Let (X, d) be a metric space. Fort > 0 and x € X, we define

Ulz,t) = {y;y € X, d(z,y) < t}
and
Bz, t) = {y;y € X, d(z,y) < t}.

the open ball U(x,t) centred at x of radius t and the corresponding closed ball B(x,t).

DEFINITION  Let V' be a subset of a metric space X and let « € V. Then we say that V is a neighbourhood
of # or z is an interior point of V iff there exists t > 0 such that U(x,t) C V.

Thus V is a neighbourhood of z iff all points sufficiently close to « lie in V.

ProprosiTION 2.1

o If'V is a neighbourbood of x and V C W C X. Then W is a neighbourhood of x.

o IfV1,Vo,...,V, are finitely many neighbourhoods of z, then N7_,V; is also a neighbourhood of x.

Proof. The first statement is left as an exercise for the reader. For the second, applying the definition,
we may find ¢1,%5,...,t, > 0 such that U(x,¢;) C V;. It follows that

Nve Y. (2.1)
j=1 ji=1
But the left-hand side of (2.1) is just U(x,t) where ¢ = mint; > 0. It now follows that N7_,V; is a
neighbourhood of z. [ ]

Neighbourhoods are a local concept. We now introduce the corresponding global concept.

10



DEFINITION  Let (X, d) be a metric space and let V. C X. Then V is an open subset of X iff V is a
neighbourhood of every point x that liesin V.

ExaMPLE  Forall ¢ > 0, the open ball U(x,1) is an open set. To see this, let y € U(x,1), that is d(z,y) < t.
We must show that U(x,1) is a neighbourhood of y. Let s = t<d(z, y) > 0. We claim that U(y, s) C U(x,1).
To prove the claim, let z € U(y, s). Then d(y, z) < s. We now find that

d(z,z) < d(z,y) +d(y,z) < d(e,y) + s =1,
so that z € U(x,1) as required. O

ExAMPLE In IR every interval of the form Ja,b[ is an open set. Here, a and b are real and satisfy a < b.
We also allow the possibilities ¢ = <0 and b = co. a

THEOREM 2.2  In a metric space (X, d) we have
e X is an open subset of X.
o () is an open subset of X.
e If'V, is open for every « in some index set I, then U,c1V, Is again open.

e IfVj 1sopen for j =1,...,n, then the finite intersection N7_,V; Is again open.

Proof. For every z € X and any ¢ > 0, we have U(x,¢) C X, so X is open. On the other hand, § is
open because it does not have any points. Thus the condition to be checked is vacuous.

To check the third statement, let © € Uy,erV,. Then there exists oo € I such that « € V,,. Since V, is
open, V, 1s a neighbourhood of &. The result now follows from the first part of Proposition 2.1.

Finally let z € N?_;V;. Then since V; is open, 1t 1s a neighbourhood of z for j = 1,...,n. Now apply
the second part of Proposition 2.1. [ |

DEFINITION  Let X be aset. Let V be a “family of open sets” satisfying the four conditions of Theorem 2.2.
Then V is a topology on X and (X,V) is a topological space.

Not every topology arises from a metric. In these notes we are not concerned with topological spaces in
their own right. For some applications topological spaces are needed to capture key ideas (like the weakx
topology). On the other hand, some theorems true for general metric spaces are false for topological spaces
(separation theorems for example). Finally some metric space concepts (such as uniform continuity) cannot
be defined on topological spaces.

It is worth recording here that there is a complete description of the open subsets of R. A subset V of R
is open iff it is a disjoint union of open intervals (possibly of infinite length). Furthermore, such a union is
necessarily countable.

2.2 Convergent Sequences

A sequence z1, x9, 23, ... of points of a set X is really a mapping from N to X. Normally, we denote such a
sequence by (z,). For # € X the sequence given by z,, = » is called the constant sequence with value x.

DEFINITION  Let X be a metric space. Let (x,,) be a sequence in X. Then (z,) converges to » € X iff
for every € > 0 there exists N € N such that d(x,,x) < € for all n > N. In this case, we write ©,, <— x or

n—00
z, $S— .

11



Sometimes, we say that x is the limit of (x,,). Proposition 2.3 below justifies the use of the indefinite article.
To say that (z,) is a convergent sequence is to say that there exists some x € X such that (z,) converges
to x.

ExAMPLE  Perhaps the most familiar example of a convergent sequence is the sequence

Ty, = —
n

in R. This sequence converges to 0. To see this, let ¢ > 0 be given. Then choose a natural number N so
large that N > ¢~1. Tt is easy to see that

n>N =

Hence x, <— 0. d

PROPOSITION 2.3  Let (xy) be a convergent sequence in X. Then the limit is unique.

Proof. Suppose that « and y are both limits of the sequence (z,). We will show that z = y. If not,
then d(z,y) > 0. Let us choose € = %d(a:, y). Then there exist natural numbers N, and N, such that

n> Ny = d(zp, ) <,
n> Ny, = d(zp,y) < €.

Choose now n = max(Ny, Ny)+ 1 so that both n > N, and n > N,. It now follows that
2¢e = d(z,y) <d(z,zn) +d(wn,y) <e+e
a contradiction. [ |

PrROPOSITION 2.4  Let X be a metric space and let (x,) be a sequence in X. Let # € X. The following
conditions are equivalent to the convergence of (&) to x.

e For every neighbourhood V of  in X, there exists N € N such that

n>N = T, €V. (2.2)
e The sequence (d(z,,x)) converges to 0 in R,

We leave the details of the proof to the reader. The first item here is significant because it leads to the
concept of the tail of a sequence. The sequence (¢,) defined by t; = xnyr is called the Nth tail sequence
of (#). The set of points Ty = {®,;n > N} is the Nth tail set. The condition (2.2) can be rewritten as
Ty CV.

Sequences provide one of the key tools for understanding metric spaces. They lead naturally to the
concept of closed subsets of a metric space.

DEFINITION  Let X be a metric space. Then a subset A C X is said to be closed iff whenever (x,,) is a
sequence in A (that is x, € A Vn € N) converging to a limit » in X, then x € A.

The link between closed subsets and open subsets is contained in the following result.

12



THEOREM 2.5 In a metric space X, a subset A is closed if and only if X \ A is open.
It follows from this Theorem that U is open in X iff X \ U is closed.

Proof. First suppose that A is closed. We must show that X \ A is open. Towards this, let 2 € X \ A.
We claim that there exists ¢ > 0 such that U(z,¢) € X \ A. Suppose not. Then taking for each n € I,
€n = % we find that there exists z,, € ANU(x, %) But now (z,) is a sequence of elements of A converging
to «. Since A is closed z € A. But this is a contradiction.

For the converse assertion, suppose that X \ A4 is open. We will show that A is closed. Let (z,) be a
sequence in A converging to some @ € X. If # € X \ A then since X \ A is open, there exists ¢ > 0 such that

Ulx,e) C X\ A (2.3)

But since (#,) converges to x, there exists N € N such that », € U(z,¢) for n > N. Choose n = N + 1.
Then we find that z, € ANU(z,¢) which contradicts (2.3). ]

Combining now Theorems 2.2 and 2.5 we have the following corollary.

COROLLARY 2.6 In a metric space (X, d) we have
e X is an closed subset of X.
e () is an closed subset of X.
e If A, is closed for every « in some index set I, then Nyer A, Is again closed.

o If Aj is closed for j = 1,...,n, then the finite union U7_, A; is again closed.

EXAMPLE In a metric space every singleton is closed. To see this we remark that a sequence in a singleton
is necessarily a constant sequence and hence convergent to its constant value. a

ExaMpPLE  Combining the previous example with the last assertion of Corollary 2.6, we see that in a metric
space, every finite subset is closed. a

EXAMPLE  Let (2) be a sequence converging to #. Then the set

{wn;n e N}U{z}
is a closed subset. i
ExAMPLE In IR, the intervals [a, b], [a, co[ and | <00, b] are closed subsets. O

ExaMPLE A more complicated example of a closed subset of R is the Cantor set. There are several ways
of describing the Cantor set. Let EFy = [0, 1]. To obtain Fy from Ey we remove the middle third of Ey. Thus
E; =[0,5]U[2,1]. To obtain E; from E; we remove the middle thirds from both the constituent intervals
of Fy. Thus

Continuing in this way, we find that E} is a union of 2* closed intervals of length 37%. The Cantor set F is

now defined as -
E =) Ek.
k=0

By Corollary 2.6 it is clear that F is a closed subset of R.
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FiGUure 2: The sets Ey, Ey and Fs.

The sculptor Rodin once said that to make a sculpture one starts with a block of marble and removes
everything that is unimportant. This is the approach that we have just taken in building the Cantor set.
The second way of constructing the Cantor set works by building the set from the inside out.

Let us define

K = {ZWk3_k;Wk S {O’Q}ak: 1a2a .. }
k=1

A moment’s thought shows us that the points ZZ:1 w3~ given by the 27 choices of wy for k =1,2,...,n
are precisely the left hand endpoints of the 2”7 constituent subintervals of F,,. Also a straightforward estimate
on the tail sum

0< > w3™h < Y 2.37F <3,
k=n+1 k=n+1

shows that each sum Zzozl wr3~F lies in E, for each n € N. It follows that K C F.
For the reverse inclusion, suppose that z € E. Then for every n € N, let z, be the left hand endpoint of
the subinterval of F, to which = belongs. Then

|z ©a,| <377 (2.4)
We write

Tn =Y w3 (2.5)
k=1

where wy takes one or other of the values 0 and 2. It 1s not difficult to see that the values of w; do not
depend on the value n under consideration. Indeed, suppose that (2.5) holds for a specific value of n. Then
x € [&n, 2n + 377]. At the next step, we look to see whether « lies in the left hand third or the right hand
third of this interval. This determines z,41 by

Tpy1 = Tn + Wn+13_(n+1)

where wp11 = 0 if it is the left hand interval and w, 1 = 2 if it is the right hand interval. The values of wy,
for k =1,2,...,n are not affected by this choice. It now follows from (2.5) and (2.4) that

(o)
r = E wp3 ™k
k=1

so that x € K as required. a

14



2.3 Continuity

The primary purpose of the preceding sections is to define the concept of continuity of mappings. This
concept is the mainspring of mathematical analysis.

DEFINITION  Let X and Y be metric spaces. Let f: X <— Y. Let # € X. Then f is continuous at x iff
for all ¢ > 0, there exists 6 > (0 such that

z€U(x,8) = fz) e U(f(»),e). (2.6)

The V...3... combination suggests the role of the “devil’s advocate” type of argument. Let us illustrate
this with an example.

ExaMPLE  The mapping f : R <— R given by f(z) = 2? is continuous at # = 1. To prove this, we suppose

that the devil’s advocate provides us with a number € > 0 chosen cunningly small. We have to “reply” with
a number § > 0 (depending on €) such that (2.6) holds. In the present context, we choose

6:min(%€, 1)
so that for |z ©1| < 6 we have
|2* el < [z ellz+ 1] < (26)(3) < ¢
since [r el <dand e+ 1] =|(zel)+2|< |zl +2 < 3. ]

ExaMPLE  Continuity at a point — a single point that is, does not have much strength. Consider the
function f: IR <— R given by
_JO0 ifzeR\Q,
Hw) = {x if 2 € Q.

This function is continuous at 0 but at no other point of R. a

EXAMPLE  An interesting contrast is provided by the function g : R <— R given by

g(x) =1 1 P

0 ifzeR\Qorifz=0,

{ 7 if @ = = where p € Z\ {0}, ¢ € N are coprime.

The function g is continuous at # iff x is zero or irrational. To see this, we first observe that if x € @\ {0},
then g(x) # 0 but there are irrational numbers z as close as we like to @ which satisfy g(z) = 0. Thus g is
not continuous at the points of @\ {0}. On the other hand, if # € R\ Q@ or # = 0, we can establish continuity
of ¢ at z by an epsilon delta argument. We agree that whatever ¢ > 0 we will always choose 6 < 1. Then
the number of points z in the interval Jx <6, x + [ where |g(z)| > € is finite because such a z is necessarily
a rational number that can be expressed in the form £ where 1 < ¢ < ¢~'. With only finitely many points
to avoid, it is now easy to find é > 0 such that

lzexl<s = g(2) o) = lg(2)] < e

There are various other ways of formulating continuity at a point.

THEOREM 2.7 Let X and Y be metric spaces. Let f: X <&— Y. Let x € X. Then the following statements
are equivalent.
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e [ is continuous at x.
e For every neighbourhood V of f(z) inY, f=Y(V') is a neighbourhood of r in X.

e For every sequence (z,) in X converging to x, the sequence (f(xy)) converges to f(z) inY .

Proof. We show that the first statement implies the second. Let f be continuous at # and suppose that
V is a neighbourhood of f(#) in Y. Then there exists € > 0 such that U(f(z),¢) C V in Y. By definition of
continuity at a point, there exists § > 0 such that

2 €Uz, 6) = f(z) € U(f(x), )
= flz) eV
= z€ fFmHV).

Hence f=1(V) is a neighbourhood of z in X.

Next, we assume the second statement and establish the third. Let (z,) be a sequence in X converging
to x. Let ¢ > 0. Then U(f(x),€) is a neighbourhood of f(x) in Y. By hypothesis, f=H(U(f(z),¢)) is a
neighbourhood of  in X. By the first part of Proposition 2.4 there exists N € N such that

n>N = zn € FTHU(f(2),€)).
But this is equivalent to

n>N = J(xn) € U(f(x),€).

Thus (f(#,)) converges to f(z) in Y.

Finally we show that the third statement implies the first. We argue by contradiction. Suppose that f is
not continuous at #. Then there exists € > 0 such that for all § > 0, there exists z € X with d(x, z) < é, but
d(f(z), f(2)) > €. We take choice § = % for n = 1,2, ...1n sequence. We find that there exist x,, in X with
d(z,x,) < %, but d(f(x), f(x,)) > €. But now, the sequence (x,) converges to # in X while the sequence
(f(xy)) does not converge to f(z) in Y. [ ]

We next build the global version of continuity from the concept of continuity at a point.
DEFINITION  Let X and Y be metric spaces and let f : X <— Y. Then the mapping f is continuous iff
f is continuous at every point x of X.

There are also many possible reformulations of global continuity.

THEOREM 2.8 Let X and Y be metric spaces. Let f : X <— Y. Then the following statements are
equivalent to the continuity of f.

e Forevery open set U inY, f~1(U) is open in X.
e For every closed set A in Y, f~1(A) is closed in X.

e For every convergent sequence (x,) in X with limit x, the sequence (f(z,)) converges to f(z) in Y.

Proof. Let f be continuous. We check that the first statement holds. Let 2 € f=1(U). Then f(z) € U.
Since U is open in Y, U is a neighbourhood of f(z). Hence, by Theorem 2.7 f=(U) is a neighbourhood
of x. We have just shown that f=1(U) is a neighbourhood of each of its points. Hence f~1(U) is open in
X. For the converse, we assume that the first statement holds. Let & be an arbitrary point of X. We must
show that f is continuous at #. Again we plan to use Theorem 2.7. Let V' be a neighbourhood of f(x) in
Y. Then, there exists t > 0 such that U(f(z),t) € V. It is shown on page 11 that U(f(z),t) is an open
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subset of Y. Hence using the hypothesis, f=1(U(f(z),t)) is open in X. Since € f~H(U(f(x),t)), this set
is a neighbourhood of x, and it follows that so is the larger subset f=1 (V).

The second statement is clearly equivalent to the first. For instance if A is closed in Y, then Y \ A is an
open subset. Then

X\ =71(Y\4)

is open in X and it follows that f~1(A) is closed in X. The converse entirely similar.
The third statement is equivalent directly from the definition. [ |

One very useful condition that implies continuity is the Lipschitz condition.

DEFINITION  Let X and Y be metric spaces. Let f : X <— Y. Then f is a Lipschitz map iff there is a
constant C' with 0 < C' < oo such that

dy (f(z1), f(22)) < Cdx(z1,22) Ve, 22 € X.

In the special case that C' = 1 we say that [ is a nonexpansive mapping. In the even more restricted
case that

dy (f(x1), f(z2)) = dx (21, 22) Ve, 22 € X,

we say that f is an isometry.

PropPOSITION 2.9  Every Lipschitz map is continuous.

Proof. We work directly. Let ¢ > 0. The set § = C~te. Then dx(z,2) < é implies that
dy (f(2), f(x)) < Cdx(z,2) < Cé =e.

as required. [ |
2.4 Compositions of Functions

DEFINITION  Let X, Y and 7 be sets. Let f: X &= Y and g :Y <— Z be mappings. Then we can make
a new mapping h : X <— Z by h(x) = g(f(x)). In other words, to map by h we first map by f from X toY
and then by g from Y to Z. The mapping h is called the composition or composed mapping of f and
g. It is usually denoted by h = g o f.

Composition occurs in very many situations in mathematics. It is the primary tool for building new
mappings out of old.

THEOREM 2.10 Let X, Y and Z be metric spaces. Let f : X <= Y and g : Y <— Z be continuous
mappings. Then the composition g o f is a continuous mapping from X to 7.

THEOREM 2.11 Let X, Y and Z be metric spaces. Let f : X &= Y and g : Y &~ Z be mappings.
Suppose that € X, that f is continuous at x and that g is continuous at f(x). Then the composition g o f
is a continuous at .

Proof of Theorems 2.10 and 2.11.  There are many possible ways of proving these results using the
tools from Theorem 2.8 and 2.7. It is even relatively easy to work directly from the definition.

Let us use sequences. In the local case, we take # as a fixed point of X whereas in the global case we
take & to be a generic point of X.
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Let (%) be a sequence in X convergent to . Then since f is continuous at #, (f(#,)) converges to f(z).
But, then using the fact that g is continuous at f(z), we find that (¢(f(xy))) converges to g(f(#)). This says
that (g o f(xn)) converges to g o f(x). Since this holds for every sequence (x,) convergent to x, it follows
that g o f is continuous (respectively continuous at z). [ ]

2.5 Product Spaces and Mappings

In order to discuss combinations of functions we need some additional machinery.

DerINITION  Let (X,dx) and (Y,dy) be metric spaces. Then we define a product metric d on the
product set X x Y which allows us to consider X x Y as a product metric space. We do this as follows

d((z1,y1), (22, y2)) = max(dx(z1, 2), dy (Y1, y2)) (2.7)

PrROPOSITION 2.12  Equation (2.7) defines a bona fide metricon X x Y.

Proof. The first three conditions in the definition of a metric (on page 8) are obvious. It remains to
check the triangle inequality. Let (z1,y1), (x2,y2) and (#3,ys) be three generic points of X x Y. Then
d((#1,21), (23, y3)) is the maximum of dx (21, x3) and dy(y1,ys3). Let us suppose without loss of generality
that dx(x1,z3) is the larger of the two quantities. Then, by the triangle inequality on X, we have

dx(x1,23) < dx(x1,22) + dx (22, 23). (2.8)
But the right hand side of (2.8) is in turn less than d((z1,y1), (22, ¥2)) + d((#2, y2), (3, ys)) providing the
required result. [ |

With the definition out of the way, the next step is to see how it relates to other topological constructs.

LEMMA 2.13  Let X and Y be metric spaces. Let © € X and let (z,,) be a sequence in X. Let y € Y and
let (yn) be a sequence in'Y. Then the sequence ((zn,yn)) converges to (z,y) in X x Y if and only if the
sequence (x,) converges to x in X and the sequence (y,) converges to y in'Y.

Proof. TFirst, suppose that ((zn,yn)) converges to (z,y) in X x Y. We must show that (z,) converges
to « in X. (It will follow similarly that (y,) converges to y in Y.) This amounts then to showing that the
projection 7 : X X Y <— X onto the first coordinate, given by

m((z,y)) =«

is continuous. But the definition of the product metric ensures that « is nonexpansive (see page 17) and
hence is continuous. The key inequality is

dx(z1,29) < dxxyv((21,y1), (22, ¥2)).

For the converse, we have to get our hands dirtier. Let € > 0. Then there exists N such that dx(z,,#) < ¢
for n > N. Also, there exists M such that dy (y,y) < ¢ for n > M. Tt follows that for n > max(N, M) both
of the above inequalities hold, so that

maX(dx(l‘n, l‘), dY(yna y)) <e.

But this is exactly equivalent to
dXXY((xna yn)a ($a y)) <e€
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as required for the convergence of ((zn,yn)) to (z,y). [ ]

There is a simple way to understand neighbourhoods and hence open sets in product spaces.
ProprosiTIiON 2.14  Let X and Y be metric spaces. Let # € X andy € Y. Let U C X x Y. Then the
following two statements are equivalent

e U is a neighbourhood of (z,y).

o There exist V a neighbourhood of ¥ and W a neighbourhood of y such that V. x W C U.

Proof. Suppose that the first statement holds. Then there exists ¢ > 0 such that Uxxy ((z,y),t) C U.
But 1t is easy to check that

UXXY((xa y)at) = UX(l’,t) X UY(yat)
Of course, Ux(x,t) is a neighbourhood of # in X and Uy (y,t) is a neighbourhood of y in Y.

Conversely, let V and W be neighbourhoods of # and y in X and Y respectively. Then there exist £,s > 0
such that Ux(z,t) C V and Uy (y,s) C W. It is then easy to verify that

Uxxy((z,y), min(t,s)) C Ux(x,t) x Uy (y,s) CV x W C U,
so that U is a neighbourhood of (#,y) as required. [ ]
Next, we introduce product mappings.

DerFINITION  Let X, Y, P and () be sets. Let f: X <&— P and g : Y <— (). Then we define the product
mapping f x g: X xY & P x Q) by

(f xg)(z,y) = (f(2),9(y)).

ProprosiTioN 2.15  Let X, Y, P and () be metric spaces. Let f: X <— P and g :' Y <— () be continuous
mappings. Then the product mapping f X g is also continuous.

Proof. We argue using sequences. We could equally well use neighbourhoods or epsilons and deltas.
Let ((#n,yn)) be an arbitrary sequence in X x Y converging to (z,y). Then (z,) converges to # in X by
Lemma 2.13. By Theorem 2.8 we find that (f(z,)) converges to f(x). Similar reasoning shows that (g(y,))
converges to ¢g(y). Now we use Lemma 2.13 again to show that ((f(zn),g(yn))) converges to (f(x), g(y)).
Finally since ((#n, yn)) is an arbitrary sequence in X xY" converging to (x, y), it follows again by Theorem 2.13
that f x ¢ 18 continuous. [ |

There is also a local version of Proposition 2.15. We leave both the statement and the proof to the reader.

2.6 The Diagonal Mapping and Pointwise Combinations

DEFINITION  Let X be a metric space. Then the diagonal mapping on X is the mapping Ax : X &—
X x X given by
Ax(x) = (z,2) Yo e X.

If X is a metric space it is easy to check that Ax is an isometry (for the definition, see page 17). In
particular, Ax is a continuous mapping. This gives us the missing link to discuss the continuity of pointwise
combinations.
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THEOREM 2.16 Let P, @) and R be metric spaces. Let y : P x ) <— R be a continuous mapping. Let
f: X &= Pandg: X & Q also be continuous mappings. Then the combination h : X <— R given by

h@) = p(f(2),9(x))  VeeX
is also continuous.
Proof. Tt suffices to write h = o (f x g)o Ax and to apply Theorem 2.10 and Proposition 2.15 together
with the continuity of Ax. [ |

There are numerous examples of Theorem 2.16. In effect, the examples that follow are examples of
continuous binary operations.

ExaMPLE Let P=Q = R=TR. Let u(z,y) = # +y, addition on R. Then if f, g : X <— R are continuous
so 1s the sum function f 4 ¢ defined by

(f+9)(z) = f(z)+g(z) VrelX.

It remains to check the continuity of u. We have

lp(zy, y1) Sp(e, y2)| = (21 S22) + (11 Sy2)

|1 ©@al + |31 2l

drxr((x1,91), (€2, 92)) + drxr((21, y1), (22, y2))
2dr xr((T1,y1), (T2, ¥2)),

INIA

so that p is Lipschitz with constant C' = 2 and hence continuous. i

EXaMPLE Let P = Q@ = R = R. Let p(x,y) = zy, multiplication on R. Then if f,¢ : X ©— R are
continuous so is the pointwise product function fg defined by

(f9)(z) = f(x)g(x) Yz e€X.
We check that p is continuous at (#1,31). Observe that
ry vy = 21(y ©u) + (@ ey + (2 ey <)

so that
ley Sziyi| < |||y Syl + [z Szily| + [z Sz |y Sl

Now let € > 0 be given. We choose § = min(1, (Jx1| + |y1]| + 1)~te). Then

drxx((2,y), (21, 91)) <

implies that

lzy Swiy]| < |ei|é+ 6y |+ 67
< (le] + ]| +1)8
< e
This estimate establishes that g is continuous at (z1,y1). m|

We leave the reader to check that addition and multiplication are continuous operations in C. Two other
operations on R that are continuous are max and min. We leave the reader to show that these are distance
decreasing.
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ExAMPLE  One very important binary operation on a metric space 1s the distance function itself. Let X
be a metric space, P = @ = X and R = R*. Let u(z,y) = d(z,y). We check that u is continuous. By the
extended triangle inequality (page 8) we have

d(wa,y2) < d(xa, 1)+ d(z1,y1) + d(y1, y2)
< dzy,y) + 2dxxx (21, 91), (72, 92)),
and similarly
d(z1,y1) < d(z2,y2) + 2dxxx ((z1, 1), (T2, y2))-
We may combine these two inequalities into one as
|d(21, y1) Sd(@a, y2)| < 2dxxx ((21,91), (22, 92)).
This shows that the distance function is Lipschitz with constant C' = 2, and hence is continuous. a

Other examples of continuous binary operations are found in the context of normed spaces. Let us recall
that in a normed space (V,|| ||), the metric dy is given by

dy (v1,v2) = ||v1 Svs| Yo, ve € V.
We will treat only the case of real normed spaces. The complex case is similar.

ExaMPLE In a normed space (V|| [|), the vector addition operator is continuous. Let p(v,w) = v + w.

We have

[[(v1 ©v2) + (w1 Swo)|

vy =va| + [Jwr <wsl|

dy xv ((v1,w1), (v2,w2)) + dyv v ((v1, w1), (va, w2))
2dy v (v, wi), (v2, w2)),

l|p(v1, wi) S pva, wa)l|

INIA

so that p is Lipschitz with constant C' = 2. i
While the previous example parallelled addition in R, the next is similar to multiplication in R.
ExaMPLE  In a normed space (V)| [|), the scalar multiplication operator is continuous. Thus P = R,

Q=R=V,and pt: R x V <V is the map pu(t,v) = tv. We leave the details to the reader. a

ExaMPLE Now let V be a real inner product space. Then the inner product is continuous. Thus P = @Q =
V, R=T and p(v, w) = {v, w).
We check that p is continuous at (vy, wy). Observe that

(v,w) (v, w1) = (v, w Sw1) + (v SV, wi) + (v SV, W Sw)
so that by the Cauchy-Schwarz inequality (page 4) we have
o, 0} & {or, wi)] < el Swnl] + [lo o lfwnll + o el Sl
Now let € > 0 be given. We choose § = min(1, (||v1|| + [|w1|| + 1)~ te). Then
dy xv (v, w), (v, wy)) < 6

implies that

(v, w) (v, wi)| < lod]|8 + 8]Jwn || + 6
< (ol =+ s || + 1)6
< e
This estimate establishes that y is continuous at (v, wy). O

21



2.7 Interior and Closure

We return to discuss subsets and sequences in metric spaces in greater detail. Let X be a metric space and
let A be an arbitrary subset of X. Then ( is an open subset of X contained in A, so we can define the
interior int(A) of A by

int(4)= | J U (2.9)

U open CA

By Theorem 2.2 (page 11), we see that int(A) is itself an open subset of X contained in A. Thus int(A) is
the unique open subset of X contained in A which in turn contains all open subsets of X contained in A.
There is a simple characterization of int(A) in terms of interior points (page 10).

ProprosSITION 2.17 Let X be a metric space and let A C X. Then

int(A) = {x; « is an interior point of A}.

Proof. Let z € int(A). Then since int(A) is open, it is a neighbourhood of #. But then the (possibly)
larger set A is also a neighbourhood of z. This just says that  is an interior point of A.

For the converse, let # be an interior point of A. Then by definition, there exists ¢ > 0 such that
U(x,t) C A. But it is shown on page 11, that U(x,t) is open. Thus U = U(x,1) figures in the union in (2.9),
and since « € U(x,t) it follows that « € int(A). [ ]

ExAMPLE  The interior of the closed interval [a, b] of R is just ]a, b[. O

ExaMPLE  The Cantor set £ has empty interior in IR. Suppose not. Let x be an interior point of E.
Then there exist € > 0 such that U(z,¢) C E. Choose now n so large that 37" < e. Then we also have
U(x,€) C F,. For the notation see page 13. This says that E, contains an open interval of length 2(377)
which is clearly not the case. a

By passing to the complement and using Theorem 2.5 (page 13) we see that there is a unique closed
subset of X containing A which is contained in every closed subset of X which contains A. The formal
definition is

d(dy= ] E (2.10)

E closed DA

The set cl(A) is called the closure of A. We would like to have a simple characterization of the closure.

PROPOSITION 2.18  Let X be a metric space and let A C X. Let « € X. Then x € cl(A) is equivalent to
the existence of a sequence of points (xy,) In A converging to x.

Proof. TLet x € cl(A). Then x is not in int(X \ A). Then by Proposition 2.17, z is not an interior point
of X \ A. Then, for each n € N, there must be a point z,, € AN U(x, %) But now, z, € A and (z,)
converges to x.

For the converse, let (zy,) be a sequence of points of A converging to . Then x,, € cl(4) and since cl(A)
is closed, it follows from the definition of a closed set that z € cl(A). [ |

While Proposition 2.18 is perfectly satisfactory for many purposes, there is a subtle variant that is
sometimes necessary.
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DEFINITION Let X be a metric space and let A C X. Let x € X. Then z is an accumulation point or
a limit point of A iff x € cl(A\ {z}).

ProprosITION 2.19  Let X be a metric space and let A C X. Let x € X. Then the following statements
are equivalent.

o x € cl(A).

e r € A or x is an accumulation point of A.

Proof. That the second statement implies the first follows easily from Proposition 2.18. We establish
the converse. Let « € cl(4). We may suppose that x ¢ A, for else we are done. Now apply the argument of
Proposition 2.18 again. For each n € N, there is a point z, € ANTU (&, %) Since ¢ ¢ A, we have A = A\ {z}.
Thus we have found z, € A\ {z} with (z,) converging to x. [ |

DEFINITION Let X be a metric space and let A C X. Let # € A. Then x is an isolated point of A iff
there exists t > 0 such that ANU(z,t) = {x}.

We leave the reader to check that a point of A is an isolated point of A if and only if it is not an
accumulation point of A.

A very important concept related to closure is the concept of density.
DEFINITION  Let X be a metric space and let A C X. Then A is said to be dense in X if cl(A) = X.

If A is dense in X, then by definition, for every € X there exists a sequence (z,) in A converging to x.

ProprosITION 2.20 Let f and g be continuous mappings from X toY . Suppose that A is a dense subset
of X and that f(x) = g(x) for all # € A. Then f(x) = g(x) for all x € X.

Proof. Let x € X and let (x,) be a sequence in A converging to x. Then f(x,) = g(xy,) for all n € .
So the sequences (f(x,)) and (g(x,)) which converge to f(x) and g(«) respectively, are in fact identical. By
the uniqueness of the limit, Proposition 2.3 (page 12), it follows that f(#) = g(x). This holds for all z € X
so that f = g¢. [ |

We leave the proof of the following Proposition to the reader.

ProrosiTiON 2.21  Let A be a dense subset of a metric space X and let B be a dense subset of a metric
space Y. Then A x B is dense in X x Y.

2.8 Limits in Metric Spaces

DEFINITION  Let X be a metric space and let t > 0. Then for x € X the deleted open ball U'(x,t) is
defined by
Uz, t) ={z;2€ X,0< d(z,z) <t} = Uz, )\ {z}.

Let A be a subset of X then it is routine to check that x is an accumulation point of A if and only if for
allt >0, U'(z,t)N A # 0. Deleted open balls are also used to define the concept of a limit.
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DEFINITION Let X and Y be metric spaces. Let x be an accumulation point of X. Let f : X\ {z} <= Y.
Then f(z) has limit y as z tends to ¢ in X, in symbols

lim f(z) =y (2.11)
if and only if for all € > 0 there exists 6 > 0 such that
zeU'(x,8) = f(z) € U(y,e).

In the same way one also defines f(z) has a limit as z tends to x in X, which simply means that (2.11)
holds for some y €Y.

Note that in the above definition, the quantity f(z) is undefined. The purpose of taking the limit is to
“attach a value” to f(z). The following Lemma connects this idea with the concept of continuity at a point.
We leave the proof to the reader.

LEMMA 2.22  Let X and Y be metric spaces. Let & be an accumulation point of X. Let f : X \{z} =Y.
Suppose that (2.11) holds for some y € Y. Now define f : X <~ Y by

() = {f(z) if z € X \ {x},

Y ifz=ux.

Then f is continuous at x.

One of the most standard uses of limits is in the definition of the derivative.

DEFINITION  Let ¢ : Ja,b] ©— V where V may as well be a general normed vector space. Let t € ]a,b].
Then the quotient

f(s) = (set) " y(s) 9t) €V
is defined for s in ]a,b[\ {t}. It is not defined at s = . If

lim f(s)

s—1

exists, then we say that g is differentiable at t and the value of the limit is denoted ¢'(t) and called the
derivative of g at t. It is an element of V.

2.9 Distance to a Subset

DEFINITION  Let X be a metric space and let A be a non-empty subset of X. Then we may define for
every element x € X, the real number dist4(z) > 0 by

dist = inf d .
ist 4 () inf (z,a)
This is the distance from x to the subset A. We view dist4 as a mapping dist4 : X & RT,

ProPOSITION 2.23  Let X be a metric space and let A C X. Then
o disty : X &= RT is continuous.
o disty(x) =0 z € cl(4).

o dist4(x) = distea)(x) Ve e X.
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Proof. Let z1,22 € X and a € A. Then by the triangle inequality
d(zy,a) < d(zy,22) + d(z2, a).

Take infimums of both sides as @ runs over the elements of A to obtain

dist 4 (1) < d(#1, 22) + dist 4 (22). (2.12)
An exactly similar argument yields

dist 4 (22) < d(#1, 22) + dist 4 (21). (2.13)
Now we combine (2.12) and (2.13) to find that

|dist 4 (21) ©dista(z2)| < d(z1, 22), (2.14)

which asserts that dist4 is nonexpansive. The first assertion follows.

The second assertion follows directly from the definition of cl(A).

For the third assertion, it is clear that dist.a)(z) < dist4(x) since cl(A) is a (possibly) larger set than
A. It therefore remains to show that distea)(x) > dist4(z). By the definition of diste(4)(), it suffices to
take a an arbitrary point of cl(A) and show that

dist4(z) < d(a, z). (2.15)

Using the fact that a € cl(A), we see that there is a sequence (ay) of points of A converging to a. By
definition of dist4(x) we have

dist 4 (2) < d(an, x) (2.16)

But since d is a continuous function on X x X, it now follows that d(a,,z) ©— d(a,z) as n <= .
Combining this with (2.16) yields (2.15) as required. [ ]

2.10 Separability

In this text, we use the term countable to mean finite or countably infinite. Thus a set A is countable iff
it can be put in one to one correspondence with some subset of IN.

DEFINITION A metric space X is said to be separable iff it has a countable dense subset.

ExamMPLE  The real line R is a separable metric space with the standard metric because the set @ of
rational numbers is dense in R. ad

The nomenclature 1s somewhat misleading. Separability has nothing to do with separation. In fact
separability is a measure of the smallness of a metric space. Unfortunately this fact is not obvious. The
following Theorem clarifies the situation.

THEOREM 2.24  Let X be a separable metric space. Let Y be a subset of X. Then Y is separable when
considered as a metric space with the restriction metric.

Proof. Let A be a countable dense subset of X. Then it is certainly possible that ANY = 0. We
need therefore to build a subset of ¥ in a more complicated way. Let (a,) be an enumeration of A. By the
definition of disty (a,) we can deduce the existence of an element b, ; of Y such that

d(an, by 1) < disty (a,) + % (2.17)
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We will show that the set {b, x;n, k € N} is dense in Y. Towards this, let y € Y. We will show that for every
€ > 0 there exist n and k such that b, ; € U(y, €). We choose n such that d(a,,y) < %e, possible because A
is dense in X. We choose k so large that % < %e. It follows that

d(bn,kay) d(bn,kaan) + d(anay)
disty (an) + + + d(an, )
d(an,y) + £+ d(an,y)

1 1 1, _
§€—|— §€—|— z€=¢.

A CININ A

as required. [ |

Much easier is the following Theorem the proof of which we leave as an exercise.

THEOREM 2.25 Let X and Y be separable metric spaces. Then X X Y is again a separable metric space
(with the product metric).

The following result is needed in applications to measure theory.

THEOREM 2.26 In a separable metric space X, every open subset U can be written as a countable union
of open balls.

Proof. We leave the reader to prove the Theorem in case that U = X and assume henceforth that
U # X. By Theorem 2.24, the set U itself possesses a countable dense subset. Let us enumerate this subset
as (xp). We claim that

U =|JU(xn, 3distx\p(zn)). (2.18)

Obviously, the right hand side of (2.18) is contained in the left hand side. To establish the claim, we let # € U
and show that x is in the right hand member of (2.18). Let ¢ = dist x\y7(x) > 0 because of Proposition 2.23
and since X \ U is a closed set. Using the density of (z,), we may find n € N such that

d(z, ) < it. (2.19)
By (2.14), we have that
|dist x\pr () <distx\p(2n)] < d(2, ,), (2.20)
and it follows from (2.19), (2.20) and the definition of ¢ that
dist x\or (2n) > %t.

Then we have
d(z,z,) < %t = %(%t) < %distX\U(xn).

It follows that » € U(xy, %distX\U(xn)) as required. [ ]
ExaMPLE Every subset of R? is separable. a
ExaMPLE  The normed vector space £*° (page 8) is not separable. To see this, suppose that S is a dense
subset of £°. Let w = (wy) be a sequence taking the values +1. There are uncountably many such sequences

w. For each such sequence, there is a sequence s = (s,) in S such that ||s ©w|| < £. It is easy to see that
two distinct values of w necessarily lead to distinct elements of S. It follows that .S is also uncountable. O
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EXAMPLE  On the other hand, the space ¢! (page 8) is separable. Let S be the set of sequences with
rational entries eventually zero. Then S is a countable set. Given a sequence x = (z,,) in ¢! and a strictly
positive real number €, we first choose N so large that

3 Jaal < %

n>N
Let y = (yn) be the truncated sequence given by

x, 1Hn<N,

=0 ifn>AN.

Then ||z <y|li < %e. It now remains to find a slightly perturbed sequence s = (s,) € S such that
lly <s|l1 < %e. We leave this as an exercise. For more on this example see Proposition 2.29 a

2.11 Relative Topologies

We remarked on page 8 that if X is a metric space and Y is a subset of X then Y can be considered as a
metric space in its own right. From the point of view of convergent sequences, this causes no problems. The
sequences in Y that converge in Y to an element of Y are simply the sequences in Y that converge in X to
an element of Y. Of course, it is possible to have a sequence of elements of Y which converges in X to an
element of X \' Y. Such a sequence will not converge in Y.

The situation with regard to open and closed sets 1s more complicated, and certainly more difficult to
understand. A subset A of Y can be said to be open in Y or said to be open in X. These concepts are
different in general. To distinguish the difference, we sometimes say that A is relatively open when it is
an open subset of the subset Y. In general the adverb relatively is reserved for properties considered with
respect to the subset (in this case Y) rather than the whole space (in this case X). Thus when we say that
A is relatively closed, we mean that it is closed in Y. If A is relatively dense, then it is dense in Y.

Let us consider an example to illustrate the difference.

ExaMPLE Let X = R with the usual metric and ¥ = [0, 1] with the relative metric. Then the subset
A=]0, %[ of Y is not open in X because 0 € A and every neighbourhood of 0 in X contains small negative
numbers that are not in A. However 0 s an interior point of A with respect to Y. This is because
Uy (0,¢) = [0,¢][ C A provided 0 < € < % Those small negative numbers are not in ¥ and do not cause a
problem when we are considering openness in Y. The reader should ponder this point until he understands
it, because 1t is fundamental to so much that follows. In fact the subset A is open relative to Y. a

ExaMPLE Let X = R with the usual metric and ¥ = [0, 1[ with the relative metric. Then the subset
A= [%, 1[ is not closed in X, but it is closed in Y. The skeptic will immediately consider the sequence
(xn = H"T) which lies in A and “converges to 1”. This is certainly true in X, but it i1s not true that z, <— 1
in Y for the simple reason that 1 ¢ V. i

What is required is a way of understanding the open subsets of Y in terms of those of X. The following
result fills that role.

THEOREM 2.27 Let X be a metric space and let Y C X.
e A subset U of Y is open in Y iff there exists an open subset V of X such that U =V NY.

o A subset I' of Y is closed in Y iff there exists a closed subset E of X such that F = ENY.
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Proof. We work on the first statement. Let U be a subset of ¥ open in Y. By definition, for every
y € U there exists ¢, > 0 such that Uy (y,t,) C U. Now define

V= Ux(uty).
yeU

Then V is an open subset of X by Theorem 2.2 (page 11). We have

vy = [JWx(yty)nY)

= U UY(yaty)

yeu
= U,

since, for every y € U, we have y € Ux(y,ty).
Conversely, if V is open in X and y € V NY, then there exists ¢ > 0 such that Ux(y,t) C V. Then
obviously
Uy(y,t) =Ux(y,t) NY CVNY.

Thus V NY 1is a neighbourhood of each of its points in Y. In other words VNY is open in Y. This completes
the proof of the first assertion.
The second assertion follows immediately from the first and Theorem 2.5 (page 13). [ ]

ExaMPLE  Consider Y = R embedded as the real axis in X = R2 The interval ] <1, 1] is a relatively open
subset of the real axis Y. It is clearly not an open subset of R?. However, the disc

{(z,y); 2yt <1}

is open in the plane X and meets the real axis Y in precisely | <1, 1]. a

COROLLARY 2.28  We maintain the notations of the Theorem. Thus X is a metric space, Y is a subset of
X which we are considering as a metric space in its own right. Further U and F are subsets of Y

e IfU is open in X, then it is open in Y .

e IfY isopen in X and U is open in Y, then U is open in X.

e If I is closed in X, then it is closed in Y.

e IfY is closed in X and F' is closed in' Y, then F' is closed in X.

We can use relative topologies to elucidate the proof of the fact that the sequence space £' is separable
on page 27. Here there are three spaces X = ¢!, Y the set of all real sequences that are eventually zero, and
S the set of all rational sequences that are eventually zero. We have S CY C X. We show that Y is dense
in X and that S is relatively dense in Y. The density of S in X then follows from the following general
principle which might be called the transitivity of density.

PropPoOSITION 2.29  Let X be a metric space and let S CY C X. Suppose that Y is dense in X and that
S is relatively dense in Y. Then S is dense in X.

Proof. Let € > 0 and suppose that € X. Then, since Y is dense in X there exists y € Y such that

d(z,y) < %e. Now, since S is dense in Y, there exists s € S such that d(y, s) < %e. The triangle inequality
now yields d(z, s) < € as required. [ |
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THEOREM 2.30 (GLUEING THEOREM) Let X and Y be metric spaces. Let X1 and X be subsets of X
such that X = X; U Xa. Let f; : X; &= Y be continuous maps for j = 1,2. Suppose that fi and fo agree
on their overlap — explicitly

filx) = folx)  Voe XN Xy,
so that the glued mapping f : X <— Y given by

_J Ale) ifx e Xy,
f(x)_{f;(x) ifxEX;

is well defined. Suppose that one or other of the two following conditions holds.
e Both X; and X, are open in X.
e Both X and X5 are closed in X.

Then f is continuous.

Proof. Suppose that both X; and X, are open in X. We work with sequences. Let © € X and suppose
that (z,) is a sequence in X converging to x. Without loss of generality we may suppose that ¢ € Xj.
Then since X7 is open in X, the sequence (#,) is eventually in X;. Explicitly, there exists N € NN such that
z, € Xy for n > N. Since this tail of the sequence converges to « in X; and since f; 1s continuous as a
mapping from X; to V', the image sequence of the tail converges to fi(z). But this just says that (f(z,))
converges to f(z).

Let us go back and fill in the details in glorious technicolour. We define a new sequence (the tail) by
zr = ¥N4r. We claim that z; converges to ». Towards this, let ¢ > 0. Then since (z,) converges to z,
there exists M € N such that d(xz, ,) < € for n > M. Then, certainly d(z, z;) < € for k > M. This proves
the claim. Since for all &, z;, € X; and since f; is continuous on X7 we now find that (f(zx)) converges to
f(z) in X. Now we claim that (f(z,)) converges to f(z). Let € > 0. Then there exists K € N, such that
k > K implies d(f(z1), f(x)) < €. Then, for n > N + K we have d(f(zy), f(2)) = d(f(z1), f(2)) < € where
k=n<N > K as needed.

In case that X; and X, are both closed in X we use a completely different strategy, namely the char-
acterization of continuity by closed subsets in Theorem 2.8 (page 16). Let A be a closed subset of Y. We
must show that f=1(A) is closed in X. We write f=1(A4) = (f~1(A) N X1) U (f~1(A) N X3) possible since
X = X; UXs. It is enough to show that the two sets f~1(A) N X; and f~1(A) N X5 are closed in X.
Without loss of generality we need only handle the first of these. Now f='(A) N X, = f{'(A), so that, by
the continuity of f; this set 1s closed in X;. Therefore, according to the last assertion of Corollary 2.28, it
1s also closed in X since X i1s itself closed in X. |

ExaMPLE  The Glueing Theorem is used in homotopy theory. Let f and g be continuous maps from a
metric space X to a metric space Y. Then we say that f and ¢ are homotopic iff there exist a continuous
map

F:0,]]x X &Y

such that

F(0,2) = f(x) Yee X
and

F(l,z)=g(x) Yo € X.

It turns out that being homotopic is an equivalence relation. We leave the reflexivity and symmetry conditions
to be verified by the reader. We now sketch the transitivity.
Let g and & also be homotopic. Then there is (with slight change in notation) a continuous mapping

G: [L2]x X &Y
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such that

G(l,z) = g(x) Ve e X
and

G(2,2) = h(x) Ve e X.

Since the subsets [0,1] x X and [1,2] x X are closed in [0,2] x X, the mappings F' and G can be glued
together to make a continuous mapping

H:[0,2]x X &Y

such that
H(0,2) = f(x) Ve e X
and
H(2,2) = h(x) Yo € X.
It follows that f and A are homotopic. a

2.12 Uniform Continuity

For many purposes, continuity of mappings is not enough. The following strong form of continuity is often
needed.

DEFINITION  Let X and Y be metric spaces and let f : X <— Y. Then we say that f is uniformly
continuous iff for all ¢ > 0 there exists 6 > 0 such that

1,22 € X, dx(wy,22) < 6 = dy (f(z1), f(z2)) < e. (2.21)

In the definition of continuity, the number 6 is allowed to depend on the point x; as well as e.

ExaMPLE  The function f(z) = 2? is continuous, but not uniformly continuous as a mapping f : R <— R.
Certainly the identity mapping x <— « is continuous because it is an isometry. So f, which is the pointwise
product of the identity mapping with itself is also continuous. We now show that f is not uniformly
continuous. Let us take ¢ = 1. Then, we must show that for all § > 0 there exist points x; and x5 with
|y ©xo| < 6, but |2 ©ad| > 1. Let us take z5 = x <16 and #; = o + 16. Then

v srd = (21 ©w2)(w1 + 22) = 26.
It remains to choose = §~! to complete the argument. ad

EXAaMPLE  Any function satisfying a Lipschitz condition (page 17) is uniformly continuous. Let X and YV
be metric spaces. Let f: X ©— Y with constant C. Then

dy (f(z1), f(22)) < Cdx(z1,22) Ve, 22 € X.

Given ¢ > 0 it suffices to choose § = C'~te > 0 in order for dx(x1,x2) < & to imply dy (f(x1), f(z2)) < e. O

It should be noted that one cannot determine (in general) if a mapping is uniformly continuous from a
knowledge only of the open subsets of X and Y. Thus, uniform continuity is not a topological property. It
depends upon other aspects of the metrics involved.
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In order to clarify the concept of uniform continuity and for other purposes, one introduces the modulus
of continuity w; of a function f. Suppose that f: X <— Y. Then w¢(t) is defined for ¢t > 0 by

wi(t) = sup{dy (f(z1), f(22)); 21,22 € X, dx (21, 22) <t} (2.22)
It is easy to see that the uniform continuity of f is equivalent to
Ve>0, 36 >0suchthat 0 <t <§ = ws(t)<e.

We observe that ws(0) = 0 and regard w; : Rt <3~ R*. Then the uniform continuity of f is also equivalent
to the continuity of w; at 0.

2.13 Subsequences

Subsequences are used extensively in analysis. Some advanced metric space concepts such as compactness
can be handled quite nicely using subsequences. We start by defining a subsequence of the sequence of
natural numbers.

DEFINITION A sequence (ny) of natural numbers is called a natural subsequence if n;, < np41 for all

ke N.
Since ny > 1, a straightforward induction argument yields that nj > & for all £ € N.

DEFINITION  Let (2y,) be a sequence of elements of a set X. A subsequence of (x,,) Iis a sequence (y;,) of
elements of X given by

Yk = T,
where (ny) is a natural subsequence.

The key result about subsequences is very easy and 1s left as an exercise for the reader.

LEMMA 2.31  Let (#,) be a sequence in a metric space X converging to an element € X. Then any
subsequence (%, ) also converges to x.

One way of showing that a sequence fails to converge is to find two convergent subsequences with different
limits. Indeed, this idea can also be turned around. One way of showing that two sequences converge to
the same limit is to build a new sequence that possesses both of the given sequences as subsequences. It is
then enough to establish the convergence of the new sequence. This idea will be used in our discussion of
completeness.
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3

A Metric Space Miscellany

In this chapter we introduce some topics from metric spaces that are slightly out of the mainstream and
which can be tackled with the rather meagre knowledge of the subject that we have amassed up to this
point. This chapter is primarily intended to enrich the material presented thus far.

3.1 The p-norms on R"

Let 1 < p < co. We define
1
P

n
(21, en)llp = | D ll”
ji=1

Our aim is to show that || ||, is a norm. It is easy to verify all the conditions defining a norm except the
last one — the subadditivity condition.
In case that p = oo we use (1.1) to define || ||oo. This fits into the scheme in that

n .
rl?zafdxﬂ = pllinoo ||(l‘1, cee xn)Hp'

Let 1 < p < co. Then we define p’ = 1% the conjugate index of p. In case p = 1 we take p/ = oo, and
in case p = oo we take p’ = 1. We have

p p

so that the relationship between index and conjugate index i1s symmetric.

ProrosIiTION 3.1 (HOLDER’s INEQUALITY) Forx,y € C* we have

1> iyl < llellp [yl (3.1)
ji=1

If p=1 or p= oo, Holder’s Inequality is easy to verify. In the general case we use the following lemma.

LEMMA 3.2 Let x > 0 andy > 0. Let 1 < p < oo and let p' be the conjugate index of p, so that
1< p < oo. Then

ry < —xf + —yFf . (3.2)
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Proof. First of all, if = 0 or y = 0 the inequality is obvious. We therefore assume that > 0 and
y > 0.

1 1
Next, observe that if ¢ > 0 and we replace « by ¢ 2 and y by t?"y in (3.2) then since zl? + 1% =1,(3.2)

is multiplied by ¢ and its content is unchanged. Choosing ¢ appropriately (in fact with ¢ = y_pl), we can
assume without loss of generality that y = 1. The problem is now reduced to one-variable calculus.
Let us define a function f on ]0, co[ by

1 1
fla) = 2P o+ —.
(z) 5 o
Taking the derivative of f we obtain
fl(z) =2t 1.
Since p > 1 this leads to
flle) > 0 ifz>1, (3.3)
ff(z) < 0 if e <1. (3.4)
It follows from (3.3), (3.4) and the Mean-Value Theorem that
f@) > f) e, (35)

f@) > f) ife<l
Since f(1) =0, (3.5) and (3.6) lead to
fx)>0 V&> (3.7)

But (3.7) is equivalent to (3.2) in the case y = 1, completing the proof of Lemma 3.2. [ ]

Proof of Hélder’s Inequality. We first suppose that ||z]|, = 1 and ||y||,» = 1. Then, by multiple
applications of Lemma 3.2 we have

n

D> xiyl <D Nyl
j=1 ji=1
"1 1 ;
< S Sal+ Syl
—'p P
J
1 1 )
= ;||$||§+17||y||§f
1 1
= -4+ —=1. 3.8
p P (38

For the general case, we first observe that if ||z]|, = 0, then 2 = 0 and the result is straightforward. We may
assume that ||J:||p > 0 and similarly that ||y||,» > 0. Then, applying (3.8) with x replaced by ||x||171x and y
replaced by ||y|| Y, we obtaln

| <1.
Z IIrIIp IIyIIp

Finally, multiplying by ||||,||y||, yields Hélder’s inequality. [ ]
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THEOREM 3.3 (MINKOWSKI’S INEQUALITY) Let 1 <p < oo and #,y € R™. Then

12+ yllp < [l2flp + llvll» (3.9)

holds.

Proof. The result is easy if p = 1 or if p = co. We therefore suppose that 1 < p < co. We have

n
e+l = > e +yl

ji=1

n

= D lw+ylla + oyl

ji=1
n
> il + [y Dl + il

ji=1

= D lajlley +y P D Lyl + oyl (3.10)

j=1 ji=1

IN

The key is to apply Holder’s inequality to each of the two sums in (3.10). We have

> lajlley 4yt >l > a4y [TV

j=1 j=1 j=1
el lp | + w5 (3.11)

IN

since p'(p<1) = p and 1% =(p @1)11—). Similarly

n

D sl +yi P < lyllpllz + llp (3.12)
ji=1

Combining now (3.10), (3.11) and (3.12), we obtain
e+ wlly < (flly + Nyl +yllb™ (3.13)

Now if ||z + y||, = 0 we have the conclusion (3.9). If not, then it is legitimate to divide (3.13) by ||z + y||£_1
and again the conclusion follows. [ ]

The p-norms are used most frequently in the cases p = 1, p = 2 and p = co. The case p = 2 is special
in that the 2-norm is the FEuclidean norm which arises from an inner product. In particular the standard
Cauchy-Schwarz inequality

Sl < 3P (zw)
k=1

j=1 k=1

is just the case p = 2 of Holder’s Inequality (3.1).
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3.2 Minkowski’s Inequality and convexity

The proof of Theorem 3.9 is really very slick. However, it is not easy to understand the motivating forces
behind the proof. We have seen in Theorem 1.3 (which relates to the line condition) that the subadditivity of
a norm 1s related to convexity. If there 1s justice, it should be possible to understand Minkowski’s Inequality
as a convexity inequality. This is the purpose of this section.

DEFINITION  Let a < b and suppose that f :]a,b[ <— R. Then we say that f is convex, or more precisely
a convex function iff it satisfies the inequality

Fl(let)ey +tas) < (L ot) f(x1) +tf(x2)

for all #1, x5 € Ja, b[ and for all t satisfying 0 <1 < 1.

The rationale for this definition and one way in which 1t relates to convex sets is that f is a convex
function iff the region
{(xr,y);a<az <by> flx)}

lying above the graph of f is a convex subset of the plane R?.
The connection with norms is also clear. If || || is a norm on a real vector space V' then the function

F(t) = llor + too]

i1s convex on R for every fixed vy and vy in V. This result has a converse.

LEMMA 3.4 Let || || be a quantity defined on a real vector space V' and such that the first three conditions
of the definition of a norm hold. Suppose that

F(t) = ||or + tos]| (3.14)

is convex on R for every fixed vy and va in V. Then || || satisfies the fourth condition and in consequence is
anormon V.

Proof. Let u; and us be elements of V. We must show that
llur + sl < fJua|| + [Juz|.

Towards this we write v; = %(ul + uz) and vy = %(ul <ug). Then using the fact that the function f in
(3.14) is convex, we have

15(u1 +us)ll = £(0) < 5(F(&1) + f(1) = 5([[ual] + [Juzl])-
The desired result now follows from the homogeneity of || ||. ]

The next step is to understand convex functions using differential calculus. The precise statement of the
result depends on the degree of smoothness of the function. In fact, convex functions necessarily have a
certain degree of regularity, but this issue is beyond the scope of this discussion.

THEOREM 3.5  Let a < b and suppose that f :]a,b[ < R. Then we have
o If f is differentiable, then f is convex on |a,b[ iff f' is increasing (in the wide sense) on ]a, b].

o If [ is twice differentiable, then f is convex on |a,b[ il f" is nonnegative on |a, b].
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Proof. Tt is enough to prove the first statement. First, we assume that f’ is increasing in the wide sense
on la, b[. Then, using the Mean Value Theorem we have

lot)fler) +tf(x) S f((1 t)ey + tas)

(21) S f((1 o)1 + t22)) + 1(f(22) S f((1 St)a1 + tas))

1 o) f (&) ©t(1 ot)(x1 Swa) f(€2) (3.15)
2y <) (f (&) & f (€2))

—~
S~y

2

(l
O N N S S

(3.16)

where in (3.15) &; is between (1 <t)zy + to2 and 21, and &3 is between z2 and (1 <)x; + txs. The crucial
point is that the two quantities z1 <>xs and & <&> have the same sign. Together with the fact that f is
increasing in the wide sense, this justifies (3.16). This result is often called Jensen’s Inequality.

Conversely, suppose that f is convex on ]a,b[. Let

a<a <xy<b (3.17)

and suppose that 0 < ¢ < (22 <1). Now let

Ty o &1
Ty =T

a number that satisfies 0 < s <1 and is defined so that

1+t = (los)r + ses (3.18)
2ot = sz +(los)es (3.19)

Applying the convexity of f to (3.18) and (3.19) yields

fler+t) < (Les)f(e)+sf(xa)
fleaot) < sf(z)+ (1 <s)f(x2)

which combine to give
fler + )+ flea o) < fler) + fz2). (3.20)
But (3.20) can be rewritten in the form

fler +t) o f(x1) < flz2) & f(x @t).
it - it

Passing to the limit as ¢t — 0 we find that f/(#1) < f/(22). Since z; and zy are arbitrary points satisfying
(3.17) we see that f’ is increasing in the wide sense. ]

In theory, our plan should now be to use Lemma 3.4 and Theorem 3.5 to establish the Minkowski
Inequality. However, in order to succeed, we will need to get at the second derivative and unfortunately for
1 < p < 2 the function

n 1
to— > |z +ty; [P}
ji=1

is not twice differentiable. To avoid this problem, we realise that it is enough to establish

S =
"3
3
"3

n

> ()

ji=1

IN

Zx§ +3> (3.21)

ji=1
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in the case that z;,y; > 0. Indeed, by continuity, it will be enough to prove (3.21) in the case z;,y; > 0.
For this, it suffices to establish that f/(0) > 0 where

S =

n

F(O) = D ()

ji=1

supposing that z; > 0 and y; € R. The proof of this fact follows that of Lemma 3.4. We leave the details to
the reader.
This is much better because f is twice differentiable in a neighbourhood of 0. To aid calculations, let us

set
n

F0) = ()7, oty =3 (s + 1)

Then )
ity = %{g<t>}%‘1g’<t>,

ro = 1 (; @1) ()0 + 2 o0} "0

When the derivatives of ¢ are calculated, the condition f(0) > 0 finally boils down to

2
n n n
p p—2,2 p—1
POE AR DI R TR OB 7
j=1 ji=1 j=1

which is true in light of

n n

ZZ(l‘jyk @xkyj)zxi?_zxz_z > 0.

j=1%k=1

Again, we leave the details to the reader.

3.3 The sequence spaces

DEFINITION  Let 1 < p < co. The the space {7 is the vector space of all real sequences (xy) for which the
expression

1Czllp = (Z kal”) ) (3.22)

keN
is finite. The vector space operations on (P are defined coordinatewise. Thus
(te + sy)i = tey + syp kel
where = (x1,) and y = (yi) are given elements of ## and t and s are reals.

Unfortunately, it is not immediately obvious that ¢ is a vector space, nor is it clear that (3.22) defines
a genuine norm.
To see that ¢ is a vector space, we first invoke Minkowski’s Inequality (3.9) in the form

1 1 1
n P n P n P
(z - |p) <1 (z mv’) s (z |yk|p) (3.23)
k=1 k=1 k=1
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Assuming that z, y in ¢ and bounding the right hand side of (3.23) we obtain

1
n 4
(Z |tl‘k+5yk|p) < tlll=llp + Islllyllp (3.24)
k=1

for all n € N. Letting now n tend to oo on the left in (3.24) we find

1tz + syllp < [tlll[lp + [s][yllp-

since the left hand side of (3.24) increases with n. This shows simultaneously that ¢ is a vector space and
that (3.22) defines a norm on .
We would next like to establish the sequence space version of Holder’s Inequality. First, use (3.1) in the

form
1

ol

1
n n P n P
S sl < (3 losp (DW) |
j=1 j=1 k=1

Again, let n tend to co on the right to obtain

n
Dty < llllollyll

ji=1

Letting n tend to infinity on the left, we again obtain an increasing limit

oQ
D lziyil < llzllpllylly-
j=1

Finally this gives

(o]
> sl < Nl ol (3.25)
Jj=1
the sequence space version of Holder’s Inequality.

We leave the reader to check two points. Firstly, 2 is an inner product space under
(o]
(), (i) =D @y
ji=1

The norm associated to this inner product is just the £? norm. Secondly, the space ¢ is separable for
1<p <.

3.4 Premetrics

Some examples of Metric Spaces stem naturally from the concept of a premetric.

DEFINITION A premetric function on a set X is a function p : X x X < [0, 00] such that
o plz,z)=0 Ve e X.
o px,y) >0 Yo,y € X such that x # y.

o plz,y)=ply,z) Ve,yeX.
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We think of p(x, y) as the cost of moving from # to y in a single step. If it is impossible to move from x
to y in a single step, this cost 1s infinite. A path from z to y is a finite chain # = @1, 29, ..., 2n_1, 2, = ¥y
such that each link in the chain can be achieved in a single step, that is

ple;,zj41) < 00 Vi=1,2,... nel.

The metric is then defined by
n—1
d(z,y) =inf > p(a;, zj41) (3.26)
j=1

where the infimum is taken over all paths from # to y. The metric function d then automatically satisfies
the triangle inequality. However two remaining conditions have to be checked.

e For all  and y in X there must be some path from # to y in which each link has finite cost.

e It remains to be checked that d(z,y) = 0 implies that # = y. This may not be easy. It may be possible
for a path from # to y with many links of very small cost to have arbitrarily small total cost.
EXAMPLE  Let X be the set of finite character strings on a finite alphabet, say the lower case letters “a”
through “z”. We say that two strings ¢ and s are adjacent iff one can be transformed into the other by one
of the following operations (which simulate typing errors).

e Deletion of a single character anywhere in the string.

e Insertion of a single character anywhere in the string.

e Replacement of one character in the string by some other character.
e Transposition of two adjacent characters in the string.

We define p(s,t) = 0if s = ¢, p(s,t) = 1 if s and ¢ are adjacent and p(s,f) = oo in all other cases. Then
(3.26) defines an integer valued metric on X. O

EXAMPLE A more general example relates to an undirected graph with (possibly infinite) vertex set V
and edge set E. We assume that each edge e € E has a “weight” w, > 0 attached to it. The we can define
a premetric function
pv (u,v) = {w{u’v} if {u, v} €E,
00 otherwise.
Let us assume that the graph is connected in the sense that any two vertices can be linked by a finite path
(chain of edges). Then it is clear that the function dy defined by (3.26) is everywhere finite.

The function dy may fail to be a metric on V' however. Consider a graph with vertices z, y and z;; for
J=1,... k<l and k € N. The edges are {«, y} corresponding to k = 1, {&, 221} and {221, y} corresponding
to k =2, {x, 231}, {231, 232} and {z35,y} corresponding to k = 3 and so forth. Let the edges corresponding
to a given value of k have weight k=2. The it is clear that dy(z,y) = 0 in spite of the fact that x # y since
for each k € N there is a path from z to y having k links each with weight k=2 for a total cost of k1.

Nevertheless, there will also be many cases in which dy is a genuine metric. a

EXAMPLE A more interesting example relates to this last example in case that dy does define a metric.
We construct a set X by “joining with a line segment” any two vertices that are linked by an edge. Thus
each edge of the graph is “replaced” by a line segment and these line segments are “glued together” at the
vertices. The descriptive notation

tu) + (1 eh)  ({uv} e B tel01) (3.27)
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specifies a typical point of X. The “scalar multiplications” and + in this expression are purely symbolic and
in no way represent algebraic operations. It is also understood that the expression (1<¢)(v)+t{u) represents
exactly the same point as in (3.27). The point 1{v) + 0(u) represents the vertex v and is independent of w.

A premetric function will now be defined using the same weights w, > 0 of the previous example.
Two points can be joined in a single step if they lie on a common segment. Supposing that this segment
corresponds to the edge e = {u, v}, we set

p(t{u) + (1 t){(v), s{u) + (1 s){v)) = we|t &s|

for such points. In all other cases we set p(z,y) = co. We assume as before that the graph is connected in
the sense that any two vertices can be linked by a finite path. Then it i1s clear that the metric dx defined
by (3.26) is everywhere finite. It remains to show that

dx(z,y) =0 - r=y.
Consider a path from z to y
T=X1,%2,. ., By 1, Ty =Y (3.28)

such that each link in the chain can be achieved in a single step. We claim that we can find a chain
r=£,8,...,& = y at least as efficient as (3.28) and such that &, ...,&;_1 are vertex points and all the
points in the path are distinct. Typically the path (3.28) will pass through several vertex points. Let us
suppose that x, and z,, are vertex points and that none of the intervening points z,41,...,2m_1 are vertex
points. Then these intervening points necessarily lie on the same segment and it follows from the extended
triangle inequality for [0, 1] that it is at least as efficient to remove them. In this way we obtain a path
x = &1,&,...,& = y in which &, ...,&,_1 are vertex points. If a vertex appears twice in this path, for
instance if £, = &, with p < ¢, then we can obtain a more efficient path by omitting the points {,41,...,&,.
We repeat this procedure until all the vertex points in the path are distinct.

At this point, it is clear that if # and y are vertex points then we have dx(z,y) = dv(z,y). Furthermore
we can calculate dx completely from dy-. Let = t{u) + (1 <t)(v) and y = s{z) + (1 <s){w) corresponding
to distinct edges e and f respectively. Then dx(z,y) is the minimum of the four quantities

(1 etw. + (1 ©s)wy +dv(u, z),
twe + (1 ©s)wy + dv (v, z),

(1 &t)w. + swy + dv(u, w),

twe + swy + dv (v, w).

If 2 = t{u) + (1 ©){v) and y = s{u) + (1 <s){v) lie on the same segment corresponding to the edge e and
we assume without loss of generality that ¢ < s, then dx(#,y) is the minimum of the two quantities

(1+tes)w. +dyv(u,v)
(s ©t)we

In particular one can verify that dx(z,y) = 0 implies z = y. a

EXAMPLE  One particular example based on the previous one will be needed for a counterexample later in
these notes. Let S be any set. Form a graph with vertex set V' = S U {¢} where ¢ is a special vertex called
the centre. The edges of the graph all have the form {e¢, s} where s € S and they all have unit weight. The
corresponding space X 1s the star space based on S. In this case dx is a metric.

The metric dx can be described colloquially as follows. If two points lie on the same segment, the distance
between them is the standard linear distance along the segment. If two points lie on different segments, then
the distance between them is the linear distance of the first to the centre plus the linear distance of the
second to the centre. ad
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FIGURE 3: A typical star space.

3.5 Operator Norms

In this section we study continuous linear mappings between two normed vector spaces.
THEOREM 3.6 Let U and V be normed vector spaces. Let T' be a linear mapping from U to V. Then the
following are equivalent.

e T' is continuous from U to V.

e T is continuous at Oy .

e I' is uniformly continuous from U to V.

o There exists a constant C such that ||T(u)||v < C||u|ly for all w € U.

Proof. We show that the fourth condition implies the third. In the fourth condition we replace u
by u; < us where u; and wus are arbitrary elements of UU. Then, using the linearity of 7" in the form
T(uy <us) = T(uy) T (uz) we see that the Lipschitz condition (page 17)

IT(u1) ST (u2)llv < Cllur Susllo

holds. Thus 7T is uniformly continuous.

It is easy to see that the third condition implies the first, and the first condition implies the second.

It remains only to show that the second condition implies the fourth. For this we take ¢ = 1 in the
definition of the continuity of 7" at 0yr. There exists § > 0 such that

[|lw||lo <& = ||T(w)|lv < 1. (3.29)

We take C' = 26~'. Then for v € U let w = tu where t = %6||u||_1. Then ||uw|| = %6 < § and 1t follows from
(3.29) that [|7(w)|lv < 1 or equivalently ||7'(u)|ly < 267 |ul| < Clu]|. ]

Sometimes a continuous linear mapping is described as bounded linear. This is a different use of the
word “bounded” from the one we have already met — bounded linear maps are not bounded in the metric
space sense. Care 1s needed to make the correct interpretation of the word. We shall make use of the term
continuous linear instead.

The space of all continuous linear maps from U to V is denoted CL(U, V). For T € CL(U, V) we define

Tecw, vy = ||S1|TE1 7' (w)]]. (3.30)
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It is an exercise to show that (3.30) defines a norm on CL(U,V) called the operator norm. A most
particular case arises when U is finite dimensional. It then turns out that all linear mappings from U to
V are continuous linear and we can view (3.30) as defining a norm on the space £(U, V) of all such linear
maps. This fact is by no means obvious and can be obtained as a consequence of Corollary 5.17 on page 71.

If U, V and W are all normed spaces, T € CL(U,V) and S € CL(V, W) then it is easy to see that
IS o T < (IS

where all the norms are the appropriate operator norms. A particular case that is often used arises when all
the space are equal. If T'€ CL(U,U) then

Il < T vn e . (3.31)

In particular the operator norm of the identity map I is unity. This is the case n = 0 in (3.31).
Operator norms are in general difficult to compute explicitly. When the underlying norms are Euclidean,
the following result from linear algebra helps.

THEOREM 3.7 (SINGULAR VALUE DECOMPOSITION THEOREM) Let A be a real m x n matrix. Then
there exist orthogonal matrices U and V of shapes m x m and n x n respectively such that A = UBV
and B satisfies bjpy = 0 if j # k. Further the diagonal values b;; for j = 1,2, ..., min(m, n) may be taken
nonnegative. They are called the singular values of A. Any two such decompositions yield the same
singular values up to rearrangement.

If T:R” &= R™is given by

n

(Ta)i =Y aijz;

ji=1
and the norms taken on R™ and R™ are the Euclidean norms, then the operator norm of 7" is seen to be the
largest singular value of the m x n matrix A. We leave the proof to the reader.

3.6 Continuous Linear Forms

If V is a normed real vector space, then it has a dual space, V*, the linear space of all linear mappings
from V to R. If V is finite dimensional, then «l! linear forms on V are continuous (this fact is not obvious
and can be obtained from Corollary 5.17). If V' is infinite dimensional, then one may have linear forms that
are not continuous.

EXAMPLE  Let F' be the linear subspace of ¢! of finitely supported sequences (x,). A sequence is finitely
supported if it satisfies the criterion

AN € N such that (z, =0 Vn > N).

Then F is a normed vector space with the norm restricted from £'. The form ¢ given by
n=1

is a perfectly good linear form on F'. Note that the sum in (3.32) is in fact a finite sum, even though it
is written as an infinite one. This ensures that ¢ is everywhere defined in F. Clearly ¢(e,) = n while
[len|ler = 1 so that ¢ is not continuous on F. O
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ExaMPLE Finding a discontinuous linear form on #' itself is considerably more difficult. Let ¢, denote
the sequence in ¢! that has a 1 in the n-th place and 0 everywhere else. Consider the set {e;,es,...}. This
set is linearly independent in ¢'. It is not however a spanning set. In fact its linear span is just the set F
of the previous example. According to the basis extension theorem for linear spaces; we may extend it to
a basis of ¢! with {f4;a € I}, where I is some index set. It needs to be said that linear bases in infinite
dimensional spaces are strange things — one needs to be able to write every vector in the space as a finite
linear combination of basis vectors. So strange in fact that the Axiom of Choice is normally used in order
to show the existence of {f,;a € I'}. Indeed, nobody has ever written down an ezplicit example of such a
set! Let f be one of these f,’s. Then we define the form @ as the mapping that takes an element of £' to the
coefficient of f in its corresponding basis representation. We will show that & fails to be continuous. Indeed,
@ vanishes on F', because the basis representation of an element (z,) of F' is just the finite sum

(o)
(xn) = Z Tpep.
n=1

The term in f is not required and the corresponding coefficient is zero. Since F is a dense subset of £!, it
follows from Proposition 2.20, that if ¢ were continuous then § would be identically zero. But 6(f) = 1 so
this 1s not possible. a

The space V'’ of continuous linear forms on a normed vector space V has a natural norm, namely the
operator norm (using | | as a norm on R).

llellv: = sup [p(v)]. (3.33)
l[ollv<t

A most interesting situation develops in the case that V is finite dimensional and V' = V*. Here, since
V* is itself again finite dimensional, the second dual V" = V** and it is well known that V** and V are
naturally isomorphic. This allows us to construct a second dual norm on V. The following result asserts
that this second dual norm is identical to the original norm on V.

ProproSITION 3.8 Let V be a finite dimensional real normed vector space. Let v € V. Then

o]l = sup [p(v)]. (3.34)
lellv <1

This Proposition will be obtained as a consequence of the following Theorem, the proof of which will be
given later (on page 94).

THEOREM 3.9 (SEPARATION THEOREM FOR CONVEX SETS) Let C' be an open convex subset of V a
finite dimensional real normed vector space. Let v € V' \ C'. Then there exists a linear form ¢ on V such
that ¢(c) < p(v) for all c € C.

Geometrically, the conclusion of Theorem 3.9 asserts that the convex set C' lies entirely in the open
halfspace

{u;ue Vi p(u) < p(v)}
whose boundary is the affine hyperplane

M = {u;u €V, p(u) = p(v)}.
Proof of Proposition 3.8.  Clearly we have

sup_|p(v)| < Jofl- (3.35)
lellvs<1
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If equality does not hold in (3.35), then after renormalizing we can suppose that there exists v € V such
that ||v|] = 1 while |p(v)| < [l¢]|lv for all ¢ € V. Now let C' = {e;¢ € V) ||e|| < 1} the open unit ball of
V. Clearly C' is an open convex subset of V. Also v ¢ C. Hence, by the Separation Theorem, there exists
¢ € V' such that 6(c) < 0(v) for all ¢ € C'. But since ¢ € C implies that <e € C' we can also write

|6(c)] < 6(v) Yee C.
It now follows that ||f||v+ < @(v). Finally this yields
161y < 6(v) < [6(v)] < [|6]]v7,

the required contradiction. [ |

3.7 Equivalent Metrics

There are various notions of equivalence for metrics on a set X. The standard definition follows.

DEFINITION  Let X be a set and suppose that dy and ds are two metrics on X. Then d; and dy are said
to be metrically equivalent if there exist constants Cy and Cy with 0 < O < oo for j = 1,2 such that

Crdy(z1, 22) < do(1, 22) < Codq (1, 22)
for all w1, x5 € X.

We leave the reader to show that metric equivalence is an equivalence relation. This is the strongest form
of equivalence. Some authors call this uniform equivalence, but in these notes we reserve this terminology
for a concept to be defined shortly. Metric equivalence is not very useful, except in the case of normed spaces
where there is really only one form of equivalence and we drop the adverb metrically.

DEFINITION  Let V' be a vector space over R or C. Then two norms || ||, and || ||2 are equivalent iff there
exist strictly positive constants C7 and C5 such that

Cillvllr < ollz < ool
forallveV.

In the metric space context there are much more interesting forms of equivalence that preserve underlying
properties.

DEFINITION  Let X be a set and suppose that dy and ds are two metrics on X. Then d; and dy are said
to be topologically equivalent iff the metric spaces (X, dy) and (X, ds) have the same open sets.

It is clear from the definition that topological equivalence is an equivalence relation. There 1s a more
subtle way of rephrasing the definition. Two metrics d; and ds are topologically equivalent iff the identity
mapping Ix on X is continuous as a mapping from (X, d;) to (X, dz) and also from (X, ds) to (X, dy). This
makes it clear that one could also say that two metrics are topologically equivalent iff they have the same
convergent sequences. There are many other equivalent formulations.

This idea also suggests the final form of equivalence.

DEFINITION  Let X be a set and suppose that dy and ds are two metrics on X. Then d; and dy are said

to be uniformly equivalent iff the identity mapping Ix on X is uniformly continuous as a mapping from
(X,dy1) to (X,d2) and also as a map from (X, ds) to (X,dy).

Metric equivalence implies uniform equivalence and uniform equivalence implies topological equivalence.
For normed spaces, all three forms of equivalence are the same. This follows immediately from Theo-
rem 3.6.
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ExaMPLE On R consider
L4 d1($,y = |IC}>y|

)
o day(x,y) = 2|z oyl

o ds(z,y) = arctan(|z <y|).

o dy(x,y) = |arctan(z) <arctan(y)|.

It is not immediately obvious that d3 is a metric. To see this, one needs to establish
arctan(z + y) < arctan z + arctan y (3.36)

for x,y > 0. Let ¢ = arctanx and s = arctany. Then in case that ¢ +s > T, (3.36) is obvious. Thus, we
may assume that ¢,s > 0 and that { + s < 5. We need to show that

tant + tan s < tan(t + s). (3.37)

But (3.37) follows from the trig identity

tant 4+ tans

t it =
an(t + 5) 1 &tanttans’

and the observation that 1 > 1 <tanttans > 0 since t + s < 7.

It is immediately obvious that dy,d> and ds are metrics on R. It is straightforward to show that dy
and do are metrically equivalent, that d; and d3 are uniformly equivalent, but not metrically equivalent and
finally that d; and d4 are topologically equivalent but not uniformly equivalent. a

3.8 The Abstract Cantor Set

Consider X; to be a copy of the two point space {0,1} for j =1,2,3,.... To define the abstract Cantor set
X we simply consider
(o]
x=1Jx;,
ji=1

the infinite product of the X;. In effect, a point # of X is a sequence # = (x;) with z; € {0,1} for
j=1,2,3 ...

Next, we define a metric on X. We want entries far up the sequence to have less weight than entries near
the beginning of the sequence, so we define

d((z;), (y5)) = 22_”%’ <5l

Observe that since |z; ;| < 2, the series always converges. The use of the weights 277 is somewhat
arbitrary here. It is routine to verify that d defines a metric on X. It will be observed that convergence
in (X,d) is coordinatewise or pointwise convergence. The case is somewhat special here because two
coordinates either agree or differ by 1.

We see that if (z;) and (y;) agree in the first k coordinates, then d((z;),(y;)) < 27%. Conversely, if
d((x;), (y;)) < 27F then (z;) and (y;) agree in the first k <1 coordinates.

The mapping « : X <— R given by

al(a;)) =2)_ 37,
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maps X onto the standard Cantor set in IR. The metric
di((25), (y7) = la(z) Sa(y)| =2) 1377 (z; Sy)l.
ji=1
on X reflects the standard metric on R through the mapping a. For k& an integer with say & > 3 it is easy

to show that

d(z,y) < o= (k+1) o di(z,y) < 3=k
and
di(z,y) < 3=+ — d(x,y) < 27%.

It follows that d and d; are uniformly equivalent metrics on X.

3.9 The Quotient Norm

Let V be a normed vector space and let N be a closed linear subspace. Then we can consider the quotient
space ) = V/N. This is a new linear space with a complicated definition highly unpopular with students.
One starts by defining a relation ~ on V' by

V]~ Vg f=4 v] <9 € N,

Here v1, vy denote elements of V. One verifies that ~ is an equivalence relation on V. There is then a
quotient space @ and a canonical projection 7,

TV &= Q.

It is now possible to show that ) can be given the structure of a linear space in such a way that 7 is a linear
mapping. In addition one has that ker(7) = N.
We now define a norm on ) known as the quotient norm by

lalle = _inf lollv, (3.38)
m(v)=¢

for ¢ € @. The infimum is taken over all elements v € V such that 7(v) = ¢. It is more or less obvious that
[| |lg is homogenous.

To show the subadditivity of the norm, we argue by contradiction. Suppose that there exists € > 0,
q1, g2 € @ such that

llgr + q2ll = lgall + llgzl] + 3e. (3.39)
Then using the definition (3.38), we can find vy, v2 € V such that 7(v;) = ¢; and
lvjllv < llgjll + €,
for j = 1,2. Obviously, m(v1 + v2) = ¢1 + ¢2 so that
llar + gzl < [loall + [val| < Nlgul] + [lgall + 2¢.

This contradiction with (3.39) establishes the subadditivity.

There is one final detail that requires a little proof. Suppose that ¢ € @) and that ||¢||o = 0. Then, using
(3.38) we can find a sequence (v;) of elements of V with w(v;) = ¢ for j = 1,2,... and ||v;|| tending to zero.
Clearly v; ©— Oy and hence (v1 ©vj) < v1. Since (v1 <wv;) € N and since N is supposed to be closed in
V', we conclude that v; € N and consequently that ¢ = Oq.
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Some nice points lie outside our present reach since they depend on compactness. If V is finite dimensional
then any linear subspace N of V is necessarily closed. Furthermore, in this case, the infimum of (3.38) is
necessarily attained. A consequence is that the unit ball of @ is just the direct image by 7 of the unit ball
of V. In the finite dimensional case, this gives a geometric way of understanding the quotient norm.

It should be pointed out that one can try to define general quotient metrics in much that same way, but

the issues are much more problematic. If
7 X &= Q.

is a quotienting of a metric space X we can define

do(qi,q2) = inf  dx(zi,29)
T(w1)=q1

T(w2)=q2

but only under very stringent additional assumptions will this define a metric on @.
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4

Completeness

In this chapter we will assume that the reader is familiar with the completeness of R. Usually R is defined as
the unique order-complete totally ordered field. The order completeness postulate i1s that every subset B of
R which is bounded above possesses a least upper bound (or supremum). From this the metric completeness
of R is deduced. Metric completeness i1s formulated in terms of the convergence of Cauchy sequences. It is
true that in making the link between the two for IR, one uses the Bolzano—Weierstrass Theorem which is a
form of compactness. Nevertheless, we believe that for metric spaces, completeness is a more fundamental
concept than compactness and should be treated first.

DEFINITION  Let X be a metric space. Let (x,) be a sequence in X. Then (z,) is a Cauchy sequence
iff for every number € > 0, there exists N € N such that

p,g> N = d(z,, zq) < €.

LEMMA 4.1  Every convergent sequence is Cauchy.
Proof. Let X be a metric space. Let (z,) be a sequence in X converging to # € X. Then given € > 0,
there exists N € N such that d(z,,z) < %e for n > N. Thus for p,q > N the triangle inequality gives
d(zp, zy) < d(2p, ) +d(x,24) < $e+ 56 = €.
Hence (z,) is Cauchy. ]

The Cauchy condition on a sequence says that the diameters of the successive tails of the sequence
converge to zero. One feels that this is almost equivalent to convergence except that no limit is explicitly
mentioned. Sometimes, Cauchy sequences fail to converge because the “would be limit” is not in the space.
It is the existence of such “gaps” in the space that prevent it from being complete.

DEeFINITION  Let X be a metric space. Then X is complete iff every Cauchy sequence in X converges in
X.

ExamMPLE  The real line R is complete. a

ExAMPLE  The set QQ of rational numbers is not complete. Consider the sequence defined inductively by

1 2
z1 =2 and xn+1:§<xn—|——), n=12.... (4.1)

Ln
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Then one can show that (z,) converges to /2 in R. It follows that (z,) is a Cauchy sequence in @@ which
does not converge in Q. Hence () 1s not complete.
To fill in the details, observe first that (4.1) can also be written in both of the alternative forms

2$n(£n+1 C>\/2) = (x” C>\/2)2’
x2 @2) .

2x,

Tptl STn = @(

We now observe the following in succession.
e 1z, >0 for all n € N.
oz, > /2 forall n e N.

e z, is decreasing with n.
e z, <2forallneN.

|20 V2

2\/2

2 2
o |ty /2] < ;\>/\2/ |z, <+/2] for all n € N.

The convergence of (#,) to /2 follows easily. O

for all n € N.

|Znt1 V2] <

4.1 Boundedness and Uniform Convergence

DEFINITION Let A be a subset of a metric space X. Then the diameter of A is defined by

diam(X) = sup d(xy,z2). (4.2)

T1,02€A

We say that A is a bounded subset iff diam(A) < oo. We note that we regard the subset A = () as being
bounded, even though formally the supremum in (4.2) is illegal. We say that the metric space X is bounded
iff it is a bounded subset of itself. We say that a sequence () is bounded iff its underlying set is bounded.
We say that a function f : Y <— X is bounded iff f(Y') is a bounded subset of X.

These definitions are coloured by the fact that they relate to metric spaces. In the case of a normed
vector space V, there 1s another alternative, provided by the distinguished element 0y .

DEFINITION A subset A of a normed vector space V is bounded iff

sup ||v|| < 0.
vEA

A moment’s thought shows that the two concepts of boundedness are equivalent.

The following lemma follows directly from the definition of a Cauchy sequence and Lemma 4.1.

LEMMA 4.2
e Every Cauchy sequence is bounded.

e Every convergent sequence is bounded.
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Our main immediate motivation for introducing boundedness at this point is the construction of additional
examples of complete metric spaces. Let X be a non-empty set and Y a metric space. Then we denote by
B(X,Y) the set of all bounded mappings from X to Y. We can turn this into a metric space by defining
the metric

d(f,g) = sup dy (f(z),g(x)). (4.3)

rzeX

This is the supremum metric or uniform metric. In case that Y is a normed vector space, it is easy to
check that

I llBex,yy = sup [1f(@)lly (4.4)
rzeX

is a norm on B(X,Y) and that the metric that it induces is precisely the one given by (4.3). The norm
defined by (4.4) is called the supremum norm or uniform norm.

The convergence of B(X,Y) is called uniform convergence. On the other hand, we say that a sequence
of functions (f,,) converges pointwiseiff (f,(x)) converges for every z in X. If a sequence converges uniformly,
then it converges pointwise. But the converse is not true.

10
0.9
0.8
0.7
0.6
05
0.4
0.3
0.2

0.0

0.0 02 0.4 0.6 0.8 10 12 14

FiGure 4: The function fs.

ExaMPLE  Consider the case X = R* Y = R and suppose that the sequence (f,) is given by

ne if0<z<nti
Ja(z) =< 2ene ifn ! <z<2n7! (4.5)
0 if 2> 2071

Now, if # = 0 then f,(0) = 0 for all n so that f,(0) <— 0 as n <— oo. On the other hand, if # > 0, then
for large values of n, it is the third line of (4.5) that applies. Once again, we obtain f,(z) <= 0. Thus the
sequence (f,) converges pointwise to 0.

This convergence is not uniform. To see this, we simply put # = n~'. Then fn(%) = 1 and it follows
that dpr+r)(fn,0) =1 for all n. O

While uniform convergence is just convergence in the metric of B(X,Y), there is no metric which gives
rise to pointwise convergence. From the point of view of Metric Spaces, pointwise convergence of sequences
of functions is some kind of rogue convergence that does not fit the theory. In these notes we just have to
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live with this unfortunate circumstance. However there is a topology on B(X,Y) (and on other spaces of
functions) with the property that convergence in this topology is exactly pointwise convergence. The need
to have a unified theory of convergence therefore forces one into the realm of topological spaces with all of
its associated pathology.

ProprosITION 4.3 IfY is complete, so is B(X,Y).

Proof. The pattern of most completeness proofs is the same. Take a Cauchy sequence. Use some
existing completeness information to deduce that the sequence converges in some weak sense. Use the
Cauchy condition again to establish that the sequence converges in the metric sense.

Let (fn) be a Cauchy sequence in B(X,Y ). Then, for each # € X, it is straightforward to check that
(fn(2)) is a Cauchy sequence in Y and hence converges to some element of Y. This can be viewed as a rule
for assigning an element of Y to every element of X — in other words, a function f from X to Y. We have
just shown that (f,,) converges to f pointwise.

Now let € > 0. Then for each # € X there exists N, € N such that

(>Ne = (), f()) < de. (4.6)
Now we reuse the Cauchy condition — there exists N € N such that
p,q >N = sgg d(fp(2), f4(2)) < L. (4.7)

Now, combining (4.6) and (4.7) with the triangle inequality and choosing ¢ explicitly as ¢ = max(N, N;)+1,
we find that

p>N = d(fp(z), f(z)) < %e Ve e X. (4.8)
We emphasize the crucial point that N depends only on €. It does not depend on z. Thus we may deduce
p>N = su)p; d(fp(z), f(z)) <e. (4.9)
z€

from (4.8).

This would be the end of the proof, if it were not for the fact that we still do not know that f € B(X,Y).
For this, choose an explicit value of ¢, say € = 1. Then, using the corresponding specialization of (4.9), we
see that there exists » € N such that

sup d(fr(z), f(z)) < 1. (4.10)

rzeX

Now, substitute (4.10) into the extended triangle inequality
d(f(z1), f(z2)) < d(f(21), fr(z1)) + d(fr(21), fr(22)) + d(fr(22), f(22))

to obtain

d(f(w1), f(w2)) < 1+ d(fr(21), fr(x2)) + 1.
It now follows that since f, is bounded, so is f. Finally, with the knowledge that f € B(X,Y") we see that
(fn) converges to fin B(X,Y) by (4.9). ]

There is an alternative way of deducing (4.9) from (4.7) which worth mentioning. Conceptually it is
simpler than the argument presented above, but perhaps less rigorous. We write (4.7) in the form

p,g>N = d(fp(z), f(2)) < %e. (4.11)

where z is a general point of X. The vital key is that N depends only on ¢ and not on z. Now, letting
q <— oo in (4.11) we find

p>N = d(f (). f@) < de. (4.12)

because f;(x) converges pointwise to f(x). Here we are using the fact that [0, %6] is a closed subset of R.
Since N depends only on € we can then deduce (4.9) from (4.12).
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ExAMPLE  An immediate Corollary of the above is that the space £*° is complete. The same is true of
for 1 < p < co. We sketch the details. Let (z,,) be a Cauchy sequence of elements of #. Then each such
element x,, is actually a sequence 2,3 of real numbers. It is easy to see that for each fixed k, (z,1)5%; is a
Cauchy sequence in R. Using the completeness of R we infer the existence of {; € R such that

Tpp S &

as n — co. We now use again the fact that (#,) is a Cauchy sequence. Let € > 0. Then there exist N € N
such that
m,n > N = ||e, S|, < e

Then, for all m,n > N and for all K € N we have

K

Z |2me Sanr|f < €.
k=1

Letting m — oo, this leads to

K
D 1€k Senil” < €,
k=1

because only finitely many values of k are involved. Finally letting K — oo we get [|§ ©z,]|, < € for all

n > N. This gives the desired convergence to an element £ of #£. As above, a little extra work is necessary
to show that & € 7. a

4.2 Subsets and Products of Complete Spaces

We seek other ways of building new complete spaces from old.

PRrROPOSITION 4.4

e Let X be a complete metric space. Let Y be a closed subset of X. Then Y is complete (as a metric
space in its own right).

e Let X be a metric space. Let Y be a subset of X which is complete (as a metric space In its own
right). Then Y is closed in X.

Proof. We establish the first statement. Let (#,) be a Cauchy sequence in Y. Then (z,) is a Cauchy
sequence in X. Since X is complete, there exists # € X such that (x,,) converges to x. But since the sequence
(2n) liesin Y and Y is closed, z € Y.

For the second statement, let (x,) be a sequence in Y converging to some element # of X. We aim to
show that # € Y. By Lemma 4.1, (#,) is a Cauchy sequence in X. Hence (x,) is also a Cauchy sequence in
Y. But Y is complete. It follows that there exists an element y € ¥ such that (z,) converges to y. Then by
Proposition 2.3, x = y. Hence z € Y. [ |

This Proposition gives the correct impression that completeness is a kind of global closedness property.
We have the following useful corollary.

COROLLARY 4.5 Let X and Y be metric spaces. Let f : X <&— Y be an isometry. Suppose that X is
complete and that f(X) is dense in Y. Then f is onto.

Proof. Since X is complete and f is an isometry, f(X) is complete and hence closed in Y. But since

f(X) is also dense in YV, f(X) =Y. [ ]
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PropPoOSITION 4.6 Let X and Y be complete spaces. Then sois X x Y.

Proof. Let (2, yn) be a Cauchy sequence in X x Y. Then it is easy to see that the component sequences
(2n) and (yn) are Cauchy in X and Y respectively. Since X and Y™ are both complete, it follows that there
exist limits « and y respectively. The result now follows directly from Lemma 2.13. [ ]

ProprosITION 4.7  Let X and Y be metric spaces. Let (f,) be a sequence of continuous functions f, :
X &~ Y, converging uniformly to a function f. Then f is also continuous.

Proof. The proof we give is by epsilons and deltas. Let g € X — we will show that f is continuous at
zg. Suppose that € > 0. Then by the uniform convergence, there exists N € N such that

n>N = sup dy (f(z), fo(2)) < L. (4.13)
reX

Let us fix n = N + 1. Now we use the fact that this one function f,, of the sequence is continuous at .
There exists 6 > 0 such that

dx(x,x9) < 6 = dy (fo(z), fa(z0)) < %e. (4.14)

Combining (4.13) and (4.14) we now obtain for # € X satisfying dx(z, zq) < é

dy (f(z), f(z0)) < dy(f(z),f ( )+dY(fn( )y Fn(@0)) + dy (fa(xo), f(z0))
< —€—|——€—|— Le

This shows that f is continuous. [ |

ExAMPLE  We give next an important example of Proposition 4.4. Let X and Y be metric spaces. Then
we denote by C(X,Y) the subset of B(X,Y) consisting of bounded continuous functions from X to Y. We
claim that C(X,Y) is a closed subset of B(X,Y"). This is an immediate consequence of Proposition 4.7.
Applying the first assertion of Proposition 4.4 shows that C'(X,Y) is a complete space if Y is. a

ExaMPLE  The star space X based on a set S is always complete. The definition is found on page 40. Let
(2n) be any sequence in X. Then we can denote z, = (1 <,){c) + tn{s,) where ¢ denotes the centre of X,
(ty) is a sequence in [0, 1] and (s,) is a sequence in S.

Suppose now that (#,) is a Cauchy sequence in X. If t,, <= 0 as n <— oo then z, <— ¢ in X and we
have convergence. Thus, to establish convergence we may assume that there exists a strictly positive number
e such that for all N € N there exists p > N such that ¢, > ¢. Apply now the Cauchy condition with this e.
There exists N € N such that

p,g> N = dx(zp,2q) < €.

Choose p as described above. If s, # s, so that z, and z, lie on different rays then dx(zp,x,) =t,+1, > €a
contradiction. Hence s, = s, for all ¢ > N. Thus a tail of the sequence lies on a single ray where the metric
is essentially just that of [0, 1]. In other words, (¢,) is a Cauchy sequence in [0, 1]. Since [0, 1] is complete
(it is a closed subset of R), it follows that there exists ¢t € [0, 1] such that ¢, <— t. The sequence (s,) is
eventually constant, so that (,,) converges to (1 <t){c) + t{sp). a

A major application of completeness in normed spaces is the existence of absolutely convergent sums.

ProPoOsSITION 4.8  Let V' be a complete normed space and let v; be elements of V for j € N. Suppose that
(o]
> sl < o
ji=1
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Then the sequence of partial sums (s,) given by

n
Sp = E vy
ji=1

converges to an element s € V. Furthermore we have the norm estimate

lsllv <> llesllv- (4.15)
ji=1

In this situation, it is natural to denote

00
5= E V.
ji=1

Proof. We show that (s;) is a Cauchy sequence. Let 1 < ¢ < p. Then applying the extended triangle
inequality (1.10) to

P
Sp =5y = Z vy,
Jj=q+1
we obtain
P 00
llsp @slly < 3 Mloslly < Y llojllve (4.16)
Jj=g¢+1 Jj=g¢+1

But since the right hand term of (4.16) tends to 0 as ¢ ©— oo, it follows that (s;) is a Cauchy sequence.
Since V is complete we deduce that (s;) converges to some element s of V. Putting ¢ = 0 in (4.16) shows
that

lIspllv <> llvjllv- (4.17)
j=1
Since the norm is continuous on V', we see that (4.15) follows from (4.17) as p ©— . [ ]

4.3 Contraction Mappings

DEFINITION  Let X be a metric space. Let f : X <~ X. Then f is a contraction mapping iff there
exists a constant o with 0 < o < 1 such that

dx (f(z1), f(z2)) < adx(z1, 22).

The following Theorem will be used extensively in the calculus section of this book.
THEOREM 4.9 (CONTRACTION MAPPING THEOREM) Let f be a contraction mapping on a complete

non-empty metric space X. Then there is a unique point x € X such that f(x) = x.

Proof. Let 21 € X. Define z, € X inductively by 41 = f(#,) (n € N). An easy induction argument
establishes that
d(zp, tn1) < a"_ld(xl, z2) Yn € N.
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We then apply the extended triangle inequality to obtain for p < ¢

g—1

d($pa$q) S Zd(xnaxn+l)a
n=p
g—1

< Zan_ld(l‘l,l‘z),

n=p
< ozp_l(l @a)_ld(xl, z3),

since 0 < & < 1. Tt follows that (x,) is a Cauchy sequence in X. Since X is complete, (z,) converges to
some element z € X. Now

d(z, f(x)) <d(z,zn) + d(@n, f(zn)) + d(f(zn), f(x))
<d(x, ) +a"_1d(x1,x2)+ad(xn,x) (4.18)

Since 0 < o < 1 and since d(z,z,) <= 0 as n <— oo, it follows that we can make the right hand side of
(4.18) as small as we like, by taking n sufficiently large. It follows that d(x, f(x)) = 0 which can only occur
if f(#) = x. This completes the existence part of the proof.

There is another way of seeing this last step of the proof that is worth mentioning. We know that
Tp S x as n <— o0o. Since [ is a Lipschitz mapping it is continuous, so f(z,) <— f(x). But f(z,) = #p41
and 2,41 ©— 2. It follows from the uniqueness of the limit that f(z) = =.

It remains to check that the fixed point x is unique. Suppose that y also satisfies f(y) = y. Then we
have

d(z,y) = d(f(2), f(y) < ad(z,y).
Since 0 < & < 1 the only way out is that d(x,y) = 0 which gives z = y. ]

EXAMPLE  Here we present an example of a mapping f : X <— X of a complete space X such that
dx(f(z1), fx2)) < dx(z1,%2) for @1 # @4 (4.19)

but which does not have a fixed point. Let X = IR and let

f(z) = x4+ £(1 &tanh(2)).
Then, applying the Mean Value Theorem, we have

J) € f(x2) = [1(€) (21 )

for & between z; and x5. In any case,

% <fl(&= 1¢>%se2chx <1

so that (4.19) holds. Since tanh(z) < 1 we see that f has no fixed point. O
4.4 Extension by Uniform Continuity

In this section we tackle extension by continuity as it is usually called. Actually as we shall see, this is a
misnomer.
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LEMMA 4.10 Let X and Y be metric spaces. Let f : X <— Y be a uniformly continuous mapping. Let
(xn) be a Cauchy sequence in X. Then (f(xy)) is a Cauchy sequence in'Y.

Proof. Let € > 0. Then there exists 6 > 0 such that
a,be X,dx(a,b)<é = dy (f(a), f(b)) < e. (4.20)
Since (z,) is a Cauchy sequence, there exists N € N such that
p,q >N = dx(zp,xq) < 8.
Combining this with (4.20) yields

p,g>N = dy (f(x,), fxg)) < e

It follows that (f(z,) is a Cauchy sequence in Y. ]

THEOREM 4.11 Let X and Y be metric spaces and suppose that Y is complete. Let A be a dense subset of
X. Let f: A&~ Y be a uniformly continuous map. Then there is a unique uniformly continuous mapping

f: X <Y such that f(a) = f(a) for all a € A.

Proof. Let z € X. Since A is dense in X there exists a sequence (a,) in A converging to . Now, (a,)
is a Cauchy sequence in A and so, by Lemma 4.4, (f(ay)) is a Cauchy sequence in Y. Since Y is complete,
this converges to some element y of Y. We will define

f)=y.

We need to prove that f is well-defined. Suppose that (b,,) is another sequence in A4 converging to . Then
(f(by)) must converge to some element z of Y. We need to show that y = z. To see this we mix the two
sequences (a,) and (b,) by Zap—1 = apn, ®2, = by. The sequence (z,) converges to x and so (f(z,)) is
convergent in Y. But since (f(2,)) has one subsequence converging to y and another converging to z it
follows that y = z as required.

If € A, then we can always take a,, = « for all n € N. It follows that f(x) = f(#) for all x € A.

Next we show that f is uniformly continuous. Let € > 0. The there exists é > 0 such that

a,be Ad(a,b) <6 = d(f(a), f(b)) < e (4.21)

Now, let z and 2’ be points of X such that d(z,2’) < %6. Let us find sequences (ay,) and (a},) in A converging
to x and x’ respectively. Then, there exists N € I such that

n>N = d(an, z) < £6 and d(a,, ') < 16. (4.22)
An application of the extended triangle inequality, (4.21) and (4.22) now yields
n>N > d(f(an), fld) < be
Letting now n <— oo and using the fact that dy is continuous on Y x Y we see that
d(f(2), f(2") < e <,

since the sequences (f(ay)) and (f(al,)) converge to f(x) and f(a:’) respectively. This establishes the uniform
continuity of f

The final step of the proof is to show that f is unique. Let ¢ be another continuous extension of f. Since
A is dense in X and f and ¢ are both continuous functions that agree on A, we can use Proposition 2.20 to
deduce that ¢ = f [ |
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ExaMPLE  We show that in Theorem 4.11, one cannot replace uniform continuity by continuity. Let
X =1[0,1], A=1]0,1] and ¥ = [<], 1]. Let

1
fla) = sin "
for all a € A. Then all the hypotheses of Theorem 4.11 are met, except for the uniform continuity of f.

The function f is of course continuous on A. We leave it as an exercise to show that f does not extend
continuously to X. a

ExaMPLE Let V be a normed vector space. Suppose that T is a continuous linear map from ¢! to V.
Define v,, = T'(e,) € V where e, denotes the sequence in ¢! that has a 1 in the n-th place and 0 everywhere
else. We see that

loall < I TMopllenller = T lop-

Thus
sup [|vn || < (|7 |op- (4.23)
neN

Conversely suppose that C' = sup, ¢y ||vn]] < co. Let F' denote the set of all finitely supported sequences in
¢'. Then we can define a map
Ty Fe-V

by To(D tnen) = > t,v,. Here the sums involved are finite sums. It is easy to check that [|75(2)|] < C||¢]] for
all t € F and it follows that Tp is uniformly continuous on the dense subset F of ¢'. Thus by Theorem 4.11
Tp can be extended to a uniformly continuous mapping 7" on the whole of £!. In this particular example this
is no big deal, because it is also straightforward to define T directly. For t € ¢!, we can take

T() = i thtn
n=1

an absolutely convergent infinite sum in the complete space V. a

ExAMPLE  The previous example features two possible approaches to defining an operator 7', one direct and
one involving extension. There do exist analogous situations where the direct approach is unavailable. For
instance let (f; );’;1 be an orthonormal set in ¢2. Then, for ¢t = (t;) € F', we can define Tp(t) = To(> tnen) =

S tnfn. Here we view Ty as a mapping from F' to £2. A simple calculation
1D tafalls =D twtalfn, fa) = Y Gl falls = D15 = I3
m,n n n

shows that 7y is an isometry. It follows that T extends to an isometry T : €2 & (2. It is important to
realise that for general ¢ € ¢? the sum

(o]

> tafn

n=1

does not converge absolutely in #2. It does converge in ¢Z norm, but taking this route is essentially repeating
the argument of Theorem 4.11. ad

4.5 Completions

DEFINITION  Let X be a metric space. Then a completion (Y, j) of X is a complete metric space Y,
together with an isometric inclusion j : X <— Y such that j(X) is dense in Y.

The completion of a metric space is unique in the following sense.
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THEOREM 4.12  Let (Y, j) and (Z, k) be completions of X. Then there is a surjective isometry o 1 Y <— 7
such that k = a o j.

Proof. Let us define 8 : j(X) <= Z by f(j(x)) = k(). Since j is an injective mapping from X
onto j(X), G is well defined. Also 7 is an isometry since j and k are. Now apply Theorem 4.11 to define
a Y ©— 7 a continuous map. Obviously we have k = a0 5.

It remains to show that « is an isometry. We consider two mappings from ¥ x Y to R¥.

(y1,92) &= dy(y1,y2)

(y1,92) &= dz(a(y), a(y2))
These mappings are continuous by Theorem 2.10 (page 17) and since the metric is itself continuous (page 21).
Since j and k are isometries, they agree on the subset j(X)xj(X) of Y xY. By Proposition 2.21, j(X) xj(X)

is dense in Y X Y. Finally by Proposition 2.20 the two mappings agree everywhere on Y x Y. This says that
« 1s an isometry. [ |

With the issue of uniqueness of completions out of the way, we deal with the more difficult question of
existence.

THEOREM 4.13  Every metric space possesses a completion.

In the proof that we give below, we unashamedly use the completeness of R. We take the point of view
that an understanding of R is needed to define the metric space concept in the first place. There is another
proof in the literature using equivalence classes of Cauchy sequences which avoids this issue.

Proof. We will assume that X is a bounded metric space and construct a completion. At the end of the
proof we will discuss the modifications that are necessary to dispense with the boundedness hypothesis.
Let j : X <= C(X,R) be given by

(J(x1))(22) = d(21, z2).

One needs to stand back a moment to ponder this notation. Since #, € X, j(z1) € C(X,R), that is, j(z1)
is itself a mapping from X to R. For #2 € X, the notation (j(x1))(x2) € R then stands for the image of x4
by the mapping j(x1).

It follows from the continuity of the metric (page 21) that j(z1) is continuous. Since X is a bounded
metric space, j(x1) is bounded. Next we observe

7(z1) <i(@2)]| = sup |d(z1, x3) ©d(z2, 23)|.
r3€

Two applications of the triangle inequality show that
|d(l‘1,l‘3) C}d(l‘z,l‘3)| < d(l‘l,l‘z) Vs € X,
while taking #3 = x» shows that

su;))( |d(z1, 23) <d(xa, x3)| > d(z1, x2).
rs€

Thus j is an isometry. Since C'(X,R) is complete, the closed subset cl(j(X)) is also complete by Propo-
sition 4.4 (page 52). Let Y = cl(j(X)) and consider j just as a mapping from X to Y. Then (V,j) is a
completion of X.

In the case that X is unbounded, select any point g from X. Now set (j(x1))(w2) = d(1, x2)<d(x0, 22).
The key observation 1s that since

|d($1, $2) C>d(l‘0a $2)| S d(an $1)

the function j(x1) is actually bounded. The rest of the proof follows the same line. [ |
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4.6 Extension of Continuous Functions

LEmMMA 4.14  Let X be a metric space. Let Ey and Fy be disjoint closed subsets of X. Then there exists
a continuous function f: X < [0, 1] such that f~1({0}) = Eg and f~1({1}) = F

Proof. We define
dist g, (®

distg, (#) + distg, (#)
We observe that ¢ <— distg,(z) and « <— distg, (#) are both continuous functions on X. Furthermore
distg, (%) + distg, (z) > 0 for all # € X by Proposition 2.23 (page 25) and since Fy and E; are disjoint. Tt
follows that f : X <— [0,1] is continuous. Clearly f(z) = 0 if and only if distg, () = 0 which occurs if and
only if # € Fy again by Proposition 2.23. Similarly f(#) = 1 if and only if # € Fj. [ ]

We do not need it right at the moment, but there is a simple looking Corollary of Lemma 4.14 that is
difficult to establish without using the distance to a subset function.

COROLLARY 4.15  Let X be a metric space. Let Ey and Ey be digjoint closed subsets of X. Then there
exist Uy and U, disjoint open subsets of X such that E; CU; for j =0, 1.

Proof. Let f be the function of Lemma 4.14 and simply set Uy = f=1([0 ,3[) and U; = [~ (] 1.

Of course, Uy is open in X since [0, %[ is (relatively) open in [0, 1]. Similarly for U;. The sets Ug and Uy

obviously satisfy the remaining properties. [ |
With this diversion out of the way, we can now continue to the main order of business.

THEOREM 4.16 (TIETZE EXTENSION THEOREM)  Let X be a metric space and let F be a closed subset of
X. Let g : F < [©l,1] be a continuous mapping. Then there exists a continuous mapping f : X & [<1, 1]
extending g. Explicitly, this means that

flz) = g(x) Yo € F.

Proof. Let us denote gy = g. We start by constructing a continuous map fy. Let £y = go_l([ﬁl,@;—)])

and let By = go_l([%, 1]). Since F is closed in X and Fy and B are closed in E, it follows that Ey and Ey
1 1]

are also closed in X. By a straightforward variant of Lemma 4.14, there is a mapping fo : X <— [&3, 5
such that fo_l({<:%}) = Fj and fo_l({%}) = F7. We claim that
lgo(z) & fo(x)| < 2 Ve e b
There are three cases.
e 2 € Ey. Then fo(z) = <% and go(x) € [&1, <.
e z € Ey. Then fo(z) = 1 and go(z) €[5, 1].
e 2 € E\ (EyUE). Then fo(z),go(x) €] <1, L[

Now define
g1(x) = go(x) S fo(x) Ve e E.

Then [|91]]ee < % We repeat the above argument at % scale to define f;. We then proceed inductively in
the obvious way. We thus obtain continuous functions f, : X & [&2" - 3=(n+1) on . 3_(”+1)] satisfying
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where In = Gn-1 C>fn—1|E~
It is easy to see that ||gn||co tends to 0 as n <— oo. Hence we may write ¢ as the telescoping sum

oQ

n=0

n=1

But the function f given by the uniformly convergent sum

I= ana
n=0

also converges to a continuous function taking values in [<l, 1] and evidently

Ae=>_fle=g

n=0

as required. [ |

4.7 Baire’s Theorem

The following result has a number of key applications that cannot be approached in any other way.

THEOREM 4.17 (BAIRE’S CATEGORY THEOREM) Let X be a complete metric space. Let Ay be a
sequence of closed subsets of X with int(Ay) = 0. Then

X\ U Ay is dense in X. (4.24)
k=1

In particular if X is nonempty we have

) 4 # X

k=1
Proof. We suppose that (4.24) fails. Then there exist 2y € X and ¢ > 0 such that
U(xo,t) C | Ar. (4.25)
k=1

We construct a sequence (z,) in X. Let tg = %t. We choose #1 € X \ Ay such that d(z1,2g) < tg. This is
possible since otherwise we would have U(zg, o) C Ay contradicting the fact that int(4;) = . Now define
t, = min(%to, %distAl(xl)) > 0. Next find #2 € X \ A2 such that d(x2,21) < t;. If this is not possible then
U(z1,t1) C Ag contradicting the hypothesis int(As) = . Now define 2 = min(%tl, %distAQ(xz)) > (0 and
then find x5 € X \ Az such that d(zs, x2) < t2. Continuing in this way, we obtain a sequence (x,) in X and
a sequence (t,) of strictly positive reals such that

t, = min(%tn_l, %distAn(xn)) >0 n=12...

r, & A, n=12 ...
d(zpy1,2n) < iy n=2012 ...
Since d(xp41,%n) < tn <27"g = 27", we see that (z,,) is a Cauchy sequence. The detailed justification

of this is similar to one found in the proof of Theorem 4.9. Tt follows from the completeness of X that (z,)
converges to some limit point € X.
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We next show that # ¢ Aj for all & € N. Indeed, by passing to the limit in the extended triangle
inequality, we obtain for each £ =1,2,...

d(z,2) < d(zngr,20) < D ta < Y2777 Rdisty, (2y) = Sdista, (20).
n=k n=k n=k

It follows that « ¢ Ay, as required.
Finally, following the same line, we find

(o) (o) (o)
d(w,20) <Y d(wngr,en) <Y <D 2717 =1,
n=0 n=0 n=0

so that & € U(xp,t). This contradicts (4.25) and completes the proof of the Theorem. [ ]

4.8 Complete Normed Spaces

Complete normed spaces are also called Banach Spaces. The following result is very basic and could have
been left as an exercise for the reader.

THEOREM 4.18 Let V and W be normed vector spaces and suppose that W is complete. Then CL(V, W)
is a complete normed vector space with the operator norm.

Proof. Let (T,,) be a cauchy sequence in CL(V, W). First consider a fixed point v of V. Then we have
1o (v) STy ()|l < |Tp <Tyllopl|ol]-

It follows easily that (T, (v)) is a Cauchy sequence in . Since W is complete, there is an element w € W
such that T,,(v) ©— w as n <— co. We now allow v to vary and define a mapping 7' by T(v) = w. We
leave the reader to check that the mapping 7' is a linear mapping from V to W. Now let € > 0 then by the
Cauchy condition there exist N € N such that

p,g>N = 1T, ©Tyllop < €
or equivalently that
p,g>NwveV = [|T5(v) Ty (v)]] < €l|v]]. (4.26)
Now let ¢ tend to infinity in (4.26). We find that
p>NwveV = |T(v) T )| < €lvf],
or equivalently that (7,,) converges to T in CL(V, W). This also shows that T' € CL(V, W). [ ]

Rather more interesting is the following Proposition.

ProprosiTION 4.19  Let V be a complete normed vector space and N a closed linear subspace. Then the
quotient space () = V/N is a complete normed space with the norm defined by (3.38).

Proof. This Proposition is included because it illustrates a method of proof not seen elsewhere in these
notes. The key idea is the use of rapidly convergent subsequences. We denote by 7 the canonical
projection mapping 7 : V <— Q.

Let (¢n) be a Cauchy sequence in ). Applying the Cauchy condition with ¢ = 27% we find n; such that

m>n, = |lge gl <278 (4.27)
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In particular, taking ! = ng, m = nji41, we have
lldn, Sl <27 (4.28)

We now proceed to find lifts of the ¢,,. Let v1 be any element of V with #(v1) = ¢,,. Now by (4.28) and the
definition of the quotient norm, there exists ury; € V such that ||ugi1]] < 27% and 7(upy1) = Tnpsr Sny,-
We now define vy = v1 + us, v3 = vs + us, etc., so that we now have

log Svpga] < 27F (4.29)

and w(vg) = ¢qn, for k € N. Tt is easy see to that (4.29) forces (vi) to be a Cauchy sequence in V' as in the
proof of the Contraction Mapping Theorem. Since V' is complete, we can infer the existence of v € V such
that (vy) converges to v.

Since 7 is continuous, it follows that the subsequence (g, ) converges to the element 7(v) of Q. Further-
more, we can have the estimate

llgn,, ©m(v)|] < 271, (4.30)
Combining this with (4.27) we find
(em o e <32

from which it follows that the original sequence (g,,) converges to m(v). ]

THEOREM 4.20 (OPEN MAPPING THEOREM) Let U and V' be complete normed spaces and let T : U <—

V' be a continuous surjective linear map. Then there is a constant ¢ > 0 such that for every v € V with
[|v]| <1, there exist u € U with ||u]| < € such that T'(u) = v.

The reason for the terminology is that the statement that 7' is an open mapping (see page 94 for the
definition) is equivalent to the conclusion of the Theorem.

Proof. There are two separate ideas in the proof. The first is to use the Baire Category Theorem and
the second involves iteration.
Let By, denote {u:u € U, [|u|| < n}, the closed n-ball in U. Then, since T' is onto, we have

V=] T(Bn).

neN

We can’t use this directly in the Baire Category Theorem because we don’t know that the T'(B,,) are closed.
We take the easiest way around this difficulty and write simply

V=[] dT(Bn)).

neN

By the Baire Category Theorem (page 60), there exists n € N such that cl(7T(B,)) has nonempty interior.
This means that there exists v € V and ¢ > 0 such that Uy (v,?) C <|(T(B,)). By symmetry, it follows that
Uy (sv,t) C cl(T(By)). We claim that Uy (0y,t) C c(T(By)). Let w € Uy (0y,t). Then, we can find two
sequences (1) and (yx) in By, such that (T(xy)) converges to w + v and (T'(yx)) converges to w <wv. It
follows that the sequence (T(%(rk + y))) converges w. This establishes the claim.

Now, let v be a generic element of V' with ||v]| < t. Then v € ¢l(T(B,)). Hence, there exists ug € B,
such that || <T (u)|| < %t. We repeat the argument, but rescaled by a factor of % and applied to v <7 (ug).
Thus, there is an element wy; € U with [Ju1|] < %n and such that [|v ©T(ug) T (u1)|| < %t. Continuing in
this way leads to elements u; € U with |Jug|| < n27% such that

J2

v Tlu)l| <127

k=0
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Using now the fact that U is complete (the completeness of V' is needed to apply Baire’s Theorem), we find
that T'(u) = v where
U= Z up € U
k=0

is given by an absolutely convergent series and has norm bounded by 2n. Rescaling gives the required result.
|

COROLLARY 4.21  Let V be a vector space with two norms || ||y and || ||z, both of which makeV complete.
Suppose that there is a constant C' such that

lvflo < Cllolly Vo eV

Then || ||1 and || ||2 are equivalent norms.

Proof. Apply the Open Mapping Theorem in case that T is the identity mapping from (V|| |]1) to
VoAl lz)- u

It is possible to construct an infinite dimensional vector space with two incomparable norms both of
which render it complete.

PrROPOSITION 4.22  Let V; and Va be vector spaces and suppose that || || is a norm on V = Vy & V2 which
renders V complete. Let P; and Py be the linear projection operators corresponding to the direct sum. Then
the following are equivalent:

e P, and Ps are continuous.

e Vi and V5 are closed in V.

Proof. Suppose that P; is continuous and that (v,) is a sequence in Vi which converges to some element
v of V. Then (P1(vy)) converges to Pi(v). But, since Pi(v,) = v, and by the uniqueness of limits (Proposi-
tion 2.3), v = Pi(v) or equivalently v € V1. This shows that V; is closed in V. Of course since P, = I <Py,
if Py is continuous, so is P, and similarly we find that V5 is closed.
The converse is much harder. We can identify V5 with the quotient space V/Vj. Since V; is closed, we
have a natural quotient norm
loalle = inf flos + val

on V5 as well as the restriction of the given norm. We see that Vs i1s complete in both norms, by Propo-
sition 4.19 and since V5 is closed in V. Clearly, ||va|lg < ||va|| for all va € Va so that the two norms are
comparable. Hence, by Corollary 4.21, we see that there exists a finite constant C' such that

lool] < € inf fJor +val] - Yoz € V. (4.31)

A moment’s thought shows that (4.31) is equivalent to
[1P2(0)]] < Cllof] Vo eV,

so that Ps is continuous as required. One shows that P; is continuous by a similar argument, or by applying
the formula P, = I & P-. |
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5

Compactness

Compactness is one of the most important concepts in mathematical analysis. It is a topological form of
finiteness. The formal definition is quite involved.

DEFINITION A metric space X is said to be compact if, whenever V,, are open sets for every « in some
index set I such that U,ec1V, = X, then there exists a finite subset F' C I such that U,erV, = X.

ProPOSITION 5.1  Every compact metric space is bounded.

Proof. Let X be a compact metric space. If X is empty, then it is bounded. If not, select a point
xg € X. Now we have

X = U Ulxo,n).

nelN
By compactness, there is a finite subset ' C N such that

X = U Ulxo,n).
neF

Let N be the largest integer in F'. Such an integer exists because F' is finite and non-empty. Then X =
U(xp, N) and it follows that X is bounded. [ ]

PrOPOSITION 5.2  Every finite metric space is compact.

Proof. Let V,, be open subsets of X for every « in some index set I such that U,e;V, = X. Since X
is finite, let us enumerate it as X = {#1,22,...,2,}. For each j = 1,...,n there exists o; € I such that
rj € Vy,. Let us set ' = {a1,as,...,an}. Then clearly UyerVy = X. [ |

5.1 Compact Subsets

We also use the term compact to describe subsets of a metric space.

DEFINITION A subset K of a metric space X is compact iff it is compact when viewed as a metric space
in the restriction metric.

It follows immediately from the definition and Proposition 5.1 that compact subsets are necessarily

bounded.
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We need a direct way to describe which subsets are compact.

ProprosiTION 5.3  Let X be a metric space and let K C X. Then the following two conditions are
equivalent.

e K is a compact subset of X.

e Whenever V,, are open sets of X for every « in some index set I such that U,crV, DO K, then there
exists a finite subset F' C I such that Uy,epV, O K.

Proof. Suppose that the first statement holds. Let us assume that 7 is an index set which labels open
subsets V,, of X such that UyerV, D K. Then, by Theorem 2.27 (page 27) the subsets K NV, are open
subsets of K. We clearly have Uger(K NV,) = K. Since K is compact, by the definition, there exists a
finite subset F' C I such that Ugep(K NV,) = K. Tt follows immediately that UyepVy D K.

For the converse, we suppose that the second condition holds. We need to show that K is compact. Let
U, be open subsets of K for every a € I such that U,erU, = K. The, according to Theorem 2.27 there
exist open subsets V,, of X such that K NV, = U,. We clearly have U,¢rV, D K so that we may apply the
second condition to infer the existence of F finite F' C [ such that Uy,epV, O K. But it is easy to verify
that

KN (U VQ) = ®Envy) = U,
aeF ael’ acF

and 1t follows that Uye plU, = K as required. We have just verified the compactness of K as a metric space.
|

ProprosiTION 5.4  Compact subsets are necessarily closed.

Proof. Let K be a compact subset of a metric space X. Let us suppose that K is not closed. We will
provide a contradiction. Let # € cl(K)\ K. Then z ¢ int(X \ K). Thus for every € > 0,

Uz, e)NK # 0 (5.1)
holds. On the other hand, since # ¢ K we have
KcC|J(X\B(1)),
neN

since for every y € K, d(x,y) > 0. Since B(z,t) is closed, X \ B(z,t) is open. We therefore apply the
compactness criterion for subsets to find F' a finite subset of IN, such that

KEc | (xX\B@1).

If K is empty then K is closed and we are done. If not, F' is a non-empty finite subset of N which therefore
possesses a maximal element N. It follows that K is disjoint from B(z, ) contradicting (5.1). ]

N
THEOREM 5.5  Every closed subset of a compact metric space is compact.
Proof. Let X be a compact metric space. Let K be a closed subset of X. Let V,, be open sets of X for

every « in some index set I such that U,erV, DO K. We will show the existence of a finite subset F' of [
such that UyerpV, O K.
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To do this, we extend the index set by one index. Let J = I U{3}. Define V3 = X \ K an open subset
of X since K is closed and by Theorem 2.5 (page 13). We have

U Va (U VQ)U(X\K)

acJ ael
KU(X\K) = X.

I

By the compactness of X there is a finite subset G of J such that UyegV, = X. We can assume without
loss of generality that € (G and define F' = G N [. It is then clear that F' is a finite subset of I and that

w2k ]
a€EF

5.2 The Finite Intersection Property

DEeFINITION  Let X be a set and let Cy, be a subset of X for every « in some index set I. Then we say
that the family (Cy)qer has the finite intersection property iff

() Ca #0
a€EF
for every finite subset I’ of I.
The following Proposition is an immediate consequence of the definition of compactness and Theorem 2.5
(page 13).
PrOPOSITION 5.6  Let X be a metric space. Then the following two statements are equivalent.

e X is compact.

o Whenever (Cy)acs is a family of closed subsets of X having the finite intersection property, then
NaerCo # 0.

This reformulation of compactness is often very useful.

5.3 Other Formulations of Compactness

In this section we look at some conditions which are equivalent to or very nearly equivalent to compactness.
The first of these is countable compactness. Countable compactness 1s a technical device and is never used
in practice.

DEFINITION A metric space X is said to be countably compact if, whenever V,, are open sets for every
n € N such that U,exV,, = X, then there exists a finite subset F' C N such that U,cpV, = X.

We say that a subset K of a metric space is countably compact if it is countably compact when viewed as
a metric space in its own right. There is a formulation of the concept of countably compact subset entirely
analogous to that given for compact subset in Proposition 5.3 (page 65).

Clearly, a metric space that is compact is also countably compact. The converse is true in the context
of metric spaces, but false in the setting of topological spaces. Towards the converse, we have the following
Proposition.
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ProPOSITION 5.7  Let X be a separable, countably compact metric space. Then X is compact.

Proof. Let V, be open sets of X for every « in some index set [ satisfying U,erV, = X. We aim to
find a finite subset F' of [ such that U,epV, = X. Observe that if for some o € I, we have V,, = X, then
we are done. Thus we may assume that for each « € I, the set X \ V,, is non-empty.

Let S be a countable dense subset of X. We observe that S NV, is dense in V,. We now use the proof
of Theorem 2.26 (page 26), which shows that

Vo= |J Uls, ddistxv, (s)). (5.2)
sESNV,

Now, let us define the subset @, of S x Q by
Qo =A{(s,8);5€ 5,t€Q,t>0,U(s,t) CV,} (5.3)
Then, by (5.2) we have
Vo, = U Uls,t). (5.4)
(5,1)€Qa

We also define @ = Uyer@,. Since @ is a subset of S x @ it 1s necessarily countable. Then we have by
(5.4)

X = U U(S,t). (55)
(5,1)EQ

The key idea of the proof is to replace the union UserV, with the countable union Ui, 1yeqU(s,t). We
now apply the countable compactness of X to (5.5). We obtain a finite subset R C @ such that

X = U U(S,t). (56)
(s,t)ER

For each (s,t) € R there exists o € I such that (s,¢) € Q4. Let F be the finite subset of T having these
« as members. Then by (5.3) we have

U vGoc Y ve. (5.7)
(s,t)ER aeF
Finally, combining (5.6) and (5.7) gives the desired conclusion. ]

While countable compactness is merely a means to an end, sequential compactness is a very useful tool. It
is equivalent to compactness in metric spaces (but not in topological spaces) and can be used as a replacement
for compactness in nearly all situations.

DEFINITION  Let X be a metric space. Then X is sequentially compact iff every sequence (z,) in X

possesses a convergent subsequence. A subset of a metric space is sequentially compact iff it is a sequentially
compact metric space in the restriction metric.

PrROPOSITION 5.8  Every compact metric space is sequentially compact.
Proof. Let X be a compact metric space and let (z,) be asequence of points of X. Let T,,, = {&n;n > m}

for m € N. Then the closed sets cl(7,,) clearly have the finite intersection property. Hence Nyen cl(75,) # 0.
Let  be a member of this set. We construct a subsequence of (z,) that converges to z. Let (e,) be a
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sequence of strictly positive real numbers decreasing to zero. Then we define the natural subsequence (ny)
inductively. Since # € cl(71), we choose ny € N such that d(z,z,,) < ¢;. Now assuming that ny is already
defined, we use the fact that x € cl(7y,41) to find ng11 > ng and such that d(x, z,,,,) < €x41. 1t is easy
to see that the subsequence (z,,) converges to x. Since (z,) was an arbitrary sequence of points of X it
follows that X is sequentially compact. [ |

LEMMA 5.9  Let (z,) be a sequence in the cell [a,b]d in RY. Then (z,) possesses a subsequence which
converges to some point of R%,

Proof. We define the natural subsequence (ny) inductively. Let ny = 1. Let Cy = [a,b]d the original
cell. Let ¢ = %(a +b). The we divide up [a,b] as [a, ] U [c, b]. Taking the n-th product, this divides the cell
C1 up into 2¢ cells with half the linear size of C';. We select one of these cells Cy with the property that the
set

Ry ={n;n €N,n>ny,x, € Co}

is infinite. It cannot happen that all of the 27 cells fail to have this property, for then the set {n;n € N,n >
n1 } would be finite. We choose ns € Rs.

To understand the general step of the inductive process, suppose that Cy, Ry and nj; € Rp have been
chosen. Then as before we divide C}, into 2% cells of half the linear size. We select one of these cells Chri1
with the property that

Rpyi={n;n € Ri,n > ng,xn € Crp1}

is infinite. We choose ny41 € Ri41.
Let € > 0. Then there exists K € N such that diam(Cg) < e. Tt follows that

paQZ[{ = npaanRKa
= d(xy,, tn,) < €.

In words, this just says that the subsequence (z,,) is a Cauchy sequence. But since R is complete, it will
converge to some point of RY. [ ]

THEOREM 5.10 (BoLzaANO-WEIERSTRASS THEOREM)  Every closed bounded subset of R is sequentially
compact.

Proof. Let K be a closed bounded subset of B¢ and suppose that (z,) is a sequence of points of K.
Since K is bounded it is contained in some cell [a, b]d of R4 Then according to Lemma 5.9, (z,,) possesses
a subsequence (zy, ) convergent to some point z of R? But since K is closed, it follows that € K. This
shows that K 1s sequentially compact. [ |

TuEOREM 5.11 (HEINE-BOREL THEOREM) A subset K of R is compact iff it is closed and bounded.

Proof. We have already seen that a compact subset of a metric space is necessarily closed and bounded.
It therefore remains only to show that if K is closed and bounded then it is compact. Since R? is separable,
it follows from Theorem 2.24 (page 25) that K is also. Hence by Proposition 5.7 it is enough to show that
K is countably compact. We will establish the condition for a subset to be countably compact analogous
to that given by Proposition 5.3 (page 65). Thus, let Vi be open subsets of R? for k£ € N. Suppose that
UrenVze 2 K. We will show that there exists a finite subset /' of N such that

Uwok (5.8)
kel
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Suppose not. Then, for every k, the set F' = {1,2,..., k} fails to satisfy (5.8). So, there is a point z € K
with

k
zy & U Ve. (5.9)
=1

Now by the Bolzano—Weierstrass Theorem, the sequence (z;) has a subsequence which converges to some
element # € K. By hypothesis, there exists m € N such that & € V,,. Since V,, is open, some tail of the
subsequence lies entirely inside V,,. This follows from Proposition 2.4 (page 12). Therefore, there exists
k € N with k > m and z € V,,,. This contradiction with (5.9) establishes the result. |

COROLLARY b5.12  Every closed bounded cell

[a. 5]

d
:1

J

in R? is compact.

ExXAMPLE  The star space X based on an infinite set .S provides an example of a complete bounded metric
space that is not compact. See page 40 for the definition of the star space and page 53 for the proof of
completeness. Let (s,) be a sequence of distinct elements of S. Then define a sequence (z,) of X by
zp, = 0{c) + 1{sn) where ¢ denotes the centre of X. Then it is immediate that

2 ifm#n
dx (T, tn) = { .
x(@m, 2n) 0 ifm=n
It follows that (x,) possesses no convergent subsequence. Thus X is not sequentially compact. a

EXAMPLE  Another example of a bounded complete space that is not compact is the unit ball of 1. The
sequence of coordinate vectors (e,) does not possess a convergent subsequence. a

ExaMPLE  The orthogonal groups provide examples of interesting compact spaces. An n X n matrix U is
said to be orthogonal iff U'U = I. Here we have denoted U’ the transpose of U/. The set of all orthogonal
n X n matrices is usually denoted O(n). It is well known to be a group under matrix multiplication. We

view O(n) as a subset of the vector space M(n,n,R) of all n x n matrices which is a n? dimensional real
vector space. The equations U'U = I can be rewritten as

Z” 1 ifj=k

Upj U = { cp . (510)
— 0 ifj#k

showing that O(n) is a closed subset of M (n,n,R). The first case in (5.10) can again be rewritten as

n
dui=1 j=12...n
=1

showing that |ug;| < 1forall j = 1,2,...,n and all £ = 1,2,...,n. Thus O(n) is a bounded subset of
M(n,n,R). The Heine-Borel Theorem can now be used to conclude that O(n) is compact. a

5.4 Preservation of Compactness by Continuous Mappings

One of the most important properties of compactness is that it is preserved by continuous mappings.
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THEOREM 5.13 Let X and Y be metric spaces. Suppose that X is compact. Let f : X <= Y be a
continuous surjection. Then Y is also compact.

Proof. We work directly from the definition. Let V,, be open sets of Y for every « in some index set [
such that UyesVa = Y. Then, by Theorem 2.8 (page 16), f=1(V,) are open subsets of X. We have

X=Jrva).
a€el
We now apply the compactness of X to deduce the existence of a finite subset F' of I such that
X=J ).
a€EF
We wish to deduce that
Y= Ve (5.11)
a€EF

Let y € YV, then since f is surjective, there exists # € X such that f(z) = y. There exists o € F such that
z € f~Y(V,). It follows that y = f(x) € V,. This verifies (5.11). -

There 1s a formulation of this result in terms of compact subsets which is probably used more frequently.

COROLLARY 5.14  Let X and Y be metric spaces. Let f: X <— Y be a continuous mapping. Let K be a
compact subset of X. Then f(K) is a compact subset of Y.

Proof. By definition, K is a compact metric space in its own right. Since f|x can be regarded as a
continuous mapping from K onto f(K), it follows that f(K) is compact, when viewed as a metric space
with the metric obtained by restriction from Y. Hence by Theorem 5.13, f(K) is a compact subset of Y.l

Theorem 5.13 has important consequences because of the application to real-valued functions. We need
the following result.
PrOPOSITION 5.15  The supremum of every non-empty compact subset K of R belongs to K.

Of course, the same result applies to the infimum.

Proof. Let K be a compact non-empty subset of R. Since K is bounded and non-empty, it possesses a
supremum z. For every n € N, the number z @% is not an upper bound for K. Thus there exists z, € K
and z, > x@% On the other hand, « is an upper bound for K so that x, < x. It follows that |z <z, | < %
so that (#,) converges to z. Since #, € K and K is closed, it follows that z € K. |

THEOREM 5.16  Let X be a non-empty compact metric space and let f : X <3~ R be continuous. Then f
attains its maximum value.

Proof. By Theorem 5.13, f(X) is a non-empty compact subset of R which therefore contains its supre-
mum. Hence, there exists zg € X such that

f(xo) = sup f(x),

rzeX
as required. [ |

One of the most significant applications of this result involves norms on finite-dimensional spaces.
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COROLLARY b5.17  Let V be a finite dimensional vector space over R or C. Then any two norms on V are
equivalent.

Proof. We give the proof for a finite-dimensional real vector space. The complex case is similar. Let us

select a basis (e, ea,...,e,) of V. We define a norm || ||; on V by
n n
1Y tieill =D It
j=1 ji=1
Then for any other norm || [|v on V it will be shown that || ||; and || ||y are equivalent. We have

1> tiesllv <> lllesllv < € Il =CID tieslln, (5.12)
j=1 j=1 j=1 j=1

where
n
C = maxle; v
j=1

For the converse inequality we will need to use the Heine—Borel Theorem which was proved with respect to
the infinity norm

n
1Y " tje5]loo = max|t;].
ji=1 J=1

This is not a problem because
n
n n
max |t;| < ti| < nmax|t;|.
i) < 3 1) < il

so that || ||1 and || ||e are equivalent. Tt follows that the unit sphere S for the norm || [|; is compact for
the metric of the || || norm. Explicitly we have

S={> tiej; > It =1}
j=1 j=1

By (5.12), v & ||v||v is continuous as a map
Vil ) = R
It follows that this function attains its minimum value on 5. Thus, if we let

c= inf[lv]lv, (5.13)

there actually exists v € S such that ||u|ly = ¢. Since u cannot be the zero vector, it follows that ¢ > 0.
Rescaling (5.12) now yields
cllvlls < floflv,

for allv € V. [ ]
5.5 Compactness and Uniform Continuity

One of the most important applications of compactness is to uniform continuity. This is used heavily in all
areas of approximation.
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THEOREM 5.18 Let X be a compact metric space and let Y be a metric space. Let f: X &= Y be a
continuous mapping, then f is uniformly continuous.

Proof. Let ¢ > 0. We apply the continuity of f. At each point x € X there exist a number é, > 0 such
that

FU(,6:)) CU(f(a), L. (5.14)

We can now write

X = Ulx, $6,).

rzeX
Applying the compactness of X there is a finite subset ' C X such that
X =] Ul L6,). (5.15)
TEeF

Now let § = mingep %(%. We claim that this 6 works in the definition of uniform continuity. Let z; and z»
be points of X satisfying d(z1,z2) < é. By (5.15), there exists # € F' such that z; € U(x, %(%) Now, using
the triangle inequality we have

d(2, 20) < d(x, z1) + d(21, 20) < $6, + 6 < b,

so that both z; and z3 lie in U(#, 8;). It now follows from (5.14) that f(z1) and f(z2) both lie in U(f(z), %e)
It then follows again by the triangle inequality that d(f(z1), f(z2)) < € as required. [ ]

The following Theorem is a typical application of the use of uniform continuity in approximation theory.

THEOREM 5.19 (BERNSTEIN APPROXIMATION THEOREM) Let f :[0,1] <~ R be a continuous function.
Define the nth Bernstein polynomial by

n

Ba(f,2) =3 "Crf(E)at (1 ey,

k=0

Then (B (f, ")) converges uniformly to f on [0, 1].

Sketch proof. We leave the proof of the following three identities to the reader

n

1= Y "Cpaf(len)F, (5.16)
k=0
nr = Zk "Craf (1 r)" (5.17)
k=0
n(nele® = Y k(k 1) "Cor®(1 )" (5.18)
k=0
Then it is easy to see that
- ke’ - %  kPeok  k
Z (x @—) "Cref(1l o) F = (xz S—zr+ ? + —2) "Cref (1 er)"
n n n n
k=0 k=0
1
= 2o+ n(ni?})abz + %x,
n n
1
= —xz(1 .
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by applying (5.16), (5.17) and (5.18). Then for § > 0 we obtain a Tchebychev inequality

ke 2
Yo e rCatlentt < (J;@g) "Cra® (1 )
le—2|>6 le—£[>6

1
—z(1 .

IN

We are now ready to study the approximation. Since f is continuous on the compact set [0, 1] it is also
uniformly continuous. Furthermore, by Corollary 5.14 (page 70), f is bounded. Thus we have

f@)eBu(fx) = fla)e) ] "Cif(Ha*(lea) ",

n

= Y "Gilf(x) &f(5)t (L o),

k=0

and

> "Cilf () S f(E) (1 e F,
k=0
El + EZa

|[f(2) ©Bn(f,z)|

IN

IN

where

Er = Y TGlf(z) e f(5)lf (L)

|x—%|>5

51
2| flloe8 ™ (1 52),

IN

IN

1

_ 005—2
872,
and

Ey = Y TClf(z)ef(5)lf (L)

= (.df((S).

Let now € > 0. Then, using the uniform continuity of f, choose 6 > 0 so small that w¢(6) < %e. Then,
with & now fixed, select N so large that 5|/ f[|ec67% < $e. It follows that

sup |f(z) <Ba(f,2)] <e€ Yn > N,
0<z<1

as required for uniform convergence of the Bernstein polynomials to f. [ |

5.6 Compactness and Uniform Convergence

There are also some applications of compactness to establish uniform convergence.
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ProprosIiTION 5.20 (DINI’s THEOREM)  Let X be a compact metric space and suppose that (f,) is a
sequence of real-valued continuous functions on X decreasing to 0. That is

() > fag1(x) VneN, Vee X

and for each fixed x € X,
fa(z) "85 0.
Then (f,) converges to 0 uniformly.

Proof. Obviously f,(#) > 0 for all n € N and # € X. Let € > 0. Then for each # € X there exists N,
such that

n> Ny = fal) < 2.
Now for all x € X there exists 6, > 0 such that

d(z,7) < b, = | (2) & fn, (7)) < e

We can now write

X=J Uz, 6).

rzeX

Applying the compactness of X there is a finite subset ' C X such that

X =] Uz, 8).

TEeF

Now let N = maxyep Ny. We will show that n > N implies that f,,(z) < ¢ simultaneously for all z € X.
To verify this, let z € X. Then we find # € F such that d(z,2) < é;. It follows from this that
|fv.(2) € fn, (z)] < %e. But, combining this with fy,(2) < ¢ we obtain fy,(z) < e. Finally, since the

sequence (f,(z)) is decreasing we have f,,(z) < e for all n > N. [ ]

5.7 Equivalence of Compactness and Sequential Compactness

We begin with a Theorem whose proof parallels the proof of the Heine-Borel Theorem (page 68).
THEOREM 5.21  Every separable sequentially compact space is compact.

Proof. Let X be a separable sequentially compact metric space. We must show that X is compact. By
Proposition 5.7 it 1s enough to show that X is countably compact. Thus, let V3 be open subsets of X for
k € N. Suppose that UgenyVe = X. We will show that there exists a finite subset F' of N such that

Uw=x (5.19)
kel

Suppose not. Then, for every k, the set F' = {1,2,... k} fails to satisfy (5.19). So, there is a point
xyp € X with

r ¢ | Ve (5.20)

=1

Now by sequential compactness, the sequence (1) has a subsequence which converges to some element
z € X. By hypothesis, there exists m € N such that € V,,,. Since V,,, is open, some tail of the subsequence
lies entirely inside V,,. Therefore, there exists £ € N with £ > m and z; € V,,. This contradiction with
(5.20) establishes the result. ]
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DEFINITION A metric space X is said to be totally bounded iff for every ¢ > ( there exists a finite subset
F of X such that

U U, o) = x. (5.21)

TEeF
THEOREM 5.22  If X is a sequentially compact metric space, then X is totally bounded.
Proof. Let € > 0 and suppose that (5.21) fails for every finite subset I of X. We will obtain a contra-

diction with the sequential compactness of X.
We define a sequence (z,,) inductively. Let 21 be any point of X. We observe that X cannot be empty

since then (5.21) holds with F' = . Now assume that z1,...,z, have been defined. We choose #,4+1 such
that .
Tpie1 € X\ U Ulxy,€).
k=1
Once again, it is the failure of (5.21), this time with ' = {z1,...,#,} which guarantees the existence of

Tn4+1.

Since X is sequentially compact, the sequence (z,) possesses a subsequence convergent to some point x
of X. Hence there exists N such that zy € U(z,¢). Thus € U(xy,€). Using the fact that U(zy,€) is
open and hence a neighbourhood of #, and the convergence of the subsequence to z we see that there exists
n > N with 2, € U(xn,€). But this contradicts the definition of z,. [ |

An extension of this result will be needed later.

DEFINITION A subset Y of a metric space X is said to be totally bounded iff for every ¢ > 0 there exists
a finite subset F' of Y such that

U U(y,e) DY.

yeF

It is almost immediate from the definition that if ¥ is a totally bounded subset, then so is cl(Y). In
essence this is because of the inclusion chain

Uvw292JBweo2 U2V

It follows from this that

U Uy, 2¢) 2 el(y).

yeF

The proof of the following result follows that of Theorem 5.22 so closely that we leave the details to the
reader.

THEOREM 5.23  Let Y be a subset of a metric space X. If cl(Y) is sequentially compact, then Y is a
totally bounded subset of X

Another very easy result is the following.

PrOPOSITION 5.24  Every totally bounded metric space is separable.
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Sketch proof.  Choose a sequence (€,) of strictly positive reals decreasing to zero. For each n € N apply
the total boundedness condition to obtain a finite subset F}, of X such that

U Ulx,en) = X.

veF,
We leave the reader to show that

Jr

neN
1s a countable dense subset of X. |

We can now establish the converse to Proposition 5.8 (page 67).
COROLLARY 5.25  Every sequentially compact metric space is compact.

Proof. This is an immediate consequence of Theorem 5.21, Theorem 5.22 and Proposition 5.24.

5.8 Compactness and Completeness

PROPOSITION 5.26 A sequentially compact metric space is complete.

Proof. Let (x,) be a Cauchy sequence in a sequentially compact metric space X. Then there is a
subsequence (x,,) converging to some element # € X. We use the convergence of this subsequence and the
Cauchy condition to establish the convergence of the original sequence to x.

Let € > 0. Then, by the Cauchy condition, there exists N such that

p,q> N = d(wy, 74) < €.
By convergence of the subsequence we also have
k> K = d(wn, ) < Le.
Let us choose k = max(N, K) + 1. Then taking ¢ = nj and using the triangle inequality, we obtain
p>N = d(zy, z) < e.

as required to establish convergence. [ ]

THEOREM 5.27 A complete totally bounded metric space is sequentially compact.

Proof. This proof uses the famous diagonal subsequence argument. Let X be a complete totally bounded
metric space. Let (xy) be a sequence in X. Let () be a sequence of strictly positive reals decreasing to
zero. For each k£ € N we apply the total boundedness condition to obtain a finite subset Fy of X such that

U Ulx,ep) = X.
reFy

We extract subsequences inductively.

xnl,l xn1,2 xnl,a xnl,zl
xn2,1 xn2,2 xn2,3 xn2,4

xna,l xn3,2 xna,a xna,zl

xnk,l xnk,2 xnk,a xnk,zl
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The first subsequence (x,,,) is a subsequence of (x,) contained in a set U(sy,e1) for some s; € Fy. This
uses the fact that the sequence (z,) cannot meet all such U(s1,€;1) in a finite set. The same reasoning allows
us to extract the second subsequence (z,,,) from (z,, ,) so that (z,,,) is contained in a set U(s2,¢z) for
some sy € Fy. We continue in this way.

We now consider the diagonal subsequence (z,, ) defined by

Tmye — xnk,k'

The crucial observation is that, for each k, the tail sequence T, , Tm; 1) Tmeys, - - - 18 itself a subsequence
Of Tny 1y o Tng ) Tng gy - - - Lhus, for each k € N the tail sequence @, , Zm, 4, Tmpys, - - - lies in U(sy, €;)
and hence has diameter less than 2¢;. Tt follows immediately that (2, ) is a Cauchy sequence and hence
convergent in X. [ ]

5.9 Equicontinuous Sets

Throughout this section, K denotes a compact metric space. We denote by C(K) the space of bounded
real-valued continuous functions on K. All the proofs presented here also work for complex valued functions.
We consider C'(K) as a normed space with the uniform norm. We have already observed that C'(K) is
complete with this norm — see the example following Proposition 4.7 (page 53).

DeFINITION  Let FF C C(K). We say that F' is equicontinuous iff for all ¢ > 0, there exists § > 0 such
that

dr(z,y)<s = |fle)eflyl<e Vel

It is more or less clear that a set F' 1s equicontinuous iff there is a “modulus of continuity function” that
works simultaneously for all functions in the set F'. Explicitly we have the following Lemma, the proof of
which is left as an exercise to the reader.

LEMMA 5.28 Let F' C C(K). Then F is equicontinuous iff there is a function w : [0,00[ <— [0, 0]
satisfying w(0) = 0 and continuous at 0, such that

If(z) &f(y)| <w(dx(x,y)) VYe,ye K, VfeT.

The key result of this section 1s the following.

THEOREM 5.29 (AscoLl-ARZELA THEOREM) Let F' C C(K). Then the following are equivalent state-
ments.

e I has compact closure in C(K).

e I is bounded in C(K) and F is equicontinuous.

Proof. We assume first that F' has compact closure in C'(K). Then according to Proposition 5.1
(page 64), F' is bounded in C(K). We show that F' is equicontinuous. Suppose not. Then there exists
e > 0, two sequences (z,) and (y,) in K and a sequence (f,) in F such that (d(z,,y,)) converges to 0
and |fn(2n) < fa(yn)] > €. Now using the hypothesis that F' has compact closure, we see that (f,) has a
subsequence convergent in C'(K). We denote the limit function by f. Then there exists n € N such that

If & falls < e
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It now follows that |f(x,) < f(yn)| > %€, contradicting the uniform continuity of f. The function f is

uniformly continuous by virtue of Theorem 5.18 (page 72).

The real work of the proof is contained in the converse. Let us assume that F' is bounded and equicon-
tinuous. Tt suffices to show that F' is totally bounded. For then we will have that cl(F') is totally bounded
(by a remark on page 75) and complete, since C'(K) is complete. Tt is then enough to apply Theorem 5.27
and Corollary 5.25 to deduce that cl(F') is compact in C'(K).

Let € > 0. Then using the equicontinuity, we can find é > 0 such that

dz,y)<é,feF = |fle)=fy)l<se (5.22)

Now using the total boundedness of K, we can find N € N and z1, x5, ...y € K such that
N
U U@, 6) = K. (5.23)
n=1

Since F' is bounded, the set

is a bounded subset of RY and hence is totally bounded in RY by the Heine-Borel Theorem and Theo-
rem 5.23. Hence there exists M € N and functions f1, fa, ..., far in F such that for all f € F there exists m
with 1 < m < M such that

N

SUp | f(an) & fm ()| < 3. (5.24)
Combining now (5.22), (5.23) and (5.24) we have, for an arbitrary point # € K and n chosen such that
d(z,x,) < 6,

[f(2) & fm(@)| < |f(2) @ f(@n)l + | f(2n) S fon(@n)] + [fm(2) S frn(2n)] < e
It follows that F' is totally bounded in C'(K). ]

5.10 The Stone—Welerstrass Theorem

One of the key approximation theorems in analysis is the Stone—Weierstrass Theorem. Let K be a compact
metric space and recall that the notation C'(K) stands for the space of real-valued continuous functions on
K. The space C'(K) is a vector space under pointwise operations, a fact that we have already heavily used.
It is also a linear associative algebra — this means that C'(K) is closed under pointwise multiplication and
that it satisfies the axioms for a ring.

DEFINITION A subset A C C(K) is said to be a subalgebra of C'(K) if it is closed under both the linear
and multiplicative operations. Explicitly, this means

o fi,foeA it ER=11f1 +12f2 € A
o fi,heA=fi-freA

where the function combinations are defined by

(tifi +tafo)(x) =tifi(x) +tafo(x) Vre K

and

(f1- fo)(x) = fi(x) fa () Y € K.
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DEFINITION A subalgebra A of C'(K) is said to be unital iff the constant function 1 which is identically
equal to 1 belongs to A. A subalgebra A is said to separating iff whenever x1 and x5 are two distinct points
of K, there exists a function f € A such that f(x1) # f(x2).

If A is both unital and separating, then whenever z; and z, are two distinct points of K and a; and as
are given real numbers, there exists f € A such that f(x1) = a1 and f(#2) = as.

THEOREM 5.30 (STONE-WEIERSTRASS THEOREM) Let K be a compact metric space and suppose that
A be a unital separating subalgebra of C(K). Then A is dense in C(K) for the standard uniform metric on
C(K).

Before we can prove this result, we need to develop some preliminary ideas.
LEMMA 5.31 If A is a unital separating subalgebra of C'(K), then so is its uniform closure cl(4).
Proof. Obviously cl(A) is unital and separating because A C cl(A4). Tt remains to check that cl(A) is

a subalgebra. This is routine. For instance, to show that f-g € cl(A) whenever f,g € cl(A), we find a
sequence (f,) in A converging uniformly to f and a sequence (g, ) converging uniformly to g. Clearly

(f<f) -9+ fn(g<g0)ll
N(f <fn) - gll + 1fa - (g <0n)l]
Lf < Fallllgll + 1 £allllg < gnll
& 0

If -9 fn gnll

IN

so that (fy, - gn) converges uniformly to f-g. The proof that cl(A) is closed under linear operations is similar.
|

The upthrust of Lemma 5.31 is that the Stone-Weierstrass Theorem can be reformulated in the following

way.

THEOREM 5.32  Let K be a compact metric space and suppose that A be a uniformly closed unital
separating subalgebra of C(K). Then A = C'(K).

LEMMA 5.33 Let a > 0. Then there exists a sequence (p,) of real polynomials such that p,(z) <— |z|
uniformly on [<a, a].

This is a consequence of Theorem 5.19 after some elementary rescaling, but it is also possible to give a
proof & la main.

Proof. There are various pitfalls in designing a strategy for the proof. For instance, taking the p, to be
the partial sums of a fixed power series is doomed to failure. The proof has to be fairly subtle.
Without loss of generality one may take a = 1. Let us define the function

2 1 2 2
fale) = Jjne_?” i
T

The key facts about this function are that it is positive, that

/_O:o Fulz)de =2

and that for large values of n, the graph of f,, has a “spike” near 0. Let €, be a sequence of strictly positive
numbers converging to 0. Let r, be an even polynomial such that

sup | fu () Sra(2)] < €n.
—1<z<1
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We can easily construct r, by truncating the power series expansion of f,. If ¢, is suitably small, r, will
have this same spiky behaviour. Following this philosophy, we can expect the polynomial ¢, given by

n(s) = /0 o (t)dt (5.25)

to approximate the “signum” function, and the second primitive p,

pn(x) = /Ox QH(S)dS (526)

should approximate the “modulus” function. One can actually obtain p,, directly from r, by

pnlz) = /Ox(x ), (t)dt.

Clearly, from (5.25) and (5.26) pj, is an even polynomial function. Since both |z| and p,(z) are even in z we
need only estimate

sup |x <pa(r)]. (5.27)
0<z<1

Clearly

/Ox(x St)rg ()dt @/Ox(x @t)fn(t)dt‘ <en

for all € [0, 1] so that it is enough to show that

sup
0<z<1

xr
z @/ (z @t)fn(t)dt‘
0
tends to zero as n tends to infinity. We have

sup
0<z<1

x@/ x@tfn()dt‘ Oili[il/ z falt dt@/ l‘@tfn()dt‘

—{oilililx/ Falt dt} /Otfn(t)dt (5.28)

The second term in (5.28) is independent of # and tends to zero like % so we concentrate on the first term
which, after making a change of variables in the integral, can be rewritten

2 o0 _Ll,2
— sup e" 2" dt (5.29)
m 0§x§1 nr

But (5.29) also tends to 0 as n tends to oo since

Ll e t . _1
0 1, n-2 0, dt f0<z<n 2z,
x e” 2 dt < - 1
ne f\/ne__t dt ifn72 <z<l1.
These estimates show that (5.27) tends to 0 as n tends to co as required. [ ]
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LEMMA 5.34  Let A be a uniformly closed unital subalgebra of C(K). Let f,g € A. Then the functions
max(f, g) and min(f, g) are also in A.

Proof.  Since we have the identities

max(f,g) = +(f + g+ |f <)

and
min(f,9) = 2(f + g &|f <9|)

it is enough to establish that if h € A then |h| € A. For then, taking h = f <g¢ the result follows. Since h
is a continuous function defined on a compact space, it is bounded and hence it takes values in [<a, a] for
some a > 0. It now follows from Lemma 5.33 that the sequence of functions (p, o k) converges uniformly to
|h|. Each function p, o h is in A since A is a unital subalgebra of C(K). Hence, since A is also uniformly
closed it follows that |h| € A. [ |

Proof of the Stone—Weierstrass Theorem.  We start with a function f € C'(K) that we wish to approx-
imate and a positive number ¢ which is the allowed uniform error. Let x be an arbitrary point of K which
we fix for the moment. Now let y be another arbitrary point of K which we allow to vary. Since A is both
unital and separating, we can find a function h; , € A such that

hey(x) = f(2)

and
he y(y) = f(y)-

Since both f and h; , are continuous at y there is an open neighbourhood V, ,, of y such that hy 4 (2)&f(2) < €
for all z € V5. Clearly we have for each fixed z

K= Vay.
yeK

and hence by the compactness of K, there exist m € N and y1,...,y, € K such that

It is worth pointing out that m and the points y1, ..., ¥y, depend on z, but it would be too cumbersome to
express this fact notationally.

The function
m

o = D
is in cl(A) because of Lemma 5.34 and has the following properties
ge() = f(2)
and

92(2) < f(z) +€  VzeK. (5.30)

We note that (5.30) holds since, for all z € K there exists k£ with 1 < k < m such that z € V; ,,. We then
have

9o (2) < hg 4 (2) < f(2) + €

Dependence on y has now been eliminated, and we now allow x to vary. Since f and g, are continuous
at z, there is an open neighbourhood U, of # such that

9:(2) > f(z) &€ Vze U, (5.31)
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Clearly we have

K=J U,

rzeK
and hence by the compactness of K| there exist £ € N and z1,...,z; € K such that

J2

The function

‘
g = Max gz,
j=1
is in cl(A) applying Lemma 5.34 again. We check that both the inequalities
fr)ee<gz) < f(z)+€e VzeK
hold. The inequality on the right holds because of (5.30). For the inequality on the left, let z € K. Then
there exists j with 1 < j < £ such that z € U,,. We have, using (5.31)
9(2) > 9o, (2) > f(2) &e.

We have shown that cl(A) is dense in C'(K) and hence we conclude that cl(A) = C(K) as required. H

ExaMPLE Let K = [<1,1] and let A be the algebra of (restrictions of) polynomial functions. Then A is
clearly a unital separating subalgebra of C'(K) and is therefore (uniformly) dense in C'(K). Of course this
example contains Lemma 5.33 as a special case. a

ExaMPLE Let K = [0,1]x [0, 1] the unit square. If f and g are continuous functions on [0, 1], we can make
a new function on K by

(f@g)(s,t) = f(s) - g(t). (5.32)

It is easy to see that the set A of all finite sums of such functions is a unital separating subalgebra of C(K).
In fact, as linear spaces, we have

A=C([0, 1) @ C([o, 1)

the tensor product of C([0,1]) with itself. This is the reason for using the ® notation in (5.32). The Stone-
Weierstrass Theorem shows that A is dense in C(K). There are many quite difficult problems associated
with this example, for instance it is true, but not immediately obvious that A is a proper subalgebra of

C(K). ]
The Stone—Weierstrass Theorem allows a number of extensions. First of all, there is an extension to

complex-valued continuous functions.

THEOREM 5.35 Let K be a compact metric space and suppose that A be a unital separating self-adjoint
subalgebra of C(K,C). Then A is dense in C'(K,C) for the uniform metric.

Here, the condition that A is self-adjoint means that f € A whenever f € A. The function f is defined
by
f(2) = f(2) Vze K.

Proof. 'The key observation is that if f € A then Rf = %(f + T) is also in A. It is now easy to see that
RA={Rf; fe A} = AnC(K,R)

is a unital separating subalgebra of C'(K,R). Thus applying the standard Stone-Weierstrass Theorem we
see that RA is dense in C(K,R). Since A C A the result follows immediately. [ |
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ExAMPLE  Perhaps the most interesting application is to trigonometric polynomials. Let T denote the
quotient group R/27Z. Here we are viewing 277 as an additive subgroup of R considered as an abelian
group. We can think of T as the reals modulo 27. Topologically, T is a circle, so it is called the circle group.
In particular, T is compact, if for instance it is given the metric

dr(t, ) = ian|2nﬂ'—|—t¢>5|
ne

for t,s € R and t, § denoting the corresponding points of T. A trigonometric polynomial is a complex-
valued function p on R given by a finite sum

where a,, € C. The function p is 27-periodic when viewed as a function on R and hence 1t may be considered
as a function on T. It is straightforward to see that the set A of all trigonometric polynomials is a unital
self-adjoint separating subalgebra of C'(T,C). Tt follows that A is dense in C(T,C). This result is very
important in the theory of Fourier series; although it is normally approached from a rather different angle.
O

The second major extension of the Stone—Weierstrass Theorem involves one-point compactifications.
A complete treatment is outside the scope of these notes. It is however possible to give the general idea.

Given a space such as R it is possible to add a point at infinity designated oo, and define a new metric
d on the resulting space. Consider the map f : R <— R? defined by

1 <u? 2u

fw=re tre

)
which actually maps into the unit circle S' in R?. The only point of the unit circle which is not in the image
of f is the point (<1, 0). We treat this point as if it were f(o0). We define

d(u, v) = [|f(u) = ()|

where || || is the standard Euclidean norm on R? and

d(00,v) = d(v,00) = ||(&1,0) & (v)]].

Together with the required d(oco,o0) = 0, this clearly defines a metric on R U {oo}, because it is really
just the Euclidean distance on the unit circle. If we restrict the metric d to R we obtain a metric which is
topologically equivalent to, but not uniformly equivalent to the standard metric on R. Clearly, (R U {0}, ci)
is a compact metric space because the unit circle is a compact subset of R2. This space is called the one-point
compactification of R. Similar constructions lead to one-point compactifications of many other spaces. For
instance, the one-point compactification of R” can be identified to the n-sphere S” in R™*!. There is also a

very natural two-point compactification of R which can be denoted [<o0, 0o].

DEFINITION  Let f : R <~ R. We say that f possesses a limit a at Infinity if and only if for all ¢ > 0,
there exists A > 0 such that |f(#) <a| < € whenever |¢| > A. We also say that f vanishes at infinity if
and only if f possesses the limit 0 at infinity.

The set of all continuous real-valued functions on R vanishing at infinity will be denoted Cy(R). Tt is easy
to see that Cy(IR) is a uniformly closed subalgebra of C(IR). The following Proposition is left as an exercise.

PROPOSITION 5.36 A continuous function f : R <— R extends to a continuous function f : RU{xot =R
if and only if f possesses a limit at infinity.
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THEOREM 5.37  Let A be a separating subalgebra of Cy(R) that separates from infinity. Explicitly, this
last statement means that for all x € R there exists f € A such that f(x) # 0. Then A is uniformly dense
in CO (R)

Proof. Let B denote the set {f + A1;f € A, A € R}, an algebra of continuous functions on R which
possess a limit at infinity. The set of lifts B = {7;9 € B} is then a unital subalgebra of C(R U {co}). The
hypotheses on A guarantee that B separates the points of RU{oc}. Thus by the Stone—Weierstrass Theorem,
B is uniformly dense in C(RU {o0}). Tt follows easily that A is uniformly dense in Cy(R). ]

ExaMPLE  This example is on [0, oo rather than R. Let A consist of all functions f : [0, 0o[ <— R of the
type

n

f@) =Y e (@2 0)

ji=1
where a; € R and A; > 0. Such a function is clearly continuous and vanishes at infinity. The set A is

clearly a separating algebra of functions which also separates from infinity. Hence A is uniformly dense in
Cy([0,00[). This result can be used to yield the Uniqueness Theorem for Laplace transforms. a
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6

Connectedness

From the intuitive point of view, a metric space is connected if it is in one piece.

DEFINITION A splitting of a metric space X is a partition

X = X1 UXy, (6.1)
0= X1N X,

where X1 and X, are open subsets of X. The splitting (6.1) is said to be trivial iff either X1 = X and
Xo =0 or X1 =0 and X3 = X. A metric space X is connected iff every splitting of X is trivial.

In a splitting, the subsets X; and X5, being complements of each other, are also closed.
PROPOSITION 6.1  Every closed interval [a, b] of R is connected.

Proof. 1If b < a then [a,b] = 0. If a = b then [a,}] is a singleton. In either case, all partitions of [a, b],
whether they are splittings or not, are trivial.
Let us suppose that a < b and that

[a, 0] = X1 U X, (6.2)
0= X1N X,

is a splitting of [a,b]. We may assume without loss of generality that a € Xy, for if not, it suffices to
interchange the sets X7 and X». Let us suppose that X3 # (). Then we define

¢ =1nf X5.

We claim that a < ¢. Since X; is open, there exists ¢ > 0 such that U(a,¢) € X;. This means that
[a,a+ €[ C X1 or equivalently that Xy C [a + ¢, b]. Tt follows that ¢ > a + e.

Exactly the same argument shows that if ¢ € X; and ¢ < b then there exists ¢ > 0 such that [¢, ¢+ €[ C X;.
But since by definition of ¢, we have[a, ¢[ C X, we conclude that [a, ¢ + ¢[ C X or equivalently X» C [¢ + ¢, 8]
contradicting the definition of ¢. On the other hand, if ¢ = b and ¢ € X1, then X3 must be empty.

Hence, it must be the case that ¢ € X5. But then there exists ¢ > 0 such that Je <€, ¢+ ¢[ € Xy which
also contradicts the definition of c.

We are therefore forced to concluded that the supposition X5 # 0 is false. It follows that the splitting
(6.2) is trivial. ]
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6.1 Connected Subsets

So far we have discussed connectedness for metric spaces. We now extend the concept to subsets in the usual
way.

DEFINITION  Let A be a subset of a metric space X. Then A is a connected subset iff A is a connected
metric space in the restriction metric inherited from X.

When we disentangle this definition using Theorem 2.27 (page 27) we obtain the following complicated
Proposition.
ProprosITION 6.2  Let X be a metric space and let A C X. Then the following two conditions are
equivalent.

e A is a connected subset of X.

e Whenever Vi and V5 are open subsets of X such that
ACV UV, (6.3)

and

@IAﬁvlﬁVQ, (64)
then either A C Vi or A C V5.

We leave the proof of this Proposition to the reader.

LEMMA 6.3 Let X be a metric space and suppose that A is a connected subset of X. Then for every
splitting

X =V, U Vs, (6.5)
0=VNVs, (6.6)

of X we must have either A CV; or A C V5.

Proof. Tt is immediate that (6.3) follows from (6.5) and (6.4) follows from (6.6). The conclusion follows
immediately from the connectivity of A. [ |

Another result we can obtain from Proposition 6.2 is the following.
PROPOSITION 6.4  Let A be a connected subset of a metric space X. Then cl(A) is also connected.

Proof. We suppose that Vi and Vs are open subsets of X such that
c(A) SV UV, (6.7)

and

@I Cl(A)ﬁVl ﬁVz

hold. Then a fortiori (6.3) and (6.4) also hold. Since A is connected, we deduce that either A C V; or
A CV;. Let us suppose that A C V; without loss of generality. We claim that

c(A) N Vs =0, (6.8)

We establish the claim by contradiction. If # € cl(A) N V5, then we can find a sequence (z;) in A converging
to «. Since V3 is open and z € Vs, for j large enough, we will have

x]'EAﬂVQQAﬂVlﬂVz:Q),
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a contradiction. The claim is established. But now by (6.7) and (6.8) we find that cl(A) C V4. Similarly,
supposing that A C V5 will lead to cl(A4) C Va. ]

6.2 Connectivity of the Real Line

ProOPOSITION 6.5  Every interval in R is connected.

Proof. Let I be an interval of R. We view [ as a metric space in its own right and show that it is
connected. Suppose not. Then there is a non-trivial splitting of I. Let a,b € I be points of I on different
sides of the splitting. Without loss of generality we may suppose that ¢ < . But, by Proposition 6.1
(page 85) the closed interval [a, b] is a connected subset of I containing both a and b. Hence, by Lemma 6.3
a and b must lie on the same side of any splitting — a contradiction. [ |

The converse is also true.
THEOREM 6.6  Every non-empty connected subset of R is an interval.

Proof. Let I be a connected subset of R. Let a = inf/ and b = sup / with the understanding that
a = <o if I is unbounded below and & = oo if I is unbounded above. It is the order completeness axiom
that guarantees the existence of @ and b. We claim that ]a,b[ C I. For if not, there exists ¢ ¢ I satisfying
a < ¢ < b. But then taking X =R, A =1, V} =] <00, c[and Vi =], oo] in Proposition 6.2 (page 86) shows
that I is not connected. If a € R then a may or may not be in I. If b € R then b may or may not be in I.
But in any event, I is an interval. [ |

6.3 Connected Components

THEOREM 6.7  Let X be a metric space. Let A and B be connected subsets of X with AN B # (. Then
AU B is connected.

Proof. Let V7 and V5 are open subsets of X such that

AUBC ViUV,
and

P=(AUB)NVLN Vs, (6.9)

then we must show that either AUB C Vj or AU B C Va. It is clear from Lemma 6.3 and the fact that A
is connected that either A C V; or A C V5. Similarly, since B is connected, either B C V; or B C V5. There
are then 4 possibilities.

e ACV; and B C V5.
e ACV, and B C V5.
e ACVy and B C V.
e AC Vs and B C V5.

We show that the second and third cases are impossible. Suppose for instance that the second case holds.
Let # € AN B. Then # € V] and # € V5. From this it follows that # € (4 U B) NV} N'V; which contradicts
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(6.9). The third case is impossible by similar reasoning. It follows that either the first case holds, so that
AU B C Vi, or the fourth case holds and AU B C V5. [ ]

The next step 1s to discuss whether two points can be separated one from the other in a metric space.
This turns out to be a key notion.

DEFINITION  Two elements x1 and zs of a metric space X are connected through X iff there is a
connected subset C' of X such that x1,xs € C. In this circumstance we will write xl}axz.

THEOREM 6.8  The relation ~ is an equivalence relation on X.
X

Proof. The symmetry condition is obvious because the definition of the relation is symmetric in x;
and 5. For the reflexivity, it suffices to take C' = {a} if &1 = @2 = «. All the work is in establishing
the transitivity. Let z1, x5, 23 € X and suppose that xi~xs and xs~x3. Then by definition, there exist
connected subsets A and B of X such that z1,2z, € A andxxz, xr3 € B.XClearly, zy € AN B. An application
of Theorem 6.7 shows that AU B is connected. Of course, z1,x3 € AU B so that l‘l;\(/l‘g. |

DEFINITION  Let X be a metric space. The equivalence classes of the relation ~ are called components.
For an element © € X, the component of x means the equivalence class conta%ing x. In an obvious way,
the components of X are the maximal connected subsets of X.

The following is an immediate consequence of Proposition 6.4.

PropPOSITION 6.9 Let X be a metric space and let C' be a component of X. Then C' is closed in X.

This is a good opportunity to prove the following Proposition.
PropPOSITION 6.10  Every open subset of R is a countable disjoint union of open intervals.

Proof. Let V be an open subset of R. We consider V' as a metric space in its own right. We can write V'
as a digjoint union of its components. Let U be a typical component of V. Then by the previous result, U is
an interval. We claim that U 1s open. Let # € U. Then x € V and, since V' is open in R, there exists € > 0
such that |z <e, 2 + ¢[ C V. But |z <€, 2 + €[ is a connected set and hence must lie in the same component
as x. This shows that Ja <¢, 2 +¢[ C U. Hence U is open. Finally, since each open interval must contain
a rational number, select in each component a rational. Since Q i1s countably infinite, it is clear that the
number of components of V' is countable. [ ]

How can we recognize components? In general it is not always easy. The following Lemma is sometimes
useful.

LEMMA 6.11  Let C' be a nonempty subset of a metric space X which is simultaneously open, closed and
connected. Then C' is a component of X.

Proof. Let C be a nonempty connected open closed subset of X. Let Y be the component of X
containing C'. Then, since X = CU (X \ () is a splitting of X and Y is connected we find that either Y C C'
or Y C X\ C). Since (' is nonempty, and C' C Y the second alternative is not possible. Hence C' =Y and
C' is a component. [ |

ExampLE  Consider the subset X = {0}U{1;n € N} of R. Clearly each of the singletons {1} is relatively

open and relatively closed in X and also connected. Hence each set {%} is a component of X. When these
are removed from X we are left just with {0} which is clearly connected. Hence {0} is also a component. O
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EXAMPLE A variation on the preceding example is

(o]
x=y
j=0
where Iy = [<1,0] and I; = [ﬁ, %] for j € N. Each of the intervals [; with j € N is open, closed and
connected in X and hence a component. The remaining set I is clearly connected and hence it too must be
a component. O
a b

FicURE b: Example of distinct components that cannot be split.

ExamprLe  InR?let @ = (&1,0), b = (1,0). Let I be the closed line segment joining (<1, 27%) to (1,27%).
Finally, let

A={a,b}u(|J L)
k=1
The components of A are {a}, {b} and I} for k € N. What are the splittings of A? Suppose that one of the
splitting sets A; contains a. Then, since A; is open (in A), it also contains a tail of the sequence (<1, 27%).
But, since each Ij is connected, it also contains a tail of the I and in particular a tail of the sequence
(1,27%). Finally, since A; is closed (in A), b € A;. It is now not difficult to see that

AZIUIk

keF
and

Ay = A\ As,

where F' is some finite subset of N. Certainly, the points a and b lie on the same side of every splitting,
despite the fact that {a} and {b} are distinct components. This shows that the converse of Lemma 6.3 is
false. The subset {a} U {b} of A lies on the same side of every splitting of A, but is not a connected subset
of A. i

ExXAMPLE  Let E be the Cantor set in R (page 13). The components of the Cantor set are all singletons.
Let @ and b be distinct points of the Cantor set. Suppose without loss of generality that a < b. Let
e = b<a > 0. Now select n such that 377 < %e. The intervals of F, have length 37" so clearly, a and b
must belong to different constituent subintervals of E,,. Thus we may select ¢ ¢ E,, with a < ¢ < b. Now
apply Proposition 6.2 with V; =] <00, ¢[ and Vo = J¢, o0[. Since a € V; and b € V5 it follows that there can
be no connected subset of £ that contains both a and b. ad
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DEFINITION A metric space is said to be totally disconnected iff every component is a singleton.

6.4 Compactness and Connectedness

There is a subtle interplay between compactness and connectedness.

PropPoOSITION 6.12  Let K be a compact metric space and let C' be a component in K. Let V be the
collection of all simultaneously open and closed subsets of K containing C. Then

c=Vv

Vey

Proof. Let us define D = Ny ey V. We will show that D is a connected subset of K. Certainly D is a
closed subset of K because 1t 1s an intersection of closed sets. If it 1s not connected we can write

D = Dy U Ds, 0=DiNDy (6.10)

where Dy and D5 are non-empty subsets of D simultaneously open and closed in D. Since D is closed in K
and D; is closed in D it follows that D; is closed in K for j = 1,2. Since D, and D, are also disjoint, it is
therefore possible to separate them with sets U and Uy open in K (see Corollary 4.15). We have

UlﬁUzzw and ngU]',jzl,Q.
Then

K\(Uhulsy) C K\(D;UD»)
= K\D
= U(K\V)

Vey

Since K\ (U1 UU,) is a closed subset of K it is compact and hence we can find a finite subset F C V such
that

K\ (Ihuli) € | (K\V). (6.11)

Let us define
W=V
VeF

A moment’s thought convinces us that W € V. We can restate (6.11) as W C U; UUs. Clearly WNU; =
W N (K \ Us) is the intersection of two closed sets and hence closed (as well as open). Similarly, W N Us is
simultaneously open and closed. Thus the three sets W N Uy, W NUs and K\ W form a three way splitting
of K. Since C' is connected 1t lies entirely in one of the sets of the splitting. Since C' C W we can assume
without loss of generality that C' C W NU;. But then WNU; € V and it follows that D C U;. It follows that
in the splitting (6.10), D2 = #. The contradiction shows that D is connected. Finally by the maximality of
C among connected subsets of K we see that D = C. [ ]

6.5 Preservation of Connectedness by Continuous Mappings

One of the most important properties of connectedness 1s that it is preserved by continuous mappings.
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THEOREM 6.13 Let X and Y be metric spaces. Suppose that X is connected. Let f : X <= Y be a
continuous surjection. Then Y is also connected.

Proof. Let

Y =Y UYs,
QJ:YlﬁYz,

be a splitting of Y. Then 1t 1s easy to see that

X = M)u ft(vs),
0=r"(v)nfH(Ya),

is a splitting of X. But since X is connected, the second splitting must be trivial. It follows that the first
splitting is also trivial. [ ]

COROLLARY 6.14  Let X and Y be metric spaces and let f : X <&— Y be a continuous mapping. Let A be
a connected subset of X. Then the direct image f(A) is a connected subset of Y.

COROLLARY 6.15 (INTERMEDIATE VALUE THEOREM) Let f :[a,b] <= R be a continuous mapping. Let
z be between f(a) and f(b). Then x € f([a,]).

Proof. Let us suppose without loss of generality that f(a) < f(b). Then the statement that  is between
f(a) and f(b) implies that f(a) < = < f(b). By the previous Corollary, f([a, b]) is a connected subset of R.
By Theorem 6.6 (page 87), f([a, b]) is an interval. Since this set contains f(a) and f(b), it also must contain
the interval [f(a), f(b)]. Tt follows that z is in the direct image of f. [ ]

The following definition is long overdue.
DEFINITION A metric space X is discrete iff every subset of X is open. A subset A of a metric space X
is discrete iff it is discrete as a metric space with the restriction metric.

Because of Theorem 2.2 a metric space is discrete iff its singletons are open.

EXAMPLE  The subset Z is a discrete subset of R. Indeed, given n € Z we have {n} = ZNln <1 n+ 3|
showing that {n} is open in Z. O

Obviously a discrete metric space is totally disconnected. The Cantor set 1s a space that is totally
disconnected but not discrete. The following Proposition involves an important technique.

PrOPOSITION 6.16  Let X be a connected metric space. Let Y be a discrete metric space. Let f : X &Y
be a continuous mapping. Then f is a constant mapping.

Proof. By Theorem 6.13, the direct image f(X) is connected and hence contained in a single component
of Y. But the only components of Y are singletons. Hence f i1s a constant mapping. [ |

It will be noted that the same conclusion would hold if Y we replace the hypothesis Y discrete by Y
totally disconnected. However this extension is seldom used in practice.

6.6 Path Connectedness

There is a strong form of connectedness called path connectedness which is sometimes useful.
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DEFINITION A metric space X is path connected if for every pair of points xy, x1 € X there is a path
from g to x1. Such a path is a continuous mapping f : [0, 1] <— X such that f(0) = xp and f(1) = #;.

THEOREM 6.17  Every path connected space is connected.

Proof. Let X be a path connected metric space. We show that X has but one component. Let zg, z; €
X, we will show that zy and z; lie in the same component of X. Let f be a path joining zy to x1. Then,
by Theorem 6.13, the underlying set f([0, 1]) of the path is a connected set to which both 2y and #; belong.
Thus zg and z; belong to the same component of X. |

We leave the following Lemma as an exercise for the reader. It is an easy application of the Glueing
Theorem (page 29).

LEMMA 6.18 Let X be a metric space and let xg, 1,22 € X. Suppose that there is a path joining zq and
z1. Suppose that there is a path joining x1 and zs. Then there is a path joining xzy and 5.

THEOREM 6.19  Let V be a connected open subset of RY. Then V is path connected.

Proof. If V is empty, there is nothing to show. Let g € V. Then, by Lemma 6.18, it is enough to show
that for every € V there i1s a path in V joining zg to x. Let W be the set of all such points z. Then by
considering the constant path with value zy we see that zo € W.

Claim: W isopeninV  Let xy € W. Then, since V is open, there exists ¢ > 0 such that U(z1,¢) C V. In
particular, for every point z of U(x1, €) the line segment joining #; to # liesin V. The function g : [0,1] &=V
given by

g(t) = (1 ot)r, +tx vt € [0,1]

is a path from z; to « lying entirely in V. But, since 21 € W there is a path in V from g to z; so by
another application of Lemma 6.18, there is a path in V' from zg to . Hence U(xy,¢) € W. Thus W is
open in V.
Claim: W is closed in V' Let 21 € V \ W. Then, repeating the previous argument, there exists ¢ > 0
such that U(z1,¢) € V and furthermore for every point z of U(xy,€) there is a path from z; to # lying
entirely in V. Tt again follows from Lemma 6.18 that if 2 € W then 21 € W. But 21 ¢ W, so it follows that
Ul(xy,6) CV\W. Hence V \ W is open in V. It follows that W is closed in V.

Since V is connected and W is a non-empty open closed subset of V it follows that W = V. [ ]

We remark that the proof actually shows that V' is connected then any two points zy and = of V' can be
joined by a path consisting of finitely many line segments — that is a piecewise linear path. Also, there
is nothing special about R? here, the same proof would work in any real normed vector space.

ExAMPLE A standard example of a space that is connected but not path connected is the subset A = Y US
of R? where Y is the line segment
Y ={0,y)el <y <1}

lying in the y-axis and S is the union of the following line segments.
e From (27", &1) to (27", 1) for n € ZT.
e From (2-"1t1) &) to (277, 1) for n € Z1, n even.
e From (2=+1) 1) to (277,1) for n € ZF, n odd.

The sets Y and S are shown on the left in Figure 6. It is clear that both Y and S are path connected
and hence connected. Thus, the only possible non-trivial splitting of A is A =Y U S (or its reversal) and it
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FIGURE 6: A connected space that is not path connected (left) and a horizontal swath cut through the
same space (right).

is easy to see that S is not closed in A since for example the sequence of points ((277,0)) of S converges to
the point (0,0) of Y. Tt follows that A4 is connected.

To see that A is not path connected is harder. We first study the connectivity of the intersection of A
with a narrow horizontal strip. Let @ < b and suppose that [<l, 1] is not contained in [a,b]. Let H be the
horizontal strip

H = {(x,y);a<y<b}
In case a = 0, b = 1 the set AN H is shown on the right in Figure 6. We leave the reader to show that Y N H

is a component in AN H. The method is similar to that used in the two examples following Lemma 6.11.
Let now f :[0,1] &— A be a path from (0,0) to (1,0) lying in A. Define

t= inf s.
f(s)es
Informally, ¢ is the first time that the path jumps from Y to S. If ¢ = 0 then f(¢) € Y. On the other hand,
if £ > 0 then f(s) € Y for 0 < s < t and it follows by continuity of f and the fact that ¥ is closed that
f(t) €Y. Since f is continuous at ¢ there exists § > 0 such that

st <8 = d(f(s), f() < 35

Thus taking n to be the y-coordinate of f(¢) and setting a = n@% and b =n+ % we see that the restriction
of f to [t <é,t+ 6] is a continuous mapping taking values in AN H. But since f(1) e YN H and Y N H is
a component of AN H we see that f(s) € Y N H for all s in [t <6,t + 8]. This contradicts the definition of
t. O

6.7 Separation Theorem for Convex Sets

In this section we tackle the Separation Theorem for Convex Sets stated on page 43. At first glance, there
does not seem to be much of a connection between this topic and connectedness. To show the hidden
connection we start with the following proposition.
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ProOPOSITION 6.20 Let C be an open convex subset of V a finite dimensional real normed vector space of
dimension at least 2. Suppose that Oy & C. Then there exists a line L through Oy (that is a one-dimensional
linear subspace L of V) such that LN C = 0.

Before tackling the proof we need the following Lemma.

LEMMA 6.21  Let V be a real normed vector space of dimension at least 2 and let S = {v;v € V,|]v|| = 1}
be its unit ball. Then S is a connected subset of V.

Proof. Let vg,v1 € S. Then consider
v(t) = (1 &t)ve + tr]|7H((1 St)vy + tor)

for 0 < ¢ < 1. If the vector (1 <t)vg + tvy is non-zero for all ¢ € [0, 1] then t <— v(?) is a continuous path
from vy to vy lying in S. On the other hand, if (1 <t)vg + tvy = Oy, then (1 <t)vy = <tvy, and taking the
norm of both sides leads to (1<) =t so that ¢t = % and 1t follows that v; = <wg. Thus, either there is a
continuous path in joining vy to vy or vy and vy are antipodal points of S.

Now suppose that vy, v1 and vy are three distinct points of S. Then at most one of the pairs {vg, vy},
{v1,v2} and {vs, vo} is antipodal and it follows that we can connect vy and vy by a continuous path in S
either directly, or by using Lemma 6.18. Finally it is easy to see that if dim(V') > 2 then S possesses at least
3 distinct points and the proof is complete. Of course, in case dim(V) = 1, then S is a 2 point disconnected
set. |

Proof of Proposition 6.20.  We define the following subset A of 5.
A ={u;u € S,3t > 0 such that tu € C}.

Let w € A, and let ¢ > 0 be such that tu € C'. Since C'is open in V there exists s > 0 such that U(tu, s) C C.
Now let v € S be such that ||v <u|| < st=1. Then clearly [[tv <tu|| < s, so that tv € C' and v € A. We have
just shown that A 1s relatively open in S.
Now define
B={uue S cuec A}

Then B is relatively open in S since A is. Also A N B = § since if there exist ¢; > 0 and 5 < 0 such that
tiu,tau € C' then it follows from the convexity of C' that 0y € C' which is contrary to hypothesis.

If C is empty then the result is obvious. Hence we may assume that C' # @ and it follows that both A
and B are nonempty. The scenario S = AU B is now ruled out by the connectivity of S. Hence there exists
u € S\ (AU B), and the line L through Oy and u does not meet C. The point tu is not in C' since

e ug Aiflt >0,
e u¢d Bift <0,
e lu=0y ¢Cift=0.

DEFINITION  Let X and Y he metric spaces and let ¢ : X <~ Y. Then ¢ is an open mapping iff the
direct image () is an open subset of Y for every open subset 2 of X.

Proof of Theorem 3.9. Without loss of generality, we may suppose that v = 0y. For this it suffices to
apply a translation.

The proof is by induction on the dimension of V. If V' is one-dimensional then the result is obvious,
since an open convex set in R i1s just an open interval. Thus, we may suppose that n > 2, that the result
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is proved for vector spaces of dimension n <1 and establish it in case dim(V) = n. Since n > 2 we can
apply Proposition 6.20 to find a one-dimensional subspace L of V' that does not meet C'. Consider now the
quotient vector space ) = V/L and let & be the canonical projection 7 : V < Q.

The direct image w(C') is clearly a convex subset of ). To see this, let q1,¢2 € #(C'). Then we can find
lifts v1, vo € C such that w(v;) = ¢; for j = 1,2. Let £1,%5 be nonnegative real numbers such that ¢; +¢, = 1.
Then, by the convexity of C' we find that t;v1+t3v2 € C and it follows that t1¢1+t2¢2 = 7(t1v1+12v2) € 7(C).

We next claim that 7(C') is an open subset of . In fact, 7 is an open mapping. Let £ be an arbitrary
open subset of V and let gg € 7(§2). Then, there exist vy € V such that vy € Q and #(vg) = ¢o. Since Q is
open in V| there exists ¢ > 0 such that U(vg,t) C Q. Now, let ¢ € U(qo,t). Since ||¢ <qol|g < t, and by the
definition of the quotient norm (page 46), there exist w € V such that ||w||y <t and 7(w) = ¢ <¢p. It now
follows that v = vy + w € € and that w(v) = q. Thus we have shown that U(gg,?) C (). Since ¢y was an
arbitrary point of (), it follows that «(£2) is open in Q.

Finally, since 0g ¢ w(C) (because L N C = 0), we can apply the inductive hypothesis to obtain the
existence of a linear form ¢ on ) such that

P(q) <p(0g) =0  VYqen(C).

It follows immediately that
pom(v) <0=¢pom(0y) Vv e C.

Since ¢ o 7 18 a linear form on V', this completes the inductive step. [ |
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