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Abstract 

The Inverse Problem o l  Gnlois Thcor? is (l iscuss~~l.  In a spticifiç forni. the 

problem asks tr-hether ewry finitr gruiip occurs aç a Galois groiip over Q. 

An iritrinsically group theoretic property caIIed rigidity is tlcscribed which 

confirnis chat many simple groups are Galois groups ovrr Q. Cimncctions 

betmeen rigidity and geometry are described and applications of rigirlity art! 

provitfed. In particular. aftcr describitig sorne uf thta ttitwry of grwps of 

Lie type. the rigicfity criteriori is applied to the exceprional Lie type groiips 

G2(p). for primes p > 5.  iVith the confirmation of a rationality condition, 

this establishes that G2(p) occurs as a Galois group ovcr Q for al1 p > 5 .  

Furthermore. the conjugacy classes wtiich arise in the ptoof of rigidity for 

G?(p) are explored in detail. in the h o p  that a new proof rnight be produced 

which would illuminate the geometry associated to this rigid situation. 



Résumé 

Le problénie inverse de  la théorie de  galois est traité. Dans une forniiili~tiori 

particulière. le problènic est de  déterminer si tous les groiipps finis se réalisent 

cornnie groupets de  galois sur 0. Une caractéristique iritrinsiqiie ails grniipcs. 

appelée rigidité. est décrite. qui implique pour plusieurs groupes siniplcs 

qu'ils sont des groupes de galois sur Q. Des connections entre la rigidité et la 

géonietrie sont décrites. et des applications de  la méthode de  la r igidit~ sont 

présent6eç. En particulier. ayant décrit la théorie des groupes de Lie sur les 

corps finis. le critére de rigidité est appliqtié à la familIe des groupes de Lie 

exceptionel. G2(p) ,  pour les nombres premiers p > 3. Avec la corifirrriation 

d'une condition de rationalité. il est établi que Gi(p) se réalise comme groupe 

de galois sur Q pour tout nombre premier p > S. De plus. les classes de 

conjugaison qui se présentent dans la preuve de  rigidité pour G2(p)  sont 

esplorés eii détail. dans l'espoir qu'iine preuve notrvelle puisse e t r t  produite 

qui illurnineriiit l ' spect  géometricliie de cette sitiiation rigide. 
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1 Introduction 

Thcl Galois Throry desrribes a riatiiral iwy t o  associate a groiip to i l  ~iorriiiil 

field ~xtension of Q. specificaliy. the goup  of aiitoniorpIiiçnis of thp rsttwsicin 

field fixing Q. t t  is not !et known whctht~r this procedure nia! br *.iriwrttd": 

Conjecture 1 (Inverse Galois ProbIern) Eiiery fimite group as the Galols 

qrotip of some no.rrnul extenszon of Q. 

The problern is often generalizcd to alIow base fields 0 t h  than Q. IritIcrrf. 

stiidying the analogue of Conjectim 1 over the fields CI!). a(t ) and Q(t ] will 

be seen to be v e l  important in studying the Inverse Galois ProbIcni over Q. 

1.1 History 

The Inverse Galois Problerri was proposecf by Hilbert (1892). aho  denion- 

strated that Sn and -4, are Galois goiips over Q for al1 n. The first qen~ral 

approach to the problem !vas proposd hy E. Soether.  ho established a 

criterion which woulrl ensure a group G n-as Galois over 1Q (L9LS). narn~ly 

if its field of invariants is rational (see iSerS2I. pp siii-siv). The critrrion 

is riifficult co verifj-. and it !vus not urltil 1969 that a group tvas fountf (II!- 

Swan). the cyIic group Cg; of order -17. which did not satisfy rhis ratiorialit'- 



condition. As CA; is abelian. it is easily s h o w  to he a Galois groiip owr Q. 

Later work by Lenstra providd an explicit criterion to cstiiblish ratiimility 

for abelian groiips. whicti is not met bu nian? known Galois groiips of midl  

ortler. so itnother approuch is probribly required. 

Csing different techniques. by inductively solving tht! rt4cvaiit emi)rd(ling 

problcnis. Scholz and Reictiart realizeti every finitc nilpotrnt groiip i ~ s  a C h -  

lois group over Q (1937). Their ideas rvere extendeci hy Shafarevich. wtio 

establisheti that every finite solvable group is a Galois group over Q (19.54). 

This result does not guarantee that G occurs as a Gaiois group in a regular 

extension of Q(t).  however. 

1.2 Strategy 

In the late 1970s. there rvere ttvo important dcvcIoprnents relatect to the 

Inverse Galois Problern. First. the chsification of finite simple groups wiis 

c.orripletet1. estabiishing that every fitiite simple group is an iilternating group. 

a Lie type groiip. or one of 26 sporadic groiips. At che sanie cime. a nen- 

technique. the rigidity rnethod. for redizing finite groups as Galois groiips aas 

tleveloped (attributed variouçly to Fried. Belyi. 'c[atzat and Thornpson I. The 

technique proved especially successful a t  realizing simpIe groups as Galois 



groups. cither over Q or over an  abelian extension of Q. Taken together. 

these devclopments in the theor- siiggest the foilowitig stnrtegy. first n i d e  

cxplicit by Thornpson. for rcsolving the Inverse Giilois Prohicm ovrr Q: 

A )  Drnioristrate that every iinite simple group occurs as ttic Galois group of 

some cxtcrision of Q; 

B) For an arbitrary finite group. soive the relevant "rmbedding problems". 

given that its siniple compositioti factors occiir regiilarly as C;iilois groiips: 

ttiat is. construct a Galois extension of Q with Galuis groiip G i~ssiiniing 

that step .-\ has been solved (see Theorem 2.10). 

Seither of the steps has been completed. Little will be sait1 here about 

the enib~dding problerris in B); for details see [5ISI951. Concertiing step A ) .  

the rigidity method has successfully reaIized al1 but one of th(% '26 sporaclic 

sirnple groiips a s  Galois groups over Q however, the rigirlity niethod is only 

kliown to realize the finite simple Lie type grotips defineri over IFq when q is 

a small power of a prime p. Indeed. not a single Lie type groiip is known 

to be realized by the rigidity method as a Galois group over [Q ~vhen q is 

a fourtli pon-er of p or htgher. Thus there has been consiclerable research 

into rnotlifying and estending the rigidity method. n-ith some success. See 





2 Preliminaries 

2.1 Galois Theory 

If F is a field esterisiori of I<. .kic(F/I<) denotes t t i t b  groiip of field autonior- 

ptiisms of F which fis h*. 

Definition 2.1 .4 field eztenszon F/I< t s  suzd to be Galois 4 F"Ut(F'h" = 1;. 

Then :\ut(F/K) u called the Galois group of the field r d ~ ~ i s z o n .  

Theorem 2.2 (Galois Correspondence) Let F / K  be u Galozs edensaori 

offields with Galois yrovp C. The assignrnent H c, F" pues a bijective cor- 

respondence between subgroups H of G aiid rntenrredzute fields h- c L c F.  

where Ffi u the svbfield of F Jized by H .  The znuerse senr1.s L to Gal(F1L). 

Under this bajectiorr. normal .subgroup.s .VaG correspond to Gu1oz.s mtensaons 

L / K .  und Gal(L/fï) 2 Cl ' i .  

For aumber fields F and f< n-ith rings of integers OF and Oh.. the Galois 

groiip C = Gal(F/K) ac:s transitively on the set of prinie itl~als p, in OF 

lying ovw a fived prinie p in OK.  Fix il prime ç) w e r  p. The decomposrtlorr 

group D, at is the subgroup of G consisting of al1 o E G siirh chat m(p) = p. 

Let F = o F / p  and I;' = Oh-/p. Then F / h :  is a Galois estension. Let 



G = G ~ ( F / E ) .  Thcre is a naturai tioriiriniorptiisni O, : D, i G. <ltbîirit~rl so 

chat for rsy f E OF. (10) = oV(d)(j). T ~ P  k~rntbl of O, is dltd th[* mrr-!ru 

group 1, at V. iirid is trivial if and only if ç, is iiririiniitictl. 

Let Ii(t) clenote t h ~  functim tidd in ;in iti<letrrrtiiriari' f .  

Definition 2.3 .4 Galois edension F of li(t) 1s .wid to bc rrgiiliir rf K ~ F  = 

K .  

Definition 2.4 Let K be algebrarcally clo.serl. k (L .si~bficld of f i .  und L u 

finzte Galozs eztenszon of K ( t ) .  of riegre~ n. The extension L / K ( t )  1.9 sard lo 

Se defineci over k i f  there rs u regular Gnlois extension F of k ( t )  of rlegrpe n.  

such that E c L. 

This is illustrated below. 

k ( t )  

It rvill be of particular interest to know when a fidd twrnsiori ~ j o ( t )  is 

defined owr  Q. 



2.2 Representation Theory 

Let I -  h~ ii finite diniensional vcctor space oïcr a field F. L P ~  CL( \ - )  ( i eno t~  

the group of F-lineiir vector spacc autoniurphisriis of 1-. 

Definition 2.5 -4 repres~ntation p of rr grotrp G o w r  thr firlrl F 1s u qroup 

homornorphrsrn /rom G tu CL(\-). 

Csirally F will he taken to be C. and in this case the repr~sentatiori rriay bc 

calleti cornplex. If F = Fp. the representation d l  be c.allcrl rrrorlnlur. T h  

dimension of I' is called the degree of the rcpres~ntation, The represeritatioti 

p is said to be irreduczble if the only p(G)-inniriarit propiIr sut)space of 1' is 

the trivial su bspace. 

Definition 2.6 The ctiaracter y O! u cornplex rrpreseritutmr p i.5 thr Iutrr- 

t ion frorn C: t o  @ puen by k(g) = Tr(p(g)). 

Hence y(g) is the sum of the eigenvaliies of p(g). Since Tr(nb) = Tr(ba). 

characters are class functions on G. that is. if y anri h are conjugate in G. 

then l i g )  = \ (h) .  Suppose G is a finite goiip.  Then. 

Proposition 2.7 The nnmher of rrreducihle r:omplel: representatzon,.; of C; w 

equal to the nrrmber of conjugacy classes tri G. 



Proposition 2.8 

* )  is of fiiiitc ortler, its eig~nvalues arc roots of unit! and 

k(g) helonys tu Zjp,] ~ I J T  i r l l  g ~ r r  G. ruhrrt~ n 1s thr r q o -  

rrrrd of  G .  In pcrrt~ciilar. t ( 9 )  ts c trr  tshjchrcrar. lirtrgrr. 

I n  particular. if ~ ( g )  is rational. then \ (y )  bdongs to Z. 

2.3 Group Theory 

The following definition and theorerti are pruvided to iiliirriiriiitt~ the coririer- 

tion hetneen steps A and 5 in Thornpson's strategy. ari dcscribed in the 

Introtiuction. 

Definition 2.9 -4 composition series 01 a grorrp G rs a srncs  

Froni the definition. the composrtion factors Gl-r/Gl are siniple. 

Theorem 2.10 (Jordan-Hiilder Decornposition Theorem) -4ny two com- 

positiun series of a f in~ te  group G have the sume rirrnrbfir o j  frrctors. The 

16 



utmrdereri sets of cornposztion fuctors are identical in the IWO .SPT?P,S ( u p  tu 

~.sorrio,rphi.srn). 

In other wrds. S c ( H ) .  is t lie largesc subgroup of C in which H is riormal. 

Let p tienote a prime nrimber. 

Definition 2.12 .4 subqrouy ofG is c d e d  plocal 11 rt rs the rronnulizlir of 

a .subgrozip of order pr for some r 2 1. 

Definition 2.13 -4 s.ubgmup 01 G is calied Local 11 it r s  p-local for some 

prime p .  

KG is a finite group and a a set of prima. chen O,(G) tlenotes the largest 

normal subgroup of C; with order divisible by a subset of the primes in 7. 

Thus. O,(G) is t hp largest nomat psubgroiip of G. 

Definition 2.14 =In involution u an element g E G of orrier 2 .  

L P ~  C and 7' he topoIogicaI spaces. Srippiise there is a continiioits s~irjectii-e 

map p : C -t T. çuch that an! t f T hiis a neight>oiirtioocI i- siich that 



p - ' ( i - )  ronsists of tiisjoiiit open sets. eacti niapped by p honieorriorpiiiciilly 

ontri I ' .  Then C is r.alItd ;t coüenrty space of T i d  p is c d c d  a corrnriq 

rrtup. A riilruersui cotrrmrg spuce of T is a covcring sparr of T tvhich is siritply 

connccc~d. [f T is path r.otmected. locdy  path connrrtccl. i d  locülly sltliplv 

conn~cteci then T has a iiniversal cowring space. 

Definition 2.15 Let C he o couenng spnce u/T unth cacenrig rnap p. -4 tleck 

transformation O ~ C  i s  u Itumeornorphzsrn d : C + C satrsfymg p a ci = p .  

The set of Jeck transformations of any covering space forrn a grortp under 

composition. Dcck transformations are important in the study vf fundanien- 

ta1 groups because of the  follomirig: 

Theorern 2.16 IfT has a unzue~snl cocei-tng spuce L-. then the Iundarnrlritui 

p u p  ofT ut a r q  point P is isorno7phzc tu the group of dlock transforrnatzons 

of c-. 

If p : C i T is a covering map. and t f T. then the set p - ' (  t )  is callet1 

 th^ fibre of p at t .  The isoniorpliisni of rhe above t h ~ o r e t n  is prowl 1)- 

itferitifying the niitural action of the p u p  of d ~ c k  transformations on p - ' ( t )  

with the action of ;i(T. t )  on p-L(t) which sends. for a hornotopy class 7 .  ;t 

fiserl p - L ( t )  to the endpoint of the path p - ' ( 7 )  with starting point p - ' ( t l .  

18 



The curering p is caIleti it Grriors couenny if C is cririnec.tct1 and for ~ r e r y  

t C T the group of t1cc.k transforniarions of C arts transitively on the fihrt. 

of p at t. The d e p p  of the wv~r ing  is n = I p - ' ( t ) l  iit i~riu t E T .  ;ml t iiis is 

equal ro the orcicr of the rleck transforniation groiip. [f ri. is finite. p is raiLeci 

ii finite Galois covcring. 

2.5 Function Fields 

Definition 2.17 .4 function field I i  of dimension n mer rL JieId F rs n field 

extensron of F of transcendence degree n, where n 2 1. 

-4 ualuation is a function r : h- -+ Z u cc satisfying c ( r )  = 3c if and only if 

r = O: c(.r + y)  2 rnin(r(x). c(y)): and r ( q )  = c ( r )  + r(y) .  The ualiiatrorr 

rang R of c is the suhset consisting of all r E I i  such that r ( r )  >_ O. For 

any nonzero x E h-. chen L E R or x-' E R. The ring R is a local ring: 

the t~aiuatzon tdeal I of R is the tinique rniwirnal ideal of R. The idpal 1 

consists of ail oon-inwrtihle eienients in R. thitt is. al1 elerrients r E R for 

ivhich r(  r) > O. The cpoti~ne R / I  is callecf the restduri field of r - .  

Let t be an indeterniinate. Then U t )  is a function field of dimension 1 

owr @. The vahacion irleals of diiations on @ ( t )  are in bijwtion n-ith  th^ 

e1ementç of @. the Riemann sphere. For esampie. the points O, i. and x in 

L9 



correspond. respectively to the vduation ideals ( t ) .  ( t  - 1). and ( l / t )  i n  

Pfi i rhe wliiarion rings = {j = $ 1 g(0) # O}. C < t i i t - l i  = (f = ,,,, 

q(1) f O) .  and iCIt)( i, = ( /  = % 1 cIcg(p(l)l C <lcgldl)l}.  

The field of rational functions ciri a çirrve with irreditc.ith cietiriing rqlia- 

tiori f (r .  9 )  = O o w r  F is a ant4inlensionnl fiinction firhi. sinçe ic is tIie 

field of fractions of F[s .  y] / j (r .  g ) .  Conversely. if Ii is a ori+dinicnsional 

function field over F of charactcristic zero tlien IC is algebraic and separ;hlc 

over F ( x ) ,  wticre 1: E A* is transc~ndental over F. anci is thlis generated bu 

a single (primitive) element y owr F ( r ) .  which corresponds naturdly to r i  

cuwe orer F 

2.6 Profinite Groups 

Suppose $ven a famiIy of groups {GnEr} .  indexed bu a partiail! ordered 

directed set I. and whenever 1 5 j a homomorphism /,, : G, - Gr. the f,, 

conipatible in the sense that I,, o fk, = Ikr, and f,, is the identity. 

Definition 2.18 The inverse limit. Iinl G, of the family {C;,) with the ho- - 
rnonrorphïsms j,, as thc . s u b p . u p  of nG, cons~sting of elrments (gn),,,=,. 

n c r  

g, E G,. whose components sat~sjy f,,(gJ) = gr tühenever i <_ 1. 



.-\ groiip is ca l l~d  proJinite if it  is isomorphic to an inverse Iirnit of finite 

groups. .in iniportarit erarnple is the p-rtdiç rntqers. clcnottlci Z,. whic4i 

are ciefitictl for rad1 pririie p to bt. lin1 Z/pnZ. with t h  c;iriimiral systcrii of  - 
~iurriorriorphisrris. The fi~llcl of yariic ritiriihers. $. is t l i t b  qtiotieiit f phi of 

Z p .  The profinrte i-orripletion n i  a. gmiip G is the inverse Iiniic of al1 fnite 

quotients of G. 

P roh i t e  groups arisc tiacurall~ i r i  Galois theor?. For cxanipI12. for Gs = 

G a m / Q )  

shere the inverse limit is taken over al1 Galois groups H = ~n1(@/1ï) for a11 

finite Galois estensions I</Q with K c a. 
Ilore generally. fis a finite set S of points on the Rieniann sphere @. 

To each point P uf S there corresponds a \duation ideal in C(t ) .  the ideal 

which is zero at P. Denote the set of these icleals hy S. Dcnote bu .LIs the 

masimal estension of U t )  unrarnified outside S. .Us is the union of al1 finite 

extensions .V/@(t)  n-hich are r tnramiki  otrtside S. 

Definit ion 2.19 The alg~hraiç hndarnentnl grorip of C\,S 1.s d e ~ n e d  to be 



The algebraic fiindaniental group is n2iturally profinit(.: it is tlitl irivtnr 

lirnit of the Galois groups of al1 finite Galois extensions o l  lC(f)  iinriirriititvf 

outside S. The relationship betwcen the algebraic ;ml ropological fiiridii- 

mental groups is discussed ir i  section 3.1. 

Let Gu he the Galois group of Q/Q. Let i, = e'"'." for al1 ri.  Therc ' 1s a 

natural hornoniorphism from GP onto 2". the group of iinits of the profiiiitc 

cornpletion 2 of Z. This is defined below by conibining thr hornoniorphisnis 

O, : GQ -+ ( Z / n Z ) x .  where o,(a) = E if a(<,) = <:. 

Definition 2.20 T h e  cyclotornic character c ra the  ho~nornorphrsrn from GG 

to lin1 (Z /nZ) '  = 2' where c(n)  = (~,(a))~~.,,. 
h 



3 Inverse Galois Theory 

3.1 The Inverse Galois Problem Over C ( t )  

Fis a set S of r distinct valuation ideals pi . .  . . . $1, iri C( t ) .  D t w m  tht> 

corrcsporiding subset of by S. and the corresponciirig poirits hy Pl.. . . . Pr 

(as in s~ction 2 . 6 ) .  Fis a hase point P in @ clifferent frorn wrry P,. Let -1, 

denote a hornotopy class of loops hased at P encircling thix point Pt ( m d  no 

other P,). Fis a Iabelling of the points so that they are arrangd c~onscçutivcly 

clockwise around P. Then the relation ;l - /2 . . . . - -4, = 1 is imnietiiate. 

Hrinvitz stiowed ttiat this is the otily essential relation in the fundamental 

group 7 of E\s. bascc1 at  P. That is. 

Let Gs he the algehraic fiindamental group of @\s (D~finition 2.19). .\ 

proiïtiitc version of the Rieniann Existence Thfwrtm r~lates the :ilgt.hritic. 

and topoiogiçnl f~indariientril groiips. Lt!c + be the prnfiriite rwrnplt*ciori of 

the topolo$i.i\l fiindamental groiip T.  

Theorem 3.1 (Riemann Existence Theorem) The izlgrb rnri fundrrmen- 



F w t h e n o r e .  therc rs a i.atronrca1 cmberldrny of t h  tupolo!pid li~rrdnmvrrtril 

g ~ o u p  i n  the nlgebraic furidumentul g r o u p  irnder whwh  th^ hornotopy r.lrr.s.srs 

Y ,  grneratmg ;r are mappiod respectiz~ely to genemtors x, of Gs as rr profinatr 

gr0 I q J .  

The proof reIies on t h  identification of the topological fundarriental groirp uf 

C\S and the group of cieck transformations of the univrrsiil cowring spiirr 

of C\S (Theorem 2.16). Bu using this identification. one c m  show ttint 

the finite qtiot ients O €  the topoiogical fundamental group corresponcl isonior- 

phicaliy to Galois groups of finite extensions o i  Ctt )  in SIs. The profinite 

completion of the topological fundamentai group is thus isomorphic to the 

algebraic fundamental group. bu the cornments following Ddinition 2.19. See 

[!JM951. pp. 4-6 for full cietails. 

The canonical ernbedding introduced in Ttieorern 3.1 allows one to de- 

scribe the inertia group.; in Gs. as in the following ttieorem of .\bhyanhr. 

Theorem 3.2 The irrrttycs r, CI/ the respective hornotopy c1u.îse.s ;, lrrliier the 
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canonicul injectzon h m  ;r rnto Gs generate procyclic inertm groups (s,)- ut 

ualoutio7r idrials in Als  ubo,i!e y,. 

For a proof sec [SI.\I95]. p. 6. 

Theorem 3.3 EueqFnrte  group 1.9 the Galois p o u p  oj.wrrrt:field cxterl.srorr 

of @ ( t ) .  

Proof: For an? finite groiip C which m e  tic generated hy r - 1 clenicncs 

gl.. . . .gr-,, define a homomorphism o from Gs onto G by 

Denote bu F the fised field of Kero. a nornia1 subgroup of Cs. By T h e o r ~ m  

2.3. F / @ ( t )  has Galois gmup isomorphic to 

Hence thc Inverse Galois Prohlern is soIved over Clt 1. 



Knowitig the Inverse Galois Prohlerri ro be solvec.1 ovpr U t ) .  oric rriay prow 

that an! extension L / @ ( t )  is clefincd uver a finitt4y gerieratrri esccrisio~i i i f  

Q and thiis over 0 bu a specializatiori argument. Typicdly one proctwls as 

over @(t ) .  by fixing a set S of valiiatiori ideals in @(t ) .  arirl esarnining the 

masimal estcnsion JIs of o(t) unrarnified outside S. There are scveral tvitys 

to complete this, bu using Hilbert's Irr~ducibility Theoreni as in j\b196! or 

\Veil descent as in (SIS195l. Indeed. the proof may be extendeci to solve the 

Inverse Galois Problem for any function field over an algebraically cIosed field 

of characteristic zero. In particular. ttie Inverse Galois Problern is solveti over 

o(t). Grothendieck forniulateri the analogue of Theorcm 3.2 in this t i~ sc~n t .  

demonstrating chat the geticrators of the algebraic fundamental group of 

Jls/@t)  generate procyclic inertia groups at mluation ideals above the v, 6 

S. For tletails. see [1I1[95]. pp. 9-12. 

3.3 The Rigidity Method: From @(t) to Q(t)  

Bcfortl presenting the basic rigitlity theoreni. a series of Iemmüs is requireri. 

Henceforth. S will tlenote a set of r points in iP1(a) invariant as a set irnder 

Gy.  Thm S d l  clenote the corresponding set of raluation ideals in Q(t 1. 
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and .IIs the maximal extension of a ( t )  unramifieci outside S. The group 

Gs = ~ a l ( . l l , - / a ( t ) )  is profinite. with pr~s~r i ta t io l i  

.As before. one hopes to produce a homomorphism o from TS = Gal(3fS/Q(t)) 

onto G. Then F := .\fSe" is a Galois extension of QDt) with Galois groiip 

G. and there is the following situation: 

The notation of the diagram tvill be used throughout. Restating Grothendieck's 

analogue of Theorem .3.2, described at  the end of Section 3.2. 

Lemma 3.5 Each genrirator r, of Gs generntes il proc?/cllc 1nerti:L yroup 

( ~ , j -  nt u oaluation ideal in .Ifs abouri p, E S. 

Furtherrnore. Gs a Ts and GF is a complenient of Gs. so Ts is a semidi- 

rwt  product of Cg and Gs. anci GQ açts on Gs. This artioti is not firlly 
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und~rstoocl. but i~sing Lemnia 3.3. the conjugacy C ~ ~ U J P S  rrf the r, crin bt. 

dcsi*ribecl. Sinre S is iamriant as a set untler Gy.  t h .  ,), F S are perrrilitcvi 

hy ~r E Gy-  su t~ mrty he vietverl AS a permiltation of rtir irirlicrs { L. 2 . .  . . . r )  

(s i i l i . tb  1 5 i 5 r ) .  Lct 5 be a Mt of w r n ~  cr E ~ a l [ a ( t ) / ~ ( t ) )  to rs. 

3.3.1 Rationality 

Definition 3.7 '-1 conjugacy c lus  C rn a finite ~ o v p  G i.9 c d h i  rational tf 

for r v e q  irr~duczbk churitrter oiG.  k(C) E Q. 

By Proposition 2.8. C is rational if and only if k(C) E L for 1\11 k. Let n be 

the csponent of G. 

Lemma 3.8 A clawC is ratxonal if and onlq ifC" = C I C ~ P R P L Y T  (n .n)  = 1. 

Proof: Let o E Gal(Q(p,)/Q). and let p hc an irrediicihle rcpresentation of 

C. {vit h rharacter k. p : C; + GL,(@). There is a natrird action of n on the 

image of p by Proposition 2.8. Then ao p is an irrediicihic represcntation of 



G. and since Tr(aop(y) j = uoTr(p(g)). the character o f  o o p  is o o  i. Thiis. 

(Z/rrZId 2 Gal(Q(p,)/Q) acts on the set of irreducible trtiaracters of C; 

Let (1 E (Z/rrZ) '. Theri the map g + g" (tefincs it groipnc.tiori of 

( Z / n Z )  ' on the set G. If (a .  n )  = L. clenote by on the elcrrierit uf GaliQp, ) / Q )  

for which O,,((,,) = C;," for evey primitive nth root of unit! <,,. Thai  

if for al1 irr~diicible chararters r. t ( C )  E 0: then n, O r(C) = 1 [C). so by 

eqiiation (3.9). y(C) = k(Ca) for al1 y. Biit then C = C" bu the o r t h o p  

nality relations for characters. Conversely. if C = Ca whenev~r (0. n )  = 1. 

t hen by eqriation (3.9). 

so \(C) is fised hy CT~, for al1 CL and thus i (C)  E Q 3 

Htme.  i f  the class C is rational. then for an'* g in C. ;in! gtBntlrator of t h e  

cycliç group (g) is also in C. 

Bu Lemma 3.5. one h a  the following. 
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Proposition 3.10 -4ny conjugacy c1as.s of i7r~dutiorr.s ts rutrunul. 

3.3.2 Rigidity 

For a ciass vrctor c = (CI. C-.. . . .Cri of cunjiigacy dasst~s uf a tirtirc. groilp 

G. define 5,  to he ttlr aat of r-tiiples ( g i . g 2 . .  . . . g r )  s i d i  ttiitt 

1. g, E CI for al1 i: 

Definition 3.11 -4 u~ctor L: ofconjugacy classes i.ç called rigid ZJ II,l = ici. 

G acts on 1,: by componentwise conjugation. 

Lemma 3.12 If Z(G)  = { 1). then the action of G on Y,. 1 s  jree. 

Proof: Suppose for sonit. !j E G and (gt . . . . .gr) E S,. that ygty -' = g, for 

al1 1.  Then y ~voiilci comniute a i th  a set of generators for G and hencc 11-odti 

be in Z(G). n-hich is ;cisiinied trivial. Ci 

From this lemnia. ttic following equivalent forniiilation of rigidity follow 

inirnediately: 



Lemma 3.13 =I.ssurr~e 5, is nonernpty. I f  Z(G) = (1). then L. rs I L  ngrd 

~'ec tur  of ç o n y ~ p ~ y  classrs IJ and uni?/ if the actzorr ojG on S, 1s tnrndrr7r. 

Dt~firie H C K u ~ t i i G ' ~ ,  Gj 5 0  tbat o E H if und c d !  i f  

1. o is surjective: and 

'2. o(x,) E C, for each 1 .  

The following lemma is a special case of the Hurwitz cli~sifil;ttion. in ['1[5[9.?]. 

p. 2.5. 

Lemma 3.14 Thiorp is cr btjection britween the sets H und 1,. 

Proof: For o f H. define an r-tuple (g l . .  . . .gr)  hy -r, = o(s , )  for each t .  

Ttien since o E H. g, E C, for each 1 :  since o is surjei.tivc. !g1.. . . .gr) = G. 

and since rI.. . :.rr = 1. then gl -. . .-gr = 1. so (y l . .  . . .y,) E S.. Conversely. 

given (gl.. . . . gr) E X,. define a hornomorphism o f Horn(Gs. G) by o(r,)  = 

9, for ail r .  Since the S P ~  of y, generate G. o is surjectiw. and bu riefinition 

- 
o(1,) E C, for all 1 .  Hence o is in H. -i 

Define a G-action on H as follows. For g E G. c. E H. r E Gs. 



\Gth  this definition. then hy the bijection between H and T, above. one tias 

Lemma 3.16 1, und H are isomorphrç as  G-sets. 

The niain result of this section can now bc s t a t ~ d  arid provrif. 

Theorem 3.17 (Basic Rigidity Theorem) Let G be a finrte yroup. imth 

tnuzal center. l j  there ensts Y class uector (Ci, .  . . , Cr) of conjugacy classes 

of G whrch is nyzd and ratronal. then G 1s the Cd01.i grnup of tr r~ry111~r 

ezteti.sion 01 Q( t ) . 

Remark: Cl'hile the Rigidity Theoretri is provcti here for an? r-vector of 

conjugacy classes. in practice the theorern is virtually alwq-s applied with 

r = 3. 

The notation of this section will he iised in the proof. 

Proof: Choose S so that each point P, E S is invariant untler GQ. By 

Theorern 2.2. Gs is a normal subgroup of Ts. so there is the exact seqirence 



Let L. E Htirn(Cs. Gj. and let x E Cs. Defitic a rs-ar.tiuri un  Horn(Gs. G) 

FOI~O~VS. F(IC -, E rs. 

Estent1 the G-acchn in (3.15) to Honi(Gs.G) su thitt y . c ( x )  = gc*(r)y- '  

for al1 r E Honi(Gs, G). Then the G and rs-actions rommute: chat is 

(9 - y) - -, = g - (L: - -,). 

B y  Lemma 3.16. since 5 ,  is stable under the action of G. then H is 

stable under the action of C. By Lemmas 3.12 and 3.13. G acts  freely and 

transitively on H. 

Since the set S h a  been chosen so that it is fixe11 elemmttrisc bu G s .  

then. using the notation of Lemma 3-6. p,(,, = $1,. Thus. by Lemnia 3.6. 

conjugation by -J f Ts sends a generator 1, to a conjttgate of a puwer of 

x,. But the conjugacy classes C, are assurned rational. so it iollo~vs from the 

equimient definition of rationality in Lemma :3.5 that L. . ;(1!) E C,. Thiis. 

L' - -. E K.  and H is also stable under the action <if TS. 

The homomorphisrns c. E Horn(Gs.Gf n-hi& are ?;iirjectivr ail1 define 

Galois estensions  JI^^ of @(t)  irith Galois group G. Since an' homo- 



morphism in H riefines a Galois extension of o(tj with Galois group G. to 

cwtipltw the proof it \vil1 siiffice to show that any r-, E H rwiy bc t~steti~lt~ci 

to i~ tiortioniorphiçtn O froni Ts to G. Let y E Ts. L' E H. .4s d l  be provrrl. 

the follinving riefines a hornomorphisni o frorri Ts to C; whic4i txtcnds c.: 

Tbat is. it \vil1 bc shown that therc is a unique elcnient O(!/) in G such thac 

for all L. E Cs, 

and otr) = ~ ( r )  for al1 1 E Gs. H is fixed by the action of rs. so I. - IJ E H. 

Since G acts cransitively on H. then o(y) cxists. and s i n c ~  G acts freely on 

H. o(y) is uniquely determined. If x E Gs, then for all y E GS 

so o ( r ) .  t' = L(I) - L' and o(x) = t.(x) for an? r E Gs since C; acts freely and 

transitivel': Thus o extends L- and al1 of the clainis have bccn established. 

O 
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The theorem has many generalizations. The condition that the center be 

trivial. acleqiiate for applications to siniple groups. c m  be relaxd to allorv for 

groups nhose center has a coniplenicrit. Thc raciunality condition cari alsu 

be relaxrd; S P ~  [\i)1961. [Ser9'2]. [511[9.7]. If one is iriterestetl only in realizing 

C; as a Galois groiip over the niminial abelian cxtcrisiori ph of Q. ttieri the 

rationality criterion can be disperised with. That is. 

Theorem 3.18 If there is a ngzd vecto-r of conjugaçy clusses of G ,  then G 

rs a Galois group over Pb. 

Rigid class vectors have been found in most of the siniple groiips of Lie 

type. but in very few cases are these vectors rational: hence most simple 

groups of Lie type are known to occiir as Galois groups over Pb. bnt wry 

few are known to occur over Q. Twenty-four of the trventy-sis sporarlic sirtiplc 

groiips arc known to be realized as Galois groups over Q by rigiclity. The 

ttvo exceptions. the Mathieu groups .L3 and Ml both contain rigid (but 

not rationid) triples of conjugacy classes. Csing direrent techniques. it was 

established by Llatzat that is a Galois groiip over Q. l~aving .\hJ as the 

only reniairiing sporadic group not known to be a Galois group over Q. The 

most conipr~hensive account of kiiown results m a -  be fourirl in [515193I. 



3.4 Verifying Rigidity and Rationality 

In practice one typically c-hooses r = :3. so that one is workirig with a cripie. 

ofcorijiigacy cliisscs. Ttic following iipproach is ofteri iisml tn verif! tliat siich 

a triple is rigiri: 

1. Compiite the nrirtiber n of solutions (xi .  1.). x!) of i 1 r g 3  = 1. with 

.r, E C,. For this there is a formula. the validiry of which is prowri 

hclow: 

n = 
ICI , 

2. Determine how many of these triples (x l .  x?. x3) generate C. To c h  c tiis. 

it is usiially necessaru to have information about nimimal sirbgrcirips 

of G. 

Proof of (3.19): 

Fis an irredi~cible representation p of G. By Schur's Lemma. the central- 

izer of the image of p is the set of scalar matrices. Thus. 



for each g E G. as the left side commutes with p ( h )  for al! h E G. Let 1 

be the character of p. Consiclering the trace of the left side. one fin& tiiac 

X, = since i ( I )  is the dimensiori of Id. 
t(L)' 

Now. taking the product of (3.20) with the correspcindirig sidcs of ~ ~ p i t i o t i  

(3.10) but with g replaced bu q2 :! CC;' allotvs one to intliictively estetiti this 

formula to an arbitra- nirnibcr r of groiip elements. One obtains 

By computing traces and then niultiplying by t(I)IGIr-L one has 

Let @ be the characteristic function of 1 in G so that a( 1) = 1 and (P(y) = 

O for al1 g f 1. The orthogonality relations for chnracters confirni that 

d = &xi t ( l ) i  where the suni ranges over al1 characters of ineducible 

representations of G. NOK summing the above eqiiation over al1 irrecliiciblr 



By thr definition of (P. the left sidr of this eqiiation givcs t h .  niiriihw of 

solutions (ol.. .. .gr)  E G' to olgln; ' .  . .arg,rr;' = 1. Let C', cferiutca thr 

conjugacy class of g,. Now. the eqiiation also counts thr niinibcr of soliitioris 

n to the equation t l  . . . t, = 1 for t ,  E C, iip to centralizcrs of the elrnirnts 

g,. That is. 

i<;l which r i i q  be rwritten tiy tising IC{;(g,)l = and takirip r = 3 to givc 

equation (3.19). E l  

3.5 From Q(t)  to Q 

If rigidity criteria ensiire chat G is a Galois groiip orer Q t ) .  the Hilbert 

Irreducibility Theorem guarantees r hat t tic mtension of Q(t ) [vit h Galois 

group G c m  be specialized in infinitel? rtiany n a y  to give an estension of Q 

with Galois groiip G. More precisdy. 
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Theorem 3.21 (Hilbert Irreducibility Theorem) Let I</Q(t) be n rpg- 

irinr fintte Grriois rxtenszon. iuzth Gniols qmup G. r r t d  with rrianrmirl p o l y  

rrorrrral f ( t .  L) E Q(t][r]. Then for mfirrttely muny tO  f Q. the p o i ~ p o r r d  

Jjto.xt.l E Q[J]  rs the rnmrrnul poii/norritd of n Grriors rxtrris~on of Q icrth 

Ci~lo~.s qroup G .  

The proof is sornewhat technical. and is orily siirriniiiriz~rl. It is etl~iiviilerit 

to prove that earh irreducible polynomial f ( t .  x )  in @[tf[ri has intiriitrly n i m y  

speciaiizations f ( t o .  r )  over Q ahich are irrducible in Q[r]  Intietd. o r i ~  Kliiy 

prow this for any finite set { f,(t. r ) )  of polynomials in q t ] [ x l .  as in ([\'o196j. 

pp. 10-18). One calIs a siibset 5 of the natural numbers spurse if for soine 

r. O < r < 1. and almost all natttral numbers n. tS n {l .  . . . . n } l  5 n r .  

From the definition. one sees that a finite union of spiirse sets is aIso spam. 

Soiv one shows that there is an integer s for which the sets Sf f,..s) := { n  E 

W 1 J,(.s + i. il) = O for sorne q E Q} arc all sparse. iiçing cornples analytic 

techniques ((io1961. pp. 16-18). Then S := CS( f,..s) is a finite union of 
t 

sparse sets. and is therefore sparse. The cornpiement C of S in N is the set of 

natural niimhers ri for irhich al1 of the I, (s $. r are irretluc.ible ovrr Q. As 

C is the complernent of a sparse set. C is infinite. ~stahlishing the theorem. 



4 Applications of Rigidity 

4.1 The Symmetric Group 

For those finite groiips ~vith an iincornplicatd geonitltric iriterprctatiori. or 

for nhicfi generators and relations are easily nianipiilattvl. therr ;ire oftcn 

elegarit proofs of rigiriity (not reqiriring the formula (13.19) or uttier eliiboratt. 

calculations). -4s one exarriple. a rigid triple is exhibitrcl in thr groiip Sn. 

Recall that elements are conjugare in Sn il and only if tticy have siniilar 

disjoint cycle decompositions. Let C, denote the conjugacy class of i-cycles. 

Theorem 4.1 The tnple o := (C2.Cn-I. C,,) is ngzd in Sn. 

Proof: Let (1.a. ( l a ) - ' )  f c. Rt-labelling as necessa-. let rt = (1  2 . . . n-LI. 

Then ia E C,, if and only if I = (jn) for some 1 # n. Sinçe it is ~ v ~ l l  known 

that Sn is generated hy ( ln)  and (12. - - n) .  to prove rigidity it will suffice to 

show that ( l n )  and ( j n )  are conjugate b -  an element in thr ccntralizer of a.  

It is easily verified that 

is siich an element (wtiere the bottom row is consitferetl niutliiIo r r ) .  2 
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EIegarit proufs of rigiciity rttn srirri~tirnes be fatinci for t h  cl;~issiciil fiiiite 

mat ris gmups hy interpr~tirig ttitwi as groiips or t r a t i s f r n t o  of a ctbt.tor 

space. As oric ~ s a i n p k .  the groiip PSL2(Fp) h a s  [rianu rigid triplrs. one t i f  

tvhicti is rlescrihecl in the following theorem. \Vben p > 2. t t ier~ iirtx trw 

distinct conjugacy clrisses of unipotents (that is. corisistirig of ~lenients of 

order p) in PSL1(Fp). Let CL" deriote the curijugxy cl;css cuntaiiiiiig the 

an identical element but aith a non-square in the tipper riglit-tiantl corner). 

(11 Theorem 4.2 There 1.5 a ripd triple c = (C, . C2.C3) of urizpotrrnt classes 

in G = PSLl(FPF,j j n r  di primes p # 5. 

Proof: A triple ( a l ,  a2.a3)  of unipotent elements r d 1  be proditcc~d siich 

that n a ,  = 1 and ((1,) = G. unique iip to conjiigation. Lift (a,) to SL2(Fp) 

and irrite (6 j for the rcsrdting triple. Since PSL2(IF, ) 2 SL2(Fp)/ k I. then 

na, = 51. Now Ü, h a .  up to miiltiplica~ion b!- scalars. il imirliir eigenwctor 

c, with eigenvdue 1. Sinrc al and n2 are, bu asstiniption. nonrornniucing 

irnipotents. i i ~  and cannot sirnultaneousiy stabilize the one-diniensional 

space spanned hy cl. so Q musr he linearly independerit fwrri r i .  Thiu. 
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( u t .  c 2 )  detînes a basis for the two-dimensional space on ivhicti SL2(Fp) &LU. 

IVriting i i I  and f i2 wich rtlspwt to this basis. iising the filut that ttip rnatri(.t>s 

have dctcrnii~iant 1. 

let y = :x). Now. since iriü2 = kÜnl, one fin& 

-4s à3 has I as its only cigenvalue. the trace of 6;' is 2. The above equation 

thus forces = O or y = -4. depending on the sign of the right-hand side. 

It is iniposçible that y = O. as this would force à? to be the itientity Thus. 

y = -4 (here it is required that p + 2 )  and the triple is iiniqire rip t o  

conjugation. It is ~ r l l  known that these elements generate G. arid r. is thirs 

a rigici class vector for PSL2(Fp). 



5 Global Rigidity 

5.1 The Geometry of a Rigid CIass Vector 

It was cstablishecl in Theoreni (4.2) that L. = (C';".&.CI) is a rigid c l i ~  

vector in P S L 2 ( p )  for a11 prirri~s p > 2 .  It is natiiral to considcr the group 

C = PSL2(Z[:/). T h e  are hornoniorphisms p, : G -+ PSLZ(p) for a11 

p  > 2. given by retliiction mod p. Sincr the (:l;fis vwtor is rigitl for iill p > 2 .  

one expects this information to be encoded in the striicture of the -global" 

group G. It is first necessary to reforrnulate the definition of rigidity in an 

appropriatc way. so that it applies to finite and infinite groups. as follows. 

Cal1 a class vector 1: = (Ci. C2. C.$) in a (possiblu infinite) group riyzd if there 

is exactly one orbit of triples (gL,g7, g3} E c uncler conjugation bu G. tvhere 

the triples satisfy the conditions g, E C,. glpg-7 = 1. and (9,) = C. 

To refine these ideas and indicate çome geometrical connections. a f ~ w  

definitions are required. Let t? he a prime. An II-udic repreacntation of Gy 

is a continuous homoniorphism p : G2 -1 GL,(Q). for .sanie r r .  For a place 

Y unramified with respect to p. (lefine Pu.,(T) := ciet(It1 - FrJ) where T is 

an intleterminate and Fr,, is the conjiigac?- class of ~ ( F r o b , ~ . )  for ariy plüre 

IL' over O. 



Suppose thcre are E-adic represcntations c m ,  of G: for al1 but finitelu niaiq 

primes E .  

Definition 5.1 The systcm of representatwris (c*!) i.s n strictly conipatibltb 

susteni of representations ~f thew erzsts a frred finrtri ..;pi S of pnntes .mch 

thut: 

1. L,( rs iinranrrfied outslde S U I fur d l  1: 

2. Pu ,, ( T )  has rntzonnl coeficzerrts d v 4 S ü E:  and 

3. Pu,,,,, (T )  = Pu,,,,2 1f v 4 SU loi U t?. 

The class vector in PSL?(!F,,) froni Theorem 4.2 arises natiiraIly when 

considering a particular family of ~l l ip t ic  c u r v ~ s  over Q( t ) :  

E( t )  : /J2 = x(.r  - 1 

The action of Gscti on the pdivision points. 

(1 - t) 

n-hich form a ttvo-dimensional 

module. gives motiular representations pp(t) for al1 p > 2.  The pp(t) arp 

spcalled Frey rep~esentatrons. The image of the restriction pp(t) Ica(, , is 

contained in SL?(iF,). Let &(t) be the projertivization of this restriction. 

so that p , ( t )  has image in PSL2(iF,). Then & ( t )  is ramifiecl only a t  O. 1 
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and x. and generators of the corresponditig t ttree incrt iii groups arc niapporl 

r~sp~ctivtily to rirrrlents in the three conjiigircy (.iiissfi in r .  ln this spnst.. the 

rigitl triple c is iissoçiaterl to the elliptic riirve E ( t ) .  S w  [Dar981 for fiirthcr 

tl~cails. 

One might açk if this situation occurs more gcncrrtlly tvhcii one lias ia rigid 

tripIe in the rational (or S-integral) points of an algehraic groirp. That is. 

one asks rvhethor class vectors n-hich are rigid for alniost dl prim~s p a r i s ~  

frorri simie geometric ohject. One n70iild expect to he ahlr to ask this question 

quite generally among the finite groiips of Lie typr. for ttvo reasotis. First. by 

definition the finite Lie type groups are eqiiipped with a paranietrization uver 

the finite fields Fp for al1 (or almost all) primes p. Second. t hey are al1 simpIe 

or nearly simple goups. and among simple groups one finds an abundance 

of rigid triples of conjugacy classes. For this reason. it is worthwhile defining 

the Lie type groups and developing some of their structure. This is done in 

the nest section. In particular the Lie type group G l ( p ]  n-il1 he ecplor~d. 

Because of the possibility of dcscribing G?(p) gmxnetrically. one espects to 

he able to prove rigidity for this group in a way chat ivouItl be convcnient for 

acidressing the questions of t his section. 1Iiirh of the remaincler of t his paper 

is rlemted to collecting the information cnat woulrl probahly be necessaq- if 



a proof of tht- type envisioried is indeed possible. 



6 Lie Type Groups 

6.1 Overview 

The finite groups of Lie type arc closely r~latcd to rlie siniplr. Lir algebriis 

and ttieir açsociated Lie groups. First. sonie of the classification tticory of 

Lie iilgebras is clescribed. Froni the cornples Lie algcbrii g2 iind its Lir groiip 

G2 a class of firiitc sirtiplc groups r n q -  he produred. Irtdtwi. for al1 11 = pr. p 

prinir. a finitc group G ( q )  rvill bc ciefined. simple cscept rvti~n 11 = 2. 

6.2 Lie Theory 

Definition 6.1 .A hracket product is a binary bilinear product on a rector 

space \ *  aatisfymg the followzng for all r. y .  z E \': 

2. (.lacobi's I d m t i t y  ) (x. [y. 211 + [p. [ z .  r]] + [ z .  [x. y]] = O 

Definition 6.2 A Lie algebra is II finite rfirnen.s.rona1 cerYtor .sprrr.rp ourr r~ 

field e n d m e d  urith u brackel product. 

For rvhat follo~vs. the field ofscalars wi1l h~ t ah t i  to be @. Ir1 the follorv- 

ing. k t  L be ari arhitrap Lie algebra. L ~5 ssairi to be nbelian if [r. y] = 0 for 
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al1 r and y in L. Let L ' be the unique milsinia1 icieal of L such that L  j L' is 

abcliari. Definc Lm indtictively for rn > I bu Lm = [L.  L m - ' ] .  L is nilpotrnt 

if Lm' = O for sonie ni. Ttie nornializer in L of ii siit~ Lie a lgcha S is ttic s r t  

of al1 r E L such that i.r. $1 c S. 

Definition 6.3 .4 Cartan subalgebra R of a Lie a lg~bru  L t s  tr rlilpotent 

subalgebra of  L aattsfyzng .VL(X) = 'Fi. 

Associate to x E L ciie linear transformation adr  of L given bu niultipli- 

cation by r: that is. ad~(Y)  = [r. Il for aII I' E L. 

Definition 6.4 T h e  adjoint representation rs the representatzun of L  c~ctrng 

on itself where J: - adx fur nll L E L. 

Definition 6.5 The Killirig Forni is the bilirrear f o n n  (r. y )  o n  L gzueri b y  

Definition 6.6 .4 L M  ulgebra L is sernisiniple If ils Killing fonn 1s nonrie- 

gioncoratio. 

In a semisiniple Lie algebra a Cartan subalgebra is a maximal abplian srib- 

algebra 3C satisfying that adh is diagonalizable for al1 h E R. 
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Definition 6.7 A Lie rifgebra L i s  simple ij riirn L > 1 and L contuzns rio 

r i o n - t n t d  ideak. 

.\ny semisi~~iplc Lie algebra is a direct siirri of sirtipltt Lit* iilgc:cbr;is. As shall 

d~scribed. the simple Lie algebras cati bc coniplctcl~ c.Iiwsifitd. H~rict.fortti. 

L h a l l  tlenotc a siniple L i t  algebra (although most of what is tlescribcti is 

true for semisimple Lie ;tigebras as well). L has a Ciirtiin siitxilg~bra H. iirid 

the diniension t of R over C is inriependent of the choice of 31 and is calleti 

the runk of L. 

6.3 Classification of Simple Lie AIgebras 

The duul spnce 31' of 'M is the set of linear frinctions from 31 to @. For each 

a E 31'. niake the followirig definition. 

Definition 6.8 The root space L, rs the set {s E L : [h. s] = c t (h )x  f ~ r  al1 h E 

31)- 

L,  is nontrivial for onIy finitel! man! n.  and Ln = 31. 

Definition 6.9 cr E 31- 1s a root of L if a # 0 und L ,  rs rlontnzriul. 

Theorem 6.10 (Root Space Decomposition) Let a he n mot of L .  T h ~ n  



T h  KiIling fnrni is nl)ntlegenerattl on K. This alloti-s orir to r*c)listruct ;L 

bijection between 3C and 'Ho as FaIlows. .4soçiatr to ;in! ii E H* thc i i i i i c p t  

element ti E 7f which sütisfics. for al1 h E U. 

In particdar. the notation t ,  wiI1 t)e reseweci for ttiose elerrietits in 31 whicii 

cot-respond CO roots a. NON- define a bilinear forni on the di id  spaw X' hy 

(ci. :i) = ( t a .  t, ). with respect to w-hich orthogonality niIl be understood in 

W .  Then ( n .  .j) E Q for an! roots ct. J. Furthermore. if S is an- spt of roots 

which are a basis for W .  an? root may be witten as a Qlinear combination 

of roots in S. Thus, r~stricting scalars ro Q m a k ~ s  U' into an E-ciirtiensioni~l 

rational Euclidean vector space E. ?;on. one can prow 

Proposition 6.11 Suppose a 1.9 a root. Ifkn is a root. then k = 1 or -1. 

The rejkctzon IL-, of E throngh the plane orthogonal to ci pennutes the roats. 

L(a.3) Finallj. TjTj) rs un mteger for al1 roots n. 3 .  
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The I.Ve!jl Croup of L is the symmetry group uf the root sot which is 

gentmteci by the rcfl~ctions IL',. The lrist part of Proposition 6.1 1 niotivatrs 

the definition of a ncw bilincar form on H' hy 

Fix a hasis of E consisting of roots { e l .  . . . r , ) .  

Definition 6.12 .-l root CI ~s positive wzth respect to the basrs {e l . .  . . . e l )  

rf the j r s t  non-zero coeficzent a,  is posatzve. m t z n g  tr = U I P ~  t . . . - ( t ~ e c  

Definition 6.13 A root w simple if it is positive and cannot be eqressed as 

the sum of two posztive roots. 

Then a set of simple roots is defined once a b a i s  { e l . .  . . e t )  is fiseci. 

Theorem 6.14 The set of simple mots rs a basrs of E. =lny posttwe root 

may he uintten as a Z,"-linear - combination of srrriple roota. If a crrid .3 a r ~  

drstmct sample mots. then (a. 3) <_ O and ri. - j rs not a root. Given ang 

positzve non-szmple root a. a saniple root 3 ens ts  s w h  thnt n - 3 1 s  poslttr~. 

It tvill be necessa- in discussing Lie type groiips to fiirther mfine the 

theors by constructing an iritegral basis for the simple Lit1 alg~briis. For a 

root ci. define h, = &. Prerious considerations allow one to dediicr 
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Theorem 6.15 (Chevalley Integral Basis Theorem) Let t r l  . . .nt be a 

set of sznrple roots ( w t h  respect to some buszç. us nbove). Thcri t h f ~  x, 

ruhrrh spnn the root spaccs L ,  satisfyzng the lollowtng for ull roots ci. 3: 

2. [ .L+, , .x- ,]  = h,. und h, may be exprrissed as u S-linrirrr cornblnrrtron of 

the I l , , :  

.Y. [s,,rJj = O if n i 3 is not a mot: and 

4. [r,.sj] = ( r  + l ) ~ , , ~  i f  û + 3 1s u root: r r s  the unzque iirteger for 

whrch 3 - rn ts a root and 3 - ( r  + 1)a rs not a root. 

il'ith the notation of the above theorern. make the following definition. 

Definition 6.16 The ChevalIey B a i s  of L conszsts of the h,, and the r,. 

Definition 6.17 The structure constants of the szmpfe Lte alqebrn L 

are th? mefic.lent.s de jned  h!/ the foilowng: 

w h e r ~  = II t! ci + 3 1.9 rrot tr  root. 
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The values of the structure constants n ia-  be cornputcd hy rising Theorern 

6.1.5. 

A corripletti c.lusification of the simple Lie algehriis (-an hc tlr~rliiced frotri 

Proposition 6.11 aricl Tlieor~ni 6.14. The Cnrtiirt m d n r  givcs oiitl voric-isc 

way to cwrnp1etely desçrile the structure of a siniple Lie a lg~hra .  in  th^ srriscs 

that al1 products in the Lie algbra may be determinecl from the rnatris. .\ 

Cartan rnatrix is an t hy P matrix where a,, = (fi,. n,} .  Uorc srticmatically. 

the Dynhn Dragram of a semisimple Lie aigebra also cornplctely tlt~terniines 

its structure. 

Definition 6.18 The Dynkin Diagram of a sernrsimpli- Lw algebru L I S  a 

p p h  imth OTW uertex for each szrnple root a,. Two w t i m  n, und cl, rlrr 

connecter1 wzth cr,,a,, llnes. If the wights  (n , ,  a,)  und (cI , .cI , )  are no1 eqt~ul. 

a symbol < r s  rinwrr on the lanes con7wctmg nt und rk , ,  potntttly to the root 

with .srnoller we~ght. 

The Dynkin diagram is connected if and only if the Lie algebra is simple: 

othemise L is ;i ilirecc sirrn of the simple Lie algebras corrrsyontiing to the 

connected coniponents of the tiiagram. The theory that hiis been cteveloped 

severely restricts the possible Dynkin cliagrams of simple Lie algcbras. From 

this. one tri- dertuce the classification theorerii of siniple Lie alqcbrr~s. which 
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is only sunimarized: 

Theorem 6.19 If L 1s afinrte dinienszorial cornpler .irmiplr Lw rrlgfihnr. thrrl: 

2. L is one of the jiue rxceptionul Lie alqebras &. f i .  ec. e;. und e ~ .  

The subscript a1wq-s cienotes the number of siniplc ruots  in the Lie algchrn. 

xnci hence nocies in the Dynkin diagram. 

The Lie algehra of prima- interest here is 8.. which has the Cartari 

matrix: 

The Dynkin Diagram of gz is 

8 2  : O X E O  



Two other sirriple Lie algebras wiI1 he rcfcrred to in ttie disciission of g .  

the faniily of speczal Iinear Lie alg~hriis. 

and the orthogonal Lie aigebra bs: 

b3 : O- O ->- O 

Remark: The Lie groiip (which wi11 be tiiscussed iri the nest section) of 

o, is the special linear group SL,,i(@). The Lie group of b3 is ttie orthogonal 

group O;(@) corisisting of orthogoriid trarisformacions. 

From the Dynkin diagram. a coniptate diagrarn of the mots in g cari bt? 

construytc-d. The essential information for doing this is containetl in Propo- 

sition 6.11. In particular. for roots cr. 3. then (a. 3)  E Z. But 

(a .  .j) (3 .0)  
(o-.j}( . l .a} = 4-- 

( 3 .  j] ( ( 1 .  c Y )  



where B is the angle Litrtwen û and .3. anri sitict? tIiis musc bc an integor. the  

pussiblc v;ililt)s for 0 artb s ~ v ~ r r l y  rt)strirte(l. Sirice tht ralueu ( r k .  3)  for sitriple 

roots a. 3 arc t'vrricnt from either Dyrikiri diiigïiirti or a Cartan tiiatris. t titw 

the contigtiration of the siniple roots is P ~ L S I I ~  d ~ ~ ~ r r t i i n ~ ~ c l .  Theri tiy rtlftwti~ig 

throiigh planes orthogonal to the sirtiplo roots. one çaa gerieratc thc cuniplcrc~ 

root set. In the case of g2. there are two siniple roots of uneqiial wights. 

The short. root wiII be lahelletl cr. rir icl  the long mot 3. Froni ttie Ciirtitn 

matris or the Dynkin diagram. it is seeri chat (ril.j)(j.o} = 3. so from thr 

above equation. cos8 = fi/2. and O = 5;i/6. From this inforniatiori. die 

entire root diagram can be constntrted. 

l 
-30 - 2 3  

Frorn this diagram. the symrnet- grriiip of the root set nia- he rl~st-rihrrl. 

Proposition 6.20 The W e g i  qmup of 8.. is the dzhed.ml qrmp  DR of order 



To each root r. there corresponds a one-dimerisional root siibspacc L, of 

k. and by the Cartan cleconiposition. one thus tms 

where the sum is over the twelve mots r,. Thus. sinçr! H is 2-clirnensional 

over @. ga is a 14-dimensional Lie algebra over C. 

6.4 Lie Groups 

To cach Lie algebra is naturally associatecl its Lie group. a farriily of automor- 

phisms of the Lie algebra. Lie goups may also be characterized intrinsically: 

see (iVarS31. 

-4 linear map D from L to L is a derivatzon if it satisfies the product rule 

D ( J g )  = f D ( g )  + D(1)g .  -4 deriwion D is nilpotmt if Dn = O for somc n. 

For a nilpotent derivation. esp(D) is well-defined. 

Definition 6.21 For u ndpotent derit.ution D. r t s  ~sponential rs  defineil h y  



If r E L. then atlx is a nilpotent derivation. 

Proposition 6.22 If D 1,s rr nrlpotent iien~uatzon of L .  tlirrl esp( D )  1 s  rrr i  

r~utorrwrphrsrn of L .  

111 particiilar. esp(atl.r,) E -4utL. where r, is in the Chevalley hasis. For 

notational convenience writc .Y,, ( 1 )  for rxp(arl( tx,  ) ) for eacti 1,. and ariy 

t E @. Fix a root a: theri the group {S,(t) : t E @) 2 C siricc S,(t).\-a(rr) = 

S,(t + u). 

The Lie groups can now be defineci. 

Definition 6.23 The Lie Group G associated to the szrriple L i p  .4lgebru L 

is the wbqroup of AiitL generuttrd 6.y {.Y,(.!)) for d l  roots a. d l  t E @. 

6.5 Defining Groups of Lie Type 

From the Lie goups of simple Lie algebras. Chetdey  iras able to coristriict 

analogous farriilies of finite groups. the Chevoliey Group.i. -411 tint-e trivial 

centcr. and most are simple groiips. 

Theoran 6.15 establishcs that the bracket product of tno Chevalle- ba i s  

elernents van be espressecl as an integrar linear cornhination of ba i s  elements. 

iyritc Lz  for the subset of L consisting of Z-Iinear cornhinations of elenients 



in the Chevalley basis. By Theoretxi 6.15. Lz is a Lie alg~bra ovcr Z. Lrt 

K be a finito field. Then Lz  is a wçtor space over I<. If {P,) is t l i t b  

Chevalley b a i s  for L. thcn the set { 1 Z e , )  is a hasis for h- 3 Lz .  Ddiriing i i  

bracket protluct hy [ l  @ r. 1 0  y] = 1 :3 [r. y] niakes f< 3 Lz  irito a Liv ;ilgt4ir;i 

over 1;. which will he tlenotcd L K .  

To tlefine the açsociated Lie type group. one agairi consiclcrs faniilies of 

automorphisrns of the Lie algehra L K  arising froni atlr,. First. it (:an he 

showri chat {atl.r,)"/rn! stabilizes Lz .  Since adz, is nilpotcnt. tsp(Xr,) 

acts on Lz 3 Z[XI where X is an indeterminate. Thus exp(Xx,) iicts on 

Lz 9 Z[X] 13 1<. and by letting X + t.  rxp(Xx,) acts on L K .  -4s in the 

cornplex case. write S,(t j  for exp(ad(tx,)) for each r, in the Chcvalley 

basis and for t E 1;. One rnay now tlefine farnilies of çenterless finite groups 

for each simple Lie algebra. 

Definition 6.24 The Chevdley Croup of the Llfi crlgebrn L ocer the hnste 

field l< rs the group generatiod by al[ 01 the S,(t )  for nonxro  . s i n t p l ~  mots 0. 

and t f h-. 

Definition 6.25 The group &(q)  i . ~  the Cheuulleg grorrp of the Laii ulgebrcl 

ovcr the fieM Fq. 



6.6 Structure of Lie Type Groups 

Let G be a finite group of Lit, type. arisirig frorii the Litr algchra L. Lixt f i  tjP 

a finite field of characteristic p. Fix a rooc a. Then S,,(t + I L )  = .Y,,(t).Y,,(u). 

Hence : t E K )  2 I< as an additive groiip. 

Definition 6.26 The root subgroup k, of G uttuched tu cr is the subqroup 

(A-&) : t E A-). 

Root subgroups are abelian since they are isomorphic to the additive grotip 

of K. Any Chevalley group is evidently generated by its root subgroups. 

For any root r. the subgrotip (S,(L). S-JI)) is closel? relatd to SL2(K) 

as follo\vs. 

Theorem 6.27 There rs u .su jectiue homomorphism o from SL2(f<) ont0 

the subgroup (Sr(L). S-,(1)) of G. under which 



Carrying out the relevant rnatrix ralculation. une ot iwrvt *~  frorti tlic atm-rb 

theorerti that the h,(t) are the images of the diagonal mat riccs 

Then h , ( tu )  = h,( t)h,(r l) .  so H, := { h , ( t )  : t f K )  is a homornorphic 

image of h". 

Definition 6.29 The Cartan subgroup fl ofG is the subgroup of G ycyner- 

ated by d l  of the Fi,. for mots  a .  

The Cartan subgroup is abelian. and normalizes each root sitbgroup. Defi~ir. 

-v tn be the normalizer of H in G. 

Theorem 6.30 II -  2 ';lH whe~e  I[* is the Wegl group of the Lie algebra 

L. 

Define P to be the pSylow subgroup of G generat~d by the i,, for positive 

roots a. L-sing the product relations in. s a .  Theor~rn 6.15. one deduces that 
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S,(t) - 1 is nilpotent on the Lie algehra. su that SJt) is iinipotcrit. Inrleerl. 

an! element of order a y-porver in G is rinipot~nt. 

Definition 6.31 The Borel subgrotip B of G rs H P .  !or ttiv Crrrtrrri .scrh- 

group H. und the p-Sploiu .subgroup P.  

The Borel subgroiip B is the normalizer of P in G. 

The grorip C; ran be decoinposeri with respect t o  a Borel srihgroiip and its 

Weyl group. as follotvs. -4 \Veyl groiip IC* is a Cozeter group; that is. thert? 

is a definzng set {q.. . . . tum) of invol~tions which gcnerate Il- ,  arid the set 

of al1 rplations (rc,tc,)kll = i tieCint>s II'. whlpre k,, is the order of  IL',^,. The 

nuniber rrt is the Lie raiik of C. Rrc:all Theorem 6.30: for eacli i fis a lifting 

IL, to .V of the defining refiections ic, of K. The \Yeyl groiip acts on the root 

set. Define for each w E IL' the siihset of ttip positive mots tg- 9 ,  consisting 

of aII positive roots reffecteri by IL' to negatiw rroots. Define P,; = n k,. -4 
TE'+'.; 

theoreni of Bruhat describes the striictiirp of G in terms of B and .i-. 

Theorem 6.32 (Bruhat Decomposition) 1 .  B n .Y = H 

2. G = BSB 



.J. For a n y  n E -Y urrd arry i. 

BrrBn,B C (BriB) u (Bnrr,B) 

4. For a n y  1 .  n,Bn, f B. 

5. For eueq w E I I * .  fi a lifi nu, of w tto .V. Eirch eltirnent g E G mal/ 

be eqressed rn a unzque way us a product bn,cp,,. ioher~ b E B. IL- E I i *  

and p, E Pi. 

One can gain considerable information abolit rriasinial siibgroups of G 

fron~ the corrcsponding Dynkin diagram. First. niakc t hr follo~-ing dcfinition. 

Definition 6.33 -4 parabolic siibgroup of G r s  a proprr .sr~hgroup of G con-  

tairrrng n Borel s~ibgrotip. 

Let 1- he a parabolic subgrorrp of G. Let (3 = 0,!l-) I V  the largrst nornial 

pstlbgroup of 1'. n-here p is the characterist ic of F. Lct = I/O. 
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u.*hhere a )- /or al1 1. and each 1s u Chezullrq ymup ourr somr f i d d  of 

r.hitrat.trn.strc p. 

T l i ~  art: callcd Leüi fuctors of the paraholiç sihgroiip 1.. It is possitdtx t o  

tletcrrninr al1 of the parabolic subgroups of G frmi its Dyrikiri diagrnni. 

Theorem 6.35 There 1s n brjectzon between proper .si~byr~~phs of the Dydan 

rtzmgrarn D and parabolic subyroups 1- of G contaznrrr!g rr )x~d Bord subgroup 

B.  

A parabolic subgroup corresponding to a single nodc of the Dynkin diagrani 

is called a minimal parabolic subgroup. Fix a parabolic siihgroup 1- and its 

corresponding subgraph S of D. 

Theorem 6.36 There ss a bzjertioir between the LPLT factors of 1- und the 

conneçted cornponents of S.  Euch Leva factor i s  u Lre t!lpc poup: rts Dynhn 

d t a p m  rs the cornponent of S determrned in thzs ilzjrrtrort. 

1Iininial parabolic stibgroitps generiite G. Fis a Bord siihgroiip B. 

Theorem 6.37 If the Lre rank of G 1,s at least 2. then G 1s generatfid b!/ d l  

01 the minimal parubalic srrbgroups contarnmg B. 

Thp following theorem d l  be referretl to. 
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Theorem 6.38 (BoreI-Tits Theorem) I / J  1s a rnunmul p-locul subgr-oup 

of G. then ./ 1s cr parubohc subgroirp. 

Thtw is the following iiseftil forniula. which perniits c-alçiilation in a 

Cheval1t:y groiip. Let -I ancl (, be linearly inticprndt*nt roots. 

Theorem 6.39 (C hevalley Cornmutator Formula) 

wtrere the prorluct t s  tukerr ouer ull 1 .  j svch thrrt 174 + lti 1 s  a root. crrrd  1 s  

taken ln order of increasiny r + j. The constants C,,,,j are non:ero urtegers. 

<_ 3. and rire defined as f o h w . ~ :  



.\s has becn disciisscrl. any Ctit.valley grotip is gtwrattd by its root t.1- 

enierits Sr(l) for roots r.  =\ theoreni of Steinberg est;it)lishes that ttiv rth- 

tions already described in this chapter ;ire sufficient to givc a tlefinitioti of a 

Chevalley groiip by generntors and relations. 

Theorem 6.40 (Steinberg's Theorem) Let R be the root set of cr sirripie 

Lie algebra L. L # a,. und for each r E R und each 1 E F define u .synh«i 

.Yr(]). Further de fin^ h,(i) as in cquation (6.28). Let G de7rot~ the q m r p  

generated by the Sr(;) ruith the relations 

and the Cheuullro~ comrnutator relatzons wzth stnlcture constants iietcrntznrd 

b g  L .  Then G/Z(G) u isornorphic to the Chevalley gruup of L oiier  th^ F ~ l r l  

IF. 



6.7 Theory of Finite Simple Groups 

B y  the ~Iassification theoreni of finite sinipie groups. conipleted iri 19YO. it is 

knom rhat virtually cmry finite simple group is ;i Lie t p r  grotrp. 

Theorem 6.41 (Classification of Finite Simple Groups) I/ G is ct fi- 

nite simple yroup. then C is one of the follo~wing: 

1. .-ira a l t emat ing  group .A,; 

d. .4 g o i r p  of Lie ttlpe: 

3. One of the 26 sporadic qroups .  

Frnni this clcassification. man? theorems about simple groups ma! he proved 

by eshaustive wrification. One example of çuch a theorern is the following: 

Theorem 6.42 Eoery Jinite simple grovp has a presentatian mth exactly 

turo generators. 

Yu conceptual proof is known (see (Got-821). Evidently. in tirder to hnd a 

ri@ triple of conjrigacy classes in a given finite groirp. it is necessir'. ttiat 

G he generated by two elempnts. in this sense. Theorern 6-42 provitIes some 

justification for the Rernark FoIIowing Theorem 3-17. 



7 Rigidity and Rationality for Gi(p) 

7.1 The Structure of G2(p)  

In order to use rigidity and rationalit! critpria ta reiilizct G ( p )  iLs :L ilh1ui.s 

group owr Q. it suffices CO have information iiboitt 

1. tlie conjugacy classes of G2(p) :  

2 .  the irreducihlc represcntatiuns of G 2 ( p )  and their rhiiractrrs: anil 

3. the subgroups of G 2 ( p ) .  

First. the results [i-cirn the preceding chapter are applieti to G ( p )  in order 

to illiiniitiate its structure. 

-4s the IVeyl group of G ( p )  is the synirnetry group of the root diagram 

of g,. one has 

Proposition 7.1 The Ctgi group rlJG2 ( p )  tS the dzhedral grorip D6 of order 

12. 

\Vith t his. the Bruhat ilcconiposition riiily be iisetl to dtvmriine t tie orcier 

of Gdp) .  



Propos i t ion  7.2 

Proof: Bu Theorem 6.32, cach element of G ( p )  cari t ~ t l  tlsprrssrd iiriicliiely 

as the product of an element in B and an elernenc in Pt;. for a unique us E [IV. 

Thus. 

The ordcrs 1 P i  1 can be easily computed for each rr: ont! has 1 P,; 1 = pn'"' 

rshere n( K )  is the number of positive roots which tc nlaps to negative roots. 

Thus. 



L'sing the information froni section 6.6, one ni-. deriiirc the follorving 

diagram of sorne of the significant suhgroiips of G2(p).  E i d i  of t tiil siihgroiips 

is indicareci dong with its orclcr. 

Pl 1 
Nari! of these subgroups cari be clefitied in ternis of the gciwrritors of 

G 2 ( p ) .  Let (D' denote the set of positive roots of fi. ivitti r i  ancl 3 ttw short 



and Iong simple roots respectiveiy. Then 

Furthermore. the subgroups (x,. k-,) are isornorphic to SL2(Fp). and the 

group (1,. r E (Iong roots)j is isomorphic to SL3(IF,) as can hc seen hy the 

corresponding crntiedtling in the Lie algebra. 

This cornpletes the investigation of the snbgroiips of G?(p). Hrre sonie el- 

ementary results about the conjrrgacy ciasses of G&) are sirnirnitrized: thcy 

ail1 be proved in section 9. First. the invohtions in G ( p )  forrii a single conju- 

gacy class. This r d !  he denoted by C,. The unipotent class containing -Y,,( 11 

wiI1 be denoteti C,,. and CaJ wdI denote the chss containing -Y,( I ) S j  ( 1 ). 

The cIass CeJ is also tinipotent. and consists of r4ernents of ortlpr p d ien  

p > .5. The clleniencs .Yn(II and -Y,(l)Sj(l) art! not conjirgatci. so thclsr 

ciasses are distinct. Belom-. the characters of G2(p)  n-tiich are simultaneorisly 



nonzero on Ci. C, ancl CnJ are mbulated with their ~ d i i e s .  Tlies~ arr rlie 

only charactefi ivhic.11 niakt3 a nontrivial cotitrih~ition to t I i ~  s~ im in forniidil 

(3.19). which d l  hr iiscri belorv to estabiisti r hat tfiesc imjugacy c.lits,stls 

h m  a rigid triple in G'(p).  Define d. P so that t1 = 21. c = p riiud 3. 

d = il. d p rtiod 4. The following tables arp taken from iFFS-11: t h t b  

notation for the charaçtm has not been changed. 





Some of these chüracters occur more than once: their nimiber is indirated 

bclow: 

+ H i }  

( )  k(P' - l 4 p  + 4 1  + 6d + 8 ~ )  

b ( d r  L(:lp2 18 - 1Sp t- 21 - 6d) 

( T )  $(p2-10p+23-6c i -8e )  

\ C ~ ( T - ) *  $(3$ - 6p - 3 + 6 4  

) ia ( ; ia )  :(p2 - 4 p  A 3) 

' ~ a ( T o ) *  - 1) 

tb( ; ib)  ;(pz - 4~ + 3) 

t b  t "*Y - 1) 

1 
)i'&~. Tt) T(p - 6 - 2e - dj 

&(T, G ) *  ;(p - 2  + d)  

&h. ~ b )  
1 j(p - f - 4 

k;b(~l. T ~ ) *  :(p - 2  d )  

i 
&(7,. 7 , )  ? ( p  - 2  + ri) 

&(;i l .  ra)* i ( p  - 4 

tib("l. Thb) i ( p  L - 4 + ' I r  + d )  

&,(r2. q)* th) - 4 
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The sizes of the conjiigacy classes will also bt. rqirired in ortter to ilse 

(3.19). and are sumrriarized h e I o ~  centralizers r ) l  rtymwritativc ~ lwien t s  

frimi ewh cius are coriiputrd in Section 9. One bas 

Remark. The clus Cnd is cailed a reguiur tliiss of tinipotcnts: ttiat is. it is 

the unique conjugacy class of unipotents of largcst ortier in G2(p) .  and cornes 

from the unique class of unipotents in the dgebraic group G2 of rnaxirrial 

rtinierisioii. 

7.2 A Rigid CIass Vector 

Hcre a ngid and rationa1 c l a s  vector in the finitp simple grniip G 2 ( p ) .  p > 3.  

is rshibited. establishing that it occurs as a Galois grnup over Q. The first 

pt~hlished proof of this msdt  appcared in [FFS-I!. 

Theorem 7.3 The vector c = (C','Cm. Cnj) is u intional c1a.s.~ cector for 

G ( p )  jor al[ pnrnes p > 3. 



Proof: The cIass CL is rational hy Proposition 3.10. Tliere are several 

n q s  to prove that the uriipot~nt classes are ratiorial. It 1s not diffiuilt co 

esplicitl~. calculate elernents g for which guy -' = I L ' .  d i t w  IL  = .Y,,( 1) or 

IL = Sn( i).YJ( 1). -4lternativrlv. the chiiractt~r tabk 4io~vs chat \(Ct) E Q 

for al1 irrrdurible characters k. 0 

Theorem 7.4 The uroctor c = (CL. C,. Ca3) t s  a nqrd c1rr.s.s c ~ c t o r  for G s ( p )  

lor al1 pnmes p > .5. 

Let S, denote the set of triples (gL.g2.g3.7)  with g, E Cl satisfying chat 

glg?gl = 1. The proof will prncecd in tir0 strps. First it is ~stahlisfied froni 

the character table that there is one orbit of triples in Su undcr conjiigation 

by G2(p). Ir i  proving this resdt frorri the cbiirricter table. otie encouriters 

difficult'; presenting the esplicit calculation because of its length. One may 

greiitly condense the proof by using estirnates for some of the terms that 

appear in the character siim. The cosc of using these cstirnates as donc 

belon- conies in a restriction of the ra-nlidity of the proof to chose prinies 

p > 19. tt should be emphasized. tiowemr. that this is only clone for rase 

of pr~s~ntat ion.  and the result inckecl holds for al1 p >_ T: .it-e [FFS4I. The 

proof that the triples generate G 2 ( p )  ivas firçt given in iFFS4\. and requires 



a detaileci knowletlge of simple gruiip theop.  This part of the proof is oril- 

siininiariztd. 

1. The number of triples in 5,. is IC;-(p}(. 

Proof: Bu the çharncter table and formula (3.19). thcri 

It must be s h o w  that IS,I/lGI = 1. As IS,I/IG] counts the riiiniber of o r b i ~ s  

in S, under conjugation by G. then ISL,I/lG[ rnust be an intcger. Teniporarily. 

let .V denote the character sum on the right hand side of the eqiiatiori above. 

Substitutirig the sizes of the conjugacy cIasses and IGl. 

In order to evaluate .V. ifisociate the foflotving fiirictions to the  characters 

of G2(p) .  To those characters which occiir in pairs 1 anc! i'. associate the 

funct ion 



One observes in the tablc that k and r*  ;tlw-.s take on thr sanie vüliie uri 

the CI;LSCS Cm and CRJ. so nt., .  cakes oii the value 

whiçh appears in ctiaracter suni in .V. For the isolatetl characters \TL. 1 )- and 

t (C*'  J t ( c ,  lttf: ,3 1 
y for which #t = 1 .  let ri,(p) serve as an abbrwiation for 

\, , ,  
Hence 

It  will be seen that the main contribution to S cornes frorri the trivial char- 

acter in the second siim. This will be demonstrated by iising clstimatrs to 

bound a11 of the ocher sunirnands. First the second strni over the isolatefi 

characters is considered. By esplicit calciilation. one finrls 

clip t e)'(p' - e )  -t (p'  - l)(&lp - 1 )  
= 1 +  

p" 1 
( ? d + e ) p " + ( J d +  l ) p ' + p J t ( - - l d ) p ' i p -  I - t ~  

= lt 
p" 1 



in order CO bound chis in absolute value. observe chat it is niasimimi for 

P = 11 = 1 antl that the coefficirnts of p are al1 less thari or eqiial to fiw. 

HCILCP the siini of ternis of fourth degrce and l o w r  can t ) t k  t)oiiridecl by p-' - L .  

s inw p > 5 .  Hence 

That is. the siim over the isolated characers is I t O(l/p). SCW consiciering 

the paired charactcrs t ,  t'. one observes imrnediateli. for k,i;i,) and lh ( fb )  

that  the numerator in ri,,,\. is of clegree at  niost f iv~ .  whilc the clenoniinator 

is of degree six. Closer inspection indicates that the clegree five terms cancel 

in the numerator. antl one is then able to easiiy estimate for t ticse charactrrs 

that In,.,-\ < ?. 
P- 

Non- for the remaining pairs of characters. n,.,.. cne fintis surnmands of 

c t~i~al ly  high degree in the numerator and tlenominator. Howver. in each case 

the higtiest tiegree terms in the niirnerator cancel. permit ting one to clidi~ce 

the existence of a constant c, for ahich In,.,. 1 < :. This is alrcad\- sufficient 

to deduçe that O < .Y < 312 if p is chosen large enoiigh to doniinate ai1 of thr  

c,. ensirring that (Sr]/ jCl = 1. since t his d i e  rniist be an in t~se r .  In order to 



deduce the least p for wtiich the resi~lt applies. it is riecessary to estiniate racti 

of the ri,,,.. This tiiis heen done naiveIy helorv. pro(-eetlirig \r-itti tec.hriiqiieç 

iinalogoiis t o  thostl iistd iri (7.10). c.orripiiting  ch^ noiivankhing terni of hiqlitw 

degrc~ i r i  the nunierator and boiintiing t h  ririnicrntor's reninining ttmis. Otic 

iirrivw ;it t htl followirig boilncls: 

tvhere the labels for the characters ham been abhrwiatrcl. Hence. siibstitut- 

ing al1 of these estinietes into (7.9). ir-riti~ig .II = .Y - 1. 



since bu assiirriptiori p 2 7. In order to use this resiilt. a roiigh estirnate 

(p ' tp- i ) (p ' -p t l l  is required for T := 
I I whirh appears iri ( 7 . 5 ) .  One h ; ~  T = 

-p' - 1 
P ' - P L  SO 

iigain iising chat p > 7.  Now. iSv[//C/ = .VT: the iihovtb estiniaces cari he 

r:ombiried as folloivs: 

From this. one dediices that. for p > 23 

Since .\-T = (S,(/(GI is ari iriteger. this forces -1-T = 2 .  



To prove the result for 7 < p 5 19 otie can t4ther inlprove ttir abon. 

cstiniates or carry out thc csplicit calculation of .VT. O r i t k  ti~icls thac .YT = I 

(set- [FFS-11. p. 3'23).  

2. Each triple in S ,  generates & ( p l -  

Summary of Proof: Thr cor~iplrtte proof app~ars i n  (FFS-Il. biit requirw 

a detailed knowledge of hnite group thcon;. The proof proc~tlcls as fdlons: let 

(gi. g . ~ .  s!)  E S,. First, one establishes ttiat the groiip ./ = (qI. !I.. gZi} is not p 

local. By Theoren1 6.38. .l would then bo containetl in a parabolic E-. Iridetd 

.l is contained in the subgroup 1.' of Y' generated bu its y-orricr elerricnts. 

The Levi deroinpositioti iiIlows one to determine the striictiirt. of ~" /O,( l~ ' ) .  

The image of the involution gl in l'/O,()') is then determincd to hr 

ceritral of order 2 .  which forces Jg,$gR # 1. 

>est one shows that ./ is not q-Iocd for an- prime q tlifferent from p. 

Here information is reqirired about q-subgroups of G ( p )  and its siibgroups. 

One uses this data riricl an iirialysis for (1 ewn and odd to show tttiat p carinlit 

d i v i d ~  the order of the norrnaiizer of an elenienta-; xhe1iari q-subgroiip of ./. 

Orict. i t  is knoivti that J is not ii local subgrolip. i r  ciru tic ~scalilisticct 

that .J is simple. First one shows that a minimal nornial si~bgroup -1- of J 

is simple. with trivia1 centralizer. so that .J C ArltS. Theri thp rlassification 



thcory of finite si~riplc groups is invoked in order c o  cntinieriittt the possiblct 

striictiirPs of .4rit.V in d e r  to establish that thr iiiilrx of  .V in Au[-\- is 

either too m i t 1 1  to kit> divisible bu p or is ii p o w r  t i f  q.  Sinrc! p ctivi(lr'.; . . I I  

this fimw -1- = J. 

Finally. tiavitiq ckmotistrat~d J is siniple. the cliwificatioti theo- uf finite 

siniple groiips is again used: one lists each of the f i r i i r ~  siniple gruups a r d  f i~ r  

each wch grnup S. one ideritities a striictiiral fcaturp prpsent in  .1 and ahstmt 

in S or vice vcrsa. forcing S # .J. For only one S is it impossible to rio this. 

nüniely G2{p ) .  a 

An irnniediatr corollary of Theorems 7.3 and 7.4. by Theoreni 3.1;. is 

Corollary 7.11 G2(p)  r.s c i  Galois yrovp of (1 regdur ertenszon 01 Q(t  ) for 

ail primes p > .5. 

And. by Theoreni 3.21. 

CoroUary 7.12 I f p  > .i 1.5 a prime. therr C L ( p )  a the Guluw p-orrp of.wrnr 

rrarnial jîeid utensuin 01 Q. 

[n fact. the r~striction on p m- be rela~ecl. Thornpçori hiis show1 ttiat 

5 ,  is a rigitl and rarional triple for G(3). i d t h ~ ~ b h  there is a slight rariittioii 

requiretf in the proof. in part becatrss lCaj[ = 25 when p = 5 ([TIioS-t!). 
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Gzj:3) is also known to he a Galois groiip over Q. Thiis. G ( p )  is a Galois 

groiip over Q for al1 prinitv p # 2. 



8 Geometric Interpretations 

Sirice it cnn be cstablish~ci that r p  = (CL. Co. COJ) is a rigid çlifis vrwor 

in G ( p )  for al1 prinies p > 3. one niight ask whcthcr this triplth "lifts" t r j  

the groiip G  = G 2 ( Z [ i .  f . k!). 1s in sertioii 5.1. therti ;,ri. t iorrii~~iicir[i~i is~~is 

f i  : G + C2(p)  for ;il1 p > Z. Siricr it is possible to prove in a iitiiform 

way for p > .? that the class veçtor is rigid. one might hopr to tind a .-glubal 

triple" c in G which reduces ~ n o d  p to give cp for al1 p > 5 .  Therr iirtl 

structural deviations in G ( p )  for p = 2. 3 and 5 that siiggcst chat t h t ~ s t ~  

primes need to be inverted, as G(2) is not simple. G2(3)  has a non-trivial 

outer aiitomorphism. and in G2(5)  elements in the regular iinipotcrit class 

CaJ have order = 25.  The first qiiestion one might attcmpt to nnswer is 

the follotring. 

Question 1 For al1 primes p > 5 .  d o a  the ngid uector r; I2jt.t~ mu pp to  r~ 

rigid tnple 01 cor~juguq classes in G'I 

That is. one asks tvhether the t-eccor r in G t p )  arises froni rediiçtion niud p 

of a vector in G. 

If the above question has an affirmative answer. then n-ith the rigidity 

theorcni one can prove from Theor~rti 7.4 that there are tiomomorphisrris op 



for each prinie t > 5 .  and for al1 n 

(3p : + G2(Z/'I'"Z) 

and heric:tb an F-iiriic represeritation 

Specializing these homomorphisms at sanits t = to prociilces I-i~tlir. rc?prpseii- 

tations of Gp. which shall be denoted by c e t .  

These representations arise frorn the existence of a rigid triple in G2(Zf), 

L I 1  and in fact G?(Z[,. ,. ,]). One is Ied to ask: 

Question 2 Do the honwrnorphzsms t:f form u s tnc t l !~  cornputlble .y t f i rn  (1) 

f-udrc repre.sentntzon.s:' 

If the iinswer to this question is affirniatiw. it rwuld siiggest ttiat t l i ~  

system of representations arises €rom r~ilriction rnod F on sortie iinrlerlying 

geonietric object (it is conjectirrccf thac ewry strictly compatible systrm of 
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t-adir represcntatioris has  an ~inderlying geonietry in this scnsc). liore prr- 

risdv. orle might ask 

Question 3 I s  there (1 m n e t y  I V  ocer Q ( t )  und sorrir 1 E Y .such t hu t  thv 

represrntatrons L*( occur us . Idan-Hii lder co~rstltu~nts of Hi, (I -,:,,, . Qi) for 

euch pnnre ! > .Y.' 



In orcter to answcr the qii~stions of the preceding stwioti. it riew proof of 

rigiclity for G ( p )  woiild he rpquirtd ;is the chariicter t i ihl~ forr~iiila tloes iiot 

providc the infornintion reqiiircd to lift the trlple to G1(Q). Thonipson hifi 

reportctliy provect rigidity in i i  differcnt twy. with a Iengthy cxlciiliition iisrng 

generators and relations. It woiild he ideal to firid an elegarit proof of rigiclity 

which relier1 on the geonietriç interpretation of G?(p). siriiilitr to t h  proof of 

Theorcni 4.2 for PSL2(Fp). In the following. data abolit the ronjiigacy rlassrs 

in the rigiti triple froni Theorem 7.4 1s collect~ri that ivoiiltl likcly tw iis~ti if 

siich a proof wril feaddt. for C2(p) .  It is s~uniecl  that the inti-rprrtation 

of G2 iis the autoniorphisni grotrp of the octonion algehra noiild i)e the k ~ y  

to such a proof. The goal is to identif? geometric structures in i0, which 

characterize the relevant conjugacy classes. 

9.1 A Representation of G2 

?in irr~ditcihlc seven-cliniensiond r~presentation p of G2(p)  ran he described 

esplicitly. Let et, clenote the T x 7 matris nith a 1 in  th^ ( 1 .  J) th  position 

and zpros ~ lsmhere .  .\ssiime that tc := fi E Fp. Ttieri a r~presentation p 



One rn- wrify t hat t hcw satisfy the Chet-alley corniriiitntur formttla and thil 

other relations in Theorem 6.40. establistiing ttiat the abow rtiatris rtmprp- 



sentation is isomorphic tu G ( p )  - The above reprt~eritation !vas cmipiitc.ci 

frmi a Lie algcbra rrpr~writatiori in [HiiniT'I]. pp. L U - 1 0 - 1 .  

9.2 The Octonions 

Pomibly the niost usefd interprctat ion oiG2 (p) is as thc aiitor~iorphisni groiip 

of the algebra OF octonions O (often called Cuyiey riumbers). defincd over Fp. 

Recall that C nia! be constrtictt.ti hu defining ii prririiirt on R x -3 its 

follo~vs: (1,. L-) (yl. y-) = ( r l  yi - y-12. r2gl + y-J~) .  The renl qiiaternion 

dgebra H ma? be construçted by defining a product on C x C bu (r l .r l )  . 

(gi. yz) = (1, y, - Er2. .r2.i7r + prrt). Continuing this duplication prclcctfiirt~ 

produces the octonion algebra. 

Definition 9.1 The real ulgebrn of octonions i.9 the set EI x H ~mth t h p  

p~oduct 

(1, ..r2) - ( 9 , .  g r )  = ( q y i  - Ex2. .r2E -+ yg l  1 

Defined in chis way. O is a non-associative eighc-tfiniensional division 



i~lgehra owr R A natriral hasis for the cictoriion iilgrbra is the set 

where (1. r . j .  k )  is ir hisis for $3. Thtl crwter Z(0) of 0 il; the orle-ditrit~risiotii~1 

siibspaçe spanncd by (1. O ) .  

-4s in B. there is an analogue of cornplex corljttgiitiori. Let ( a .  h )  E O. 

Then ciefin~ conjiigation in 0 its fdlows: 

One riefines the trace and nornt on the octonions iis follow: 

The seven-dimensional space orthogonal to Z(0) then consists OF thosr oc-to- 

nions with trace O. Thr trace and n o m  are related by tht follorving formiila. 

which mat. he p r o d  .diredu froni the ciefinitions: 



Thc bilinear forni 3 of .V is given by A(r. g) = f (+!/ + !IF) = Tr(sY). 

Let 10, tienote the ;ilgebra of octonions. dcfined over t l i t b  fiiiitc fitM Fp. 

Thr theor? becomes more coniplicatecl in this situation dur t o  the prmcwr of 

isotropic vectors. i.e. nonzero vectors L' of norni 0. One  ihscwes frorn ( 9  2 )  

that an isotropie c in the trace zero coniponent of the octonions satisfies 

,,4 - - 0. \Vhile O is a division algc?bra. Op is not, as any isotropie is a 

nontrivial zero divisor. However. 0, is still ultemotat~e. that is. arbitrap 

elments r. y in 0, satisfy 

Theorern 9.3 Let p 2 5 .  The group of idgehru automorphi.sm.s of Op t s  

zsoniorphic to G 3 ( p ) .  

Indeed. in ([HiimT2]. p. 105) a correspondence is produced between the 

seven-tlimensional representation tiescribetl in section 3.1 and the action of 

G2(p) on the seven-cliniensional cornplernent of Z(0,). 



9.3 The Autornorphisms of Op 

By an aututriorphisrri of O,, it will he mmnt an a lg~hra  atitiirriorphisni. First. 

untS tria! obswve thirt an? ai~coniorphisr~i u f 0 ,  will prtwrw t h  bilirieiir forni 

on tl i t l  octonions. alid frorri this deduce that the octonion niitoniorphisnis act 

orthogonally and preserve length. Hence G2(p) may be eriil~~ritled in SO;(Fp ). 

One ni- give a very precise description of an octoniori aiitr~norphisni. but 

first it will be useiul to record the following conibinatorial resiilt. 

Proposition 9.4 There are pJ(p" + p  + l)(pL - p +  1) qudenuon subulp4rrr.~ 

of 0,. 

To coiirit the ntimber of quaternion siibalgebras of Op. ficst the number n of 

orthogonal unit bases for quaternion suhalgebras arp coiiritecl. aritl sccotirf. 

the number t of orthogonal unit bases of a fised quaternion subaigebra art. 

counted. There are then n/P quaternion subaigebras. Sote first that ttvo 

orthogonal unit vectors e l  and e2 in \: uniquel! deterniint? a quaternion 

sirhalgebra of ,%. since (l.e1.e2:e1 - e l )  is an orthogon;il m i t  hasis for a 

cpaternion snbalgehra of $. Thus. e t  rnay be chosen to be any ilnit wrtor 

in I f .  and e2 an? unit vector in 1, := e ,  C I;. Henct*, 

L 
n = ?I#{units in If}) - (#{ilnits in  l a ) )  - 



Similarly. I is ~ ~ n i p ~ i t e t l  hy carrying out the arialogoris dculatiori iri ari 

;mbient fuiir-diniensional space. Thiis. Lctting I; hr an 1-tlimt*nsiurial F,,- 

vcctur spiiçc. 

These valurs m q  be coniputed relatively easily iising .luobi siinis (an rspliçir 

forrriiila for any tliniensiciri and atiy IFp is given iri ([IRY2!, p. 10'1)); orw l ia5 

w t i e r ~  e = $1. e p mod 4. Thus 



Sow. one has the follotving description of ari aiiconwrptiisrri of ttit. civtrl- 

nions. 

Proposition 9.5 F u  ct quuternzon subdgebra @ of O,, t r r d  ir ur~6t ~'rr'trir t 

orthagorurf to F!. =Ir1 ulqebra automorphrsm n of thp orfunwns rs r.orrtpletthi 

descnbed by speczfilng the axtomorphrsm a rnduces on q: the qur i ten~~or~ 

subalqebra o(H,,): and a ( e ) .  whzch must be a und trertor orthogonal to a( $ ) 

Furthemore. uny n speczfied rn thrs tuay rnay be edendrd tu cm ulgebrn r r u -  

tomorphrsrr~ of 0,. 

First. let il&, have Lais ( 1.1. j. k ) .  Theri since e is orthogonal ~o HP. a 1)itji~ 

for Q, is given by (1. 1 , ; .  k .  e. ei. e j .  e k ) .  Thus. specifying n on {l .  1 .  J. k, e }  

determines a cornpletely. Converselu. one rnay cornpiite the nitniber of niaps 

ir that one rnight specify in this way. One has p'($ i ) (p2  - p +  1) choires 

for the image of & by Proposition 9.4. One ha p(p' - 1) autoriiorptiistris of 

4. And a .Jacohi stirii ci~lculation iridicates that there are p(p" - 1) possible 

unit images of P in the four-dimensional orthogonal cornplerntnt of n(P4). 

Htme 



differerit a ni- be specified in this way. As this is precisely the onler of 

G ( p )  = ;\utop. every a spccifiecl in this wiy must be iln i~titomorphisrti of 

9.4 The Involutions 

Csing Proposition 9.:. it is possible CO provc the fdlotving proposition. 

Proposition 9.6 A11 rnuolatzonu ure conjupte in G2(p) .  

Consider the image L of arr im.olittion in the seven-dirnmsional repr~seritatiori 

of G 2 ( p ) .  Since the repres~ntation is ernbedd~ti in SO;(Fp). the t1etermin;irit 

of L niust be 1. Since the determinant is the product of the eigcnvaliies of 1 .  

the -1 eigenspace rnust have dimension 2. 1 or 6. Thus i has a t  lcast ttvo 

-1 eigenvectors i and 1. Then ( 1 . r . j .  k = L J )  span a quaternion siibalgebra 

of O,. Sow ~ ( k )  = t ( i ) t ( ] )  = LJ = k so k  is a -1 eigenvector for 1.  Choose 

an orthogonal eigenvector e so that e l .  ek and el coniplete a basis for O,. If 

e is assumed to be a -1 eigenvector. then et is a + l  eigenvector. so the - 1 

eigenspace cannot be &dimensional. I f e  is assunicd to hc ii ~1 rigenvector. 

then cl and e l  are both - 1  eigenvectors. Thki forces thr - 1  ~igenspacc t u  

have dirn~nsion 4. and the trace of L rntist he -1 in thr wvrn-dinienuional 

r epr~s~nta t ion  of G2(p). In adciition. doing ;I c.iw analysis for the possiblr 
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eigerivalilcs of i and j. the + l  eigenspace can be seen to forni a qiintrrnion 

srthalgobra of C$. The -1 eigënspace is thr cirt hogonal co~riplrnicnt of the ~1 

i;iiii i .tl.  so t is tfct~rmineci bu its + l  rigrtispace. Let I" be tlit* +1 cigctispaw 

of 1 .  Tlicn for an? y E G2. the s 1 eigenspace of pg-' is il( l " ). si11c.t~ 

Hence in order to show chat al1 involiitiotis are conjrigiitr in  C 2 ( p )  it riow 

suîficeu to show thiit G-lp) iicts trrinsitively on the quaternion sut~aig~brm 

of q. Biit this foI1o~r.s irnrtiediately from Proposition 9.5, O 

-4s the proof abom indicates. there is a orie-to-onc corresporiderice he- 

tiveen quaternion subdgebras of and involutions in G2(p) .  

Proposition 9.8 There are + p + l)($ - p + 1) ini.dutzons ln G 2 ( p ) .  

Proof: The nurnbcr of quaternion sirbalgebras of CD,, \vas detmnineri in 

Proposition 9.1 to be p"(p'2 + p + 1)(p2 - p + 1).  and thry ;iw in bijertiw 

correspondence n-ith the int-olrttions in C;l(pj. 5 

Some invoIutions m q  casiiy he describccf ~splicitly. Cotisid~r t h t b  riiap r 

ori Op i~fiiçh sends ( a h )  e ( a .  - 6 ) .  Then L is an invoIutory autuniurphism 

OF 0,. and al1 of the above rnay btl casil! wrified for L .  



The çcntralizer of a11 invdution can be descriheti. Inded. an? y F Cc;(/ j 

nitist act orthogonally on the - I eige~ispace 1.-. Htlnrp C(;(I ) v SUt(Fp ). 

-4s thc order of C(;(t.) is ~cliial to t h  iil SOt(Fp).  th^ grotips arts isor~liirptlii: 

9.5 The class C,, 

The C I ~ S  C,, consists of mipotent transformations. and oric is thcreforr able 

tc, assuçiate a Hag CO an clement L- of C, by- consirlering k~rnels of surressivr 

powrs of '; = L* - 1. S i n c ~  .Y is nilpotrnt. kcr 'il C k ~ r  .Y1". One ttiiis has 

a Hag 

the largest subspace of I '  which is fixecl pointwise by L-. Sirnilarly. the 

elements of ker .bd2 are preciselu those rc for rvhich C( i c )  = n + ir for sonie 

n E ker ,b-: kcrnels of higher powvers nf 'i rnay be sirnilady reincerpretd 

rr-ith respect to L*. The unipotent gl . -g- ' .  y E G. Iias assoriated fhg g ( 3 r .  1: 

this is verifietl by a calcirlation virtually itientical to (9.7). Thc dimensions 

appearing in the Bag of a rinipotent are ttius intariant iinriw conjugtition. For 

the unipotents in G2(p ) .  these dimensions ma? he compirte(1 for thr action c i €  



G l ( p )  on the seven-diniensional siibspace of O, orthogonal to Z(0,). From 

the representation in Section 9.1 the results ma? be itwiily tIe<luced. Orif. 

fintis for Sa( 1) that the nontrivial dimensions appcwi~ig in the Hag arcb 3 iirid 

6: that is, the Hag associatetl to i m  rlement in Cc, is 

0-1;- 1i-L; 

iising siibscripts to denote ttie dimensions of the vector spiic~s in the Hiig. 

Thtb ccntralizrr of S,(1) niay br tfescribeti. By ttie Ctievallcu coniniu- 

tator forrriula. one deterniines that the root elenicnts wtiith cwriirriiite witti 

S , ( l )  are {S,(t). .Yn,-j(t]. S4. S7n+23, -Y- Ia-1.j). The tllenierits . \ ' I , , ~ ~  

and S-7a-23 generate a group of order p($ - 1) isomorphic to SL?(!F,, ). 

while one of these roots ivith ttie rernaining thrw will generate the pSylow 

siibgroiip in the centralizer. of order The centralizcr itself has ortier 

p' (p2  - 1). 

9.6 The regular class of unipotents 

One ni- also coniputc the flag associated to eleriicnts i n  C:,J: onp tinds thc 

flag to be 

1-1;- 1.; -L; -L:, - ri - r i - \ ;  

agairi iising siibscripts to denote dimension. 



Thc ceritralizcr of a rt~giilar iinipotent (-an t)e esplicitly ciescribed. Fixing 

the elenicnt a = S,,(l).Yj( 1 ) .  olie Lias that (cr) c C'(;(cf). Fiirther. bu thtl 

Chcvitlley coniniutator forniilla it follotvs t hac ( 1 ) roinrniltps (vit h 1 ) o r  Ii 

S,(1) aiid Sj(l) dnti htwe with cr. .As CT' + Sin+LJ(l)  for iiny L .  oric has 

tliat C'(;tu) = (a. SI,-w(l)) and has ortler 

This concliities the dfwription of the conjiigacy clifi~es in th(. rigirl çlass 

vector c .  



10 Conclusion 

The grorip G ( p )  is G;iluis groiip of a r e g i h r  esttbnsion of Q ( t )  fiir a11 

idd  prirncs p > 5 .  Bv t t i ~  Hilbert trrediicibilic! Thcoreni. G2(p) is t h  iL 

Galois groiip owr Q. This was isstnbliçhec1 by extiihititig ;i rigid iirirt ratiu- 

na1 triple of conjugicy C~~LSSPS in G ( p ) .  it  is askerl rvhc~ther thos?) t r i  p h  

arise frorn r~cliirtioti rtiotl p of a triple in G . ~ ( z [ ~ .  f. il). Fiirther. it is ~ ~ ~ k t ~ r l  

if the l-adic rcprcsrntntions of Gz  associateci with this rigid triple fortri it 

compatible systeni of repr~sentxtions. If these qtiestions coiilcI bf? ;irisivtwcl 

üfirmacively. one w u k l  espcct there to ht. some geoniet rical object at tactictl 

t o  these representatiotis. For the purpose of investigating these qii~stions. 

the publishcd proof of rigirlity is not satisfactory. It ~-oiil(l t hiis he of intrrrw 

to have a ddiffrrent procif of rigidity for G ( p )  which incorporated gmrnctric 

information about t h e  x t i u n  of G2(p) on variotis structures in the octonions. 

.4s a step in this directioti. characterizations of the conjugacy cIass~s in  th^ 

rigid triple for G'?(p? w r e  provitlecl in tertris of the gpornetry of Op. 
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