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Abstract

Darmon and Vonk introduced rigid meromorphic cocycles for O(2,1) as real quadratic
analogues of classical Borcherds products for the same group. To a weakly holomorphic
modular form f of weight 1/2, they associate a rigid meromorphic cocycle ¥, whose divisor
is controlled by the negative coefficients of f. Darmon, Gehrmann, and Lipnowski proposed
the construction of cocycles for an orthogonal group of arbitrary signature. Following their
work, we obtain cocycles for O(3,1). While we are not able to establish a lift from the
space of weakly holomorphic modular forms, nonetheless we construct it from a space similar
to the space of principal parts of weakly holomorphic modular forms. More precisely, let
§ € Z[q~'] be a Laurent polynomial such that its coefficients give rise to a linear relation
among the Fourier coefficients of a modular form of weight two and a suitable level. With
some additional technical assumptions on §, we obtain a rigid meromorphic cocycle W5 whose
divisor is governed by the coefficients of §. Since the singularities of Borcherds products for
0(2,2) are encoded in the principal parts of weakly holomorphic modular forms of weight 0,
the resulting cocycle W5 can be viewed as a p-adic analogue of a Borcherds product for the
orthogonal group O(3, 1) instead of O(2,2).

We flesh out the analogy further by restricting the cocycle Ws to an embedded O(2,1).
We prove that the singularities of the restriction are encoded in the principal part of the
formal Laurent series  x 6, where 6 denotes a unary theta series. The analogous operation in
the case of classical Borcherds products is called the quasi-pullback, and similar formulae for
the input modular form of the quasi-pullback have been obtained in several cases (|2, 3, 11,
14, 18]). Our result further contributes to the proposed analogy between classical Borcherds

products and rigid meromorphic cocycles for orthogonal groups.



Abrégé

Darmon et Vonk ont introduit les cocycles rigides méromorphes pour O(2,1) dans le
but d’obtenir un analogue réel quadratique des produits de Borcherds classiques pour ce
groupe. A chaque forme modulaire faiblement holomorphe f de poids 1/2, ils associent
un cocycle rigide méromorphe ¥, dont le diviseur est controlé par les coefficients négatifs
de f. Darmon, Gehrmann et Lipnowski ont ensuite proposé une construction de cocycles
rigides méromorphes pour des groupes orthogonaux de signature arbitraire. En suivant leur
approche, nous construisons des cocycles pour O(3,1). Cependant, nous ne parvenons pas a
relever toutes les formes modulaires faiblement holomorphes a un cocycle. Pour remédier a
ce probléme, nous recourons a une certaine collection de polynémes de Laurent dans Z[g™!].
Hormis certaines conditions techniques, les coefficients de ces polynémes doivent engendrer
des relations linéaires entre les coefficients de Fourier de formes modulaires de poids 2 d'un
niveau approprié. En ce sens, les cocycles rigides méromorphes pour O(3,1) peuvent étre

considérés comme des analogues p-adiques des produits de Borcherds pour O(2,2).

Etant donné un cocycle rigide méromorphe s pour O(3, 1), nous pouvons le restreindre
a O(2,1). Nous montrons que cette restriction peut étre vue comme un relévement de la
partie principale d’une série formelle § x €, ou 6 est une série théta unaire. Le processus
analogue dans le cas des produits de Borcherds classiques se nomme quasi-tiré-en-arriére et
des formules similaires pour les arguments de ces quasi-tirés-en-arriére ont été obtenues dans
d’autres cas. Le résultat de cette these s’inscrit dans cette direction et contribue a cimenter
I’analogie entre les produits de Borcherds classiques et les cocycles rigides méromorphes pour

les groupes orthogonaux.
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Introduction

The primary goal of this thesis is to flesh out the analogy between classical Borcherds
lifts [2] and rigid meromorphic cocycles for orthogonal groups in the sense of [5|. The latter,
originally introduced in 7] and generalized in [5], are 1-cocycles for a p-arithmetic group with
values in a space of rigid meromorphic functions on a suitable p-adic analytic space with

singularities at special divisors.

Darmon and Vonk [6] proved that for a weakly holomorphic modular form of weight 1/2,
there exists a rigid meromorphic cocycle for SLy(Z[1/p]) whose divisor is controlled by the
principal part of the input modular form. This result can be seen as a p-adic analogue of the
Borcherds lift for the case of signature (2,1) via the accidental isogeny between SLy and the
orthogonal group of a quadratic form of signature (2, 1). The introduction in loc. cit. provides
a compelling account of the analogy between the two worlds. Later, Darmon, Gehrmann,
and Lipnowski [5] generalized the notion of rigid cocycles to other signatures. In this thesis,
we focus on the construction in the setting of the p-arithmetic Bianchi group SLo(Ok[1/p]),
where K is an imaginary quadratic field and p splits in K. This group is closely related to
the orthogonal group of signature (3, 1), i.e., automorphisms of the Minkowski space. Our
first main result (Theorem 6.11) provides strong evidence for the existence of a similar lift

from a weakly holomorphic modular form of weight 0 to rigid meromorphic Bianchi cocycles.



This case can be seen as an analogue of the Borcherds lift for signature (2,2). We elaborate

on the analogy in Section 1.2.

Let f be a weakly holomorphic form of weight 0 and of a suitable level, and ¥ be the
corresponding rigid cocycle for the associated congruence subgroup 'y C SLo(Ok[1/p]).
Since a rigid meromorphic cocycle for I'x is a 1-cocycle, we can restrict ¥y to obtain a
1-cocycle Res(VU ) for I'x N SLy(Z[1/p]). Our calculations suggest that the restricted cocycle
Res(Uy) is essentially a lift of the modular form f x #, which is a weakly holomorphic modular
form of weight 1/2. In other words, the restriction map in the target of the p-adic lift should
correspond to multiplication of the input weakly holomorphic forms by a unary theta function.
This is strongly reminiscent of a classical phenomenon, in the setting of classical Borcherds

lifts, governing the diagonal restrictions of Hilbert modular forms.

The operation analogous to the restriction of cocycles is known as the quasi-pullback of
Borcherds products, first examined systematically by Borcherds in [2]. In some special cases,
it is essentially a pullback: restricting a Borcherds lift ¥, (associated to a rank four lattice
L) to a symmetric domain ®,; (associated to a ternary sublattice M C L). A result of Ma
[18, Theorem 1| (see also Examples 3.13 and 3.14) establishes that if ¥y, is a lift of f, then
the restriction Wy, | D)y is a lift of f x 0.

1.1 Classical Borcherds Lifts

We first provide a high-level overview of Borcherds lifts since this provides a good
motivation for the setup needed for p-arithmetic Bianchi groups. The statements presented
here are intentionally kept informal, since precise formulations require additional technical
hypotheses that might obscure the themes we wish to convey. In general, Borcherds gave a
systematic method of generating modular forms on orthogonal groups from elliptic modular
forms. Let Vg be a quadratic space of signature (2,n) and L C Vg be an even unimodular
lattice. Borcherds discovered a lifting from weakly holomorphic modular forms of weight
1 — (n/2) for Mpy(Z) to meromorphic modular forms for the orthogonal group I'(L) of the
lattice L (see [2]).

In the specific case of n = 1, the associated complex analytic space of O(2,1) is the
Poincaré upper half-plane . The group SLy(R) acts on this space. Thus, the Borcherds
lift in this case takes a weakly holomorphic form of weight 1/2 to a meromorphic modular
form on H for discrete arithmetic subgroups of SLy(R) such as SLy(Z) and its congruence
subgroups. The zeros and poles of the lifted modular form are concentrated on CM points

and are determined by the negative coefficients of the input modular form. For a precise



statement, see |1, Theorem 14.1].

Turning to the case where n = 2, the complex analytic space associated with Vg is
‘H x H, on which the group SLy(R) x SLy(R) acts. Given a real quadratic field F', the group
SLy(Op) < SLa(R) x SLy(R) is isogenous to the orthogonal group of a certain Z-lattice in Vk.
Thus, for a weakly holomorphic form of weight 0, there exists a meromorphic Hilbert modular
form for the group SLy(Op). The zeros and poles of this modular form are supported on a
special collection of divisors known as Hirzebruch-Zagier divisors. The multiplicities of the
divisors appearing in the lift are determined by the negative coefficients of the input modular
form of weight 0. For a precise statement, see Theorem 3.44 in [4]. This theorem allows
one to recover the earlier results of Hirzebruch and Zagier [13]. While established before the
development of the Borcherds framework, their result is presented in [4, Theorem 3.51] as a

direct consequence of the modern theory.

1.2 Rigid Meromorphic Cocycles: A p-adic Analogue

Rigid meromorphic cocycles were first introduced by Darmon and Vonk in [7] for the
orthogonal group of signature (2,1). These are classes in the first cohomology of the Thara
group SLy(Z[1/p]) with values in the space of meromorphic functions on the p-adic upper
half-plane H, = P;(C,) — P1(Q,). Darmon and Vonk conjectured that evaluating these
cocycles at real quadratic irrationalities, or equivalently restricting them to orthogonal
groups of signature (1, 1), yields elements in abelian extensions of real quadratic fields. This
framework is analogous to the well-understood setting of imaginary quadratic extensions,
where SLy(Z)-invariant functions are evaluated at imaginary quadratic points to produce
elements in abelian extensions of imaginary quadratic fields. The authors also provided

convincing numerical evidence supporting their conjecture.

In a follow-up article [6], Darmon and Vonk associate a rigid meromorphic cocycle to a
weakly holomorphic modular form of weight 1/2. The zeros and poles of the cocycle are real
quadratic points whose multiplicities are determined by the negative Fourier coefficients of
the input modular form. Their result is stated informally here, omitting certain technical
hypotheses (see Section 1.1 in [6] for full details). This statement closely resembles the case of
the Borcherds lift for signature (2, 1), although the divisors are now real quadratic instead of
imaginary quadratic points. Darmon and Vonk put forward the viewpoint that rigid cocycles

can be envisaged as real quadratic analogues of Borcherds lifts. We record the analogy in
Table 1.1.

Darmon, Gehrmann, and Lipnowski [5] introduced a systematic procedure to construct



Table 1.1: The Classical and Real Quadratic Borcherds Lift

Classical Real Quadratic
Input weakly hol form (wt = 1/2) weakly hol form (wt = 1/2)
Output Object meromorphic modular form rigid meromorphic cocycle
Domain complex upper half-plane H p-adic upper half-plane H,,
Divisor Support CM points (imaginary quadratic) | RM points (real quadratic)
Negative Coefficients | dictate poles/zeros dictate poles/zeros

cocycles for a wider class of orthogonal groups, namely those arising from Z[1/p]-lattices
with arbitrary signatures. The case considered by Darmon and Vonk can then be seen as
a special case of the generalized framework, as the group SLo(Z[1/p]) is a subgroup of the
orthogonal group of a rank three Z[1/p|-lattice L where L ® R has signature (2,1). Given a
quadratic space of signature (r, s), the authors in [5] postulated the existence of classes in s-th
cohomology that are valued in spaces of functions on suitable p-adic spaces depending on the
rank of the quadratic space. Furthermore, the authors proved lifting theorems analogous to
results within Borcherds theory, strengthening the viewpoint that rigid meromorphic cocycles
can be viewed as p-adic analogues of Borcherds products. In this thesis, we take a specific
case of their general construction to obtain cocycles for certain subgroups of SLy(Ok|[1/p]),
where K is imaginary quadratic and the prime p splits in K. Since SLy(Ok) is known as the
Bianchi group, we refer to SLy(Ok|[1/p]) as a p-arithmetic Bianchi group. A large part of

this thesis is devoted to explaining the construction of cocycles for certain subgroups of this

group.

We now explain how the cocycles for Bianchi groups can be viewed as p-adic analogues
of Borcherds lifts on H x H. Consider a rational quadratic space Vg of rank four such that
the space Vg ® @, decomposes as a sum of two hyperbolic spaces. This makes the space
“similar to signature (2,2)” but now over a non-Archimedean place instead of an Archimedean
place. For instance, this happens when the discriminant of the quadratic form is a square
in Q, and its Hasse invariant is 1. Taking this p-adic perspective further, we see that the
group SL2(Q,) x SLy(Q,) acts on H, x H,. Furthermore, the group SLs(Ok[1/p]) injects
into SLy(Q,) x SL2(Q,) via the two embeddings, provided the prime p splits in K. This
assumption of p splitting is crucial and mirrors the assumption of F' being real quadratic in
the signature (2,2) case of the Borcherds lift. However, this group does not act discretely.
Thus, the space of SLy(Og[1/p])-invariant functions on H, x H,, or equivalently, the 0-th
cohomology, is not interesting. In fact, the “right” degree of cohomology is dictated by the
behaviour of Vj in the Archimedean world. If the signature of Vi ® R is (r,s) with » > s,

then the rigid cocycles should be classes in the s-th cohomology. In this thesis, we consider



the case of signature (3,1). The assumption that K is an imaginary quadratic field ensures
that the group SLo(Ok[1/p]) can be identified with the orthogonal group of a Z[1/pl-lattice
in Vo ® R via the exceptional isomorphism between PSLy(C) and PSO(Vy ® R).

We now present the first of our two main theorems. This theorem is inspired by Theorem

3.24 of [5], albeit formulated more precisely.

Let ¢ be a positive integer such that the prime p splits in K = Q(v/—¢). For an integer
N > 1, we construct cocycles for the subgroup (I'(N))” C SLy(Ok[1/p]) defined by

(TE(N)Y :{( y)esmzw—_ﬁm/p]): ( y) (; 1‘) (mod N)}.

Z w Z w
Let f be a weakly holomorphic modular form of weight 0 for T'q(4¢Np), holomorphic at

all cusps except possibly at co. Suppose its g-expansion at oo is given by

mo

F) =3 g™ + o+ O(g).

m=1

Let g be a cusp form of weight 2 for I'o(4¢Np). Then f(7)g(7) d7 is a meromorphic differential
on Xo(4¢Np) with a possible pole at co. The residue of f(7)g(7)dr at oo is the constant
term of the g-expansion of fg, which is exactly "%, ¢,, x (m-th coeff of g). Since the sum
of residues on a compact Riemann surface must be zero, and oo is the only pole, this residue
must vanish. By Serre duality, we also have the converse. The polynomial Y " ¢,q~™
occurs as the principal part of a weakly holomorphic modular form of weight 0 for I'g(4¢Np)

that is regular away from oo if and only if > ° ¢, X (m-th coeff of g) = 0 for all cusp forms

g of weight 2 for I'q(4¢Np).

We now give two definitions that are inspired by the discussion of the previous paragraph
and are useful in stating our theorem. Let M(I'o(4¢Np), (5)) denote the space of modular
forms of weight 2 for I'y(4(Np) and character ().

Definition 1.1. We use PPo(M, x) to denote the set of all finite collections of integers

{cm}mey satisfying

mo
Z Cm X m-th coefficient of f =0,

m=1

for all f € My(To(M), x)-



Definition 1.2. We define PPo(M, x)' to be the subset of PPo(M, x) consisting of collections
{cmtmey satisfying

1. ¢, =0 if p divides m, and
2. ¢ = 0 if m is equal to a* + (b* for some rational numbers a and b.

Our theorem establishes the map
BL,, : PPo(4¢Np, (5))T = Z' (DT (N))', M(H,, x H,)*/Z.)

that takes § = {¢,}m2; € PPo(4¢Np, (;))! as input and produces a rigid meromorphic

m=1

cocycle whose divisor is completely determined by the integers {c,, } > ;.

Theorem 1.3. Let L be a Z[1/pl|-lattice equipped with a quadratic form Q such that L ® R
has signature (3,1). Suppose that the group of isometries of L is (T(N)Y. For each v € L,

define a p-adic analogue of the Hirzebruch-Zagier divisor
Av,p = {(21, 22) < Hp X Hp Q12122 + Q921 + Q322 + Qg4 = O},

where ay, as,az,ay € Z[1/p] are the coordinates of v with respect to a fized basis of L. Let
6 = {cmim, € PPo(4¢Np, (5))1. Then there exists a rigid meromorphic cocycle U5 €

Z'((DF(N)), M(Hy x M) JZ) such that for each v € (T (N)), the divisor of Ws(v) is
given by

mo
Senx 3 @l
m=1

veL
Qv)=m

where €, : P1(K) x P1(K) — Z is a modular symbol associated to each v € L.

Our theorem provides a partial analogue of classical Borcherds lifts, as we construct a
map from PPy(4¢Np, (z))Jr instead of PPy(4¢/Np, (Z)> The former is a proper subset of the
latter, defined by imposing two extra conditions. The first condition is a technical assumption
made to simplify our calculations. However, the second condition is more substantial. For
the lengths that are norms of elements in K, a suitable candidate for the divisor of a rigid

meromorphic cocycle remains elusive.

The following table summarizes our discussion.



Table 1.2: Rank Four: Borcherds Lift and p-adic Analogue

Borcherds Lift p-adic Analogue
Quadratic Space VR signature (2,2) Vo, split; Vg signature (3,1)
Arithmetic Group | SL2(Op) SLa(Ok(1/p])
Condition on Field | FR=R®R KQ,=Q,®Q,
Domain HxH H, X H,
Input Type Weakly holom. form (wt. 0) | PPo(4¢Np, (Z))T
Output Type Hilbert modular forms Classes in H!

1.3 Owur Contribution

The quasi-pullback of Borcherds products was first introduced in [2] and [3]. It produces
a meromorphic modular form on a lower-dimensional symmetric domain, which is again a
Borcherds product. This operation has been considered in many special cases by several

authors (see the Introduction in [18] for a comprehensive overview).

Ma [18, Theorem 1| proved an explicit formula for the weakly holomorphic modular
form whose Borcherds lift is the quasi-pullback of a given Borcherds product. We describe
the result in a specific setting. Let L be a lattice of signature (2,2) such that it splits as
L =M & M’ where M is of signature (2,1) and M’ is negative definite. Let f be a weakly
holomorphic modular form of weight 0, and let WU ;(L) denote the corresponding Borcherds
lift. Let ®); denote the symmetric domain embedded in ®; = H x H. The embedding of
D inside D, corresponds to an embedding of H into H x H. Assume that W,(L) does not
vanish identically on ®,,;. Then the pullback, which is the same as the quasi-pullback under
the non-vanishing assumption, is W¢(L) | ®js. The divisor of the restriction is the same as
that of the Borcherds lift of f x 6. In other words, the restriction is the same as the lift
of f x 0 up to a holomorphic, non-vanishing I'(M )-invariant function on #. This can be

described informally in the following diagram.

BL Meromorphic Hilbert
WHF, e ,
Modular Forms
Multiplication by Pullback along embedding
a unary 6 series of H into H X H
g BLoo Meromorphic Modular Forms for
WHF1/2 >

congruence subgroup of SLa(Z)



Remark 1. Theorem 1 of [18] proves exact equality of the restriction and the lift of f x 6, but
it requires the sublattice M to be anisotropic and thus we cannot use their statement directly.

However, our argument in the previous paragraph follows from their proof of Proposition 3.4.

We now move to the second main theorem of this thesis, which can be seen as a p-adic

analogue of the result discussed in the previous two paragraphs.

Let L be the Z[1/p]-lattice that appears in Theorem 1.3. It splits as M @& M’, where
M’ is a one-dimensional lattice such that the discriminant of M’ ® Q, is equal to —a? for
some a € Q. The p-adic space corresponding to M is the diagonal {(7,7) : 7 € H,}
embedded in H, x H,. We only describe the main features of the theorem here (for the full

statement, see Theorem 7.13). Let W (§) denote the rigid meromorphic cocycle associated to
§ € PPy(4¢Np, (;))1. Then for any v € (TE(N)) := (I (N))’ N SLy(Z[1/p]), the diagonal

mo

9., where

restriction Wy (6)(y) | (7, 7) has divisors encoded in the collection {d,, }

dy= Y Copgpe (1.1)

£j2<mo—n

This collection of integers possesses an interesting property. For any h € S3/2 (FO(M D), (Z))
(see Definition 7.10 for a precise definition), we have Y ™ d,, x n-th coefficient of h = 0.
In fact, the polynomial > d,q™" is obtained by taking the principal part of the formal

Laurent series

0(lt) x (i cmq_m> :

In this sense, the collection {d, }"°; can be seen as an element that annihilates the space
of cusp forms of weight 3/2 for I'g(4¢Np) and character (;). We give a precise description
of the set of such collections in Section 7.4 (see Definition 7.11) and denote the set by
PPy /2(4(Np, (z))T The following informal diagram captures the theme of our two main

theorems.



BL,

PPy (4(Np, (3))! » ZH(ET (V) M(Hp x Hy) /)

Multiplication by Pullback along embedding
0(¢4t) of Hp into Hyp X Hp

~

» ZH(TE(N)Y, M(H,) /7

~

PP, (40N, (;))1 =

Remark 2. The map in the bottom row is a generalization of the results of Darmon and
Vonk [6] to congruence subgroups of SLo(Z[1/p]). We are not able to find a statement as clean
as their statement. However, Theorem 3.24 of [5] clearly applies to signature (2,1), yielding

a lifting of this kind under additional assumptions similar to those in Theorem 1.5.

What if? If there were no assumptions in Theorem 1.3, we would have a lift from the
space of weakly holomorphic modular forms of weight 0 to the space of rigid meromorphic
Bianchi cocycles. Combining this with the calculations for the diagonal restriction would

yield the following diagram.

BL, Rigid cocycles for
WHF > ) o ]
p-arithmetic Bianchi groups
Multiplication by Pullback along embedding
a unary 0-series of Hp into Hp X Hp
e BL, Rigid cocycles for
WHF, o >

congruence subgroups of SLo(Z[1/p])

It would be worthwhile to prove more precise and general statements of this sort, thereby
bringing the analogy between rigid meromorphic Bianchi cocycles and Hilbert modular forms

into sharper focus.



Vector-Valued Modular Forms

In the first section, we define vector-valued modular forms. These are functions taking
values in the group ring C[D], where D is a finite quadratic module, or equivalently, a finite
abelian group equipped with a quadratic form. These functions satisfy nice transformation
properties under the metaplectic group Mp,(Z), which is a double cover of SLy(Z). This
section is inspired by [5, Sections 3.2.1 and 3.2.6].

We discuss the decomposition of a finite quadratic module in the second section. A finite
quadratic module D is, in particular, a finite abelian group and thus decomposes into its
p-primary components. We show that each component can be equipped with a quadratic
structure such that the decomposition as an abelian group respects the quadratic structure.
The decomposition of D allows us to write C[D] as a tensor product of vector spaces, each
having an action of Mp,y(Z). The main result is that the tensor product of representations
of components is isomorphic to the representation of C[D]. The underlying arguments are
already present in [23|. We give complete proofs because the statements we require do not
follow immediately from loc. cit. The main results are fairly straightforward to grasp but the
proofs are quite lengthy. We advise the reader to read the main results first and look at the

proofs only if they are interested in verification.

The third section details the explicit action of certain subgroups of Mp,(Z) on finite
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quadratic modules, following [21]. This provides the requisite machinery for constructing

scalar-valued modular forms from vector-valued modular forms that we need in Chapter 4.

2.1 Vector-Valued Modular Forms
Let H C C be the usual complex upper-half plane. The group GLy(R)" C GLy(R) of

matrices with positive determinant acts on H by Mobius transformations. That is,

a b T_aT—i-b
c d _CT—Fd‘

b
For g = (a ) € GLy(R)™, let
c d

jlg,7) : H — C, T cer+d

be the usual automorphy factor. The metaplectic two-fold cover é\ig(R)Jr of GLy(R)™ consists
of pairs (g, ¢,(7)), where ¢, : H — C a holomorphic function such that ¢,(7)? = ¢7 +d. The
multiplication is given by the law (g, #(7)) - (¢',¥(7)) = (9¢’, #(¢'T)1(7)). We have a group
homomorphism 7 : é\ig(R>+ — GL2(R)* such that 7((g,¢,)) = g. The inverse image of
SLy(Z) under this homomorphism, denoted by Mp,(Z), is generated by

(b)) = (G0) )

where /7 denotes the principal branch of the complex square root, defined such that
—m/2 < arg(y/7) < m/2. The fact that these two elements generate Mp,(Z) can be established
using the standard generators of SLy(Z), and noting that

()

Definition 2.1. A finite quadratic module (D, Q) is a finite abelian group D equipped with a
function Q : D — Q/7Z satisfying

1. Q(nx) = n*Q(x) for allx € D.

2. The pairing B(z,y) == Q(x +y) — Q(z) — Q(y) is a symmetric bilinear pairing.

11



The level Np of D is the smallest positive integer such that Np(Q(x)) =0 for all z € D.
Its signature sign(D) € Z/8Z is defined by the formula

627TZ sign(D)/8 _ Z —2miQ(x (21)

\% |D xzeD

We denote the right hand side by g(D). Recall the Weil representation 0p : Mp,(Z) —
End¢(C[D]). We denote by €,, for z € D, the standard basis of C[D]. The Weil representation
is determined by the action of the generators 7" and S, given by

@‘B(T)é'x _ GQWiQ(a:)é'x,

05 (S)e, = ﬁgw)—l S e(=B(z,9)),

Action of the Metaplectic Group on Functions. Let D be a finite quadratic module
and k € %Z a half-integer. The metaplectic group (Ei;(R) acts on functions f : H — C from
the right via

(f Ik (9,0))(7) = det(9)"> (r) 2 f(g-7), ¥ (g,06) € GL, (R).

Any function f:H — C[D] can be written as

F=Y fo &

zeD

for some functions f, : H — C. For v € Mp,(Z), we define

Fley =Y (fa k) - po(y) " (Ex):

zeD

Let w > 1 be an integer, and suppose that f satisfies f |, 7% = f, or in other words,
foT +w) e 2™wR@ — £ (7} for all z € D.

Then the function
T fm(T) 6—27riQ(:p)T

12



is periodic with period w, and thus f has a Fourier expansion of the form

f(r) = Z Z ag(m, x) e2mimT g

z€D meQ

Moreover, in the case w = 1, the Fourier coefficients as(m, z) vanish unless m € Q(x) + Z.

Definition 2.2. Let G C Mpy(Z) be a subgroup. A vector-valued modular form of weight k,
type pp, and level G is a function f:H — C[D] such that

1. fley=fforally€G and T € H,
2. f is holomorphic,

3. f is holomorphic at the cusps, that is, for every v € Mpy(Z) the Fourier coefficients of

f kv satisfy
ag~(m,x) =0 for allm <O0.

2.2 Finite Quadratic Modules associated with Lattices

The results of this section are summarized below to allow the reader to bypass the proofs.
The proofs involve technical details that are not utilized elsewhere in this thesis, since only

the resulting statements are useful for the following chapters.

One source of finite quadratic modules is quadratic lattices. Let M be a quadratic
Z-lattice contained in its dual M". We use D), to denote the quotient M /M. It is equipped

with a natural Q/Z-valued quadratic form.

The lattices M ®7Z, and M ®7Z,, are equipped with quadratic forms as well. Consequently,
the quotient module Dy ® Z, is equipped with a Q,/Z,-valued quadratic form. Similarly,
Dy ® Z[1/p] is equipped with a Q/Z[1/p]-valued quadratic form.

The abelian group Q/Z is isomorphic to the direct sum Q,/Z, & Q/Z[1/p] (see Propo-
sition 2.7). Therefore, both Dy ® Z, and D) ® Z[1/p] are equipped with a Q/Z-valued
quadratic form via the isomorphism. As a consequence, Dy ® Z[1/p] ® Dy ® Z,, is naturally

equipped with a Q/Z-valued quadratic form such that the direct sum is orthogonal.

As abelian groups, Dy and Dy ® Z, © Dy ® Z[1/p] are isomorphic. We prove that the
isomorphism extends to that of Q/Z-valued quadratic modules (Proposition 2.5).

In Theorem 2.9, we establish that the Weil representation associated with D), is iso-
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morphic to the tensor product of the Weil representations associated with Dy, ® Z[1/p] and
Dy ® Zy.

2.2.1 Finite Quadratic Module over Rationals

Let M, M, and Dj; be as before. We use Q(-) to denote the quadratic form on M ® Q
and B(-,-) to denote the corresponding bilinear form. Assume that Q(M) C Z. Let v € M

and T be its image in Dj;. Define a Q/Z-valued quadratic function on Dy,

Q:Dy — Q/Z
T~ Qx) + Z.

This map is well defined because if we replace x by x+y for some y € M, then Q(z+y)—Q(z) =
Q(y) + B(z,y) € Z since Q(M) CZ and x € M.

2.2.2 Finite Quadratic Module over the p-adics

Consider M ®Z, and M"®Z,. They are both free Z,-modules of finite rank, since M = Z"
implies M ® Z, = Z;, and M ®7Z, Z,,. We also have the inclusion M ® Z, C M ® Z,.
Furthermore, each element in M~ ® Z, can be uniquely written as Zai( fi ® 1), where

i=1

o; € Z,, and {f;}1, is a basis of M".

The bilinear form on M" extends naturally to M* ®Z,. We denote it by B, (-, ). Also, for

1
any © € M" ® Z,, we define Q,(v) := éBp(x, x). We always assume that the prime p is odd.

Tensoring the exact sequence 0 — M — M~ — Dy, — 0 with Z, gives
0> M®Z,— M ®Z,— Dy ®7Z, — 0, (2.2)

since Z, is torsion-free and thus flat over Z. We define a quadratic function on D) ® Z,, that
is valued in Q,/Z,. Let T € Dy ® Z, be the image of some z € M" ® Z,. Define

Qp(f) = Qp@) +Zy € @p/Zp‘

This map is well-defined. If we replace  with x + y for some y € M ® Z,,, then the difference

Qp(r +y) — Qp(x) = Qp(y) + By(z,y) lies in Z, because Q,(y) € Z,, and By(z,y) € Z,,
which is justified by the following calculation. Let {e;};_, denote a basis of M and {f;}}_,
denote the corresponding dual basis satisfying B(e;, f;) = d;;. Using the bases, we write

y= i@ l)e M®Z,andx=37"_ Bi(fi®1l) € M* ® Z,. Since Ble;, f;) € Z and
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i, B € Zy, for all 4, j, it follows that By(z,y) = > 7', ciffiBlei, f;) € Zy.

From the exact sequence (2.2), we have a natural map 4, : Dy — Dy ® Z, such that the

following diagram commutes.

0 » M > M > Dy

lzp lp Hip
~

0 — M®Z, — M ®Z, — Dy®@Z, — 0

o

For any # € M" we have T € Dy and i,(z) € M" ® Z,. Using the commutativity of the

diagram, we have i,(Z) = i,(z), where i,(z) is the image under the map M ® Z, — Dy @ Z,,.

The module Dy, ® Z,, can be seen as a Q/Z-valued quadratic module by using the map
Q,/Z, — Q/Z defined below.

Definition 2.3. Any v € Q,/Z, has a representative of the form a/p"™ for some integer a
coprime to p. We define the map j, as

jp:Qp/Zp_H@/Z
iJerr—>i+Z
p" p"

The map j, is well-defined. Suppose = pim (mod Z,). Then the difference D = T pim

is in Z,. Since the difference D € QQ has only powers of p in its denominator, it must be an

integer. Hence the image is well-defined in Q/Z.

2.2.3 Finite Quadratic Module over Z[1/p]

We consider similar ideas but with the ring Z[1/p] instead of Z,. Both M ® Z[1/p] and
M* @ Z[1/p] are free Z[1/p]-modules of finite rank. Since M ® Z[1/p] is a subset of the
vector space M ® Q, the bilinear form is well-defined. We use B”(-,-) to denote the bilinear
form on M" ® Z[1/p].

The exact sequence 0 — M — M™ — Dy, — 0 gives
0> M®Z[1/p] = M @ Z[1/p] — Dy @ Z[1/p] — 0,

since Z[1/p] is torsion-free and thus a flat module over Z. We now define a quadratic function
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on Dy ® Z[1/p]. Let u € Dy ® Z[1/p] and let x € M" ® Z[1/p] be a preimage of u. Define

—P

Q (u) :== Q(z) + Z[1/p] € Q/Z[1/p].

The definition makes sense as can be seen using the arguments previously stated and the
following calculation. Let {e;};.; denote a basis of M, and let {f;}7_, be the corresponding
dual basis of M. Suppose that y = > 7, cue; € MZ[1/pland x = Y ", B;f; € M QZ[1/p],

we have

B"(x,y) = Z ;B Blei, f;) € Z[1/p]

as B(e;, fj) € Z for all 4, j.

From the exact sequences seen before, we have a natural map  : Dy — Dy ® Z[1/p]

such that the following diagram commutes.

0 > M > Dy > 0

> M* .
I I
0 —— M®Z[1/p] — M ®Z[1/p] — Dy @ Z[1/p] —— 0

For any x € M, we have T € Dy, and i (x) € M" ® Z[1/p]. Using the commutativity
of the digaram, we have ##(z) = (z) where ©(x) is the image of #’(x) under the map
M ® Z[1/p] — Dy ® Z[1/p).

The module Dy ® Z[1/p] can be seen as a Q/Z-valued quadratic module by using a map
Q/Z[1/p] — Q/Z defined below.

Lemma 2.4. For any uw € Q/Z[1/p|, there exists a representative r/s € Q such that
ged(s,p) = 1. Furthermore, the map

7"+ Q/Z[1/pl — Q/Z

wes - +7Z
s
15 well-defined.

Proof. Let x = r/s be an arbitrary representative of u with ged(r,s) = 1. We write the

denominator s as p®N such that ged(p, N) = 1. We seek a representative whose denominator
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is purely N. Since N is coprime to p“, there exists an integer r’ satisfying the congruence
Nr' =r (mod p®). It follows that r — N7’/ = kp® for some integer k. We then have
r " r—Nr' kp® k

N  p*  peN _paN:N'

Since 1’ /p® € Z[1/p], the rational k/N represents the same class as r/s in the quotient
Q/Z[1/p]. As ged(N,p) = 1 by construction, we have the required representative.

We now establish that the definition is independent of the representative. Suppose
(mod Z[1/p]) with ged(s,p) = 1 and ged(s’,p) = 1. This means the difference D =
belongs to Z[1/p]. Calculating the difference directly gives D = (rs’ —r’s)/ss’. Since p

w3 ®I3
1]
w |3 o |3

divides neither s nor s’, the denominator ss’ is coprime to p and D € Z. This means both

r/s and r’'/s’ give the same coset in Q/Z. O

2.2.4 Decomposition of Finite Quadratic Modules

We discuss the decomposition of D), into two finite quadratic modules Dy ® Z, and
Dy ® Z[1/p]. The group Dj; ® Z,, is isomorphic to the p-primary part of Dj;. Furthermore,
Dy ® Z[1/p] is isomorphic to the subgroup of elements of D), that have order relatively
prime to p. Hence as an abelian group, D), is isomorphic to the direct sum of these two
groups. We establish the isomorphism as quadratic modules as well. The main result of this

section is the following proposition.

Proposition 2.5. The map i, ® : Dy — (Dyy @ Z,) @ (D @ Z[1/p)) is an isometry where
the quadratic form for the right-hand side is j, o@p @i oq.

We first need to discuss the decomposition of the abelian group Q/Z into Q,/Z, and
Q/Z[1/p]. We already have maps j, : Q,/Z, — Q/Z and j* : Q/Z[1/p] — Q/Z. We now
give definitions for maps in the opposite direction. The proposition following the definition

establishes the desired decomposition.

Definition 2.6. Let x = r/s be a rational number and use T to denote its image in Q/Z.
We can write the denominator as s = p® N, where N is an integer coprime to p. Let t,ty be
integers such that typ* +toN = 1. We then have
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and thus define

t t
Tpi= —= 4L, = % +2Z[1/p).

It is clear that the choice of t1,ty does not affect the definition. Therefore we have defined
maps ( )p: Q/Z — Q,/Z, and ( )P : Q/Z — Q/Z[1/p].

Proposition 2.7. The map ( ), ® ( ' : Q/Z — Q,/Z, ® Q/Z[1/p] is an isomorphism.

Proof. We show that j, 4+ 7” defines an inverse to the map in the statement. This is a direct

calculation. We only show one composition.

Let x = r/s be a rational number for some integers r, s. We write s = p®N, where N is

coprime to p. Let tq, %5 be integers such that t;p® 4+t N = 1. Then we have

)+ @) =iy (52 42,) 4 (G + 2

t t tip* + ta N
:<2+Z)+(E+Z>:M+Z:f.
e N S

Thus, we have established that the map Q/Z — Q,/Z, ® Q/Z[1/p] — Q/Z is identity. The

other composition follows similarly by applying definitions of the maps involved. O]

We now consider the abelian group (Dy ® Z,,) & (Dy ® Z[1/p]) and the Q/Z-valued

quadratic function

jp0Q, @7 0Q" : (Dy ®Z,) & (Dy @ Z[1/p]) — Q/Z
(u,0) = (@, (w) + 7@ (v)),

By definition, the direct sum is orthogonal. The norm of (u,v) equals the sum of norm (u, 0)
and that of (0,v).

We are almost ready to prove Proposition 2.5. There is only one technical lemma we

require.

Lemma 2.8. Let ¢ : Q — Q,/Z, be the natural projection map defined by x — x + Z,. Let
o2 : Q — Q,/Z, be the composition Q — Q/Z % Qp/Z,. Then ¢y = ¢s.
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Proof. Let x =r/s € Q and write s = p*N with ged(N, p) = 1. By Bézout’s identity, there
exist integers t1,to such that t1p* + 2N = 1. We decompose x as:

. T(tlpa + th) . Ttl T’tg

paN N pa
By the definition of the map ( ), on Q/Z, we have ¢o(z) = T, = ;%2 + Z,. Now consider
the image under ¢;. In the field Q,, the integer N is a p-adic unit because p { N, hence
1/N € Z,. It follows that rt;/N € Z,. Thus:

Ttl Ttg Ttl Ttg
o) = (g + 5 ) 7= () + (5 +3)

Since rt1/N € Z,, it vanishes in the quotient, yielding ¢(x) = ’;7? + Z,. Therefore, ¢;(z) =
¢o(x) for all x € Q. O

Proof of Proposition 2.5. Let x € M with image Z € D);. We want to prove that the map

iy @ Dy — (Dyy @ Zy) & (Dy @ Z[1/p]) is an isometry. In other words, we must prove
that

Q@) = jp 0 Qy(iy(T)) + " 0 Q' ((7)). (2.3)

We prove this by establishing two equalities separately. We show that j, o @p(@(f)) =
7,((Q(T)),) and 7* 0 Q°(P(z)) = 77((Q(Z))?). Thus using the identity in Proposition 2.7 we
get (2.3). The proofs of the two equalities mentioned involve some tedious verifications.We

do this step by step for the first equality. Consider j, o Q,(i,(T)).

1. We know that i,(Z) = i,(z) by the definition of i,.

2. By the definition of @, it is clear that Q,(i,(z)) = Q,(i,(z)) where the overline over

the right-hand side means that we are considering the image of Q,(i,(z)) under the
map Q, — Q,/Z,.

3. It is obvious that @Q,(i,(z)) = Q(x).

4. Using the lemma 2.8, which states that Q — Q, - Q,/Z, and Q — Q/Z — Q,/Z,

coincide, we have




5. Finally the term j, o Q,(,(Z)) is equal to Jp(Q(),,)

Each step of the above reasoning can be applied to the case of Z[1/p], and thus j* o
Q" (P () = j (Q(w)p). Hence by Proposition 1.6, we conclude that 7, @ # is an isomorphism

of quadratic modules. O]

2.2.5 The Weil Representation

In this section, we establish the following theorem.

Theorem 2.9. The Weil representation associated with Dy; is isomorphic to the tensor

product of representations associated with Dy ® Z, and Dy @ Z[1/p].

Before proceeding to the proof, we prove a proposition from which the theorem follows

easily.

Proposition 2.10. Let D be a finite quadratic module associated with a quadratic lattice such
that it 1s 1somorphic to Dy @ Dy where Dy, Dy are also finite quadratic modules associated

with lattices and the direct sum is orthogonal. We then have
QDlEBDz = QDl & QDQ‘

Proof. The underlying vector space C[D] is isomorphic to C[D;] ® C[Ds]. This can be
established by using the isomorphism D = D; & D,. It remains to show that the action of

the metaplectic group is compatible with this identification.

p (T) (g(xl,xz)) = 62mQ(x1’x2)€(m,x2)

— 6277i(Q1 (21)+Q2(x2)) _)(961 2)

and this maps to e?™@1(@)e  ® e2™Q2(z2)g; under the morphism of representations.

The calculation for S is slightly more complicated.

op, (S)<gxl) ® QDz 6962 =C Z yla y2 eyl ® 62/2

y1€D1
y2€D2

where




and

A(y1,y2) = e(=Bi(x1,y1) — Ba(w2,42)) = e(—=B(21 + 2, Y1 + ¥2))

It is clear that | Dy & Dy| = |Dy| X |Ds|. Futher we compute

Z 67271'1'Q1(x1) « Z 67271'1'Q2(:r2) _ Z 67271’1'@1(:):1) X6727riQ2(x2)

r1€D, r2€D>2 r1€D1
T2€D2
_ Z e—?m‘Q((xl,xg))‘
(z1,22)€ED
Therefore g(Dy)g(D2) = g(D). O

Proof of Theorem 2.9. By Proposition 2.5, the direct sum Dy ®Z[1/p|@ Dy ®Z, is isomorphic
to the quadratic module Dj;. Thus their associated Weil representations are isomorphic.
By Proposition 2.10, the Weil representation associated with the orthogonal direct sum is
isomorphic to the tensor product of the summands. Consequently, ¢p,, is isomorphic to
the tensor product of the Weil representations associated with the modules D); ® Z, and

Dy ® Z[1/p). O

2.3 Explicit Action of the Metaplectic Group

The Weil representation is completely determined by the action of the generators.

op(T)e, = ¥ Re, and

0p(9)2, = ——g(D)' S e(—B(x, 1)),

V |D| yeD

It is known that the element Z := S? generates the center of Mp,(Z) and has order four

(i.e., Z* = I). The explicit action of the center is given by the following lemma.

Lemma 2.11. Let 0, be the Weil representation. Then
opn(2)é, = g(D)%é_,.

Proof. See Equation 5.1 and Lemma 5.2 in [21]. O
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Remark 3. Note that if sign(D) is even then g(D)* = 1. In that case Z? acts trivially and
the action of Mpy(Z) induces an action of SLa(Z).

We restrict ourselves to the case where sign(D) is even.

Lemma 2.12. Let D be a finite quadratic module for which sign(D) is even and level is {.

Let A = (a Z) € I'o(¢). Then

C
0p€q = e(bdQ(a)) xp(A) €ua,

where

1. If41¢, then

w )= ().

2. If 4| ¢, then

d ) y (=) sign(D) + (%) = 1(mod 4)

Proof. See Lemma 5.6 of [21] and combine it with Definition 5.4 for even sign(D) to obtain
this result. See also Lemma 5.13 and Definition 5.10 in [22]. O
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Fourier Coeflicients of Theta Series

associated to Signature (3,1)

In this chapter, we present the work of Funke and Millson [9] and Kudla [15, 16| on theta
series associated to lattices of signature (3,1). The Fourier coefficients of these theta series are
essential ingredients in the construction of rigid meromorphic cocycles. Our presentation is a

specialization of their results so that they fit our objectives and yield transparent theorems.

The first section of this chapter introduces a theta series associated to a quadratic lattice
L of signature (3,1). This series is a smooth differential 1-form on the three-dimensional
manifold H® := C x R.,. Integrating this 1-form along a geodesic joining (s,0) to (t,0)
in H® yields a modular form. We are interested in the cases where s and ¢ are elements
of an imaginary quadratic field K whose discriminant is equal to that of the vector space
L ® Q. Computations in the second section reveal that the Fourier coefficients of the modular
form are composed of two types of quantities. The first type consists of sums of integrals
of 1-forms associated to vectors of a fixed length, while the second type is a combination of
special values of the Hurwitz zeta function. In the third section, we utilize the coefficients of
the first type to construct modular symbols invariant under suitable congruence subgroups of

SLs(Ok). However, it remains a mystery to us how one can use the second type of coefficients
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to construct cocycles.

3.1 Symmetric Space and Theta Series
Let Vg be a quadratic space over R with signature (n, 1) for n > 1. Fix an orthonormal
basis {e1, ..., en, f} such that (e;,e;) = 1 and (f, f) = —1. Define B := {Z € Vg : (Z,Z) =

—1}. Using this basis, we express B as the locus

B= {zn:xiei+yf|y2:1+ix?}.
i=1 i=1

The condition y* = 1+ Y | 27 shows that B consists of two connected components. We
choose one connected component and denote it by B. This is a real manifold of dimension n,

as can be seen by sending each Z = Y7 | x;e; + yf € B to the tuple (x1,za, ..., y,).

Let T7(B) denote the tangent space at Z € B. We identify Tz (B) with Z+. Since Vg is
a quadratic space of signature (n,1) and Z is of negative length, the bilinear form on Z+ is
positive definite. Therefore, the tangent space T (B) is a positive definite quadratic space

and B has a natural Riemannian structure induced from V.
We now describe a family of 1-forms on B. For X € Vi and Z € B, we define n(X)y as

n(X)y :Tz(B) - R (3.1)
W (X, W)e ™XX)z,

where (X, X))z is defined as follows. For X € Vg, we use X, to denote the projection of X
onto span(Z) and X1 to denote the projection onto span(Z)*. We then have X = X . + X,
and define

(X,X)Z = (XZL,XZL) — (XZ7X2> > 0.

Note that (X, X) is non-negative because the bilinear form is positive definite on Z+
and (Xz, Xz) < 0. Therefore, for a vector W € Tx(B), the function n(-)z(W) : Vg — R is
an infinitely differentiable and rapidly decaying function on Vg. We modify 7n(X) to define a

1-form valued in functions on H. Let 7 = u + v € H and define

(1, X)z:Tz(B) = C (3.2)
W — \/1_) (X, W) eﬂ'iu(X,X) 6—7’I”U(X,X)Z.
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The 1-form n(X) in (3.1) is (7, X) evaluated at 7 = i. Therefore we have a family of 1-forms
in B that are valued in functions on H and indexed by X € Vk. The following theorem

packages these 1-forms into a theta series and establishes its modularity.

Theorem 3.1. Let L be a lattice in Vg. Let Dy, be the finite module L*/L. Let h € L' and
define

O(r,h+ L) := Z n(r, X).

Xeh+L

This is a real analytic function valued in 1-forms on B and depends only on the coset of L in

L. The series

> O(rh+L)&, (3.3)

heDy,

transforms like a vector-valued modular form of weight n/2 and type 01, where 0y, is the Weil

representation associated to the lattice L.

There are well-known exceptional isomorphisms between low-dimensional orthogonal
groups and special linear groups. We focus our attention on the case of the orthogonal group
associated to real quadratic spaces of signature (3,1). For the remainder of this chapter, we

fix the signature of Vg to be (3,1). The following quadratic space serves as a model for Vg:

' b
({<x+zy ,):m,y,b,ceR},—det).
c —T + 1y

The group SLy(C) acts on Vi in the following sense. Let M be a matrix in Vg. Then the
action of a 7 € SLy(C) is given by M + yM7~!. This is an isometry as the determinant
remains unchanged. Therefore SLy(C) acts by isometries on a quadratic space of signature
(3,1). We refer the reader to Section 1.3 of [8, Proposition 3.8-3.12] for more details on this

connection.

The associated 3-manifold B(Vz) is in bijection with the upper half-space H®) := C x R.

To see this, note that each vector of length —1 is of the form

' b
<$+Zy ‘ ) , where 22 +y? +bc=—1.
c —x + 1y

Consider the matrices for which b is positive (which is equivalent to choosing one of the
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two connected components). Mapping each such matrix to (x + iy, b) gives us the required

bijection.

We extend this bijection to a larger collection of vectors. The vectors of length zero are

the matrices for which 2% + y? 4 bc = 0, where x,, b, ¢ are not all zero. The map defined by

(m—i—z'y b >'_> [x+iy:b]  b#0,
c  —rtuy [—c:x —iy] otherwise,

establishes a bijection between isotropic lines in Vg and P1(C) = C U {o0}. We use /, to
denote the isotropic line that is the preimage of z € C U {oc}. For distinct s,¢ € CU {0},
the lines ¢ and ¢; are not orthogonal. Let H{s,t} denote the hyperbolic plane generated by
¢s and /;, and consider the associated symmetric space B(H{s,t}). This is a real manifold of
dimension one. The inclusion of the quadratic space i : H{s,t} < Vg induces an embedding
of manifolds i : B(H{s,t}) < B(V&). Under the identification of B(V&) with H®), the
submanifolds B(H{s,t}) are geodesics in H®).

We want to integrate the theta series O(7,h + L), which is composed of the 1-forms
n(7, X), on the submanifolds B(H{s,t}). For this reason, we devote the next section to the

case of signature (1,1).

3.1.1 Signature (1,1)

Let Hg be a quadratic space of signature (1,1). The associated manifold B(Hp) is a real
manifold of dimension one. For each X € Hp, we have a 1-form n(7, X) defined by (3.1).
We state three propositions about integrals of these 1-forms. However, we first describe the
setup required to state them. Let {fi, fo} be an oriented basis of Hg such that (f1, f2) = —1
and f, fo are isotropic vectors. We orient the manifold B(Hg) by declaring that a non-zero
tangent vector W at a point Z € B(Hg) points in the positive direction if and only if the
ordered basis {Z, W} is positively oriented for Hg.

Proposition 3.2 (Proposition 2.3, [15]). Let X = x1f1 + xaf2 be a positive length vector.

This means x1xo < 0 and we have

. +1 29 >0,
627TZT$1$2/ 7](7'7X) _ 2
B(Hg) -1 z9<0.
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Proposition 3.3 (Proposition 2.4, [15]). Let X be a negative length vector. Then

/ n(r, X) =0.
B(Hg)

Proposition 3.4 (Proposition 2.5, [15]). Let X = x1f1 + xofo be an isotropic vector. This

means 122 = 0 and

lsgn(x x1 =0,
/ om0 = R
(Hz) —2sgn(z1) z2=0.

The proofs of the preceding propositions are largely computational and are presented in
the following section. The proofs follow the presentations in [15, Section 2| and [17, Section
2].

3.1.2 Proofs of Propositions

Proof. The vectors of length —1 are {af; +bfs : ab = 1/2}. Thus the set {(ﬁ, \%) it > O}
is in bijection with B(Hg). Consider the mapping
R-o — B(Hg)
tH%( f1+tf2)-
Thus B(Hpg) is parametrized as a function of the variable t € R.q. Let Z; := 7 ( fi+ tfg)
and Wy := % (—%fl + tfg). Thus the pullback of the 1-form n(7, X) is

0 X)) = Vi (X, W) exp(riu(X, X) ~ u(X, X)) ©

For X = x1 fi + x2f2, we have

(X, W,) = it + %) ,

5
V2
(X, X) = —2x129, and

1
(X, X)Zt = —25(]1{[‘2 + (X, Zt>2 = —21’1[E2 + §($1t + ZEQ/t)2.
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Therefore

miu(X, X) — 7v(X, X)z, = miu(—22129) — m0(—22129 + (21t + 22/1)*/2)

1
= —Wi7(2$1$2) — §7T’U(.CE1t + $2/t)2.

Thus we now need to compute

/0 \/EE <—$1t + %) exp (—71"175 (1t + ZUQ/t)Q) e

We now take several cases and compute the integral for each case.

1
Case 1 Assume that z129 < 0. Let f = — (xlt + %) Then as t — 0, f — sgn(xg)o0

V2

1 1 dt
and as t — 0o, f — sgn(zy)oco. Further df = 7 (xl — %) dt = 7 (tml — %) -
We first assume that x; > 0 and x5 < 0. Then the integral becomes
—/ VU exp (—muf?) df = —1.
The other case of z; < 0 and x5 > 0 works exactly the same way.
dt
Case 2 We assume that z125 > 0. Then let T = x5 /21t and we have dT = —(x2/x1)t—2 =

dt
=T e Then the integral becomes

[ G5 n)om (o () o

which is exactly the negative of the original integral and therefore the integral in this case is

Zero.

Case 3.1 We assume 7 = 0. Then the integral is

[ ) (i)

Let f = %, then we have

sgn(x2)oo 1
/ Vv exp (—7rvf2) df = sgn(:cg)é.
0
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Case 3.2 We assume x5 = 0. Then the integral is

/000 % (—z1t) exp (—W%(xﬂf)Q) %

Let f = %, then we have

sgn(x1)oo 1
—/ Vvexp (—muf?) df = —sgn(xl)i.
0

3.2 Integration of Theta Series

The theta series in (3.3) is a general gadget with modularity properties for a wide class
of lattices, as detailed in [9]. However, we fix a specific family of lattices for the rest of this
thesis. The choice is primarily made to simplify the setting enough to have clean statements

for modularity and construction of cocycles.

Let ¢ be a positive integer. Consider a four dimensional rational quadratic space V/

generated by {e1, e, e3,e4} such that

Qler) =1, Qe2) =4, Qles) =0=CQ(e4), and

<eia €j> =

o O O N
e}
]
|
—_

We consider a particular family of lattices L(¢, N) := Zey @ Zey & NZes ® Zey, where N
can be any positive integer. Direct computation shows that the dual (L(¢, N))" of L(¢, N)
is %Zel S5) iZeQ b Zes @ %264. With this setup, V; ® R is a quadratic space of signature
(3,1). The next step is to integrate the theta series associated to L(¢, N) along various one

dimensional submanifolds of H®).

We first integrate along B(H (0, 00)). The integration in this case yields a neat g-expansion

that helps in understanding the integration along a general manifold B(H{s,t}).
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3.2.1 Integration along B(H (0, 0))

We first parametrize the path B(H (0,00)). Let t be a positive real number and define

1 1 1 1
Zy = ﬁ (;63 + te4). We choose the tangent vector W; := E (—263 + te4) € Ty, (B).

Thus we have a vector field W; along the curve {Z; : t € R.o}. Let h = C€3+%€4 e (L(¢,N)).
Our goal is to integrate theta function ©(r, h+ L, Z;, W,) along the submanifold {Z; : t € R"}.
Before integrating, we first explain how the function ©(r,h + L(¢, N), Z,, W,) factorises as
a product of two theta series which allows us to use the results of Section 3.1.1. For any
X = meg + woeg + w3e3 + xyeq € h+ L(, N), the 1-form is given by

n(7, X) 7, (Wy) = V2u(X, W,) exp (—mv(X, Z;)?) exp (miT(X, X)) .

We note that Z;, W; € Resz +Rey. Moreover, Vg = (Re; + Rey) @ (Res +Rey) is an orthogonal

direct sum. For ease of reading, let Dy = x1e1 + w965 and Hy = xzes + x4e4. Thus

(7, X)z,(W,) = \/%(X, W,) exp(—mv(Hx, Z;)?) exp(mit((Dx, Dx) + (Hx, Hx)))  (3.4)
= V2 X (Q%(DX’DX)) X ((HX,Wt) X eXp(—ﬂU(Hx,Zt)2) X q%(HXVHX)> .

Expanding Dy and Hx shows that the theta series Z n(1, X))z, (W;) is equal to
Xeh+L

V2u ( Z qz%h%) Z % (—:r;gt + %) exp <—7rg <x3t + %>2> g % . (3.5)

x1,T2€Z r3€c+NZ
z4€d/N+7Z

We now integrate the above function over R, where ¢ goes from 0 to co. Note that the

sum over x1, Ty is independent of ¢ and thus we only need to compute the integral

/OO Z L(—xtwL%>eX —W2<xt+ﬂ)2 el
; Ja T ) SR Ty A\t T ) ) ¢

x3€c+NZ
x4€d/N+Z

We first state the Fourier expansion.

Theorem 3.5. For a positive integer k, define r¢(k) := #{(x1,22) € Z* : 23 + (23 = k}.
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1. If ¢,d # 0, then the integral

Lm)

o0 d dt
/0 S) (7‘, ces + N&; + L, 7y, Wt) - = Z ng(k’) Z sgn(zs3) | ¢™.
mGon k=0 xr3€c+NZ

24€d/N+Z
r3ra=k—m

o0

dt
2. Ifd=0 and (¢, N) = 1, then the integral O(r,ces + L, Z, Wt)7 s equal to

S—

-1

Z re(m)Og(ces + L) + > ri(k) Z sgn(xs) | 4™,
meQx>g 0 xr3€c+N7Z

z4€Z\{0}
zr3xa=k—m

3

i

where
Oo(ces + L) :§<1—%,0> —c(%,o) ,

with ((s,a) denoting the Hurwitz zeta function.

Proof. We consider the two cases separately.

Case 1: cd # 0. The integral in this case can be computed using term-by-term integration,

as noted in [15, Proposition 2.1|. Thus,

[m]
& d dt
/0 C) (T, ces + Ne4 +L,7Z, Wt) = Z Zm(k) Z sgn(zs) | ¢™

meQ>o k=0 r3€c+NZ
z4€d/N+Z
z3ra=k—m

We note that r,(k) is finite for each 0 < k < m, and the set {(z3,24) : 23 € ¢ + NZ, x4 €
d/N + Z,z3x4 = k —m} is finite as well. Therefore the term inside the brackets is finite for

each m.
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Case 2: d =0 The integral of the entire theta series in this case cannot be computed

term-by-term. We rewrite the integral in two parts.

/oo Z ! ( xt+x4)e v(xt+x4>2 —wgwy | B
0 x3€c+NZ \/§ ’ t b 2 ’ ¢ ! t
24€d/N+Z
o0 1 v 2 dt
= — (—x3t) exp (—7r— (x3t) ) —
\/0 :C3€CZ+NZ \/§ 2 t
o 1 Ty v T4\ 2 dt
+ — (—x t+ —) ex (—7r— <x t+ —> > T —
/0 xgg-f—:NZ \/§ ’ t P 2 ’ t ! t
z4€Z\{0}

Following Kudla [16, Introduction|, we note that the second integral can be computed

term-by-term. So the second integral is

m—1

ng(k‘) Z sgn(zs) | ¢™.

meQ>o k=0 r3€Ec+NZ
€7\ [0}
z3Te=k—m

However, the first integral cannot be computed term-by-term (see the discussion on the
second and third pages of the Introduction in [16]). We introduce an auxiliary complex

variable r and consider the following general integral

F(r) = /000 (% Z (—xst) exp (—W% (:Bgt)2)> t’"%.

x3€c+NZ

The function F(r) is equal to the following function for large enough R(r) (see Section 3.2.1.1).

Foy = e 22 (T ) e g () 6 (- )]

where ((s,a) is the Hurwitz zeta function. The right-hand side is a holomorphic function of

r and is well-defined at r = 0. Therefore F' can be evaluated at » = 0, and we get
1 c c
0= 57 (€ (1= 50) - <(59))
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since I'(1/2) = /7. Define O¢(ces + L) := v/2vF(0). Then

3

> dt
/0 O(7,ces + L, Zy, Wt)? = Z r¢(m)Oq(ces + L) + ro(k) Z sgn(ws) | g™

meQ>o 0 x3Ec+NZ
21€Z\{0}
xr3rga=k—m

£
Il

3.2.1.1 Computation of F(r)

We first compute F(r) for R(r) sufficiently large by term-by-term integration. For

individual terms, we have

<1 v dt
I(xs)(r) == ; E(_x?’t) exp (—7?51:3752) .

We apply the substitution f = %29 >0 = t= % The differential is then given by
dt _ 1df

. —Qf.Ast—>0,f—>0,andast—>oo,f—>oo. Thus,

o0 = [ (5527 o0 () (39)
; OOO f;—vg3| exp(—f)(wv) 222 |ws| " f2 f1df

1 T3 r+l1 ¢ r+1

g le) F 2l [ e

|z3]

Since £ = sgn(x3) and recalling the Gamma function I'(s) = / e ! f571df, we have
0

Ias)(r) = —Ssam(as)(re) 25y T ( : 1) .

We obtain the explicit evaluation by summing over x3 € ¢ + NZ.

o)=Y I<x3><r>:—émr%gr(’”“) S sgn(es)les] .

2
x3ECc+NZ r3€c+NZ

The sum on the right-hand side can be expressed as a difference of two zeta functions.
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We note that

Z sgn(zsz)|xs| ™" Z]c—i—NM Z\C—Nk\”’
k=1

xr3€c+NZ
= (c+Nk)™ =) (—c+Nk)™
k=0 k=1
=> (c+Nk)" =Y (N—c+Nk)™
k=0 k=0

V()< )

3.2.2 Integration along a General Geodesic

We now understand the calculations involved in integrating over the manifold associated
to Res & Rey. In this section, we integrate along the space generated by any two rational
isotropic lines. In general, the theta function does not factorise, but we can still integrate at
the cost of having a more complicated final sum. Since most of the steps are identical, we

explain the differences and use the calculations of the previous section.

Let K = Q(v—/). We now integrate n(r, X) over B(H(s,s')) for s,s" € Py(K). Let
es, e be isotropic vectors associated to s, s’ respectively such that B(es, ey) < 0. Let {es, es}

be an oriented basis for H(s,s’). We then have

/

—sgn((X, ey)) X,e5)(X,eq) <0

(

1 ) asen((Xe) (X, 6s)=

PESs) /B(H(S’S,))TI(T’X)_ 1 ( (36)
(

7sgn((X, e,)) X, ey) =
0 X, €S>(X es) >0

\

For a general pair of isotropic vectors e, ey, we define L' := L(¢, N) N (Qe, ® Qey)* and
L" := L(¢, N)N(Qes®Qey ). Since the bilinear form is non-degenerate on the rational subspace
W = Qe; ® Qey, we have an orthogonal direct sum decomposition V; = W @ W+. Because
the orthogonal projection maps onto W and W+ are rational linear transformations, clearing
their denominators yields an integer d > 0 such that dL(¢, N) C L' & L”. Consequently, the
direct sum L' @ L” is a sublattice of finite index r in L(¢, N). Therefore, we get

h+ L=+ L)+ (b + L").

i=1
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As before, we integrate over Z; as t varies over R.. We only consider the case where
h = ces for some integer ¢ coprime to N. The choice of h forces all the vectors in h+ L(¢, N)

to have integer lengths. The m-th Fourier coefficient is

r m—1
P S —sgn((Xaven) [+ Y. ©o(h+ L") (3.7)
i=1 | k=0 \ Xi1ehl+L" Xoch}/+L" Xi1ehl+L’

QX1)=k Q(X2)=m—k Q(X1)=m
where Og(h! + L") is given by the integral

dt
/ O(r,h! + L", Z;, W,)—.
B(H(s,5") t
Using the results from the previous section, one could evaluate the above integral explicitly
as a difference of zeta values depending on A} and L”. Since the explicit value of this integral

is not required for our subsequent results, we avoid that detour.

3.2.3 Isolating Fourier Coefficients useful for Cocycles

The expression for the m-th Fourier coefficient in (3.7) involves two types of sums. The
first sum counts the contribution sgn (X, -) for each vector X, and the second sum is composed
of values of the Hurwitz zeta function. In this section, we show that there exist infinitely
many Fourier coefficients that only involve the sum over individual vectors and the sum

composed of zeta values does not contribute.

The second sum in (3.7) does not appear precisely when there is no vector X; € h] + L’
whose length equals m. The following lemma guarantees that we can choose an m satisfying

this condition for every L’ associated with any pair {s,t}.

Lemma 3.6. Let m be a rational number such that it is never equal to x? + (y* for any
x,y € Q. Then for any s,t € Py(K), and X, € (Qe, ® Qe;)t, Q(X1) is not equal to m.

Proof. Let {e1,es,e3,e4} be the basis of V, described in the beginning of Section 3.2. We
write X; =Y + Z, where Z € Qe3z @ Qey and Y € Qe; @ Qey. If X, € (Qes ® Qey)t, then
Q(X1) = Q(Y) which is of the form z? + fy?.

Now we prove the claim for a general pair (eg, ;). Let v € SLy(K) such that e, = y(ey).
Since the bilinear pairing is invariant under SLy(K), we have (771X, e4) = 0. It implies that
71X =Y + zes for some Y € (Qe; @ Qey) and z € Q. Tt is clear that Q(y~1X) is of the
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form z? + (y?. But we also have Q(7 ' X;) = Q(X;) and thus Q(X;) # m. O

Definition 3.7. A rational number m is called a proper length with respect to V; if it cannot

be written as x* + Ly* for any x,y € Q.

In the following proposition, we show that there are infinitely many integers that satisfy
the criterion of being a proper length with respect to V,. As a consequence, there are infinitely

many Fourier coefficients that are composed exclusively of the terms of the form sgn(X, -).

Proposition 3.8. There are infinitely many integers that are not of the form x* + ly?* for

rationals x,y.

Proof. Theorem 8 of |20, p. 40| says that a number m is represented by 2%+ ¢y? over rationals
if and only if it is represented by the same form in all completions. It is clear that if m > 0

then it is represented over reals. Now we need to care about the p-adic places.

To decide for the p-adic places we use the Corollary following Theorem 6 of [20, page
37]. It says that for the rank two quadratic form z? + fy* over Q, (for a prime ¢), we have
that m is represented by the form if and only if (m, —¢), = (1, ¢), where (-, ), is the Hilbert

symbol corresponding to the prime q. Choose a prime g > 2 that satisfies
—/
<_) - _1.
q

The equation 27 — 25 = (22 always has a non-trivial solution of the form (o, «,0) and
thus the Hilbert symbol (1,¢), is equal to 1. Choose m = ¢” where 3 is odd. By Theorem 1

of [20, page 20|, we have
AN
= (3

The right-hand side is —1 by our choices and thus we have constructed infinitely many

It is clear that such primes exist.

integers that are not of the form z2 + fy? for rationals z, y.
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3.2.4 Integrals of 1-forms as Intersection of Submanifolds

There is a topological interpretation of integrals of 1-forms as intersections of submanifolds.

We discuss it informally.

Submanifolds associated to a vector. For each vector X € Vi we look at X+ which is
a three-dimensional space. Based on the general recipe of considering negative length lines,
we define B(X*) :={Z € X+ :(Z,Z) = —1}. There are three different cases depending on
the length of X:

1. (X, X)>0: X"t is of signature (2,1) and thus B(X") is a real manifold of dimension
two. In fact we can identify it with the Poincaré upper half plane H.

2. (X,X) =0: X! is a positive semidefinite space and decomposes as an orthogonal
direct sum U @ RX where U is a space of signature (2,0). In this case B(X*) is empty.

3. (X,X) <0: X" is of signature (3,0) and thus all vectors in X+ have positive lengths.

As a consequence B(X?) is empty.

From this point of view, the only interesting vectors are those of positive length. Note that
we have the inclusion of quadratic spaces X+ C Vi which gives us an embedding of manifolds
as B(X*) < B(V&). Upon identifying B(Vg) with H®), the embedded manifold B(X*) is

either a geodesic hemisphere or a plane in H®).

Let B(H{s,t}) be the geodesic in H® associated to the pair of isotropic vectors {e,, e}
and consider its intersection with B(X=). If the submanifolds do not intersect, we count
zero. If they intersect inside H®, we count 41 or —1 depending on the orientations. In these

cases, the count we assign is equal to the integral of n(r, X)) on B(H{s,t}).

There is a third case where the intersection seems to occur at the boundary. This happens
exactly when the projection of X along H{s,t} is isotropic. However, the integral of n(r, X)
in such cases is either 1/2 or —1/2. Thus we assign +1/2 as the intersection count in this

case.

We note that restricting ourselves to vectors whose lengths are proper lengths with respect
to Vy ensures that we never run into the case of +1/2. However with the interpretation here,
we are able to prove that the values assigned to such “intersections” give rise to modular
symbols (Proposition 3.11). We believe that this observation can be of use when constructing

cocycles beyond the cases considered in this thesis.

Section 3.2.4 shows all five cases.
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Figure 3.1: Intersection of Submanifolds in the upper half-space

i il
(a) Intersection number is +1 (b) Intersection number is -1
(c) Intersection number is -1/2 (d) Intersection number is +1/2
n
7

(e) Intersection number is 0

3.3 Integer-valued Modular Symbols

In this section, we use the objects discussed so far to produce modular symbols and thus
integer-valued cocycles. This section is central to the construction of rigid cocycles. We

present here an abstract definition of modular symbols that is best suited for our purposes.

Definition 3.9. Let 2 be a Z-module. An Q-valued Q-modular symbol is a function
m . Pl(@) X ]P)I(Q) — 0

satisfying the following properties for all r,s,t € P1(Q):
1. m{s,t} + m{t,s} =0,
2. m{r,s} + m{s,t} + m{t,r} = 0.

We need another definition that involves an imaginary quadratic field instead of the field

of rational numbers. Let K be an imaginary quadratic field.
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Definition 3.10. An Q-valued K-modular symbol is a function
m: ]P)1<K) X P1<K) — Q

satisfying the following properties for all v, s,t € P1(K):
1. m{s,t} +m{t,s} =0,
2. m{r,s} + m{s,t} + m{t,r} = 0.

We use MSk(€2) to denote the collection of Q-valued K-modular symbols. Let € be
equipped with a I'-action where I' C SLy(K'). The group I' C SLy(K) acts on Py (K) by
Mobius transformations. Given these actions, we define an action of I' on the collection
MSk(2) by (m | y){s,t} := m{vys,vt} | 7. We say that a modular symbol m € MSk(2) is
[-invariant if for all v € I" and all s,t € P(K), we have (m | v){s,t} = m{s,t} which is
equivalent to m{vs, vt} | v = m{s,t}. The same definition works for Q-modular symbols
when I' C SLy(Q). We denote the collection of all such I'-invariant modular symbols by
MS(T", 2). We omit the field from the notation, as it is implicit from I

Modular symbols invariant under I" give rise to cocycles for T'. A 1-cocycle ® € Z(T", M)
is a function ® from the group I' to a left I'-module M such that for all v;,7v, € I', we have
D(v172) = P(n) + 711 © P(2). As Q is equipped with a right I-action, we make it into a
left T-module by defining v ®w :=w |y ! for v € T and w € Q. Given a modular symbol
m € MS(I', 2), define a function ®,, : I' — Q by setting @,, () := m{oo, yoo}. The following

calculation shows that ®,, is a cocycle.

P, (71172) = m{oo, 117200}
= m{00, 100} + m{vy100, 717200}
= m{oo, 100} + m{oo, ypo0} | vt
= Dy (1) + P (72) | 71
= O (71) + 11 © Pra(72)-

Thus we have a map from MS(T',Q) to Z'(T',Q) given by m +— ®,,. We obtain rigid

meromorphic cocycles by constructing appropriate modular symbols and applying this map.

3.3.1 Intersection of Manifolds as Modular Symbols

We construct modular symbols from the integrals of 1-forms discussed earlier. We first
define an integer-valued function on P;(K) x P1(K) associated to a vector X € V, ® R. Let

39



s,t be two distinct points in P;(K) and let B(H{s,t}) be the associated geodesic in H®).
We define

1
Axoo{s, t} = —/ n(t, X),
q(X’X) B(H{s,t})

where {e, e;} is an oriented basis for H{s,t} and q = €>™". Therefore we have a function
Ax o+, -} from Py (K) x P1(K) to Z. We note that the order of s, t determines the orientation
of the corresponding manifold B(H{s,t}) and thus influences the sign. We write a more

explicit description of this function Ax . {s,t} using the three propositions in Section 3.1.1.

(

—sgn((X,e)) (X, e5)(X,e1) <0
1 —%sgn((X, e)) (X,es) =0
AXoo S, = T, = .
oot q X /B(H{s,t}) i) ssgn((X,es))  (X,e) =0 35
0 (X,es)(X,e) > 0.

\

The following proposition lists the key properties of this function. The first two properties are
exactly the same as those of a modular symbol, and thus Ax {-, -} defines an integer-valued
modular symbol. The third property is used in defining modular symbols invariant under a
subgroup of SLy(K). This is discussed in Section 3.3.2.

Proposition 3.11. The function Ax {-,-} satisfies
1. Axoo{s,t} +Axoo{t,s} =0 for all s,t € Py(K).
2. Axoof{r, st + Axoo{s,t} + Axoo{t,r} =0 for all r,s,t € Py(K).
3. Ay xoo{V8, 7t} = Axoo{s, t} for all v € SLy(K).

The first property is clear, as changing the order reverses the orientation of the manifold,
which consequently introduces a negative sign. The third relation is a consequence of a
straightforward change-of-variable computation. Our proof of the second relation is dry, so we
give the proof later in Section 3.3.3 without breaking the flow. In the next section, we present

the construction of modular symbols invariant under a congruence subgroup of SLy(K).
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3.3.2 Modular Symbols Invariant under an Arithmetic Group

Let s,t € P1(K). Let m be a rational such that it is a proper length with respect to V.

Then the m-th Fourier coefficient of the modular form O(r,h+ L(¢, N)) is given by
B(H{s,t})

Z(m,h+ L, N){s,t} == Y 1(v € h+ L(L,N)A,{s,t}.
Q(v)=m

It is clear from Proposition 3.11 that the above sum satisfies the 2-term and 3-term relations.

The following proposition shows that it is invariant under the group

(W) ::{<a7 y) € SLy(Z[V 1)) : N | z; z,w=1 (modN)}.

Z w

Proposition 3.12. The group T (N) preserves the lattice L({, N) and also preserves the
cosets in its dual. Therefore Z(m,h + L({,N)){-,-} defines a TX(N)-invariant modular

symbol valued in integers, where the action of T (N) on integers is trivial.

Proof. We first show how the trivial action on cosets implies the invariance of the modular
symbol. Let v € I (N) and let s,t € P;(K). We have

Z(m, h+ LIGN){ys, 7t [y =Y 10 € h+ L(EN)A 1 00{s, 1)
- Q(Em 1(yw € h+ L0, N)Ay oo {s, t}
_ Q(gmn (v e (h+L(t,N))) Ayools, t}
= Z(<;nmh + L(¢,N)){s,t}.

The first assertion in the proposition is a direct computation. We make use of the matrix
model of the lattice. Define
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For a v € ' (N), one can verify that ye/y' € L(¢, N) for i = 1,2,3,4. Therefore the lattice
L(¢, N) is preserved under the action of I'f (N).

x
We now prove that each coset ces + %64 + L(¢, N) is also preserved. Let v = ( y) €
Z w

I'K(N). We compute

z y\ (0 d/N w —-y\ [(yc xd/N w -y
z w) \c O =z 7 ) \we 2d/N)\-z =
_ (yc@—i—xd?/]\f —y@c+x§d/N>

wwe + 2zzZd/N  —gwe + zxd/N.

We look at each term separately.

1. The term ycw + xdz/N is an element of Z[v/—{] because y,w € Z[\/—(]| and ¢ € Z.
Since z € NZ[v/—{], we also have xdzZ/N € Z[v/—].

2. The term wwe + 2Zd/N is of the form ¢+ Z. This is because w — 1 € NZ[y/—/| and
thus ww is of the form 1+ Nm for some m € Z and similarly 2z is of the form N?m/

for some m’ € Z. Hence

wwe + 2Zd/N = c+ cNm + Ndm' € ¢+ NZ.

3. The term 2Zd/N — yyc is in d/N + Z. This is true because yyc € Z and since
x — 1€ NZ[vV—{] we have

d d d
xfd/N—yyc:(1+Nm)ﬁ—y§c:ﬁ+dm—yyc€N~|—Z.

3.3.3 Proof of the Three-term Relation

Lemma 3.13. There exists a collection of isotropic vectors {e, : o € P1(K)} such that for

any s,t, the pairing (es, e;) is negative.
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Proof. We choose eq, e, such that (eg, e5) = —1. We then choose

1
es = (v1 +eo + 5(’111,1)1)600), e = (vg +eg+ 5(712,272)600),

where vy, vy are orthogonal to the space generated by eg, eo,. Then the pairing

(corer) = | (01,) = 5 (01, 00) + (12,10)
1

= —5(01 — V2,V1 — Uz)-

It is clear that the pairing (e, e;) is negative for distinct ey, e;.

We are now ready to prove three-term relations.

Proof. We rewrite the formula for Ay . {s,t} but slightly differently. For s,¢ € P;(K), the

vector space Vg decomposes as (Re, + Rey)t @ (Re, + Rey), where e, e; are isotropic vectors

associated to s, t respectively such that (es, e;) < 0. We write X = X, + aes + be; where

Xt € (Re, + Reg)*. We then have

;

sgn(b) ab < 0
ssgn(d)  a=0

Axoofs.ty = { —Lsgn(a) b=0
0 ab >0
0 a=0=b

\

For each s € Py(K), we choose es by the recipe of the previous lemma. We fix such

system of isotropic vectors for the whole proof. We write each vector X in three possible

ways as

X = X{r,s} + are, + asé
= X{s,t} + bses + biey
= X} + e+ Ger
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where X, oy is orthogonal to H(e,, e;) and similarly for Xy, and Xy . We have

_(Xa er) = as(esa er) = Ct(et7 er)v
—(X,e5) = ar(e, e5) = by(eg,es), and
_<X7 et) = 3(687615) = Cr(emet)-
Thus we rewrite X as
X = X{r,s} + are, + asés
(er,e€s)
=X s bs s r
{s,t} + es+a (et, 65) €t
X{t,r} + as <€S7 er‘) e+ bs (68, et) Er.
(6t7 er) <€r7 et)

Case I We assume that all three pairings (X, e,), (X, es), and (X, e;) are non-zero. By our
previous derivations, the products of the relevant coefficients for the three pairs are given as

follows.
1. For {r, s}, the product of coefficients is a,as.

(erses)

2. For {s,t}, the product is bsa, AR
3. For {t,r}, the product is abs E‘;Z:;E:TZS
Because we established in the lemma that all pairings are strictly negative, any ratio of

two pairings is strictly positive. Therefore, the signs of the three coefficient products are

determined entirely by the signs of a,a, bsa,, and azb, respectively.

Notice that the product of these three sign-determining terms is (a,as)(bsa,)(asbs) =
(ayashs)? > 0. Hence, it is impossible to have exactly one or exactly three negative terms

among them. The number of negative products must be even. Thus, we only have two valid

configurations to check.
1. Suppose that there are no negative products. All three products a,as, bsa,, and asb

are positive. By the formula for intersection numbers, all three terms evaluate to 0

Thus
Axoo{r, s} + Axoo{s,t} + Axoe{t,r} =04+0+0=0,

and the three-term relation holds.
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2. Suppose there are exactly two negative products. Without loss of generality, assume
that a,as > 0. This forces the other two to be negative: b,a, < 0 and asb, < 0. This
implies that a, and a, share the same sign, which is opposite to the sign of b,. Therefore,

sgn(a,) = —sgn(bs). Applying the formula, the sum becomes

Axoof{r, s} + Axoo{s, t} + Axoo{t,r}
=0+ sgn (ar(er’%)) + sgn <bs (es. et)) .
(6t768> (eryet)

Because the ratios of the negative pairings are positive, they can be pulled out of the

sign function without altering it. The sum simplifies to
0+ sgn(a,) + sgn(bs) = 0.

This verifies the three-term relation.

Case II In this case we assume that exactly one out of the three pairings (X, e,), (X, es),
and (X, e;) is zero. Without loss of generality, assume that (X, e,) = 0. This implies that
as = 0, and thus

(67"7 68)

X:er rT:Xs bss r 7 N

{rs} T ar€ {sty T 0s€es +a (et,es)et
(esaet)
(67';61?)

= X{t,r} + b,

79

where a, and b, are non-zero. We now evaluate the sum for different subcases.

1. Assume a, > 0 and bs; > 0. The product of the coefficients for the {s, ¢} pair is strictly

positive, which forces Ax {s,t} to be zero. Therefore we have

Axoof{r, s} + Axoo{s, t} + Axoo{t, 7}

1 1 (es,er)
= —= )0+ = b
ngn(a )+0+ ngn ( . €t)>

1 1
— —5sgn(an) + 0+ Jsgn(by)

= 1+0+1—0
2 2

2. Assume that a, > 0 but b, < 0. The product of the coefficients for the {s,t} pair is

now negative. This forces Ax {s,t} to be non-zero and evaluate to the sign of the e,
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coefficient. Therefore the sum becomes

Axoof{r, s} + Axoo{s, t} + Axoo{t,r}

1 (e, es) 1 (es,€;)

- — 3 T r = bs
2sgn(a ) + sgn (a (et,65)> + 2sgn < e )
1 1

= —§sgn(a7«) + Sgn(ar) + §Sgn(b8)

_ 1 +1 L_ 0

) 2

3. The two other cases a, < 0,bs > 0 and a, < 0,b, < 0 can be handled similarly and we

thus have verified the three-term relation in this case as well.
Case IIT We now assume that exactly two out of the three pairings (X, e,.), (X, es), and
(X, e;) are zero. Without loss of generality, assume that (X, e,) = (X, es) = 0. Therefore,

(65? et)
(67“7 et)

X = X{T,s} = X{s,t} + bses - X{t,r} + bs

T

for by # 0. By (3.9), it is clear that Ax {r, s} = 0. Hence,

1 1 s
AX,oo{57t} + AX,OO{ta 7”} = —§Sgn (bs) + §sgn <bs EZ Z;) =0.

Case IV We now assume that all the three pairings are zero. It is then clear that
AX,oo{Ty S} -+ AX,OO{S7 t} + AXpo{t, T} = 0.
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Family of Lattices

The construction of cocycles for p-arithmetic groups involves summing over cosets of a
Z[1/p|-lattice instead of just a Z-lattice. Since Z[1/p|] =,z

an infinite union of Z-lattices. The first section expresses cosets of a Z[1/pl-lattice as a union

p~"Z, every Z[1/p]-lattice is

of cosets of Z-lattices.

In the second section, we specialize to the Z[1/p|-lattice L(¢, N) ® Z[1/p] and apply the
calculations of the first section. We recall that for a proper length with respect to L(¢, N) ® Q,
say n € Qsg, and for o € (L(¢, N))", the sum

S Asdst} (4.1)

vEa+L(L,N)
Qv)=n
is the (@, n)-th coefficient of a vector-valued modular form of weight 2 and type @p(r,ny) for
any pair {s,t} € P1(K) x Py (K). We can rewrite L(¢, N) ® Z[1/p] as a union of the lattices
p~"L(¢, N) for r > 0. This decomposition allows us to establish a modularity statement for a
generating series of sums similar to (4.1) associated to the cosets of the lattices p"L(¢, N)
in their duals p~"(L(¢, N))". The statement says that the generating series is a vector-

valued modular form of weight 2 and type @pgrre,n)). At the end of this section, we utilize
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the explicit action of the metaplectic group to derive modularity statements that involve

scalar-valued modular forms instead of vector-valued ones.

4.1 Writing Z[1/p]-Lattices as a Union of Z-Lattices
Let L be a Z-lattice. Define L' :== L®Z[1/p] and A := L ®Z,. We then have L = L' N A.

We assume that L is contained in its dual, but we make no further assumptions on the lattice

L until Proposition 4.3.

Denoting the dual of L by (L), take an element 3 € (L)" and consider the set
{vep+L": Q) =m} for arational number m. Any vector v € 8+ L” can be viewed as
an element of L ® @Q,. Thus, there exists a unique integer r such that p'v € A — pA. We

denote this unique integer by ord,(v). Consequently, the set admits the decomposition

fvep+I": Q) =m} = I_l{v € B+ L7 :ordy(v) =7, Q(v) = m}. (4.2)

reZ

Fix an integer 7. Then the set {v € 8+ L' : ordp(v) = r, Q(v) =m} is in bijection with
{wep'B+L':ordy(w) =0, Q(w) =mp?}, where the bijection is given by v — w := p"v.
By definition of ord,(-), the set {w € p"8+ L” : ords(w) = 0, Q(w) = mp*} is equal to

{wep B+ L' weA—pA, Quw)=mp™}. (4.3)

Lemma 4.1. The set defined in (4.3) is contained in L.

Proof. Let w € p"3+ L' C (I')" with w € A — pA. Since L C L', we have (w, L) C Z[1/p].
Moreover, w € A — pA implies that we also have (w, L) C Z,. Combining these facts, we
obtain the set inclusion (w, L) C Z, N Z[1/p] = Z. O

We assume that » > 0. This condition implies that the lattice p~"L*—the dual of
p"L—contains L*. Therefore by Lemma 4.1, the set in (4.3) is contained in p~"L". Moreover,
it can be written as a union of cosets of the lattice p"L in its dual. The following lemma

precisely specifies those cosets.

We use , to denote the isomorphism D, — D;p ® D, from Section 2.2.

Lemma 4.2. Let Syim(p") denote the set of representatives of classes in A/p"A that lie in
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A —pA. Then the set {w € p"B+ L' : w € A — pA, Q(w) = mp*'} is equal to

L] {we®L):m@=@EHN) Q) =mp”}

)\esprim (pr)

where — denotes the projection of an element into its respective discriminant module.

Proof. We recall the following diagrams from Chapter 2.

(L) < (L) — (A
{ 1 1

DLP — -DpTL — DpTA

Let we {wep B+ L :weA—pAQw)=mp*} C (p'L)". The projection w € D,

is mapped to an element of D;p @ Dy, under the map .

1. The first component of 7, (W) is obtained by viewing w inside (L’)" and then taking
its image in D;p. This image is p'fas w € p' B+ I. Therefore the first coordinate of
7,(W) is equal to p'B.

2. The second component of 7,.(W) is the image of w € (p"A)" under the map (p"A)* — Djrs.
Since w € A — pA, the second component of ,(w) has to be A for some A € A — pA.

This shows that the set on the left is contained in the set on the right. The reverse containment

follows similarly from the diagram. O

Remark 4. The assumption of r > 0 is satisfied if we assume ord,(m) < 0. To see this, let
v € B+ L with ordy(v) =7 and Q(v) = m. Then p'v € A — pA and thus ord,Q(v) +2r > 0,
which means that r > —ord,(m)/2 > 0.

For the following proposition, we take L to be L(¢, N).

Proposition 4.3. Let n € Q be a proper length with respect to L(¢, N) ® Q such that the
numerator of n is coprime to p. Let Spum(p”) be the set defined in Lemma 4.2. The following
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equality holds for any integer r > 0.

Z 1(vep+ Lp) Ay oo{s, t}

Qv)=n

ordp (v)=r

= > Z PLY 7 (@) = (0B, V) - Auoo{s, 1}, (4.4)

S prlm(p ) w _TL])

Remark 5. From our discussion in the first chapter, it is natural to expect that the sum
on the right-hand side in (4.4) has some relation with Fourier coefficients of a vector-valued
modular form. We make this precise in the next section. The above proposition then allows

us to relate the sums over a Z[1/p|-lattice to Fourier coefficients of modular forms.

Proof. The bijection v — w := p"v, discussed earlier, allows us to rewrite the left-hand side
n (4.4) as

> L(wep B+ Ayofs.t}

Q(w)=np>"
weA—pA

It is crucial to note that A, o {s,t} = Apryo{s,t} = Ay o{s,t} since scaling by a positive
real does not change the sign of intersections. Finally using Lemma 4.2, we conclude that the

above is equal to

Z Z L(w € pL (W) = (pB, X)) - Ay oo{sit}

/\esprim (®") Q(w):np2r

4.2 Modularity Statements

In this section, we only work with the lattice L(¢, N). We recall that L({, N) = Ze; &
Zeo O NZes ®© Zey where

2 0 0
0 20 0

€i,€5) =

(€, €3) 00 0 -1
00 —1 0



Lemma 4.4. For the lattice L({, N), the discriminant module D({, N) has sign 2, size 4(N?,
and level lem(4¢, N).

Proof. The sign in this case is equal to r — s (mod 8), where (r,s) is the signature of the
lattice. This is proved in [19, Appendix 4 (page 127)|. The authors use the term “signature”
for the difference 7 — s. The size is calculated via the index of L(¢, N) in (L(¢, N))". For the

level, consider an arbitrary v € (L(¢, N))". This vector is of the form

a b
vV = 561 + ﬂeg + ces + N&L
a? Vv cd ,
for a, b, c,d € Z. We then have Q(v) = Z—|—4—€—N. Hence the level is equal to lem(4¢, N). O

Assumption. From now on, we assume that the integers ¢ and N are coprime to p.

Define

Ir =

= L((,N) ® Z[1/p] = Z[1/ples ® Z[1/ples & NZ[1/ples & Z[1/plea, (4.5)
A

L(¢,
L(ﬁ, N) ® Zp = Zp61 @ Zp€2 @ Zp€3 EB Zp€4 (46)

where the equality in the second line follows as N is a unit in Z, by our assumption.

Lemma 4.5. The lattice A is a self-dual Z,-lattice.
Proof. The result is clear since 2 and ¢ are invertible in Z,. O]

We denote the discriminant module corresponding to L by D(¢, N)”. From the discussion
in Section 2.2 of Chapter 2, it is clear that D(¢, N) is isomorphic to D({, N)’ & D, as
finite quadratic modules. Since A is self-dual, D, is trivial. Thus D(¢, N)” and D(¢, N) are
isomorphic as finite quadratic modules. Therefore, the size and level are the same for both
modules. Since the sign is defined by a formula depending only on the finite quadratic module

(see (2.1)), the sign is also the same.

Let n be a proper length with respect to V, = L(¢, N) ® Q, r be a non-negative integer,
and let 8 € (I')" and A € A — pA. Then we have the following proposition which states the
modularity of intersection numbers similar to Chapter 3. The difference here is that we are
now summing over cosets of p"L(¢, N') instead of L(¢, N). The proof is also similar to the

one in the first chapter, and thus we only provide a sketch.
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Proposition 4.6. Let (p"3,\) denote an element in (p"L)" satisfying

m((p" B, N) = (078, ) € Dprre,n)-

Then the sum

S(r.B,An) = > L(we @B AN +DL) Aupsc{s t}

Q(w)=np®"

is the ("B, \), np?™)-th coefficient of a vector-valued modular form of weight 2 and type

ODyrien) -

Proof. The proof follows the same calculations as presented in Chapter 3. We consider the

theta series

O(r, "Lt N) = ) Y. alnw),

a€Dyr o, Ny wEa+pTL(L,N)

where n(7,w) is the 1-form defined by (3.2). Using the general theory of Weil repre-
sentations it can be established that this is a real analytic function that transforms like a

vector-valued modular form of weight 2 and type 0p,,, .

The next step is to integrate this theta series over various submanifolds of dimension one.

We can integrate the sum
> nlrw)
Q(w)=np?"

term-by-term along any geodesic from s to ¢ as long as all w in the sum have a non-isotropic
component along the corresponding hyperbolic plane H(eg, e;). If n is a proper length then

np* is as well and term-by-term integration is possible. This yields the required statement.

]

Note that the discriminant module D1 ) decomposes as D(¢, N )” & Dpra. We first
use the explicit action to get a modular form for D(¢, N)” (Proposition 4.7) and then a

corresponding scalar-valued modular form (Theorem 4.8).

Proposition 4.7. Let v be a positive integer with 3 € (L({,N))" such that Q(B) € Z. Let
m be a proper length with respect to L(¢,N)® Q. Let | be a line in A/p"A such that it is
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generated by the class of some X € Spim(p”) and Gen(l) denote the set of generators. Then

the sum

> S(r.B8,Am) (4.7)

A€Gen(I)

is the (p" B3, mp®")-th coefficient of a modular form F(r,1) of weight 2, type D({, N)" for the
group Go(p*) = 7w (T (p*)).

Proof. Tt is clear from Proposition 4.6 that the sum S(r, 3, \,m) is the ((p"B,\), mp?")-
th coefficient of a modular form of weight 2 and type ¢p ,, for the group Mp,(Z). Let
F = erDpTL f+€, be that modular form. Therefore, the sum in (4.7) is (p"3, mp*")-th

coefficient of the function

Z Z f(m(p))\) é'm(p).

m(P)eD(f,N)p AEGen(l)
We now establish that this function is a vector-valued modular form of weight 2, type
Openyps and the group Go(p™).

Since the module D(¢, N) decomposes as D(¢, N)” @& D,ry, we need to understand the
action of Go(p®") on D,rp. The sign is equal to 2 which means that the action reduces to that
of T'o(p*"). Since the level of this module is p*”, we have for x, € D,rp with Q(z,) =0 € Q/Z,

d d a b
r _‘m - T~ € T, — s € T, — c T h/ == I~ F 2r .
op, (e p) (‘me‘) Cdz, (pgr) €dz, = €dz, where y (c d) o(p™)
The modularity of F implies that for v € Go(p*") we have

Z Z S (w2 €(2p 2

zp€Dpra g eD(L,N)P

- Z Z f(wp7x(13)) | 7_1 (QDPTA(,Y>é’CUp X Op,yp (7)6x(p)) . (48)

rpeDpra | zeD(e,N)P
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Using the explicit action, the right-hand side is equal to

Z Z f(xp@(p)) | ’7_1 édxp ® QD(@,N)p(/Y)é’m(P)

zpeDpra | z(PeD(L,N)P

- Z Z f(xp@(p)) | ’y_lQD(é,N)p (7)‘%@) X 6dxp-

zpeDpra | z(PeD(L,N)P

Since the set {d\ : A € Gen([)} is the same as the set Gen(l) for any d coprime to p, we use
(4.8) to conclude that for any v € Go(p*"),

Z Z Sy 17| Cor(7)E,0) = Z Z faye®) | €x

z®eD(,N)P | zp€Gen() 2@ eD(t,N)P | zpEGen(l)

and this proves the modularity of the function Z Z f( Az ) €,(n) - O
x(P)ED(&N)p AEGen(I)

We now obtain a scalar-valued modular form using a similar averaging argument.

Theorem 4.8. Let 8 € (L(¢,N))" such that Q(B) € Z. Let m be a proper length with
respect to L({, N) ® Q. r be a positive integer, and | be an isotropic line in A/p"A. Define
M :=lem(4¢,N). Then the sum

S Y AuedsthTwe (BN + LI N) (49)
{52, Decentd Quy=mp

is the mp®" -th coefficient of a modular form of weight 2 for the group To(Mp*") and nebentypus

() = (7)

We first present a slightly abstract proposition which can then be used to prove the above

theorem.

Proposition 4.9. Let G be a subgroup of Mpy(Z) and let F =3 __, f+€, be an element of
My (D, G) for a discriminant module D such that the sign(D) is equal to 2, and the level is Np.
For 8 € D withQ(8) =0 € Q/Z, define 5(8) :={uff € D:0 < u < Np, (u, Np) =1}. Then
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> res(p) Jo 18 a scalar-valued modular form of weight 2 for the group m(G) NL'o(Np) C SLa(Z)

: > where 7 : Mpy(Z) — SLo(Z) is the map discussed in Chapter 2.

and nebentypus (W

Proof. The proof of this proposition relies on understanding the action of I'o(Np) on the

discriminant module. The modularity of > _, f.€, implies that for all 6 € G we have

S (fa |6 =3 L&, (4.10)

zeD xeD

It is given that the sign of D is 2, and the level is Np. Recalling our discussion around
Lemma 2.12, we note that for any x € D such that Q(z) = 0 € Q/Z, the action of v € T'y(Np)

on the basis vector €, is

p(y)(€:) = <‘g|> iy, fory= (Z Z) : (4.11)

For x with Q(x) # 0, the vector &, is still sent to €4, under the action of  but it also gets
scaled by a root of unity along with the character. We plug 6 = v in (4.10) and use the
explicit action of 7. Adding the coeflicients corresponding to the vectors {€, },cs(s) on both

sides and using (4.11) gives
£ > (felr) =D fx
| DI ’
z€S(B) ze6(B

which is the same as

( )xezgjﬁ)fx— Z) o 1 7)-

zeS(B

]

Proof of Theorem 4.8. We specialize the proposition to prove the theorem. We do it in a

bulleted fashion so that the argument is easy to check.

1. From Proposition 4.7, we have a vector-valued modular form F(r,[) = >~ yp fo€s
of weight 2, type Op(enyP and for the group Go(p®") C Mpy(Z). The discriminant
module D(¢, N)" is isomorphic to D(¢, N). Thus the sign is equal to 2, and the level is
M =lem(44, N).

2. Consider the vector p'3 € (L) with Q(p"B) € Z. Let p’B € D(¢,N)" denote its
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image in the discriminant module. Because Q(p"3) € Z, the quadratic form on the
discriminant module satisfies Q(p"3) = 0 € Q/Z. We can therefore apply Proposition
2.10 to the element p"3 and the set {up’B € D({,N)’ : 0 < u < M, (u, M) = 1}.

We apply Proposition 4.9 in the above setup and obtain a scalar-valued modular form of
weight 2. The group 7(Go(p?")) N To(M) is To(Mp®") because 7(Go(p?")) = Lo(p*"). The size
of D(¢, N)" is the same as that of D(¢, N), which is 4/N?. Therefore the character is

<4€N2) - (7) '

Hence, the function

Z f up” B

O<u<M
(u,M)=1

is a modular form of weight 2 and for the group I'y(Mp?") with nebentypus (Z) whose mp?’-th

coefficient is the sum (4.9).

]

Corollary 4.10. The sum (4.9) is the m-th coefficient of a modular form of weight 2 for the

group I'o(Mp) with character <Z>’ where M = lem(4¢, N).
Proof. Let g be a modular form of weight 2 for the group I'o(Mp") with character <Z) for
some positive integer 7 > 2. Then the Hecke operator 7}, for I'o(Mp") has the property that
L. Ty(g) € Ma(To(Mp™"), (5)), and
2. m-th coefficient of T,(g) is the mp-th coefficient of g.

These results can be deduced from standard references on modular forms. Moreover, if g
is a modular form for the group I'¢(Mp), then T,(g) is again a modular form for I'g(Mp)
and the mp-th coefficient of ¢ is the m-th coefficient of T),(¢g). Applying this to Theorem 4.8
completes the proof. O
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Rigid Space and Meromorphic

Functions

In this chapter, we describe a p-adic analytic space associated with the vector space
Vi ® Q,. We also discuss some examples of meromorphic functions of the type that feature in
our construction of rigid cocycles. The material in this chapter is taken from Sections 1 and
2 of [5].

5.1 p-adic Symmetric Spaces

We first discuss the archimedean symmetric space for O(2,2) to motivate the definition
of the p-adic space in Definition 5.1. Let (V, Q) be a non-degenerate quadratic space over Q
such that Vg := V ® R is of signature (2,2). If £ C Oy (R) is a maximal compact subgroup,
then Oy (R)/K is a Riemannian manifold whose automorphism group acts transitively on it.
We already saw this type of manifold in the first chapter for signature (n, 1), but in this case
of signature (2,2), we can also equip it with a complex structure using an alternative model.

Consider the complex vector space V¢ := Vg ® C. Let N, denote the set of isotropic lines in
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Vc. Consider the set
Xoo :={[v] € N : (v,0) #0}/C*.

This set is a manifold of complex dimension 2 consisting of four connected components such

that there is a real-analytic isomorphism between Oy (R)/K and each connected component.

Moreover, it is shown in [4, Section 2.7| that each component is isomorphic to H x H.
This is proved by calculating N, and X, for a suitable model of V ® R. Our goal is to

mimic this setup and corresponding calculations in the p-adic world.

Assumption. The prime p splits in the quadratic field Q(v/—¢). It implies that the vector
space V; ® Q, is isomorphic to the quadratic space My(Q),) with the quadratic form given by
—det.

The following table provides a comparison of Archimedean and non-Archimedean setups

and also mentions the results we are going to obtain via calculations in the p-adic world.

Archimedean viewpoint Non-Archimedean viewpoint

F : real quadratic field (0o splits in F') | K : imaginary quadratic field (p splits in K)

F 01,02 R K 01,02 @p
Symmetric Space is H X H Symmetric Space is H, x H,

SLQ(F) — SLQ(R) X SLQ(R) ~NHXH SLQ(K) — SLQ(Qp) X SLQ(QP) % Hp X Hp

Consider the set NV}, := {v € V, ® C, — {0} : Q(v) = 0}/C.

Definition 5.1. Let Q(Q,) = {v € V, ® Q, : Q(v) = 0} denote the set of isotropic vectors in
Vi ® Q. The p-adic symmetric space is defined as

X, ={] €N, : (v,w) #0 for all w € Q(Q,)}.

To compute X, explicitly, we use the matrix model. Let M5(Q,) be the Q,-vector space
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of 2 x 2 matrices, equipped with the quadratic form given by the negative of the determinant.
The collection of isotropic lines in My(C,) = M2(Q,) ® C, is

N, = {(" ) (o) € G — {(0,0,0, o>}} /.

mmn2 "2

The map sending [v] € N, to ([r1 : mi], [72 : m2]) is well-defined and establishes a bijection
between N, and P1(C,) x P;(C,). Similarly, we have

9(Q,) = {(“yz ”51332) (21,22, Y1, 1) € QL — {(0,0,0,0)}}.

U1Y2 Y172

It is easy to see that Q(Q,)/Q, is in bijection with P;(Q,) x P1(Q,) via the same map
Np = P1(Cp) x P1(C,).

Choosing a representative v for the class [v] € N, we now compute the pairing (v, w)

with a vector w € Q(Q,). A simple calculation shows that

Tif2 + T1Y2 TiT2 + T122
(v,w) = —det = (T1y1 — mx1)(T2y2 — N22)
miz +y1y2 Talh + T2l
If both |7 : m1] and [ : no] are different from [z : y1] and [xs : yo] respectively, then the
pairing (v, w) is non-zero. For the pairing to be non-zero for all w € Q(Q,), [7; : 7| & P1(Q,)
for i = 1,2. Therefore, X, is in bijection with (P1(C,) \ P1(Q,)) x (P1(C,) \ P1(Q,)).

On the quadratic space (M5(Q,), —det), the group SLy(Q,) x SL2(Q,) acts and preserves
the quadratic form. Let K be a quadratic field such that the prime p splits in K. Then
SLy(K) is a subgroup of SLy(Q,) x SLy(Q,) via the two embeddings 01,09 of K into Q,.
Therefore we have an action of SLy(K) on M2(Q,). In fact we have an action on N, and thus
we have an action on H, x H,. Any v € SLo(K) maps (71, 72) € H, X H, to (o1(7)71, 02(7)T2)

where each coordinate is a Mobius transformation by the corresponding matrix.

5.2 Rigid Analytic Structure

We now describe a rigid analytic structure on the p-adic space X, by writing it as an

increasing union of affinoids. Let A be a self-dual Z,-lattice. Put AOcp = A®z, Oc,, and let

N =A- pA, AIOC,, = AOCP — mocp A@Cp
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denote the sets of primitive vectors in A and AOCP respectively. Each zero-length vector &
with [£] € X, can be represented by ve € A, ., which is well-defined up to multiplication by
Oép. In this manner, we can view each § as an element of a zero locus in A defined over Oc, .
For each integer k£ > 0 and every self-dual lattice A C Vg, we define the following affinoid

subset
ng’“ = {[¢] € X, : ord,((ve, w)) < k for all w € (A)o},

where the subscript 0 denotes the subset of isotropic vectors in A’.

Lemma 5.2. The ng'“ form an increasing union and cover X,.

Proof. Tt follows from the definition that this family of sets forms an increasing union. We
need to establish that it is a covering of X, which is equivalent to proving (7,,(X;*)¢ € X;.
Let £ € V¢, be such that for each k& > 0 there is wy, € (A")y for which ord, ((ve, wy)) > k. It
suffices to establish that there is a convergent subsequence of {wy }x>¢ such that its limit, say
w € (A)o, satisfies (ve, w) = 0.

It is clear that A is closed and bounded under the p-adic metric. Hence, there is a
subsequence of {wy }r>o that converges to some w € A. This w is isotropic because all wy, are
isotropic. The choice of wy, implies ord,(ve, wy) > k and thus (ve, wy) — 0. By continuity of
the function (v, -) : Vg, — C,, and the uniqueness of the limit, (ve,w) = 0.

]

We can use these definitions to get a coordinate-based description of affinoids on H, x H,.
However, we avoid using H, X H, as it just introduces more variables and indices that are

not needed for arguments in the remaining parts of this chapter.

5.3 Meromorphic Functions

In this section, we use the affinoid covering to define rigid analytic functions and meromor-
phic functions on X,,. We provide some examples of rigid meromorphic functions associated

to vectors of the underlying vector space Vj.

Definition 5.3. A rigid analytic function on X, is a Cy-valued function such that its

restriction to each ngk is a uniform limit of rational functions having poles outside of ngk.

Definition 5.4. A rigid meromorphic function is a C,-valued function such that its restriction

to each ngk is the quotient of two analytic functions. We denote this space by M(X,).
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We recall that the divisors of Borcherds products for O(2,2) are linear combinations
of Hirzebruch-Zagier divisors. Taking the analogy between the Archimedean and non-

Archimedean worlds further, we define special divisors on X,.

Definition 5.5. Let v € Vg,. A special divisor associated to v is the locus A, , := {[{] €
X, (v,&) =0}.

For any v € Vp,, it is clear that there exists a rigid analytic function whose vanishing
set (divisor) is A, ,. However, we are interested in more exotic functions whose divisors are

combinations of infinitely many A, ,,.

Definition 5.6. A formal divisor ZavAw, is called locally finite if the sum
veV

>, @l
veV
Ay pNAZD
is finite for any affinoid A. We denote the module of locally finite divisors by Divlq.

Lemma 5.7. Let v € A" such that Q(v) = 0(mod p*). Then there exists w € (A')y such that
v = w(mod pFA).

Proof. The assumption on v implies that its image in A/p*A is isotropic. By Hensel’s lemma,
there exists an isotropic vector w € A such that v = w(mod p*A). If w is not primitive, then

it implies that v is not primitive as well. Hence, w € (A'). H

The following proposition constructs a rigid meromorphic function that is a simpler
version of the functions constituting a rigid meromorphic cocycle. We include this result to
illustrate the arguments required to establish convergence of infinite products that we need
in Chapter 6.

Proposition 5.8. Let {(v1x, v21)}32, be a sequence of pairs of vectors such that
1. v, v9% € A — pA with Q(v1 ) = Q(vay) =0 (mod p*) for all k >0, and
2. v = apuey (mod pEA) for some sequence of scalars ay € Z;.

Then the product
(vg, v1,4)

w0 (U6 V2 k)

converges to an element of M(X,)*/Zy.
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Proof. We must establish that for [{] € X, the general term of the product scaled by !

approaches 1 as k — oco. Because |y, = 1, we have

<U5, U1k — akUZ,k>
(v, va.k)

(ve, v1 k)
673 <U§> U2,k>

_1‘:

The second hypothesis implies that vy ; — v = pFuy, for some uy, € A. Thus, the numerator

is bounded by p~*.

Since the length of vy, is divisible by p* and vy is primitive, there exists a vector
w € (A')g such that vy, = w (mod p*A). Therefore, (v, var) = (ve, w) + (ve, pFwy) for some
wy € A. For [§] € X', we have ord,({w,v¢)) < t. Therefore, for k > t,

ord,((va, ve)) = min [ord, ((w, ve)), ord,({p"wo,ve))] < t.

This implies |(ve, v k)| > p~*. Combining these bounds yields

—k

<Ug, Uik — Oék“?,k) < p < pt—k.
(ve, va k) [(ve, va1)|
(ve, V1 k)

As k — oo, pt~% — 0, meaning — 1. Thus, the sequence of partial products

Ve, Vo k)
converges uniformly on X up to the scalars oy, defining an element of M(X,)*/Zx. O
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Cocycles for Bianchi Groups

In this chapter, we construct cocycles for the group

(TE(N)Y ={( j)) € SLo(Z[V—A)[1/p]) : ( i) = (; ’{) (mod N>},

with values in M(H, x H,)/Zx. In the first section, we prove that the group (I'f(N))"
preserves the cosets of the lattice L' = L(¢,N) ® Z[1/p] in its dual. The second section

details the construction of the cocycles. Let s,t € Py(K) for K = Q(v/—¢). Consider the
formal product

U, {s,t}:= H (ve, v)Aoeetst) (6.1)
veC
Qv)=m
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where C is a coset of L” in (L")". This product can be rewritten as

U, {s,t} = H U,,.r{s,t}, where U,,-{s,t} = H (ve, v)Aveetst),

r>0 veC
ordp (v)=r

Qv)=m

These products may not converge because there is no guarantee that the r-th term ¥, .
approaches 1 as r — co. However, the modularity statements in Chapter 4 imply that the

sum of the exponents for ¥,, .,

> Avsdsith

velC
ordp (v)=r

Qv)=m
is the m-th coefficient of a modular form of weight two and a fixed level. Since the space of
modular forms of a given weight and level is finite-dimensional, there exist integers {c,,. }¥_,
such that

k
Zcmi Z A, ofs,t} = 0.
i=1

velC
ordp (v)=r
Qv)=m;
Therefore, the modified product [[*_, (¥, .{s,t})™ can be rewritten as a product of factors
of the form (v, v)/(ve, v’). This rewriting of the product, along with the results obtained in
Proposition 5.8, allows us to establish convergence up to scalars. Thus, the infinite product
Hle(\lfmi{s, t})em is an element of M(H, x H,)/Z). Section 6.2 provides complete details.

The remainder of the second section is devoted to proving the modular symbol relations.

In the third section, we collect the preceding results and state the main theorem of this
chapter. The theorem suggests a tantalizing analogy between Borcherds lifts for O(2,2) and

rigid meromorphic cocycles for O(3,1).
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6.1 Preliminaries

We recall that V; is a rational quadratic space generated by {eq, es, e3, €4} such that

Qe1) =1, Qez) =4, Qez) =0=Q(ey4), and

2.0 0 0
o2 0 o
=1y 0 0 -1
00 -1 0

The group SLy(K) acts on V; via isometries. As mentioned in Chapter 1, the lattice with
which we associate the cocycle is L' = L(¢, N) ® Z[1/p|, where L({, N) is the integral lattice
generated by {e1, es, Nes, e} as defined in Section 3.2. The dual of L’ is given by

(7Y = 2201 /pler @ 55201 ples & 21 /ples & 201 /ples

Proposition 6.1. Let ¢,d € Z[1/p]. The group (I'f(N))’ preserves the coset (cez+ es)+L".

Proof. The proof follows from a straightforward calculation. We omit the details here because
the argument in the proof of the first part of Proposition 3.12 applies almost verbatim to

this proposition. O

6.2 Convergence of Infinite Products

Let m be a positive rational number whose numerator is coprime to p, and let g = ces

for some integer ¢ coprime to N. For s,t € Py(K), consider the formal product

U, 5{s, t} = H (ve, v)Aoeetst), (6.2)

v€ﬂ+Lp
Qv)=m

Here, U, s{s,t} is a formal product in the variable [¢], where v, is the primitive element
in A ® C, corresponding to {. For the sake of brevity, we suppress this variable from the
notation. Letting A := L({,N) ® Z,, V,,, s{s,t} can be rewritten as

U, 5{s, t} = H U, 5(r){s, t}, where U, 5(r){s,t} = H (ve, v)Aveetsth
r>0 vep+IFP
ordp (v)=r

Q(v)=m
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Define V(3,A,r,m) :={v € B+ L' :ords(v) =7, Q(v) =m}.

Lemma 6.2. The function V,, 3(r){s,t} is a finite product of factors of the form (ve,v).

Proof. 1t suffices to prove that the set {v € V(5,A,r,m) : A, «{s,t} # 0} is finite. This set

is in bijection with the set
{wep 8+L" :wel—pA, Qw)=mp”, Ayoo{s t}# 0},

via the map v + w := p"v. By Lemma 4.1, the above set is contained in (L(¢, N))". Therefore,
it suffices to prove that the larger set {w € (L({,N))" : Q(w) = mp®, Ay o{s,t} # 0} is
finite.

From (3.9), it is clear that the condition A, {s,t} # 0 is equivalent to (w, es)(w, e;) < 0.
Let w € (L(¢, N))" be of length mp?" such that (w, e5)(w, e;) < 0. We write w = wq+ae, +be,
such that wy € (Qe, ® Qe;)t. We thus have (w,e,) = —b, (w,e;) = —a, and ab < 0.
Furthermore, (wo, wy)—2ab = mp®” which implies (wy, wy) = mp* +2ab < mp?". Since {ey, €;}
generate a hyperbolic space, (wg, w) is non-negative. Therefore we have 0 < (wg, wy) < mp?".
This bound defines a compact domain in a two-dimensional space. Since wy is an element
of a lattice, there are only finitely many choices for wy. Moreover, 2ab = (wq, wy) — mp*".

Therefore, there are only finitely many choices for a and b. O]

We drop the pair {s,t} from A, «{s,t} in the remainder of this section, as it plays no

special role.

We recall the arguments for the convergence of infinite products from Proposition 5.8.
An infinite product of the form [] ., W, 3(r) converges if the following two conditions are
satisfied.

1. Each W,, 5(r) is a ratio of (ve,v1) and (ve, v2), or a finite product of such ratios, and

2. there exist sequences of pairs {v;,,vs,}, composing ratios in W,, 3(r), such that v,

and vy, become p-adically close as r increases.

The first condition is equivalent to the requirement that the sum of exponents of (v, -) in
the product U, g(r), which is Zvev(@ Arm) Ay, is equal to zero for every r. However, such
sums are coefficients of non-zero modular forms (see Remark (5)) and thus not necessarily
zero. Hence, we cannot directly apply the convergence arguments presented in Chapter 5.

Our goal in this section is to construct a modified product, composed of W,, 5(r) for various
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m, so that its degree is zero. The term “degree” refers to the sum of the exponents of the

factors (vg, -).

Lemma 6.3. Let Spim(p”) denote the set of representatives of classes in A/p"A that lie in
A —pA. Let £(p") denote the set of lines in A/p"A that are generated by some X\ € A/p"A
with X € Sprim(p"). For a line | € £(p"), let Gen(l) denote the set of generators of I. The

function U, g(r) can be rewritten as

H H H (ve, p~w) e, (6.3)

[€L(P") AESprim (P7) WEW(B,A,r,m)
AeGen(l)

where W(B,\,7,m) = {w € (p"L)" : m.(w) = (p" B, \), Q(w) = mp*"}.

Proof. The derivation of (4.2) and (4.3) implies that the product W,, 5(r) is equal to

H (ve, v}A’“*’C’ = H (vg,p_’"w>Ap*T'w»oo.

veV(B,A,r,m) wep” S+ 1P

L fwewD im@ =50} (6.4)

)\esprim (pr)

We also have Ay, o = Ap-—ry oo Therefore, we can write

Uns(r)= 1 [T (weprw)te=

AESprim (p7) weW(B,A,r,m)
By definition, Sprim(p") = Uicgpry{r € Sprim(p") : X € Gen(l)}. Hence, the proof is complete.

]

The degree of the rational function W, 5(r) is a sum of Fourier coefficients of certain
vector-valued modular forms as described in Proposition 4.6. However, we prefer to formulate

our statements in terms of scalar-valued modular forms. Thus we further modify the product
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in (6.3). Let [ € £(p") and M = lem(4¢, N). Define

Wi iy (1) = H H H <U£7pirw>Aw’oo'

0<u<M XESprim(p") weEW (uB,A,r,m)
(u,M)= AEGen(l)

The degree of this product is equal to

L D D

0<u<M AESprim(p") weW(uB,\,r,m)
(u,M)=1 A€Gen(l)

By Corollary 4.10, this sum is the m-th coefficient of a modular form of weight two for the
group I'o(Mp) and character (Z) Because this space of modular forms is finite-dimensional,
we can find many linear relations between the Fourier coefficients of these modular forms. The

following theorem states that such linear relations give rise to an element in M(H,, x H,)/Z;.

Theorem 6.4. Let {my,...,my} be integers such that
1. each m; is coprime to p,
2. each m; is a proper length with respect to V.

For a modular form f, denote its m-th Fourier coefficient by ap(m). Let {cy, }F_, be a finite

sequence of integers such that
k

Z sz'af(mi) =0

=1

for all f € My(To(Mp), (Z)) Then the product

IT( II II[%we(nn]™ (6.5)

r>0 \leL(pr) i=1

is an element of M(H, x H,)/Zy.

Proof. From the hypothesis and the discussion preceding the theorem, the degree of the
product

(Wi (1, )]

k
=1

7

is zero for each r and [ € £(p"). Therefore it can be written as a product of factors of the
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form (ve, p~"wq)/(ve, p~"w2). We estimate such factors in the next few paragraphs.

Let [ be a line in £(p"). Let Ay, Ay € A — pA be such that their respective images A1, Ao
in A/p"A belong to Gen(l). It follows that Ay = @)y (mod p"A) for some integer « coprime
to p.

Recall the isomorphism 7, : Dy, — Dpp @ Dpra. Let wq,wy € (p"L)" be such that
7.(W1) = (u1p”B, 1) and 7,.(W3) = (uap” B, A2) for some 0 < uy,uy < M. Therefore, both
wy; — A1 and we — Ay belong to p"A. Hence, w; — awy € p"A and we obtain the following

estimate.

—-T

(ve, w1 — awy)

<U£7 w2>

p
~ (ve, ws)|

<U§7p U)1> . Oé‘ _
<U£7p_Tw2>

(v, un) ’ _
(vg, wy)

Note that the vector wy € A — pA and satisfies ord,(Q(w2)) = 2r. For £ € X=! with
t < 2r, the arguments in the proof of Proposition 5.8 ensure the lower bound |(ve, wa)| > p~™.
Therefore, there exists an element «, € Z; such that for any § € X <t with ¢ < 2r,

k

I1 H (Wi (r, D] ™™ — | < p'"

Hence the product in (6.5) converges to an element of M(H, x H,)/Z).

For each r in (6.5), the products are finite and thus we can interchange them.

Corollary 6.5. The product

18 equal to

in M(Hp, x Hp)/Z, where Wy, 5)(r) = H U, (1, 1).

D )
leL(pr)

69



6.3 Modular Symbols Valued in Spaces of Functions

In this section, we establish that the mapping

{s,t}HH<H w5 (1){, t}}“%)

r>0 \i=1

is a modular symbol invariant under (I'f (N))”. The verification of 2-term and 3-term relations
is straightforward. To establish invariance under (I'(N))’, we need to prove that for each
v € (TE(N)), the equality

HH mad) (1) {78, Yt 7)o = HH o) (1) {8, 1]

r>0i=1 r>0 =1

holds in M(H, x H,)/Zy. The right action f|y evaluated at [{] € X, corresponds to
evaluating the original function f at [7€]. In terms of vectors, this replaces the primitive
vector vg with a primitive vector generating the line spanned by yve. For a primitive v, it is
not necessarily the case that yve is again primitive. However, given any two vectors v; and
g, the ratio (ve, v1)/(ve, v2) is independent of the choice of the generator vg. In the following
paragraph, we show that the function Hle[\lfmmm(r){vs, vt} can be written as a product

of ratios and thus is independent of the choice of the generator.

The degree of the product W,, g (r){ys, vt} |7 is

> Z > > Ausfrsath

(0u<7]1\»4<)ﬁ4 leL(p Aiiﬁ‘;i[) p") weW (uB,\,r,m)
By Corollary 4.10 and the fact that the space of modular forms is a vector space, the
above sum is the m-th coefficient of a modular form of weight two for the group I'o(Mp)
and character (Z) Since the sequence {c¢,,,} is chosen to annihilate the space of weight
two modular forms, the linear combination of the degrees vanishes, meaning the function
Hle(\llmi,<5> (r){ys,~t}|y)°m has degree zero, and thus it is independent of the choice of
generator. The following lemma simplifies this function by exploiting the fact that ~ is an

isometry on V; and preserves cosets of ' in its dual.
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Lemma 6.6. The product Hle(\lfmi7<5> (r){vs, yt}|y)em is equal to

k
[T I ot

i=1 0<u<M veV(uB,y~1A,rm;)
(u7 ):1

where V(ufB, v *A,r,m;) = {v € uf+ L’ : ord -1 (v) = r,Q(v) = m;}.

Proof. From the discussion about the choice of generator for £ and Lemma 6.3, the function

[T (Wi () {8, vt} |7) i i equal to

H H H (yve, v)omiBveetysnth

i=1 0<u<M veV(uB,A,rm;)
(u,M)=1

=

From Proposition 3.11, we have A, «o{7s,7t} = A, o{s,t}. Since v is an isometry, we also

have (yve, yv) = (vg, v). Therefore, the above product is equal to

k
I 11 [I  (wevyemdeton,

1=1 0<u<M ~veV(ufB,A\,rm;
M):1,y ( i)

(u,

Let v € (T¥(N))’. Then for a vector v € V; ® Q,, we have p"(yv) € A — pA if and only if
p"(v) € (Y*A) — p(y'A). Therefore, ordy(yv) = ord,-15(v). Using the fact that ~ is an

isometry and v preserves cosets, we conclude v~V (uB, A,r,m;) = V(uB, v 1A, r,m;).

We now state a useful proposition, followed by the proof of the invariance property. We

postpone the proof of this proposition to a later section.

Proposition 6.7. For an integer m, let

\I/m7<5> (A7 T){S, t} = H H <U£7 ’U>A“a°°{s7t}‘

0<u<M veV(ufB,A,r,m)
M)=1

u,

Then for any v € (TK(N)Y,

R Cm,.:
- Wi, (py (A, ) {s t} 17 «
I%EEOHH [‘I’mixm(w\ﬂ"){&t} =1 M(H, x H,)/Z,),
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for all s,t € Py(K).

The above proposition together with the preceding discussion implies the required

invariance property.

6.3.1 Proof of Proposition 6.7

We first establish two important preliminary results.

Lemma 6.8. Let A be as before. For v € (TX(N)), there exists an integer (v, ) such that
|lord, (v) — orda (v)| < K(v, A) for allv € A®Q,.

Proof. We scale the lattice yA by a sufficiently large power of p so that it becomes a submodule
of A. By the invariant factor theorem, there exists a basis of A, { f1, f2, f3, f1}, such that the
basis of YA is {p™ f1, p* f2, p* f3, p™ f4} for some integers a; < ay < az < ay. Let v be a vector
in A®Q,. We can write v = vy fi +vafo +vsfs +vafa = vip™ fr + v4p® fo + vip® f5 + v)p™ fy.
Therefore,

ordy(v) = — 1@124{0rdp(vi)}, and
ord,,(v) = — 112124{01"%(@2-) —a;}.

We note the following inequalities.
11£i1£4{0rdp(vi) —a;}+a; < 1r£i1£4{ordp(vi)}, and
lrélii&{ordp(vi)} < 11;1}%14{01‘(11,(?}1') —a;} + ag.
Therefore, ords(v) + a; < ordya(v) < a4 + orda(v). This implies |ord,z(v) — ords(v)| <
|CL1| + |CL4|. ]

Lemma 6.9. Let r be an integer greater than 2k(y,A) and let | be a line in (YA)/p"(vA)

that is generated by a primitive element of yA. Then for any vy, vy in the set

{ve B+ 1L ord\(v) =r,pv € Gen(l)},
we have ordy (vy) = ordx(ve).

Proof. Since the images of p"v; and p"vy in yA/p"yA generate [, there exists an o € Z, such
that vy —awy € yA. Therefore ord, (v; —awy) < 0, and we obtain ord, (v; —aws) < k(7, A) by
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Lemma 6.8. The assumption on r together with Lemma 6.8 implies ordy (v;) > 7 — k(7y,A) >
k(7y,A) for i = 1,2. Hence, ordy(v1) = ordp(awvy + (v1 — avs)) = ordy(aws) = ordy(ve). O

We drop the pair {s,t} from A, «{s,t} in the remainder of this section as it plays no

special role.
Proof of Proposition 6.7. Fix R such that R > 3k(~y, A) and consider the following expression
R

11 Uop(rA) 1o Tloevsam (ve v) 20
=0 \Ijmvﬁ (T’ IYA) r=0 HUGV(B,WA,r,m) <U§, U>Av’oo

This can be rewritten as

H <U€7 U>AU’OO X H <U§7 U>_AU’OO'

vep+IF vep+IF
orda (v)<R orda (v)>R
ordyA(v)>R ordya (v)<R

Qv)=m Qv)=m

In the second product, the condition ordy(v) > R forces ord,a(v) > R — (v, A) by
Lemma 6.8. By the same lemma, ord,,(v) < R forces orda(v) < R+ (7, A). We can further
refine the second product. Let £(p", yA) be the set of lines in (yA)/p"(yA) that are generated

by primitive elements. Then the second product becomes

0 00 I e

r=R—r(v,A) I€L(p",yA) k=1 veV(B,yA,r,m)
pTveGen(I)
ordp (v)=R+k
By Lemma 6.9, the set {v € V(5,7A,r,m) : p'v € Gen([),ordy(v) = R + k} is either empty
or is equal to the set {v € V(B,7A,r,m) : p'v € Gen(l)} whenever r > 2xk(y,A). Since
r > R — k(y,A) and R > 3k(vy,A), we have r > 2k(,A). Hence, the innermost product is

either 1 or is equal to

H (ve, U>7Av’oo‘

UGV(BaVAzT)m)
p"vEGen(l)
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Lemma 6.10. For a fized [ € £(p",y\), the degree of the product

H H <U§7 /U>7Av’oo

O<u<M UGV(UB»'YAﬂ’:m)
(u,M)=1 p"veGen(l)

s the m-th coefficient of a modular form of weight 2, level Mp and character (Z)

Proof. The degree of the product is

S IND DR

0<u<M veV(ufB,yA,rm)
(w,M)=1 " prpeGen(l)

The proof of Lemma 6.3 implies that the set V(uf,yA,r, m) is in bijection with

U U W(up, A\, r,m).

[eL(p™,yA) )\Esprim(p'")
A€Gen(l)

Because v € (I'(V)) acts by isometries, the disjoint union decomposition established in
the proof of Lemma 6.3 applies equally to the lattice vA. Restricting this bijection to our
fixed line [, the set of vectors v satisfying p'0 € Gen(I) corresponds exactly to the union over
X € Gen(I) of W(uB, \,r,m). Therefore we have the following equality,

> Yo A=Y Y S A

0<u<M veV(up,yA,r,m) O<u<M )‘esprim(pT) weW(uB,\,r,m)
(w,M)=1  prpeGen(l) (u,M)=1 NeGen(l)

By Corollary 4.10, the sum

2. 2 2 A

0<u<M AESprim (p") weW(uB,\,r,m)
(wM)=1 XcGen(l)

is the m-th coefficient of a modular form of weight two for the group I'g(Mp) and character

() -
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We now put together all the work and complete the argument. Consider the product

I II (ITII  IT (e,

r=R—n(y,A) 1€8(p" 7A) | =1 0<u<M veV(uByArm:)
(u,M)=1 p"vEGen(l)

where a(r) = 0 or 1. The degree of the product

k
I T e

i=1 0<u<M 'UGV(’LLB,"/A,T,’I’TLZ)
(u,M)=1 p"veGen([)
is zero by the choice of c,,,. Therefore it can be written as a ratio of bilinear pairings and
we can use the arguments of the previous section to conclude that there is a sequence of

constants {ag}, such that the ratio

k R w(7,A

)
1 A
LI T I I e

i=1 0<u<M r=R—~r(v,A) [€L(p"yA) k=1 veV(uB,yA,;r,m;)
(u,M)=1 pTvEGen(l)
ordp (v)=R+k

approaches 1 as R — oo, whenever v € X= for a fixed ¢. Similar arguments can be used for

the other product.

6.4 Analogy with Borcherds Lift

In this section, we describe the analogy of our results with the Borcherds lift for signature
(2,2).

We first express the main theorem in terms of divisors of the constructed functions. Let
m be a proper length with respect to L({, N) ® Q. Recall that 8 = ces € (L({,N))" for
some integer ¢ coprime to N, and let M = lem(4¢, N'). Following Definition 5.6, we define a
modular symbol taking values in Diviq(Hp x H,). For each s,t € P(K),

D(B,m){s,t} = > Aysfs,t} Ay and DB),m){s,t} = > D(uB,m){s,t}.

p 0 M
B edf=1

(6.6)
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Theorem 6.11. Let K = Q(v/—{) be an imaginary quadratic extension in which p splits. Let

N be an integer coprime to p and {. Let {c,,} e, be a finite sequence of integers such that
1. ¢, =0 if p divides m,

2. ¢ = 0 if m is equal to a® + (b* for some a,b € Q, and

3. forall f € MQ(FO(Mp) Z we have Z Cm X (m-th coefficient of f) = 0.

Then there exists U € MS((TE(N)F, M(H,, x H,)*/Zx) such that
div, (¥ Z ¢m D ) € MS((Tf(N)), Divf (H, x H,)).

Remark 6. The assumptions listed here imply that the collection {c,,}"°, belongs to
PPy(Mp, (3))' (see Definition 1.2).

We include a brief discussion on how we can view the analogy between our main theorem
and the Borcherds lift for O(2,2). Let F' = Q(,/p) be a quadratic field for a prime p. Let m
be a positive integer and define ([4, Definition 2.27])

T :={(21,22) €E H X H :az120+ Az1 + N29 + b =0, where
ANedp and a,b€Z ; AN —ab=m/p}.

These divisors T, are known as Hirzebruch-Zagier divisors.

Let Wy(p, (2)) be the space of weakly holomorphic modular forms of weight 0 for the
group Ty(p) with character (2). We denote by W' (p, (2)) the subspace of those f € Wy(p, (2))

whose coefficients c(n) satisfy c¢(n) = 0 whenever (£) = —1.

Theorem 6.12. (Theorem 3.44 of [4]) Let f € Wi (p, (2)) have the Fourier expansion
=20 emqg ™+ o dmg™. Assume that the principal part coefficients satisfy c., € Z.

Then there exists a meromorphic Hilbert modular form for the group SLy(Op) whose divisor
mo

18 Z Lo

m=1

Remark 7. While a full statement of the Borcherds lift predicts both the weight and the exact
g-expansion of the resulting form from the input data, we isolate this partial statement to

highlight the analogy with our theorem.
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Our theorem describes a lift from PP, (M D, (Z))T, rather than directly from a space of
weakly holomorphic modular forms. However, this input space can be viewed as a subset of

weakly holomorphic modular forms of weight 0.

Let WHF, (M D, (z))T denote the space of weakly holomorphic modular forms of weight 0,
level To(Mp), and character (3) that are holomorphic at all cusps except oo. For {c,,}me, €

PPy(Mp, (3))f, we have by definition

mo
Z cm X m-th coefficient of f =0

m=1

for every modular form f of weight 2, level I'o(Mp) with character <Z) By Serre duality,
the space Sy(I'o(Mp), (7)) is dual to the obstruction space for lifting Laurent polynomials to
principal parts of weakly holomorphic forms of weight 0, level I'o(Mp), and character (3).
Since {c,, } annihilates So(I'o(Mp), (;)), the obstruction vanishes, guaranteeing the existence
of an FF € WHF| (Mp, (z))T with principal part Y "%, ¢,,¢~™ at the cusp co. Therefore,
PPo(Mp, (5))T can be viewed as a subset of WHFo(Mp, (3))!. Viewing our theorem as a lift
directly from this subset of weakly holomorphic forms suggests a tantalizing analogy between

rigid meromorphic cocycles for O(3,1) and the classical Borcherds lift for O(2,2).

A natural question is whether we can construct a lift directly from the entirety of
WHF, (M D, (Z))T, bypassing the additional constraints placed on the coefficients {c,, } ;.
First, we require ¢,, = 0 whenever p | m. This is a technical assumption made to simplify the
lattice calculations in Chapter 4. We expect that this condition can be removed but would
require heavier bookkeeping. Second, we require c,, = 0 whenever m = a* + ¢b* for some
a,b € Q. We discuss this in Chapter 8. Third, the sequence must annihilate the full space
of modular forms M, (FO(M D), (Z))7 which is a strictly stronger condition than annihilating
only the cusp forms Sy. Our proof relies on the fact that the integers {c¢,,},.°, annihilate
a certain theta series that is not a cusp form. However, Darmon and Vonk construct an
analogous lift directly from a subspace of weakly holomorphic forms of weight 1/2 that are
holomorphic everywhere except at the cusp co. Adapting their methods to our setting may

provide a pathway to relaxing this full-annihilation requirement in future work.
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Restriction to Signature (2, 1)

Throughout our discussion so far, the vector space V; = Qe; ® Qes @ Qes ® Qey has
been a central object. We associated Archimedean and non-Archimedean symmetric spaces
to V;. Using the Archimedean space and certain integer lattices, we constructed integer-
valued modular symbols. Taking inspiration from this approach and using the p-adic space
and Z|[1/pl-lattices, we constructed modular symbols valued in functions modulo scalars.
As mentioned earlier, [5] proposed such constructions for quadratic spaces with arbitrary
signatures. The constructions of rigid meromorphic cocycles in [7] and [10] can be viewed as

instances of executing the aforementioned strategy for signature (2, 1).

In this chapter, we consider a subspace of V; whose signature is (2,1). Define W :=
Qe ®Qe3;®Qey. The p-adic space associated to W can be identified with the diagonal {(,7) :
T € H,} inside H, x H,—the p-adic space associated to V;. A rigid meromorphic function
on H, x H, can then be restricted to H,. This restriction at the level of functions allows us
to obtain a restriction from the cocycles of (I'¥(N)) to those of (T¥(N))Y N SLy(Z[1/p]), as

explained in Section 7.3.

We recall that cocycles for Bianchi groups are constructed using the annihilators of the
space of modular forms of weight 2. Let {my,...,my} be integers such that each of these is

a proper length with respect to V. Given a suitable collection of integers {c,,, }¥_,, there is a
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cocycle with divisor Zle Cm; Dm,, where each D,,, is a cocycle valued in divisors on H, x H,
associated to the vectors in V; of length m;. The diagonal restriction produces a cocycle whose
divisor is a combination of D,,,, NH, for 1 < ¢ < k. Similar to D,,,, there are divisors D,, 3 on
H, that are associated to the vectors in W of length n. Therefore, each divisor D,,,, N H,, can
be expressed in terms of D, 3. Upon rewriting the divisor S2% | ¢y, (Dyn, N H,) in terms of the
divisors D,, 3, we observe that the coefficients of the divisors D,, 3 match those of the principal
part of the formal series obtained by multiplying a suitable theta series with the Laurent
polynomial Zle cm;q~ ™. This observation is precisely stated in Theorem 7.13. The relation
between the input of a Bianchi cocycle and that of its diagonal restriction is similar to the

one established in [18] between the input of a Borcherds product and its quasi-pullback.

7.1 Projection to the Subspace

Let w: V;, — W be the projection given by v — v — (<:2’—€:2>>62. The group SLy(K) acts by

isometries on V;. Its subgroup SL2(Q) fixes the vector ey, and thus SLy(Q) acts by isometries

on W. A straightforward computation shows that the projection map 7 is SLy(Q)-equivariant.

Verification of action on e;. Let v = (2%) € SLy(Q). We use the image of e, which is
My = (‘/? \/sz), from the model of V. Thus,

VMY~ = Myyy ™" = Moyyy ™' = M.

7.2 Restriction: Archimedean Story

We recall the discussion on the Archimedean symmetric spaces from Chapter 3. The
vector space V; ® R has signature (3,1) and we consider the space of lines of negative
length. This space is a manifold of dimension three and is identified with H®) = C x Rx,.
Using the model of V;, we see that the identification is obtained by sending each matrix
<I+‘b/,_7y _m+li/jzy> of determinant 1 to the point (x + iy, b) on H®). Viewing W inside V;, we
see that the vectors in W that are of length —1 are of the form ( i fx) with 22 + bb = —1.
Thus, the Archimedean symmetric space associated to W is {(z,b) : © € R,;b € R5}. The
symmetric space can be seen as the Poincaré upper half plane H embedded inside the upper

half-space H®).

For the case of signature (3, 1), integer-valued modular symbols are constructed using
the intersections of geodesics, or equivalently, the integrals of 1-forms on H®). For signature

(2,1), we can also construct integer-valued modular symbols by describing the 1-forms on H.
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For w € W and s,t € P1(Q), we define

Apoos{s, £} 1= e2mwm) / n(r,w),
B(H{s,t})

where n(-, -) is the differential form described in Section 3.1. Let e, e; denote isotropic vectors
corresponding to s,t. By performing the calculations identical to those in Section 3.1.2, we

get

—sgn((w,e;)) (w,es)(w,e) <0
Aposls 1} = —3sgn((w,er)) (w,e5) =0, (w,e) #0 (7.1)
ssgn((w,es))  (w,e) =0, (w,es) #0
0 (w, es)(w,e;) >0

The function A, « 3{s,t} also satisfies the two-term and three-term relations. Moreover,
Ao 3{78, 7t} = Ayooa{s, t} for any v € SLy(Q). The proofs of these facts are identical to

those in Proposition 3.11.

Note. From now on, we use A, o 49, -} instead of the notation A, .{-,-} to denote inter-

sections in H®. This allows us to distinguish between intersections in H and H®.

The intersection number A, o 4{s,t} is equal to Az 3{s,t} forv € Vy and s,t € P1(Q).
This equality can be verified using (3.8) and (7.1). Let m be a proper length with respect to

Vi. Recall that for § = ces, where ¢ is an integer coprime to N, the sum

Zm, B+ LN = Y Apeea{n)
vEB+L(L,N)
Qv)=m
is a modular symbol invariant under T (N). Any v € B+ L(¢, N) is of the form ae; + bey +
(c+ Nc')es + dey, where all a,b,c’,d € Z. The vector v can be written as bes + 7(v), and thus
Ay ooals,t} = Arpw)cosls, t} for s,t € P1(Q). Define Ly (N) := L(¢, N) N W. We then have

Z(m, B+ LN st} => " Y Ayss{st} (7.2)
bEZ weB+Ly (N)
Q(w)=m—L£b>

The inner sum is zero whenever b? > m/{ as established by the following lemma.
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Lemma 7.1. Let w € W with Q(w) < 0. Then Ay oo3{s,t} =0 for any pair s,t € P1(Q).

Proof. Let w = ajes; + anes + aze; where e, is orthogonal to e and e;. Therefore Q(w) =
a?Q(esy) + azaz(es, er). Since (eg,e;) < 0 and Q(ess) > 0, Q(w) < 0 implies azaz > 0, which
is equivalent to (w, es)(w,e;) > 0. By (7.1), Ay o 3{s,t} = 0. O

Let m’ be a rational number that is not a perfect square in Q. For s,¢ € P1(Q), define

Zm', B+ Lw(N){s.t} = > Ayws{st}
wEPB+Lw (N)
Q(w)=m'

This sum is finite by our assumption on m’, as can be verified following the proof of Lemma 6.2.
In (7.2), the rational m cannot be written as a® + £b* for any a,b € Q. Therefore, m — (b* is

not a square in Q for any b € Q. Hence,

Z(m, B+ L(6,N)){s,t} = Z(m — 0 B+ Ly (N)){s,t}.

bEZL

Remark 8. The condition that m cannot be written as x> + (y* implies that m — (b* is
never the square of a rational number. The notion of proper length captures the cases where
intersections do not occur at the boundary. Therefore the analogous notion of proper length

with respect to W implies the non-square condition.

We end this section by describing the specific subgroup I' C SLy(Z) for which the sum
Z(m, B+ Lw(N)){:,-} defines a I'-invariant modular symbol.

Lemma 7.2. The sum Z(m, 4+ Ly (N)){-,-} defines a TY(N)-invariant modular symbol,

where
0 o a b fa b _ 1 o
I'T(N) .—{(c d) € SLy(Z) : <c d) = (O 1) ( dN)}.

Remark 9. The group here is the well-known congruence group I'y(N). However, we use a

superscript Q to mirror the Bianchi group notation: TE(N).

Proof. The two-term and three-term relations are clear. It remains only to verify the TZ(N)-
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invariance. Note that T¥(N) = SLy(Q) NTX(N). For any v € TE(N),

Zm, B+ Lw(N) sty = > Aucas{ys. 7}y
wEB+Lyy (N)
Quw)m

= Z Aw,oo,?){'ysu ’}/t}
wEB+Lw (N)
Q(w)=m

= Z A7—1w7w,3{s,t}
wEB+Lyy (N)
Q(w)=m

= Z Aw,oo,S{Sa t}
weyB+vyLw (N)
Q(y tw)=m

= Z Aw,oo,?){sat}-
wEB+Ly (N)
Q(w)=m
We have used that the group I'®(N) preserves the cosets of Ly (N) in its dual. This is

established by the same computation as carried out in the proof of Proposition 6.1. O

7.3 Restriction: The Non-Archimedean Story

The p-adic symmetric space X, 4 attached to V, ® Q, is constructed, as explained in
Section 5.1, by considering isotropic lines in V; ® C,, that are not orthogonal to any isotropic
line in V; ® Q,. We use the same recipe to associate a p-adic symmetric space to W ® Q,.
One approach is to follow the calculations of Section 5.1. However, we use the inclusion

W — V,.

Proposition 7.3. The p-adic symmetric space associated to W is H,.

Proof. Let w € W ® C,, be an isotropic vector. We determine the conditions under which
such a vector is orthogonal to some isotropic vector in W ® Q,. If w is orthogonal to some
isotropic vector in W ® Q, C V; ® Q,, then w € V, ® Q,. Thus w € W ® Q,. Since any
isotropic vector of W @ Q, is orthogonal to itself, the line generated by an isotropic vector w

is in the symmetric space if and only if w ¢ W ® Q,,.

Any vector v in V, ® C, is an element of W ® C,, if and only if v is orthogonal to e.
Therefore, the p-adic symmetric space attached to W is precisely the set of isotropic lines
inV, ® C, =V, ® Q, that are orthogonal to e;. This is equivalent to saying that the p-adic
symmetric space attached to W is A, , 4. Identifying X, with H, x H,, the points in
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H, x H, that correspond to lines orthogonal to ey constitute the diagonal {(7,7) : 7 € H,}.
Therefore, the symmetric space attached to W is identified with H,,. n

Definition 7.4. Any meromorphic function on H, x H, yields a function on H, by restricting
to the diagonal {(7,7) : 7 € H,} C H, x H,. We use DiagRes to denote the restriction map
from M(H, x H,)* to M(H,)*.

Definition 7.5. The inclusion H, — H, x H, induces a map from Diviq(Hp X H,) to
Dt (H,) defined by

M. Divl,(Hy x H,) = Div), (Hy)
AU’pA — Aw(v),p,:s - Av’p"l N A527P74 = {<Tl> TQ) € Av,pA T = 7'2}7

where A, ;4 s the same as A, , defined in Definition 5.5. We use a slightly different notation

because we now work with two distinct p-adic spaces simultaneously.

Lemma 7.6. The maps DiagRes and 11, are SLy(Q)-equivariant.

Proof. Let ¢ € M(H, x H,)* be a meromorphic function, and let v € SLy(Q). Then we
have

DiagRes(¢|7)(7) = (¢|1)(7,7) = 6(y7,77)
= ¢(7T7 77—)
— DiagRes(¢)(y7) = (DiagRes(¢)|)(7)

Therefore, DiagRes((bh) = DiagRes(gb)!'y. Similarly, let D = Zvew ayAypa € Dwiq(?-{,p X Hp)
be a divisor. Then for v € SLy(Q),

D‘7 (Z Ay vp4"y) * (Z avAv—lv,pA)

veEV) vEVE
= Z avAﬂ('y_lv) 0,3
veVy
=D @A inyps = ) @l paly = IL(D)|.
vEV) veVy
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Lemma 7.7. Let M, , (resp. My, 3) denote the multiplicative group of rigid meromorphic

functions on H, X H, (resp. H,) whose divisors are in Diviq(?[p X H,) (resp. Dw:[q(Hp)).

Then the following diagram is commutative.

% DiagRes %
-
rq,4 rq,3

ldiv ldiv

Dt (H, x H,) —=— Divl (H,,).

Proof. Let ¢ € M, Then we need to prove div(DiagRes(¢)) = IL.(div(¢)). Since

rq,4-
DiagRes(¢) is the restriction ¢|A., 4, we have div(DiagRes(¢)) = div(¢) N Ae,pa. By
definition, II,(div(¢)) = div(¢) N A, p4 and thus the lemma is proved. O

A (Tf(N)Y-invariant modular symbol is a map from P;(K) x Py(K) valued in M} ,.

X

rq3- Oimilarly,

Restricting the domain to P1(Q) xP; (Q) and applying DiagRes gives a map to M
starting with a Divlq(’;'-[p X H,)-valued modular symbol, we can use restriction combined with
I1, to obtain a function from P; (Q)xP;(Q) to Div},(H,). The following lemma establishes that
both resulting functions are modular symbols invariant under (I2(N))F := (D (N) NSLy(Q).

Lemma 7.8. Let Q3 be a (TX(N))F-module and Q4 be a (DK (N)F-module such that there is
an SLy(Q)-equivariant homomorphism V: Qy — Qz. Let m®{. -} be a (T'X(N) ) -invariant

modular symbol valued in $2y. Then the map

m?: P, (Q) x P, (Q) — Qs
{s5,t} — U(m*{s,t})

is a (TY(N)P-invariant modular symbol.

Proof. The two-term and three-term relations follow since ¥ is a homomorphism. Let
v e (IYN)Y. Then

syt |y = WS s 4}y = W (s, 1)) = s, 1)

Consequently, we have the following commutative diagram.
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DiagRes

MS((TY (V)Y My 5)

rq,3

MS((TF(N))', M7 4)

rq,4

ldiv ldiv

MS((CE(N)Y, Divf (M, x H,)) —— MS((TE(N)Y, Din, (H,)).

We also get a commutative diagram for the module of functions modulo scalars.

DiagRes

MS((TF(N))', M7 4/ Z5) MS((TY (V)Y M3/ Zy)

ldiv ldiv

MS((DK(N)Y, Dinl, (M, x H,)) —— MS((L(N)Y, Divf, (H,)).

By Theorem 6.11, there exists a modular symbol valued in M ,/ZX whose divisor
is a certain linear combination of the divisor-valued modular symbols D(5,m) defined in
(6.6). We use the map DiagRes to obtain a modular symbol valued in My 5/Z> whose
corresponding divisor-valued modular symbol is then a combination of IL,(D(5, m)). In the
remainder of this section, we compute I1,(D(5,m)) in terms of vectors of W. From now on,

we use the notation Dg,, 4 instead of D(5, m). Recall that we have,

Dﬁ,m,4{87 t} = Z A1),()0,4{87 t} Av,p,4‘

v€5+Lp
Q(v)=m
Applying the map II.(-), we get
H*(Dﬁ,mA){S, t} = Z AUQOA{S, t} Aﬂ-(v) p,3
veB+IP
Q(v)=m
Since Ay oo a{s,t} = Arw),00315,t} for any s,t € P1(Q), we rewrite the above equation as

1L, (Dﬂ,m,4){87 t} = Z A71'(1)),00,3{37 t} Aﬂ(v),p,?)

vE,B-i—Lp
Qv)=m

Every vector v € 3+ L” uniquely decomposes as v = 7(v) + bes, where b € Z[1/p]. Define
5, .= I’ N W. Thus,

L(Dpma){st}= > > Auea{st}Auys. (7.3)

bEZ[L/p] wep+Ih,
Q(w):m—b%
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The divisor IL,(Dg,4){s,t} is locally finite on H, because Dg,,4{s,t} is a locally finite
divisor on H, x H,. The above sum can be refined by applying the properties of the special
divisors A, , 4. Recall from our discussion of Archimedean spaces that for any w € 3 + L},
we have A, o0 3{s,t} =0 for all s,¢ € P;(Q) whenever m — b*¢ < 0. Therefore, we must have

b* < m/{. Moreover, the following lemma shows that b must be an integer.

Lemma 7.9. Let w € W @ Q, with Q(w) =m — (b*. Ifb € Z[1/p]\ Z, then A, 3 = 0.

Proof. We first consider the case where the length Q(w) is a square in Q,. Let Q(w) = a?
for some a € Q. Since the space W ® Q,, is of rank three and discriminant —1, we have a
basis of W ® Q,, given by {w, {1, {2} where {1, {5 are isotropic vectors with (¢, ¢3) = —1. The
vectors orthogonal to w € W ® C, are of the form a4/, and asl; for ay, o € C,. However,
these are orthogonal to /1, {5 respectively. In W ® C,, the only isotropic vectors orthogonal
to w are scalar multiples of either ¢, or /5. However, these are orthogonal to ¢; and /s,

respectively. Consequently, A, ,3 = 0.

We now establish the statement in the lemma. Let w € W ® Q, with Q(w) = m — (b*.
For b € Z[1/p] \ Z, we write b = bop~™ for some by € Z and n > 1. We then have

_ p*'m — (b}

m — (bgp~ " o

Hensel’s lemma guarantees that the numerator is a square in Q,, for n > 1. Therefore, A, 3
is a trivial divisor for w with length Q(w) = m — ¢b2p~*", whenever n > 1. Thus the only

contribution comes when b € Z. O

The lemma and the discussion above it imply that there are only finitely many values of
b that contribute to the sum (7.3).

Let m be any rational which is not a square and 3 € (Lf},)". For s,t € P;(Q), we define

the divisor

Doms{sith = > Aucs{s.t} Aups
wePB+Lw (N)
Q(w)=m

Therefore, I1,(Dgma) = ZD@m,gbz’g.

beZ
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7.4 p-adic Analogue of Quasi-Pullback of Borcherds
Products

Let M = lem(4¢, N), where ¢ and N are as in the previous sections. In this section, we

work with a specific space of cusp forms that we define below.

Definition 7.10. We denote by S3/2 (FO(Mp), (Z)> the space of cusp forms of weight 3/2
for the group To(Mp) with character (Z) A function g: H — C belongs to this space if it

satisfies the following conditions:
1. g is holomorphic on H and vanishes at all cusps of To(Mp),
2. the function h(t) := g(7)0({1) is a modular form of weight 2, level Mp with character
(@)-
Definition 7.11. We define the set PP, (Mp, (z))T to be the set of finite collections of

integers, {d,}°, for an arbitrary positive integer mq, such that
1. d, =0 if n is a square, and

2. for each cusp form g € Ss;2(Lo(Mp), (3)),

Zodn x {n-th coefficient of g(1)} = 0.

n=1

Definition 7.12. Let § = {c,,}n%, be an element in PPo(Mp, (z))Jr for M = lem(44, N).
Define

Or.: PPo(Mp, (7)) = PP1o(Mp. ()’

{Cm 20:1 = {dn s

where

d, = E Cre52-

JEZ
052<mo—n

The well-definedness of the map O, is established in Lemma 7.14. To state our second

main theorem, we slightly modify our notation. We use D 4 to denote the divisor

87



> 0<u<M Dygma and Dygy 3 to denote the divisor D o<cucrr Dugim,s-
(u,M)=1 (u,M)=1

Theorem 7.13. Let 6 = {c;n}l, be an element in PPo(Mp, (E))T (see Definition 1.2). Let
Ws be the corresponding modular symbol constructed in Theorem 6.11. The divisor-valued

modular symbol corresponding to DiagRes(Ws) is

mo
Z an(,B),n,&
n=1

where {dp}% = Op({cm}my).

Proof. The divisor of s is >, c;nDgy,m4. The divisor of DiagRes(¥s) is

mo mo mo
Z Cm 1Ly (D(,B>,m,4) = Z Cm Z D(B),m—ZjQ,?; - Z Z Cne52 D(ﬁ),n,S‘
m=1 m=1 JEZ n=1 \/{j2<mgo—n

O

Remark 10. This theorem provides an explicit formula for the divisor of the diagonal
restriction of a given Bianchi cocycle. The formula suggests that there is a similar relation of
multiplying by a 0-series as known in the case of quasi-pullback of Borcherds lifts from O(2,2)
to O(2,1). As explained in Chapter 1, this theorem strengthens the analogy between classical

Borcherds lifts and rigid meromorphic cocycles for orthogonal groups.

Lemma 7.14. The map ©,.: PP (Mp, (z))Jr — PPy (Mp, (z))Jr 15 well-defined.

Proof. The claim follows from a direct computation. We first note that if n is a square then

Cntej2 1s zero for each j by definition.

Let g € S3/2(I'o(Mp), (7). Let the g-expansion of g be
g(1) = Zag(n)q”.
n=1

Multiplying g(7) by the theta series 0(é1) = 3., ¢ yields a modular form of weight 2 for
the group I'o(Mp), namely

o0

g()or) = > | Y aglm —£5%) | ¢ € My(To(Mp), (3)).

m=1 \¢j2<m
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Let § = {¢n}me, € PPo(Mp, (z))T By definition of PPy(Mp, (Z))T, the sum

icmx Z a,(m —£5%) | =o0.
m=1 ¢2<m

By substituting n = m — £52 and exchanging the order of summation, the left-hand side can

be rearranged as

Y0 cnp)agn) = duag(n).

n=1 ¢j2<mgo-n

Consequently, >, d,a,(n) = 0. Hence, the sequence {d, } 1%, lies in PPy (Mp, (z))T O
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Future Directions

The main theorems presented in this thesis rely on several simplifying hypotheses.
We believe that investigating and eventually removing these hypotheses will deepen our

understanding of rigid meromorphic cocycles and strengthen the proposed analogy.

8.1 Proper Lengths

The notion of proper length is central to the construction of rigid meromorphic cocycles
presented in this thesis. However, the current framework does not extend to constructing
rigid cocycles associated with rational numbers m that are not proper lengths. In this section,

we discuss the underlying obstructions and outline potential alternative approaches.

Recall that the Fourier expansion of theta series as described in Equation (3.7) is given

by

Z o D>, msen((Xae) [+ )] G+ L. (81)

i=1 | k=0 \ X,€h/+L' Xochl/+L" X1€hj+L'
QX ) k Q(Xz)—m k Q(X1)=m

There are two types of coefficients in the above expansion. In this thesis, we restrict our
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attention to the coefficients that do not involve zeta values. These coefficients can be expressed
as intersections of geodesics, allowing us to construct integer-valued modular symbols. The
remaining Fourier coefficients also admit a topological interpretation, as detailed by Funke
and Millson [9]. Briefly, this approach involves attaching a Borel-Serre component to each
cusp and describing cycles associated with vectors whose length is the norm of an element in
K. However, these cycles are not attached to individual vectors, but rather to a collection
{v + ae}, where e is an isotropic vector corresponding to the given cusp. The divisor of a
rigid cocycle is a sum over vectors, where each vector contributes an intersection pairing and
a well-defined divisor on the associated p-adic space. To utilize the interpretation given in

[9], one must formulate new candidates for divisors associated with the collection {v + ae}.

8.2 The case of an Inert Prime

Throughout this thesis, we have assumed that the prime p splits in K = Q(+/—¢). This
assumption allows us to view SLy(K) C O(3,1) analogously to the Hilbert modular group.
We then identified the associated p-adic space with H, x H, as described in Chapter 5.

A natural future direction is to investigate the setting where p is inert. In this case,
the vector space V; ® Q, acts as a p-adic analogue of a real quadratic space with signature
(3,1). As before, we need to determine a suitable p-adic symmetric space. Following the
methodology of Section 5.1, one could explicitly realize this space using the following non-split

Qp-vector space of matrices,

b
Wp;:{<a g):aeK, andb,ce@p}.
Cc —a

The quadratic form ) on W, is given by the negative of the determinant. Using this model
we find that the rigid space X, is in bijection with (P1(C,) \ P1(Q,2)) x (P1(Cp) \ P1(Q,2)).
Interestingly, this space is discussed in the work of Hassan [12] in the context of evaluating
rigid meromorphic cocycles of higher weights. To develop the theory for the inert prime
setting, it remains to construct rigid meromorphic cocycles for this specific setting and
investigate their properties. Future work could focus on computational aspects, such as
gathering evidence for algebraicity, establishing connections to explicit class field theory, or

proving lifting theorems.
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