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Abstract 

c-losd f i î4t i  aiid al1 sucti solutions arc tiescril~ed. Puranietric 



Résumé 

Daiis cette ttitse iious esaiiiiiioiis les solutioiis püraiiietriqties dc 1'i;qiiiitioii 

di' Ferrulit gériGralisée. 
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1 Introduction 

\ \ * t a  will  i.oiisider ~ ~ t r r u t n r i t r - ~ r  solritroris tao t tiis iytiiition owr  difircrit ficllds. 

Tlitl i 1 c ~ p ~  of ;i pirrarnctric solution ( a ( t ) .  i ) ( t ) .  c m (  t )  ) owr F is tloiinrd to 

Iw rniis{ilvg((i( t )'). clthg(b(t)"). tlcg(c(t)') ) .  

\ \ i~  tlrfiliv t lit) Euler <:lr«r.uctei-istic \ ( p .  cl. r ' )  of t l i ~  txpatioii assorii~tid to 

t lio triplv ( p .  cl. r.)  by 

Tlic study of the generalizcd Fermat ecpation cari I x  separated into tliree 

cases: 





aiid ci)iidiiiI(~ rliat if  therr esists soirie t~i~ilieciciirig of r,,,,,,. irito PGL~(F)  

irliidi is 6scd glot);illv Ln* t h  Chlois groiip G,. := G , I ( F : ' F ) .  rliiw t l i c w  is ;i 

pirarrim-ic soliitiori t o  ali rquatiori of typo ( 1 ). 

\k t h i  show t hat al1 pararricbtric solutions over ari alge tiriiiciilly cluscd 

îirld arc. iii sorne sense. eqiiiwletit. This rosiilt eiiebles i ls  to  rrlittr riori- 

iqiiivitlriit pirariictric solutioris t,o Chlois c~oliciiriolog,y. hlortb ~t>i~i.iti<.iill!.. t.liv 

iioii-ccl~ii~;il~~~it piiriirrietrir- suliitioiis owr F r t i  .r'' - y'/ = :' ;ins i i i  iiii  t ilriil Iii- 

. j w t  i o i i  wi th a siil>set of t tic. iion-irheliari colioniology sot H ' (GF.  .\ut ( î,,.,J ) . 



Solutions over algebraically closed fields 

Introduction 

Tlir riiaiii tliroreni of this cliaptri is: 

Tlw proof of the tirst part of the rheorem is elenieritary. iiwolvirig oril\ 

Iiiisir properties of polyriomials. Tlir proof of the srcotid pilrt is I~iistd 011 

~"upwt  itbs of* tiriiw su bgroups of' PGL1 ( F) . i i i i t l  tlirir iiiwriuit t liiwn-. 

'Tliv Eiilcr cliaracteristic as dcfined iibovt. iirises in a iiatural way iii tlir 

rliwsification of suhgroups of PGL2(F). More precisely, eacli triplcl of expo- 

rirnts sutisfving t (p. q .  r')  > O (the 'spherical case'). corresponds to e finitr 
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wli(w cl( t ) .  b( t ) .  c( t ) are relativrly primc polynomials. 

This. t lwii. p j w s  ii piiranietric solutiori to tlic gtwralizcd Ferrriat qiiatiori  

o w r  F. Tliv firial s t rp  is to sliow t liat ni1 prinii t . i w  ~)iir;iiric.tri< soliit ions o f  

t l i t b  g twralizc4 Frrriiat rqiiiition ariw frorii soltitioiis ol~tiiirirtl iis iiI)<)\.tb: t liis 

proof relies oii some basic dgebraic g e ~ n i ( ~ t r y  atid rtsults about covoriiigs of 

i l i v  projert i w  lirir ouer F. 

2.2 The elliptic and hyperbolic cases 

This sectioii iatablisiies part 1 of Throreni 1: ii;riiicly. tliat tvirli  oiir srridl 

rot d i  tion. t lieri. are no rion- t rivial prinii t ive paraniet ric solut ioiis ru r lw g ~ i i -  

cmlized Ferniat ecluatiori I' + y" = rr.  i ~ i  the elligtic and liyprrbolic cases. 



Claim: ilune <IF a( t 1. b( t ) .  r ( t )  have zero derivatiw. 

Proof of Claim: Suppose at lrast oiir of a(t)J' .  b ( t ) ' l  irrid r- ( t ) '  Iw(.oiiies 

O cipori tlitfereiitiatiori. II p ( t ) P - ' d ( t )  = 0. rquütioii (3 )  11<~cr)iries 

Siri(*(. Q). c ( t )  are relatively prime. tliis irriplies tliat 6(t) ' -  ' cli\id(?s (a'( t ). iiiid 

( )  d i i l s  6 )  The ckgrer of each side of tliis equatiori is .\' - 1. so 

< log(b ( t ) )  = .\'!cl and deg(c ( t ) )  = .V/r. 

12 



At Irast uiio or b( t )"  and c( t )' has degrw 3: usu t r i e  tliat ilrg(v( t )' ) = .Y. 

Silice b( t ) i i r i d  ~ ( t )  are relatively prime. c( t ) ' - '  divities pal(t)b(t)  - q t c ( t ) M ( t ) .  

H v n w  vit1ic.r pd ( i ) b ( t  ) - p ( t ) b t ( t  = O ur 

Silictb ~ ( t  ) iirid b ( t )  are relatively prime. pu' ( t ) b ( t  ) - c p ( t ) b l ( t )  = (1 irnplies 

tliat ~ ( t )  clivicles a l ( t ) .  which is impossible since the degree of u ( t )  is at Icÿst 



Roarrarigi~ig t his equiitiori givrs 

so t t1;it \ ( p .  q. I ' )  > 0. 

If' tlcg(r(t)') < .Y then deg(b ( t ) " )  = .Y. i~iid iiti arialogoils iirgunient. 

twgitiriing witli ttie h c t  tliat b(t)"-'  divides p a t ( t ) c ( t )  - r r1 ( t )a ( t ) .  gives the 

bii!llt' resul t.. 

Tlius. i f  \ ( p .  (1. r )  5 O. r i i ~  clegree of' ewry  piiriinietric* solutiori ovrr F t u  

t t i r 1  orllliltiurl .riJ + !j'i = zr is divisible by the cliaractc!risti< uf F. LI 

TLir co~iditioii on tilt' cliaracteristic of F is ii rircessiiry oiic: to ser tliis. 

iwisider ir field F uf cliaracteristic p. Let u ( t ) .  b ( t )  E F [ t ]  hr t.wo lion-coristarit 

ichtively prime polynomials. Then 



2.3 The spherical case 

2.3.1 Some facts about PGL2(F) 



This il(: tiort is i i o t  t'ai tiiful. as t h t h  elriiicrits 

g i w  t h ( )  saiw fractional linear t rarisfornintiori. Tu rtwtih tlio sir iiat ioii. wcb 

t iik(1 t l ic l  q i i i i t  icwt of GL2 ( F) I q *  its ctmtcJr. wbic:li c~oiisists of d l  iiiat,riws of 

t IlP t . 0 ~ 1 1 ~  



ProoE Use the rquat ion 

Proof: E w r y  niatris i i i  GL2( F j is siniilar r o  ;i i i i i it  r i s  o i t  l i i ~  id r hi. f i m i  

Sirw si11lilar n i i ~ t r i ~ t ! ~  have thr sarne ortier. aiid sincc -, lias tiriittl ortlw primtb 

1 r O t l i ~  ctiu;ic*t.cristic of F. tlw st~orid cm;wt) C ~ L I ~ I I O T  w x x r .  LC 

Lr~~nriia 2 slio\vs tliat rlerrierits of finite urder of PGL2( F )  t-aii I i t h  c l i q p -  

rialized: for. if orle representative of -1 E PGL2(F) is diagonal. then al1 scalar 

riiultiples are also diagonal. Tlius. if 7 E PGL2(F) lias tiriite ordcr relativdy 

prime to t l iv  cliaracteristic of F. theri -4 is diagonalizable. 

Tlii~ folluwing usefiil lcmnili giws a c1iar;ic:terizatiori of tlir ordw of an 

elernerit of PSL2(F) baseci un its trace. 



Lemma 3 Let T E PSLî ( F )  . 

n1iii:ti iiiiplies t liat a' = P. rrieariiiig u is eitlier a priniitiw rtli roor of unit- 

[iiii<l r -  is odd). or a primitive 2rth root of unity. 

Now.  siippose T E PSL2(F) i i ~ s  trace < + <-'. i a prirriitivc. rth root uf 

~iriity. The product of the eigenvalues of T is 1 iiiid tlieir siini is < t < - ' . i ~ r i d  

tliiis t h  t~igeriïalues of T riiust Iw I< and k<-l. so (!)y (~strricliiig scaliirs if 

I I ( W S S H ~ ~ )  O1lcJ ciln diagonillize T. iü: long as < # < - l .  



2.3.2 Finite subgroups of PGL2(F) 

Tliis srctioii tst;iblislics s ime  properties of fiiiitc. siibgrotips 01' PGL2(F) 

nliicli will tw.d>le us t« g i w  a cliaracterizatiori of al1 sucli siibgroiips. 

Lemma 4 L d  F Dc a field. For T E GL2( F )  . r l i $ r r i  



so tliüt ,- siitisfies the quaciratic equiltion C-' + ( d  - (1 ) :  - O = O ( * ) .  T h e  

;ire ttirer cases to corisider: i )  c # O. i i )  r = (1 iiiid il # (1. i i ~ l  i i i)  r = 0. 

f l  = tL # o. 

Firsc. ;bsurritl t h  (* # O. T k i i  tiiîb qiiiid~atic t'orniulii g i w s  thth rciots of 

t liis equutioii: 

Tliiis. t i i i b  equatiori hiis: 

9 .  '1 roots iri F if & T )  is a nori-zero sqiiari3. 

If c # O ttien x is not fised by T. sa tlic roots Iisted abovr arc1 al1 the fised 

poir~ts of' T i11 iP1 ( F ) .  

su tliat x is also a fised point of T. Tlius. in tliis case. l ( T )  = ( (1  - d)' iiiid 

T lias two fised points. 

If = 0 ;ilid (1 = u # 0, tlir at~ove ~ q u a t i o n  g iws  -6  = O. whitrh clcarly 

Lias iio solutions unless 6 = O. Howver. if 6 = O then T = I I .  colitrary to 



Corollary 1 Lct  F 6e ii jirld. The trction oj PGLî(F) on !P1 ( F )  n s  riefined 

d i o w  t s  j(iithf1~1. 

Proof: By t hr precedirig lemrnii. ewry iiori-ideiitity c h i t w t  of PGL2 ( F )  

lias at rliost t.wo fised poirits. C 

Corollary 2 Giuen uny two t n p l e s  (sl . sl. ::,). (  ri:^ . i r i .  O/ disLirrrt ele- 

r!'rvct.s oj P1 ( F ) .  thcre i s  u unique r E PGL2(F) srr<:h tliut 7 (2,) = tc,. 

ProoE Existerice wiis sliowri i r i  Lemma L. arid uiiiqueiit!~~ follows frotri tliil 

f;irt tha t  PGL2(F) acts faithfully or1 PL (F). ~i 

The bllowiiig two lemrnas give important properties of tinitr subgroups 

o f  PGL2(F) whicli will be used extensively iri the sequel. 





Rthcall tliat if  y E G' tlieii 

i~iid tliis riiatris is in G. Ariy rriatris of tliis hrrn is eitiier I i ~ r  lias order p or 

x. su f g f - hl-' = 1 foi. al1 g E G. Tlie~i Dr(& - 1 ) = O. sr) b = O (iiiipossil)lr) 

o r  o = 11 (iiiipossible) or r = 0. Tli<wfurr al1 t h i c w t s  d G ;ires diagorial 

trlatrices o f  t i i ~  hm 

ProoE Cotisider î. a finite subgroup of PGL2(F). whrw F is a tirld whost' 

cliaractrrist.ic does not divide II'/. r acts 011 PL (F) ;iiid cbvery iioii-ideritity 



Tliiis. ;di riuri-idciitity c h i i e i i t s  of r iiaw eitlier 1 or 2 tisc~l poiiirs i ~ i  P1 (FI.  

h i w .  siippose - E r iiiis only 1 fisecl poirit. Tlieri 

Piitting -: iri riorrrial form gives 







points of  G. rounting inultiplicities. Tlius 

Diviïliiig tliroiigli bu .Y iii the abwr identity gives 

Siiicc > 1. i t  Folliws that  I 5 2 - ?/.Y < 2. aliich iiriplirs tliat 

Siiicr e, 2 2 Qi. l/e, 5 112 and (1 - l /e ,)  2 1/2. Tlius. 



Oiie quickly rlisprrises witli tlic u s e  r i  = 2 .  sirice il II  = 2 Lwiriia 8 says 

tliat 

i t ~ i i l  ~ i i i < + t ~  r , ,  < .\'. r d ,  = .\'. Bilt th011 twlsl- tllriiiriit of I l i t ~  i l  <*0I11111011 ~ S < J C ~  

poirit. aiid Lciiiriia 3 iiiiplirs t h  G is c y l i c  

If n = 3 .  SN ( r i .  0 2 .  t { )  = (p. (1. 1 . ) .  Tliv oiily possiliilitics iirch tiiiit (p. y. 1 ' )  

is orle of  tliv hllowing triples: (2. 2 .  1.) for 1. 2 2 .  ( 2 . 3 . 3 ) .  ( 2 . 3 . 4 ) .  (2 .3 .  5 ) .  

Let PI = {.ri. ). L t  C r i  1 1 s t i l i  of . It is i v l i c -  01' ~ i i d < ~  1 .  

I)y Lenirila 5. arid lias iridcs 2 in G. I t  is tlirrrforcb iioriiial. Lvt a E G,, . iiiitl 

suppostL t h  r E G cloes riot fis rl . Tlicri sri = .r2 and rz is tised 1-. ror-'. 

Biit sincc C,, is nornial. TOT-' E G,, . ü~id this lioltls for a11 T @ Ci ,, . Siriw 

tlicre are r siicfi demcrits. xit l  1. rlerrieiits in thtl stihilizer of 1.1 .  wc) i-oiicliide 

t \Mt Cr',.: = G,.: - 

Sotr tliilr ilri!. cbleiric~rit iii C: - G,, lias order 2. Libt n E G, , . : E C; - C;,, . 

Xote tliat ~ 0 . q  = TJ ' I  = ~ - 2  sirice r does not  fis r2. Biit theil Ta is riot 

it  irit?niber of G,, . aiirl so ro lias order 2. ir.. r o m  = 1 or TOT- '  = n- l .  

Tlius. G is generated by an element r of order 2 and an elenierit n of order r. 

satisfying tlir relatioii fa;-' = n- l .  It follows thüt  G is the dihedrd group 

of  order 27'. 







Proof: This is clear for L.,., siiicv tlie drscriptiori at~ove is sirnply the defini- 

t iori of a dilwdral group. Iridced. let o and T br generators of D,. with a' = 1. 

ir = 1 m c l  m a  = r-' . Let ci = gr. .j = a irnd 7 = T .  Tlien tlie iiho~t. cori- 

- 8 = tL.j", = 1. ilitio~is on o aiid r are equinleiit tu the coriditioris tr' = J2 - - J  



2.3.3 Pararnetric solutions 

This section exploits the invariant tlieory of the finite subgroups of PGL2 (F) 

to prodiict~ pararrietric solutions t o  the generalized Fermat equation J?' t g'l = 



usociatr t hi1 group T,,,,, to the Fermat rquat ion wi t li t lic saiiir espoiients. 

T h m i ~ q h o ~ t  the r*est oj section 2.3. rutJ  «ssrirrrcB t l r d  the fidit F r s  rilye- 

br-(ricull!j c l u ~ t d .  arid work over the fieid F ( t ) .  tlic field of fr;ictioiis of ttir 

~)dynorriial ring F [t]. Elenients of PGL2( F )  iict on ratiorial Curictioris i r i  tlitl 

Givrri ii grt)tip r 2 PGL2(F). a fiinction f is said t u  Lir lXnwiar i t  if = / 

for il11 *r € r. 
Therr is ;i iiotiun of degree for rationiil functioiis: giwri a ratiorial fiinctioti 

J ( t )  = g ( f ) / l i ( t )  with g. h relatively prinic polynomials. ticfino tliv t i q p i v  o f  

j ( t )  to hr riia?c{deg(g(t)). d e g ( h ( t ) ) } .  If ( ( ~ ( t ) .  b ( t ) .  c ( t ) )  is a solution to the 

rcliiation r' + g4 = zr then the degree of the solution. as clefined in the 

iiitrodiictioii. corresponds to the degree of' the rational f'urictioti u( t ) p / c ( t  )'. 

Theorem 4 Suppose ( p .  q .  r )  > O. Fix uri ernt~eddin!g r,/T,,,,. into PGL2( F )  



Proof: L t b r  -. I . . . . . -.,\ Iw tlitb rleiiirrits of î. Drfiiie tlir r;itioii;il liirictiuii 

olrriierits uf the orbits of - 1  iiiicl z : ~ .  rrspc~ctiwly. 

\ \ i b  first y r o w  tliat f is î-invariant. Lcr E r. Tlirii 

as (lesirecl. 

Set tirig 



n>=, i ( l t t  + b, - r i ( < - , t  + ti, 1 )  
= X. 

\' n;&,t + h, - A ( r J  -+ ( 1 , ) )  

Theorem 5 (Lüroth's Theorem) Let F be (1 field uriti F ( t )  riri rlxtrîrsror. 

of F O/  trcrrr.sc:rwdencr. ( i q r r e  1. SiLpposv E is u .field r~:ttcn.srur~ 01 F siirh ttiat 

Tlien E t s  pureig transcendental of d e y t e  1 over F .  i .e. .  E = F ( s )  107. sonie 

.s E F ( t ) .  



For a proof of' Lüroth's theoreni. see [Clic5l]. VI. '2. 

Coiisitler F ( t ) .  tlir field of ratioiial lurictioris iii t .  Tliis is ilri csterisiori 

of' degrrr .V owr F(t ) ' ' .  the set of ratiorial f~irictioris fised Liy tlir artioii of 

hy t t i ~  actiori of r. rlit'ii F (  j ( t ) )  C F ( s )  ;iiicl F(t) is ari rsteiisiori  of degrce .V 

o r  F t ) Si1 F (  f ( t )  ) = F ( s ) .  Tlim suppose. withour loss of grneriility. 

tliat j ( t )  = s 



iiriplyirig u = c + t l .  Aiid lastly. 

ord, ( J )  = -ordo (49) - 

For al1 but il finirc niinibpi of z E P1(F).  ord, f = O. The diozsur- o f  / ( t )  is 

cldirieci as t hc ti~rtrial sum 

d i )  = C ortl,(f) . [ z ] .  

Tlie divisor of a rational function J gives a list of its zeros arid its poles 

ii~id tlieir orclers: Iience. il divisor completely determiries ii hiiictiori up to il 

tronst ant . 



< 
fi 
'S. 

Y 

2- 
'C- . L 

+ 





ilnt1 ( ( i ( t ) .  b( t ) .  r ( t ) )  is a piirainetric solution over F t o  t l i ~  gciier;ilizod Fwniat 

siiiiie piraitietric solutiuti. so wo iired orily wiicerii <iiirsclves nitli cquiw- 

I t m ~  classes ut' ertitw(1dirigs. 

Proof: Tlw î-irivwiant turicrion / obtiiined Ironi iiii rqiii\xlrnrr rlass <if 

i~tiil~rtlcliii~s OS i',,,,, giws ;i pirarnetric soliitioii to t l i ~  geiieralizcd Frrriiat 

irpatioii. uf the p r ~ p ~ r  degret>. I t  remairis oril- to provr tlir convrrse. 

LN c i ( t ) .  h ( t ) .  c ( t )  E F [ t ]  br such that a(t)P + b(t)' = c o (  t ) ' .  This relation 

iitiplirs ttiat a t  Iriist two o f  a(t) ' .  b( t ) ' l  and r ( t ) '  kiwe degree Y - s;iy r i ( f ) p  

ii11d ~ ' ( t ) ~ .  L ~ b t .  

Let r t)e the set of al1 r E PGL2(F) such that 7 f = j. This set is. ili fact. 



h o  -? t r. 
tblertit~iit i ~ f  r pcrriiutes tlir roots of' ci( t ). 14 t ). i i i i t l  i.( t ) .  I i i t l t w l .  

suppose r ih ii root of ti( t ) .  T h  f (q ) = 0 = f ( -  ( z i  1 )  (siiiw f is r- 
iii\iiri;irit ). so ( z I  ) is i l h  il S O O ~  of ~ l ( t  ). Çiiict) PGL2 (F) is triply traiisitive. 

iiiiy 7 E r is uiiiquely d<aterriiined by its i~ctioti oii the roots o f  c r (  t ). li( t ) . aiid 

r.( t ). Horic~~ r is a fi iiite groiip. 

Iii geiieral. an elei~ierit of P1 (F) has ari urbit of orcler .Y. sirit-cl fiir ilIl  but 

tixiitt!ly riiiiriy ci E Pi (F I .  tlic i~cpatioii f { t )  = f ( o  ) lias .Y tlist i i ir t  roots. 

T i  1 S. Since each of the  roots of ( ~ ( t ) .  b i t )  iirid c ( t )  lias irii orbit ol' 

lw tliari S c!lcnieiits. the? must have a iiori-trivial stabilizrr. Tlit~ri r kiiw 

prtbcisely t h e  orbits of fised points. of ortlers .Y/p. S / t i  aiid .Y/ r. respcbctivrly. 

Tlius. r r r,.,,,. iiiid t w l i  set of pirumetric soliitioris to r" ;l = :' givrs 

risr tu  LI^ tmlietlding of r ,,,,. 
Tlir class of ernbeddiiigs of r,,,,, obtüiiied froni a giwn paranietrir solu- 

t ioii ( u ( t  ). b ( t  ). r ( t ) )  is precisely the clÿss of enibeddirigs whirh giwr rise t u  



( a ( t ) .  b ( t ) .  r ( t ) ) .  and so the map defined abuvt! is i i i  f;ict i i  Iijwtioii. B 

2.3.4 Some algebraic geometry 

of dis]oiiit open sets. L;. siicli that C; is Iionieumorpliitr t u  .\' for dl 1 .  \\.O 

;ire c*oric*twi<!ci priniarily with algebraic c.wwiiig rnaps. in wliic*li r lir iiiwrw 

LN / Iw itii!. rirrioiial furiction f : .Y -+ 1.. Tliv niap j iriduces an iriclusiori of 

fiiiictioii fic?lcls. so F(17 Ç F ( S ) .  Let P E S. Ttieri t h  t ie ld F ( - Y ) p  ( F ( S )  

I o d z e d  iit P )  is ail extension of the field F ( l ' ) I ( l J , .  Let T he ;i grnerator 

of t h  i t l t d  corresporidirig to f (P).  Defincl a valiiation i*, : F(l*)I(Pi --+ Z 

c,(T) = I I  if and oiily if r = xns' wbere x dues riot diviclr T I .  Tlir ocdur 

qruuri of tliis rduatioti is the image of c,: i i i  tliis case. the value group is Z. 

Now. clioosr a generator a of the ideal associated to P in F ( S ) :  Defirir 



Tliesc icltws are ;il1 coiribined i n  the followiiig ttiroreni. 



-4 proof cari b r  foiirid iii [Hür;;]. I Y  2.4. 

2.3.5 Solutions of higher degree 

Tlie final step in the proof of the main tlieoreni for t h  cliiiptrr will be 

wrorriplislied iri t a o  parts. First. w r  use clic. Rienii~iiii-Hiir~vit~z Foririiilii 

t i ~  prow tlic following Irriirriü. which will Iw [ h l  t o  tlir proof of rlir i i i~ i i r i  

t iiwrcrii. 

Proof: Let (S f )  Iw a covrring of Pi (F) of dcgrrr d 2 1. Tlie Rieniann- 

Hiir~vitz forrnula in this case süys t h  

II (.Y. / )  is iiriramified. wr have 2 g ( S )  - 2 = -2d. The ieft-haiid side is at 

hast  - 2 .  arid tlie right-haiid side is at most -2. su we must have ?y (-Y) - 2 = 

-2d = - 2 .  irrid so d = 1. which implies t h  f is ail isoiriorpkiis~n. @ 

This Im~i i ia  provides the strategy for t h  srcorici par t  of ttir proof. Tlie 

idca is to take two parametric solutions. one of degrrr .\: and orle of arbi- 

trary clegrre. alid look üt tlie corresporiding fuxiction field>. If wr  <:an provr 



rliat a certain covering of PL (F) is trivial. tliis will prori& ;i iiiiip froiii orir 

~xlriiriictric solir t ioii to t l i ~  ot lier. 

Proof: 

S i i p p w O ( t ) .  y ( t  ). : ( t  ) ) is ü primitiw pararrietric solution to the amer- 

;ilizecl Ftirtiiat qiiatioii. irrid let ( c l (  t ) .  b ( t  ). c ( f ) )  I I V  ii parirriiet rir soliitiori id' 

(l(~grw *V(p. (1. r 1. 

L P ~  -4. -Y 2 P1(F).  Let CI : -4 + Pt (FI  be defirid as (.k( ('1 = ~ L ( I L ) ~ ' / ( Q L ) ' .  

iiiid 1i.t ,C : .Y -P PL ( F )  bta the map ( ( s )  = . r ( .s) ' ' /~( .s) ' .  Filially. k t  Il* Iir the 

wricty c:orrrsporiding to the compositum of the fuiiction fields oi' .4 arid S. 

Tlien the coiiimutative diagram 



giws rise to tlie following diagrani of functiori ficlds: 

riecrssary oiily ro rsuirii~ir tliesr poiiits. 

Tlio riiiiiifietl poirits of cl( u) j ' /c (u) '  are piticisely t tiosr poirits o f  P1 ( F 

tsliicli liaw ii rioii-trisial stabilizer iri t1i~ group 2 PGL2( F )  t,liiit fixes 

( ( L ) ~ .  The points corresponding to O are the points in tlio orbit PI. 

r l i c ~  poirits r-orresporiding to 1 the points of &. aiitl the poirits correspoiiding 

iiiid r .  i.tq)t*c:tivrly. 

Considtir tlie poiiits of S lying over O. ! uid  x. If  t h  rmiificiitioii iiidicrs 

of  thrsr poiiics are niultiples of p. q .  aticl r respectively. tlien IT ail1 bta ail 

ii  tirairiified covering of S. 



Since t = :r(s) ' /z(s) ' .  the ideals Iying ovw t ;ire tliosr corresporitlirig to 

liiirar fxtors of r(s). Let (s - ,i) 11e oiie sucli tactor. witli cspoiic!rit c. Tlicii 

( X  - J ) " P  divitles t. so the rxnification irides of ( s  - $1) is clp. tijs sotrio intrger 

i 2 1. Tliiis. if ri* is ;iiiy pdiit iri IIw whos~  iriiagt~ iii .Y l i e i  iil~i)v(b 0. t Iioii il* is 

iiiisairiihctl uwr S. .-\ri iriialogous proof. coiisitleririg poiiits iyiiig iil~u\.(b 1 iiiid 

x. s l i o ~ s  tlii~t a11 poiiits of II* lyirig ovcr 1 iirid x iii PL ( F )  iL1.t' ~iilr i~ri if id 

owr .Y. Tliiis. i I ' is iiii iinraniified cowring of S. aiid so II' -c .Y. Hciicc~ 

F (-4) is curitairicd iii F(S ). Tlir iiiclusiori provicies ;i rriap fsoiii .Y ro -4. ttius 

proririg tlir rc?sult. O 

Conil~ining Tlieorerii 2 with Propositioii 1 aiid Tticoreiii 8 giws a rwriiplrtt~ 

prao f of Tliwreni 1. 

2.4 Examples 

Leiiirriiis 3 arid 9 suggest a niethod for writing down txplicit rnibrcldirigs of 

tlir groups T,,cl,, üs subgroups of PGL&). iioting tliat if F is algelmiically 





Sow chousr 0. r so tliat c Ic t  J = 1. For siniplicity. wr clioose 6 = 1. r = - 1. 

 IN^ wt rail cliciose au!. 6 E Q A  . clioosirig c = - L / O .  T h .  tlie inatrires 

This eniliedding enables us to write down a parametric solution to the equa- 
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= k:# + Yt). 



we ckioosr k l  = 1. k2 = 4 and k-{ = 1. 

Thus. for ihsporitJtits ( 2 .  3. 3 ) .  (t" -W'-S. 4t.l-4. t ' '+Y/)  giws ii 11iii.iinietric 

sdiitiori to thta generalizecl Feririüt rqiiatioii. Tliese polvrioniials liaw iritrger 

(xdficierits: wo roiild liavia predictwl tliis bv luukirig at the orbits P l .  PL. aiid 

PI. E u h  of tlie orbits is closed uiider tlita aiwtioii of Cic .  iriiplyirig tliiit clic 

ri~efficierits of u. 6 aiid L. are iii Q: since al1 tiir fi r i i t i s  poiiits i i i  Pl.  fi arid P, 

iirr ; r lgthi ir  iritegors. the corfficrnts riiust i r i  h c t  Iw ratioiial iritegtm. 

Fur L. j, , h t  

Csing 1Iüple. Ive can conipute the fised points of r ;ml  calcillate their 



wlierr is ii priniitivr tiftti root of iiriity. \!'r theri t ry to firid J siicli tliiit 

c l t ~ t .  3 = 1. TI..) = - 1 a d  7'r.3î1 = O. \ 4 * t b  obtain 

Agairi usirig Llaple. we conipute the fised poirits of r ;riid calculatc~ tlieir 



i . ( t )  = b::,(tl' + (-979 - 605<)t" r (-109-16 - G ; G . j < ) t ) .  

\\*v cari clioosr k l  = 1. Pz = - 1. k:( = ( L 3 X l ' l  4 95040<) '? 



3 Solutions over general fields 

3.1 Introduction 

Tliis i-liiiptri i~cldressrs rwo lxisic qucstiuris: I I  i f i  F a.liii-li is tiot 

iiecessarily idge bruically closrd. do t hcre rsist piiïuiiii~t ric sulu t ioiis t O t lits 

geiieraliztd Fermat rquatiori owr F'.' . \ i d .  siipposirig iit l e i ~ ~ t .  ouib pirariietric 

soliitioii esists. Iiow rriany distirict classes of' soliitioiis are tliertb o w r  F. i ip  

t,o a silitalhl riution of cquiwlciice? 

Tlioorcwi 1 giws coritiitions for prtbcisply w titw piiriiriicbt ric soliitioris t o 

t l i c b  gencbra1izc-d Fttrmat rqii;itiori rsist ovrr iiii ;dgtbhriii<.iill\. i-lostbil tic~lcl. 111 

pi.;ic.ricv. w t b  will ofteri t~r workirig owr  ticlds wtiich ilris iiut ii1gc~l)raicirIl~ 

i.lostd. ilriil so wcl rierd a rt+irieriierit of this tliwrern. Tliv first sttai) wil1 

t o  look ar t h  solutions described iri Tlieorm Ci to cieterniirw t l i ~  srnallcst 

field contairiirig their coefficients. WP discover that parametric solutions owr 

F ru tlir grrieralized Ferniat equation cotw froni F - m t i ~ n d  tmit)r&lings of 

r,,.,,.,.: tliiit  is. c~nit)cddiiigi t h;it are fiscd glul~ally hv tiicl Giiloi~ groiip Cir;. 

\\*v t lieri t iirri to the second question. T\vo paraniet ri< solutioris u w r  F 

iirv said tu Iw F-rquiual~nt  if one cari be iibtairietl froni the ot lier 11. ii~placiiig 

r lie piiranieter t by a fractional linear trarisformation of t .  mi th corfficierits iri 

F. i\i~ prow that over an aigebraically closecl field. al1 paranitltric solutioris 

of dcgree .\:(p. il. r )  to the etplation r P  + y'I = zr  ;ire equival~nt. 

Tkic. situation over rioii-algrbraically closcd Fields is rnore corriples. An 

investigatiori of the number of F-eq! iivalence cluses of paraniet ric soli1 t ioris 



leids us  to  i-onsider tlie set of F-eqiiivaleiicc classes of F-ratiorial rnibod- 

l i s  0 , \\é defirie u rriap Iwtiwrii tliis set aiid tlw tirsr colioiiiolugy 

SN of  G',: iii ;\iit(T,,,,,,) aiid prove r h t  it is irijrctiw: it is riot. iri gtwral.  

siirjrctivt*. To obtaiii ii surjrçtive map ive rri~ist eiilargr tlir set of e~rrilwcidiiigs 

i v t .  wiisitlr~r to iriclude errilddings of reVq,r iiito tlie @irutoriiurpliisiri groups 

of c-oiiics c1ehrit.d over Q. \\*P [)rovta t liüt ttir iiiap Iwtwrii this ~ i ( ~ \ v  scLt iiiid 

H 1 ( G F .  . h t (  r,).,l,r)) is iiidwcl surjectivt> wlicri (p. q .  r )  = ( 2 .  3. 3 )  o r  ( .2 .  3. 4 ) .  

K e  prow ii siriiilar theorerii for L3,;. iiiid give critcriii for w k l i  elrriicnts of 

.L. 3.2 The equation .-lxf) + By'l = -' 

Tlic! Galois grciup GF i l(.ts UII  PGL~(F)  liy its iirtiori tiii F .  aiid tliis cstcntls 

ro iiri xtioii uri the set of ciribecidings uf T,,'l,, iii a iiiituid ~ 1 y .  Let .4p.,,,r 

t l ~ i o t e  the aiitorriorphism group of T,,,,,, . 

Definition 3 .-Ln errrbrddrrrg p : I'p,i,,r -+ PGL~(F)  is s a d  to br F-rational 

i//or. ruch a E GF tlierv exists a, E A , , ,  swl i  tlrut * p  = p .  (k,. Tliut 1,s. the 

irrrtrgr u j  p 1.s prwerut id  b;y the uctrori o f  GF.  

Proposition 2 Let \(p. cl. r )  > O. un J suppose tlrut :V = X ( p .  (1. i )  is wlu-  

tiz.dy prime tu the characteristic of F .  Let I: bt: the inraye of un F-rutionul 

r!rnbe(ldirig oj the gm~rp T,,,., . und let f be the fu~iction us.soci«ted to l? us 

i 7 r  Tlreorenr 4 .  Tlierr tlrere urr coristants ,il. Xi E F und rr:lotiaelg pnnw 



Sirice r is F-rirtional. the set of fiseci poiiits of r is preserved iindcr t h  

i~<.tioti of CF.  as are Pl.  PL and Pi. Thus. if O E GF. the11 



so the roefficients of ci(t) iire fixed untler the actiori of CF. H e i i w .  i r ( t )  is ii 

pdyriotiiial wit, h coefficieiits in F. Siniilürly. 1 4 ) .  t a (  t ) l)t4oiig to F [ t ] .  

Lot 



Ciifortiiriatt4y. this isn't aiaays the case. as the es;rriiplrs of Srctioii 1 .-l 

i lmionstratv. Howwer. for csponents (2 .3 . ; ) .  iiiiil t iplyiiig (~(l i i i tt  ioii (4) L)y 

,\ 1; , , \a) giws tlir ecluatioii 

3.3 F-equivalent solut ions 

Tlitw solutions are rquivalent in the senstb that tlir set uf solutions in F" 

to th(.  grrirriilized Fermat equation obtairicd by specializirig t to wliit~s iri F 

iiro tlir same for h t l i  pariimetric soiutioris. 



Thcorrai 6 directly implies the following tlieorem. 

Theorem 9 Let \ ( p .  q .  r )  > O. c d  le t  F 6r o field ridros(~ chwc~c tens t i r .  iloes 

iiot divide .y = .V(p. (1. r ) .  The ussiynment p cl ( r i ( t ) .  b ( t ) .  c(i)) d e s c r d ~ e d  in 



3.4 How many parametric solutions are there? 

III ttiis srctiori wr use Theoreni 9 to inwstigate the iiuniber u l  F-tqiiiwlciit 

pilranictric sdutions over an? field F. 111 sonie crises. tliis riiiriibc~r c'irii LNJ 

ibsplicitly <:iilciilated. 

3.1.1 Algebraically closed fields 

ProoE Corribine Tlieorem 9 with Corollary 3. O 

Iti  [BeiiSS]. i t  is prowd tliat al1 solutions of the generalized Ferriiür q u a -  

t ioii m i  I N .  iil>t;iirircl froni paranietric soliirioiis by specializing t h  pariiriirters 

to \dues  i i i  F. This result. tugether with Prupositioti 3. iriiplies thiit i i I I  so- 

Iiitioiis iii F,' to t h  equatiori r' + y'l = 2' cari be ihtiriiied b. tiikiiig values 

of ii single parariietric solution to the equation. 

3.4.2 Non-abelian cohomology 

( Iiir invi~st,igit ion irito ttic nutnber of F-rquivaletice c1assc.s of  piirariirtriv so- 

liitioris will lcad us to cousider non-abelia~i cohiiology. so UV Iwgiri with 
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Proof: \Vr fisst prove reflexivity t h t  is. u - ri for al1 a E -4. Taking b = 1. 

the identity of -4. a is cohomologous to itself. 
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Definition 6 T h e  quotient of Z1 (G. .3) by the erlui~iuleri(r r*dutiori -.. is d e -  

rroted H i  (CL A) .  und is ccrlled the first coliornology set of G iri -4. 

T -!j7-O'~lp.s. Proposition 5 Let 1 -+ .4 + B -+ C + 1 be un exuct setprerrcr o f  C 

Tlrerr thew rn.st.s u niap [i such that the seipence 

is e m c t  (in the cuteijory 01 pointed sets). 

For a proof. see [Serg;]. 1. 5.5 .  

Theorem 10 (Hilbert % Theorem 90) For eue??/ Gtrluis ntrrrsioii K/Q. 

HL(Gui(K/Q).  I iX ) = 0. 



S w  !Ser97], 11, 1.2. 

Proposition 6 GL2( F ) /  F ' 2 PGL~(F)( ;~ ' .  

Proof: Tliv srquericr 

1 + F" -+ GL*(F) -t PGL?(F) i 1 

is rsact. Heiiw the srqiit?iic~~ 

is i m c t .  But by Hilbert's Theorcni 90. H 1  ( G F .  F ' ) is trivial. iiiicl su 

3.4.3 Arbitrary fields 

111 tliis stx+t,ioti wt1 relate ttiv distinct, classes of piiraiiietri< solutioiis civer ail 

iirhitriiry field F to iioii-abelian colioniology. Tlic grciiip G/.- i i twts on r,,,., with  

ii tr i~ial  actioii. Iri ttiis case. H ( C F .  ;Lp,,,.r) is simply tlir set. Ho,rti(GF. .4,J.,l.r). 

iiiotlulo cmjugat ion by -Ip,tl ,r.  

Let 11 : r,,,,., + PGL~(F)  be an F-rational enibeddirig. Tlieri for ewry 





aiid so pl = "*" p2 = *"p2. Haiw the rriatris .\Id' ( '91) c~wt~irriuti~s wit h al1 

thiierits i i t ' t l i t b  image of i'. so ttiat JI-'(".ll) = 1. Tlitwfortl .II = 9 1  

h r  id1 n E Ga. but pGL2(F)'r = PGL2(F) L>y Hilbert's TIieorem 90. 

Hcnce. .\I IAoiigs to PGL2(F). arid pl and p~ are F-equivalerit. T h .  ; is 

oIl~'-to-o1lt~. !2 

The ri i i rp  ; is riot. in prnerol. surjectivt?. Tu secb tliis. [wiisid~r  ch^ trivial 

1 i ( G  4 , ) .  If therc. enists some p : r -t P G L ~ ( F )  siirti tliat 

"11 = p ( . ( O )  = p. then 11 is an cnibeddirig of T,,,,,, iiito PGL2 (F). Stic:li 

;ri1 embecldiiig iieed not exist: for esaniple. consider ï2,3,5. Tlie clrnieiits in 

TI.:r.; of order 5 have traces in O(&). aiid so there is no ~mbedding of r2,3.-, 
ir1r.u PGL2(Q). Ili  f x t .  we will sep that  for (p. cl. 1.)  = ( 2 . 4 . 3 ) .  ( '1 .3.4)  arid 

( 2 . 3 . 5 ) .  t l i ~  group î,,,, does not embed iri PGL2(Q). Tliiis. owr  Q. tlir 

trivial cocy4r is never the image of an ernbedding of T,,,, iii PGL* in). 



3.5 Forms and cohomology 

3.5.1 Conics and quaternion algebras 

.-\ t:orirr S cii~fiiic~cl o w r  a field F (of cliaracteristir iiot 2 )  is tlir set of  poirits iri 

F' siit.i~f\.irig a tlcgrw '1 polyriomial ecluiit ioii f ( r  . y )  = 0. wi t li t lir w i c l i  tioii 

t liat .Y is iioii-siiigiilür. Soriietimes it is prekrablv co hmogc~~iizr t h  (Irîiiiirig 

cyiiirtioii for .Y arid tu coiisider it as ü projcctiw ctirve. Tlitit is. S cuii 1)c 

tliuiiglit of ;fi tlic set of points [I : y : :] i i i  &(F) satisfying tlir rqiiittioii 

F(  S. 1 : 2 )  = f ( S. $ ) Z 2  = O .  The rionsi~igularitv coriditioii is eqiiiwlent to 

iiskiiig t hat t lie first partial derivat ives of F newr wnish simultaiicously for 



F C J ~  a proof. soe [Lilm73]. 1 2.4. Ili tact. cvery coriic is equiwlcrit to ii qiiadratir 

timri r u '  T b!/' + I -z2 = O w i h  ( 1 6 ~  # O. s i~lct~ the qu;i(lrati(. furriis .r' = O aiid 

t ir2 + hl' = O arr bot11 drgerierate. 

C'oriics aiirl quaterriioii algebras are intiiniitely rrl;it.rd: ao iiow provicir 

sonir basic clefiniciotis üiid results about qiiaternioii algebras. aiid wpliiiii t l i ~  

wiirietrt-iou bt!tween the t u r ~ .  

.> .) 
Ltat 1. = i j :  theri k' = ( i j ) ( l j )  = - t ~ ' r  = -1-j- = - t tb.  B is a fuur- 

dirnciisiorial ulgebra owr  F with buis  1. i. j .  k .  Tlie hllowing propositiori 

giws sonie basic results about quaterriion algebras wliicli will Iw iisrfiil iri 

\viiat f o l l o ~ ~ s .  

Proposition 8 1. (+) - .\L(F), the nng uf 2 x 2 matrices occ'r. F .  

11 b ar' 6ii2 2. (+) z ( T ) .  w l w e  u.b. x. y E F x  . 

.Y. Tlie crrrtet of (y) is F.  



Proof: (1.) Let i ,  = 

iiiid iiljo = -.j& Fiirthcr. 1. iu. ju aiid iojo i i ~  Iiiitcarly iiidq)eiiclr~iit iiiitl sliiiii 

so y = O und 2 = O .  Since h is in the center. it must also coniniiit.cb witli  j .  

Iiirt 



ilrfiriirig cicluatiori t'or n coriic. Convtmcly. @cri aiiy iiuti-degetit?r;iti~ w n i c .  it 

is possil~lc to coristruct a corresponding qiiaternioii algebrii. 

Lrt S Iw i i  rioii-degetierate coiiir owr  the field F . ;\ssiirne t h  .Y is 

ilrfined t ~ y  iiri equatiori of tlie form S : r' i uYL + kL = 0. L t b t  B.\- Iw t . 1 ~  

- b / ~ . - L c  quaternion algebra ( 7). 

Siipposr I r  E Bs iind T(lr) = .L-(Ir)  = O. Theri ,\ = O ; i d  

whicli iniplies tliat x' + (1y' + 6z2 = O. T h  is. !:i: : !j : z ]  E S. Csirig 

projrctiw c:oorcliriates for S. h and f h  (f E F x )  iiiap tu ttir sarrie poiiit ori 

S. so S cari br identifiecf with the curw 



Iii order to esplore the coiinection I~rtweeii H (CF. A u t  ( T) ) and ririlied- 

tlings of r iiito A i i t p ( S ) .  it is necessary to undcrstaiirl rlir group .-\iitc(S)- 

Proof: \Vr tirst prow tliat B x  iicts oii S II? ronjugatioii. Sincr t l i t ~  iiorrii is 

tiiiiltipliciitiw. conjiigatioii preservrs t hr iiorrn. 

Libt Ii = A,  + .ci i + ili J + 2 ,  li iiiitl h? = A, r . i y  + !ji J t :,l; btb two <~lriiierirs 

of' B. Thcii 

wliich irnplies that Tr(h9h-')  = Tr(y).  Thus. B X  arts by ~~ri.jugatiori 011 S. 

This iictiuii is riot faithful. sirice conjugation by aiiy element o l  F" iicts 

as the identity. Elements of F x  are the only elements of BX which cornmute 



witli cvery elririent of S. aiid so t lie actiori of B" / F" uri .Y is tait tiful. This 

provitles a orle-to-oiie rriap froni B x  / F" t o  ;\ut F(.Y). Z 

3.5.2 Forms 

Tlitb iiiiip 4 t lcpends oii t hr dioice of isornorptiisni g. 

Let H btr the niap frorri E(1') to H 1 ( G f ,  .-\ut\*) iriduced by H .  

Lemrna 13 The trrap 0 : E(1') + H 1 ( G F .  Autl .) is independent of thr 

clioice u j  isorrrotphisrri ; : \ * -+ 1 " . 



Theorem 12 The rnup 6) : E(13 -+ H 1 ( C F .  .-\ut\ ') r s  t r rb  rsurnotpi~isrri of 

poirited sets. 

aiid t hus iiv is an isomorphisrn defined over F .  

Fiirtlier. the distinguished element C *  of E(\ -) is mappcd to t h r  distin- 

guished elenlent of HL (GF. .\ut (l -) ). the trivial cocycle. The rnap clefined 





t i ~ r  i i l l  Galois twmsio i i s  L/Q.  Tlicn for al1 P E I ; ( L ). i.(n)" P = r'( n 1" P. iiiitl 

so (fa) = (.'(a) or1 I ;.( L ). Since every P is il1 I ;.( L )  for soriie tield rstc?rision 

L.  the aïtiori of c. md thcl action uf cf is t h  sanit or1 cvrry P E I '. Tliiis. 

r(n) = (#'(O) and tliis map is one-to-orle. 

Fiiiiilly. ive provr tliar coniposing tiir two riiüps giws tlir idontir!.. Civrii 

\ -'. il11 F-~UI-IH of \ *. u i d  ; : \.. + \ *'. 



r i .  



~rriposition J: is of  t l i r  forin 

The group generated bs .j iirid 5 is isoriiorpliic to i'2.:I..I. 

Tliis gives ail rrribedding of S., (arid tlierefcm also A.!) iiito .Autq(.\'). 

I t  is marcA difficult ta corne up with an enibeddiiig of .A5 into tlic auto- 

iiiorphisiri group of some conic. We Follow [Sers01 in the fdlowing csaniple. 

Coiisider the quadric surface 1' in defined by tilt) t\vo rquatioiis 



Prmiiitiiciori of ttici cuordiriritcs giws :I rilit lira1 actiori of 5, 1m t liis surhiccl. 

;irid t h  iictiuri is clctiricd u w r  Q. Lct i tw ;i prirnitiw titttli root of iiiiity. 

iL11d 1Pt 

I t i  tliis riew systrni ol  wordiriates. rqiiutioris ( 5 )  ;inci ( 6 )  iircl tyiiiwlt!rit t o  

the t w  rcpations L:, = O and &L:i = -G:&. 

Ttir liiies oii 1- are divideci naturally into two sets. The equiitioiis = 

XC.. ,\Li = -Cl. describe the litie ri(,\GJ + VI) + h(,\Lj + L i ) .  Let .SI br  

the set of* lines of this form. If = AL:,. arid AL-, = -Li,. WC. have the line 

rt(XLv2 + L m l )  + li(,\L':{ - Le*;). Let -Y2 1)r the set of liiies of this forrri. Sirice 

Imth S1 arid .Y2 are parametrized by A. eacti is isornorpliic owr 0 to IF". Lot 

S = S, u 1-. 

Every automorphism of Y acts on S. so the actioii of S5 or1 Y induces 



1 1 1 
= { k * " ) . ?  ( 1  * l * l * ) .  ( O *  ( 1  - . *(1 i Ai)=' - - - 1 

\Y Lieri. ( r i .  b. r.. d )  represents u + Iri + <y' + dlr E B = ( -1. arid tvliere t tie 2 d . 7  

superscript A rneans that al1 even permutations are included in I .  This is a 

groiip of order 1-0 iii B: it maps to a groiip of order 60 in B x  /Q( JS) '. hi 

fact. I / { H  } is isomorphic to As. For a discussion. see [CS88]. 8.0. Consider 



3.7 Solutions over Q 

3.7.1 Embeddings of T2,3,:I and Tz,3,.t 

wniriiutes. Here ?(a) = i; - ci - ;-'. 
Let RF be the set of pairs (i. S) modulo F-isomorpliisni. Note thüt a 







Tlic!ri i,. := ; O . -- ' providt?s ;iii erribecldiiig of I' i r i t i~  Au t - (S , . ) .  Sou.. 

-a ( . r )  = < . l ~ - .  -, ( y  1 = <:;'!/. T h 1  { 1. -. . -rl } provides a Q r u i u i i d  t~ii ibddi~ig 

i it' r irit o A i i t  ( S ).  Tliis t!nil>cddirig correspoiids to tlir cticyclit 

.-\iit,(T) is isoriiorphic to Z / I Z .  This ciiii dso be erribedded intu .\ut (S ): 

ttir iio~i-idcritity denient of .lut (T) acts by interçhanging x and y. 

Given a cocycle c E HL(GQ. 2 / 2 2 ) ) ,  we will demonstrate how to  tind the 



pair (i,.. S,.) E 12: rvliicli corresponds to ir. First. note that H (Gr. Z/-25)) 2 

Qx / ( Q X  )'. Eiicli cory*lo corresporitls to fi for some sqiiarcfrw tl E Q. If r. 



= d2(.r - y ) .  

T i  s i s  I I  i s 1 1 1 i r 1 s 1 1  1 1  ( Y .  ) t Y ) Lct t~ = -1: + y. 



3.1.2 Embeddings of Li.-, 

T1w proof' is oiiiir ted. ;is it is virtiially idtwiclil to the proof of' Tiicwrerri 13. 

L N  I ' I ~ i b  tlir variet- clescribed at the end of Sectioii 3 4 .  .\ltliougli i t  

is irrtd~icil)lt~ u w r  $ orrr it is isotiiorphic to t h e  union of two cBiirres 

o f  gt8iius O. C'o~isid~r thv SN o f  al1 pairs ( 1 .  SI ~vli tw -1- is :L form o f  \ ' 

( t l i i i t  is. .Y(Q) is isorriorphic tro two c:opir.s uf P1 ) ii~id r : 5'; c, -41it-(.Y) il 

Qr;itiori;il eiiil)rdcling. Let Rp consist of the set of al1 such pairs. niodulo 

Qiso~~iorphisni.  

Theorem 15 Let ILc be tl<.iined ris ulovr. Therr Rc z H1(GU.  S5).  

ProoE Tlir txarriple at the erid of Sectiori 3.G provides an eleiiierit of !lc 

whicli correspoiids to the trivial cocycle in HL (GI. S.+ The proof is uir tual ly 



idrntJir;il to thel proof of Tlicoreni 13. G 

Tlitb qurst iori reriiains: IV tiicli uf t hcb pairs (i,.. .Y,) wrrtaporid t O paramet- 

pararrietiic solutioris tc> tliis equation ( not ~icw~ssiirily <tetirietl owr Q) aiid 

Qriltioiial crribcddiiigs of .Ai into r\ut$P1). .A pair (i. -Y) (2; giws a11 

iwilwcldiiig of .-Li iiito hiit; (1): if tliis rrribcclding producos ;i pirariirtric so- 

ixirripcmciits o f  -Y,. by iiiterclianging theni. Herice. LC is at rriost ii qiiadratic 

mtiwsiim 01' Q. iiiicl .Y, is ic4ucible o w r  Q if iiiitl oiil\- il L:. = Q. 





4 Conclusion 

Tlic tiiaiii tlitborvrii of Cliirptcr 1 is 

Theorem 16 Let F br (in rr1~~rbniic:ully c l t~ i rd  Jeld. Thrrr 

T l i ~  rtmiiricler of tlie paper focuses on the eqiiatioiis witli vspoiirrits 

( 3 )  ( 2  3 . 4 )  c i  2 . 3 . ) .  Esplicit parametric solutions to t l w s r  rqiia- 

t h i s  arc. given. using the relationship between paranietric solutioris tiiiti finite 

groiips of S03-type. This relationship nas constantly exploit4 aiid virttially 

t w r y  stirtimerit in this paper alwut pi~ranietric solutioiis lias ;rii oiiiilug as i i  

st;itriric.rit ;hou t rriibeddiiigs of groiips. 

Thus. r~iost results of the paper drscribe properties of enibecldirigs of .A4. 

S.[ iind -4, into autornorphisrn groups of conics. Vie provr that non-equitalent 
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