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Hilbert modular forms and
the Gross-Stark conjecture

By SaMiT DAsGupTA, HENRI DARMON, and ROBERT POLLACK

Abstract

Let F' be a totally real field and x an abelian totally odd character
of F. In 1988, Gross stated a p-adic analogue of Stark’s conjecture that
relates the value of the derivative of the p-adic L-function associated to x
and the p-adic logarithm of a p-unit in the extension of F' cut out by x.
In this paper we prove Gross’s conjecture when F' is a real quadratic field
and Yy is a narrow ring class character. The main result also applies to
general totally real fields for which Leopoldt’s conjecture holds, assuming
that either there are at least two primes above p in F, or that a certain
condition relating the .Z-invariants of x and x~* holds. This condition on
Z-invariants is always satisfied when x is quadratic.
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Introduction

Let F be a totally real field of degree n and let
x:Gp:=Gal(F/F) - Q"

be a character of conductor n. Such a character cuts out a finite cyclic extension
H of F', and can be viewed as a function on the ideals of F' in the usual way, by
setting x(a) = 0 if a is not prime to n. Let Na = Normy/q(a) denote the norm
of a. Fix a rational prime p and a choice of embeddings Q C Qp C C that
will remain in effect throughout this article. The character x may be viewed
as having values in Qp or C via these embeddings.

Let S be any finite set of places of F' containing all the archimedean places.
Associated to x is the complex L-function

(1) Ls(x,s) == Y x(@)Na™® = J](1—x(p)Np~)~",

(a,9)=1 pgS

which converges for Re(s) > 1 and has a holomorphic continuation to all of C
when x # 1. By work of Siegel [14], the value Lg(x,n) is algebraic for each
n < 0. (See for instance the discussion in §2 of [9], where Lg(x,n) is denoted
as(x,n).)
Let E be a finite extension of Q, containing the values of the character x.
Let
w: Gal(F(ugp)/F) — (Z/2p)* — Z,

denote the p-adic Teichmuller character. If S contains all the primes above p,
Deligne and Ribet [4] have proved the existence of a continuous FE-valued
function Lgp(xw,s) of a variable s € Z, characterized by the interpolation
property

(2) Lg,(xw,n) = Lg(xw",n) for all integers n < 0.

The function Lg,(xw,s) is meromorphic on Z,, regular outside s = 1, and
regular everywhere when yw is nontrivial.
If p € S is any non-archimedean prime and R := S — {p}, then

Ls(x,0) = (1 = x(p))Lr(X,0).

In particular, Lg(x,s) vanishes at s = 0 when x(p) = 1, and equation (2)
implies that the same is true of the p-adic L-function Lg,(xw,0). Assume for
the remainder of this article that the hypothesis x(p) = 1 is satisfied.
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For x € Z), let (z) = z/w(z) € 1+ pZy. If p does not divide p, the
formula

Lsp(xw,s) = (1= (Np)"") Lrp(xw, )
implies that

(3) L ,(xw,0) = log,(Np) Lr(x, 0),

where log, : sz — Q, denotes the usual Iwasawa p-adic logarithm.

If p divides p, which we assume for the remainder of this article, a formula
analogous to (3) comparing Lj ,(xw,0) and Lg(x,0) has been conjectured
in [9]. This formula involves the group O ¢ of S-integers of H — more

1

precisely, the x~'-component U, of the E-vector space O ¢ ® E:

(4) Uy=(0xgs® E)X_1 = {u € Op ¢ ® I such that ou = X_l(a)u} .

Dirichlet’s unit theorem implies that U, is a finite-dimensional E-vector space
and that

dimpg U, = #{v € S such that x(v) = 1}
=ords—o Ls(x, )
=ords=o Lr(x,s) + 1.

In particular, the space U, is one-dimensional if and only if Lr(x,0) # 0.
Assume that this is the case and let u, be any nonzero vector in U,.

The choice of a prime B of H lying above p determines two Z-module
homomorphisms

(5) ordy : O 5 = Z, Ly : Of 5 — Zy,
where the latter is defined by

(6) Ly(u) :=log,(Normp, /q,(u))-

Let ordy and Le also denote the homomorphisms from U, to E obtained by
extending scalars to E. Following Greenberg (cf. equation (4") of [7] in the
case F' = Q), the Z-invariant attached to x is defined to be the ratio

_ Lp(uy)
(7) Z(x) := —m €F.
This .Z-invariant is independent of the choice of nonzero vector u, € U,,
and it is also independent of the choice of the prime P lying above p. When
LRr(x,0) =0, we (arbitrarily) assign the value of 1 to .Z(x).
The following is conjectured in [9] (cf. Proposition 3.8 and Conjecture 3.13
of loc. cit.):
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CONJECTURE 1 (Gross). For all characters x of F and all S = RU {p},
we have

(8) 5p(xw,0) = Z(x)Lr(x,0).

When Lg(x,0) = 0, Conjecture 1 amounts to the statement L’Sp(xw,O)
= 0. As explained in Section 1, this case of the conjecture follows from Wiles’
proof of the Main Conjecture for totally real fields (assuming that y is of
“type S;” see Lemma 1.2). We will therefore assume that Lr(x,0) # 0. In this
setting, Gross’s conjecture suggests defining the analytic £ -invariant of x by
the formula

/
L S,p(XUJ’O) _ i
(9) gan(X) = LR(Xaoi) = dkgan()ﬁk)k:la
where
_LS (Xwal_k)
10 Lan (O, k) = P
(10) (k) L, 0)

Conjecture 1 can then be rephrased as the equality £ (x) = Zan(x) between
algebraic and analytic .Z-invariants. The main result of this paper is:

THEOREM 2. Assume that Leopoldt’s conjecture holds for F.

1. If there are at least two primes of F' lying above p, then Conjecture 1
holds for all x.
2. If p is the only prime of F' lying above p, assume further that

(11) Ordk:l(i’ﬂan(x’ k) + gan(X_17 k)) = ordy=1 fan(X_ly k')
Then Congecture 1 holds for both x and x~'.

Remark 3. In [3], the leading terms at s = 0 of the p-adic zeta functions
of F'and H, defined following Katz’s approach, are related to p-adic regulators
formed from p-adic logarithms of S-units. If y is a quadratic character, Con-
jecture 1 can be deduced from a conjectural factorization formula for the p-adic
zeta function of H (cf. [3, Conj. 7]) combined with this leading term formula.

Remark 4. The somewhat mysterious condition formulated in (11) makes
no a priori assumption on the order of vanishing of Lg,(xw,s) at s = 0.
It is automatically satisfied (after possibly interchanging x and x~!) when
L, k) and Zun(x~1, k) have different orders of vanishing. When these
orders of vanishing agree, it stipulates that the sum of the leading terms at
k=1 of Zu(x,k) and Zu(x 1, k) should be nonzero. In the setting that we
are considering, where Lg(x,0) # 0, it is expected that the functions %, (x, k)
and Zn(x 71, k) both vanish to order 1 at k = 1. If this is true, condition (11)
amounts to the condition

(12) Zan(X) + gan(X_l) # 0.
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We expect that (12) always holds, however this may be quite deep, and con-
dition (11) appears to be a substantial hypothesis in the formulation of Theo-
rem 2.

Remark 4 notwithstanding, Theorem 2 leads to the following two uncon-
ditional results.

COROLLARY 5. Let F' be a real quadratic field, and let x be a narrow ring
class character of F'. Then Conjecture 1 holds for x.

Proof. Corollary 5 is unconditional because Leopoldt’s conjecture is triv-
ial for real quadratic F'. Furthermore, since x is a ring class character, the

1 are equal and therefore

representations induced from F to Q by x and x~
the L-functions (both classical and p-adic) attached to these characters agree.
It follows that the leading terms of L (x, k) and Zun(x !, k) are equal, and

therefore condition (11) is satisfied. Corollary 5 follows. O

COROLLARY 6. Let F' be a totally real field satisfying Leopoldt’s conjec-
ture, and let x be a narrow ray class character of F'. Then Conjecture 1 holds
for x in either of the following two cases:

1. There are at least two primes of F' above the rational prime p, or
2. The character x is quadratic.

Proof. The first case is direct consequence of Theorem 2, and the second
follows from the fact that Zun(x, k) = Zan(x "1, k) when y is quadratic. O

Remark 7. When F, = Q,, Conjecture 1 leads to a p-adic analytic con-
struction of nontrivial p-units in abelian extensions of F' by exponentiating
the first derivatives of the appropriate partial p-adic L-series. In this way,
Conjecture 1 supplies a p-adic solution to Hilbert’s twelfth problem for certain
abelian extensions of F', just like Stark’s original archimedean conjectures. See
[9, Prop. 3.14] for a more detailed discussion of the application of Conjecture 1
to the analytic construction of class fields.

Remark 8. Conjecture 1 has been proved in [9, §4] in the case F = Q
using an explicit expression for the Gross-Stark unit u, in terms of Gauss
sums, which are related to values of the p-adic Gamma function by the Gross-
Koblitz formula. The p-adic Gamma function is in turn related to the p-adic
L-functions over Q by the work of Ferrero and Greenberg [5]. In contrast, the
approach we have followed to handle more general totally real F' does not con-
struct the Gross-Stark unit u, directly. Instead, it exploits the two-dimensional
p-adic representations attached to certain families of Hilbert modular forms to
construct an annihilator for u, under the local Tate pairing. The explicit con-
struction of these families allows us to relate these annihilators, and hence u,
itself, to p-adic L-functions and to Zun(x).
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We now present a more detailed outline of the strategy used to prove
Theorem 2, and give an overview of the contents of this article.

Cohomological interpretation of Conjecture 1. Let

(13) €cye - Gp — Z;
denote the cyclotomic character defined by
(14) 7(¢) = ¢

for any p-power root of unity ¢ € F. Write E(x)(1) for the one-dimensional
E-vector space equipped with the continuous action of Gr via Xecyc, and let
E(x™!) denote its Kummer dual, on which G acts via x~!. The first step is to
exploit Tate’s local duality and the reciprocity law of global class field theory to
give an alternate description of .Z(x), following Greenberg [7]. This alternate
description involves the subgroup le(F,E(X_l)) of the global cohomology
group HY(F, E(x~')) consisting of (continuous) classes whose restrictions to
the inertia subgroups Iy C G are unramified for all primes q # p of F'. Under
the assumptions Lg(x,0) # 0 and x(p) = 1, we show that

dimp HPI(Fv E(Xil)) = {Fp : QP]’ dimpg Hl(FP’ E(Xil)) = [FP : Qp] +1,
and that the natural restriction map
(15) Hy (F,E(x™1)—H"(Fy, E(x ™))
is injective.
Since x(p) = 1, the group H'(F,, E(x!)) = H'(F}, E) = Homes(Gp,, E)
contains two distinguished elements: the unique unramified homomorphism

r € Hom(Gal(F2*/Fy), Or)

sending the Frobenius element Froby to 1, and the restriction to G, of the
p-adic logarithm of the cyclotomic character

(16) Keye = log,(ecyc) € Hom(Gp, E) = H'(F, E).

Let H(F,, E)¥¢ denote the two-dimensional subspace of H!(F,, F) that
is spanned by kpn, and keyc, and let Hg(F, E(x1))9¢ denote its inverse image
in Hy (F, E(x™")) under the restriction map at p. It is proved in Section 1 that

dimpg H, (F, E(x~")¥° = 1.
If &GH& (F,E(x 1)®¥¢C HY(F,, E)% is any nonzero class, we may thus write
resp(K) =: & - Knr + Y - Keyes with z,y € F.
The ratio z/y — the “slope” of the global line relative to the natural basis

(Knr, Hcyc) — does not depend on the choice of k. The main result of Section 1
is that y # 0 and that

Z(x) = —z/y.
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Thanks to this result, the problem of proving Theorem 2 is transformed into
the problem of constructing a global cohomology class k € le (F,E(x71))
whose “coordinates” x and y can be computed explicitly and related to p-adic
L-functions at 0 — more precisely, such that

(17> resp(K) = _"E’ﬂan(X) * Knr + K/cyc-

cyc

Construction of a cusp form. The construction of xk borrows heavily from
the techniques initiated in [12] and extended and developed in [18] to prove
the main conjecture of Iwasawa theory for totally real fields. We briefly outline
the main steps in the notationally simpler case where F' = Q and the prime p
is odd. Let m > 1 denote the conductor of the odd Dirichlet character x. Let
R be the set of primes dividing moo, and let S = RU {p}.

For an integer k > 1, denote by My(m,x) = Mk(T'1(m), x) the space of
classical modular forms of weight k, level m and character y with Fourier coef-
ficients in E. Let (n,%) be a pair of (not necessarily primitive) Dirichlet char-
acters of modulus m,, and my, respectively, such that ny(—1) = (—1)*. A key
role is played in the argument by the weight k Eisenstein series Fy(n, ). After
recalling the definitions of Hilbert modular forms and their g-expansions in Sec-
tion 2.1, the Eisenstein series for the Hilbert modular group are defined in Sec-
tion 2.2. A key result in that section is the calculation of their constant terms at
certain cusps. When F' = Q, the Eisenstein series Ej(n,1) € My(m,my, n)
for kK > 1 and (k,n,v) # (2,1,1) are given by

(18) E(n,) == Cr(n,¢) + i <Z?7 <%> w(d)dkl>q”7
n=1 \d|n

where
Cr(n,¥) =54 Llnl—k) ifd=1
0 otherwise.

In particular, the Eisenstein series

(19) Ei(1,x) = %LR(X,O) + i(ZX(Cﬁ)qn,

n=1 \d|n

_ 1 _ = _ 2\ n
Ep_1(1,0'7%) = §L(w1 Fo—k)+ Z <Zw1 F(d)d* 2>q
n=1 \d|n

_1 . - w*l k—2 n
- 10 k>+z(§ @@+

belong to the spaces M;(m,x) and My_1(p,w' ") respectively. Here, (,(s) =

L,(1, s) denotes the p-adic zeta-function of Kubota-Leopoldt. In (19), the char-

1-k

acter w' " is always viewed as having modulus p, even when £k = 1 (mod p—1).
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Let
Gr1(1,w' ™) :=2¢,(2 — k) ' Ep_1 (1,0 F)

=14+202-k! i <Z w(d) (d)“)q"

n=1 \d|n

be the associated normalized Eisenstein series of weight k£ — 1.
In Section 2.3, we consider the product

(20) Py, = E1(1,X)Gr_1(1,w'™) € My (mp, xw' ).

As explained in Section 2.3 in the setting of Hilbert modular forms, it follows
from general principles that the series P, can be expressed uniquely as the
sum of a cusp form and a linear combination of the Eisenstein series (18) in
1—k)

A4k0npaxu

(21) P = ( Cusp ) © Y alm ) Bl w),

f
S e

where (1, 1)) ranges over a set J of pairs of (not necessarily primitive) Dirichlet
characters of modulus m,, and m,;, respectively, satisfying

(22) My My = MP, mp = xw' .
The main result of Section 2.3 is the computation of certain coefficients in (21)
for k > 2:
(23)
ap(Lxw' ™) = Ll )7 a(w' ™) = —Zan LR T (m)

where Zyn (X, k) is the quantity defined in (10). The derivation of (23) proceeds
by comparing the constant terms of both sides of (21) at various cusps.
In Section 2.4, we consider Hida’s idempotent

1—k)

e : My (mp, xw' ™) — My (mp, xw' ™),

which is defined as
e :=lim Ug!

on the submodule of modular forms with Fourier coefficients in O, and ex-
tended to the space M (mp, xw!' ") by E-linearity. The image of e,

l—k)_

= eMj,(mp, xw'F)

Mg (mp, xw

I

has dimension that is bounded independently of k, and is called the ordinary
subspace. The operator e preserves the space of cusp forms. For all (n,)
satisfying (22), and k > 1, it can be checked that

cBiln.) = { G100 fptmn
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Hence the modular form P := ePj, can be written as

A cus
24) S Gial D SR RS AR
orm
(np)ege
where the sum on the right is taken over the set J° of pairs (n,v) € J for
which p { my,.
Let ug, v, and wy be scalars defined for integer k > 2 by
Lan(x, k)t L1 k)" m)FL 1
(25) oy =l 06 k) , v = (X, k)™ (m) , wy = —,
Cl Cl Cl
where

ek = Zan(G ) 4+ L R) T M) 41
The vector (uy, vy, wy) is proportional to (ax (1, xw' ™), ar(x,w' ™), —1). From
(24), it follows that the modular form

(26) Hy, := up By (1, xw' ™) + 0p B (x, 0" ™) + wi P
can be written as a linear combination
A cusp

(27) Hy = ( form ) + Y wpar(n, ¥)Ex(n, ).

(nw)eJo

n#1,x
In Section 2.5, we introduce a Hecke operator ¢ that satisfies
(28> tEl(la Xwo) = E1(17 Xwo)

and annihilates all the Eisenstein series contributions in (27), so that
Fy, :=tHy

is a cusp form. Equation (28) explains the necessity of calculating the coeffi-
cients in (23) instead of applying a Hecke operator ¢ directly to Py — any Hecke
1fk> or Ek(x,wlfk)
their common weight 1 specialization E1(1, xw?) = E1(x,w").

operator that annihilates Ej(1, yw necessarily annihilates

p-adic interpolation of modular forms. In Section 3 we describe the p-adic
interpolation (in the variable k) of the Eisenstein series Fj(n,v) as well as
of the forms Py, P, Hy, and Fj. For this purpose, the Iwasawa algebra A
is defined in Section 3.1. In our application, it is most useful to view A as
a complete subring of the ring C(Z,, E) of continuous E-valued functions on
Z,, equipped with the topology of uniform convergence inherited from the sup
norm. The ring A is the completion of the Og-subalgebra of C(Z,, E) generated
by the functions k — a* as a ranges over 1 + pZ,. For each k € Z,, write
v+ A—E for the evaluation homomorphism vy (h) := h(k). The algebra A
is known to be isomorphic to the power series ring Og[T], and in particular,
by the Weierstrass preparation theorem, any element of A has finitely many
zeroes. If h belongs to the fraction field Fj of A, it follows that the evaluation
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vp(h) € E is defined for all but finitely many k£ € Z,. A A-adic modular
form of tame level m and character x is, by definition, a formal g-expansion
G € Fa @ Alq] satistying

ve(9) belongs to My, (mp, xw' ™) for almost all integers k > 1.

(Here, vi(¥¢) € E|q] is simply the power series obtained from ¢ by applying vy,
to its coefficients.) Such a ¢ is said to be a A-adic cusp form if v (%) is a cusp
form for all but finitely many k& > 1. The Fj-vector spaces of A-adic modular
forms and cusp forms are denoted M(m,x) and S(m,x), respectively. The
ordinary projection e acts on M(m,x) and S(m,x) in a manner compatible
with the projections vy. The images of e in M(m, x) and S(m, x) are denoted
M?°(m, x) and S°(m, x), respectively. These definitions are all recalled in the
context of Hilbert modular forms in Section 3.1.

Basic examples of A-adic forms are given by the A-adic Eisenstein series

&(n, ) satistying
ve(E(n, 1)) = Br(n, ™) for k € Z=2
= gLyt =8+ 3 (S (G v o
n=1 \d|n

ptd

(By convention, the character ¢Yw!'™" is viewed as having modulus divisible
by p, even if p does not divide its conductor; in particular 1w =*(p) = 0 for
all k.) The existence and basic properties of the A-adic Eisenstein series, which
are intimately related to those of the p-adic L-functions attached to abelian
characters of Gp, are recalled in Section 3.2.

In Section 3.3 we define elements & € M(m, x), ordinary forms &°, 7 €
M?(m, x), and a cusp form .# € S°(m, x) satisfying

Vk(@)zpk, I/k(,@0> :P]g, Vk(%) :Hk, V;Aﬁ) :Fk
for almost all k € Z>2. The proof consists essentially in observing that there
are elements u, v, and w € F such that, for almost all £ > 2,
vp(u) = ug,  vp(v) = vk,  v(w) = wy,

where uy, vg, and wy are the constants introduced in (25). In Section 3.3, we
describe the main properties of the A-adic cusp form .%. Most notably:

1. Let
f :
Apy = {g’ with f,g € A and g(1) # O}
denote the localization of A at ker ;. Under the assumption (11) when

p is the unique prime above p, it can be seen that the elements u, v, and
w belong to A1) and that u even belongs to A(Xl). In particular, the cusp
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form . belongs to A1) ®a Afq], and hence its weight one specialization
is defined. Furthermore, assuming Leopoldt’s conjecture for F', we have

vi(F) = Bi(1,xw").
2. Let
(29) Vie : A)— E[e]/€%, vige(f) = f(1) + f'(1)e

be the natural lift of v to the ring E := El[e]/e? of dual numbers over E.
The expression Fi4. 1= v14:(#) can be thought of as a “cusp form of
weight 1 +¢.” Let uj := u(1) and v; = v(1) be the values at k = 1 of
the elements u,v. A direct calculation, explained in Section 3.3, shows
that for every prime ¢,

(14 vikeye(q)e) + x(@)(1 + urkeye(q)e)  if g f mp,
(30) aq(Fl—i-a) = 1+ 'Ulffcyc(Q)s if q ‘ m,
14 w1 Zan(x)e if ¢ =p.

An examination of the Fourier coefficients of Fii. reveals that it is
an eigenform relative to the natural action of the Hecke operators on
E[q] inherited from the specialization map vi4. : M(m, x)—E[q]. In
descriptive terms, the A-adic cusp form .# is an “eigenform in a first
order infinitesimal neighborhood of weight one.”

Let T denote the A-algebra generated by the Hecke operators acting on the
finite-dimensional Fj-vector space S°(m, x). The eigenform F} . gives rise to
surjective A(qy-algebra homomorphisms

¢1: T® A(l)—>E, P14 : T® A(l) —E

sending ¢ € T ® A1) to the associated eigenvalues of ¢ acting on F7 and Fi4.,
respectively. Write Ty for the localization of T ® A(;) at the maximal ideal
m := ker ¢;. The homomorphisms ¢; and ¢4, factor through T(;), and we
will often view them as defined on this quotient of T ® A(;). Likewise, we will
write m for the maximal ideal of T'().

Representations associated to A-adic forms. In Section 4 we exploit the
homomorphism ¢y to construct the desired cocycle k. Let F() denote the
total ring of fractions of T'y):

Fy = {ﬁ a,b € Ty, bisnota zero divisor} .

A key ingredient in the construction of x is the two-dimensional Galois repre-
sentation

b Gr—GLy(F),  plo) = ( a(o) b(o) )
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attached to the space of ordinary A-adic cusp forms. The existence and basic
properties of this representation, which were established by Wiles in [17], are
recalled in Section 4.1. It is shown in Section 4.1 that p can be conjugated so
that, for all 0 € G,

a(o),d(c) belong to Té).

Under the assumption that Lr(x,0) # 0, it is further shown in Section 4.2
that there is a multiple b of the matrix entry b (by some element of F;)) for
which:

1. The function o — K (o) := b(c)/d(c) takes values in the maximal ideal
2. Up to scaling by E*, the function x given by the formula

P1+e(K(0)) =: K(o)e
has the required properties — namely, it is a 1-cocycle representing a
class

K] € Hy(F, E(x™ "))
that satisfies

resp([£]) = —Zan(X)Enr + Keye-

1. Duality and the .Z-invariant

We begin by recalling some notation and conventions regarding characters
of F. Fix an ordering of the n real places of F, and let sgn; : R* — {£1}
denote the associated sign function. For a vector r € (Z/2Z)", write sgn(a)” =
[[ie1 sgn;(a)".

Let b be an integral ideal of F'. Let I, denote the group of fractional ideals
of F' that are relatively prime to b. A narrow ray class character modulo b is
a homomorphism

Vil Q"

that is trivial on any principal ideal («) generated by a totally positive element
a =1 (mod b). The function ¢ may be extended to a function on the set of all
integral ideals of F' by defining ¢(m) = 0 if m is not relatively prime to b. The
character v may be viewed as a character modulo ba for any integral ideal a. If
there exists a narrow ray class character 1y modulo ¢ for some proper divisor
¢ of b, with ¥p(m) = ¢»(m) for all m relatively prime to b, then ¢ is called an
imprimitive character. The minimal such divisor of b is called the conductor
of 1, and g is called the associated primitive character.

Given a narrow ray class character ¢y modulo b, there exists an r €
(Z/2Z)™ such that

() =sgn(a)” fora=1 (mod b).
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The vector r is called the sign of ¢. The character v is said to be totally even
if r =(0,0,...,0) and totally odd if r = (1,1,...,1).

We place ourselves in the situation of the introduction regarding the char-
acter y and the finite sets R and S of places of the totally real field . More
precisely, we assume that y is a primitive character of conductor n and that S
consists exactly of the set of places dividing npoo, while R =S — {p}. Recall
that E is a finite extension of Q, containing the values of the character x.

LEMMA 1.1. The following are equivalent:

1. The special value Lr(x,0) is nonzero.

2. For all places v € R, we have x(v) # 1. (In particular, the character x
is totally odd.)

3. The vector space Uy, is one-dimensional over E.

Proof. Since x is nontrivial, the L-series Lr(x ™!, s) (viewing x as a com-
plex character) is holomorphic and nonvanishing at s = 1. A consideration of
the local factors in the functional equation relating Lr(x ™!, s) and Lr(x,1—s)
shows that

(31) ords—o Lr(x, s) = #{v € R such that x(v) = 1}.

This implies the equivalence of (1) and (2). (See, for example, Proposition 3.4
in Chapter I of [15].) Dirichlet’s S-unit theorem implies the equivalence of (2)
and (3). (See also Chapter 1.4 of [15].) O

Recall that the character y is said to be of “type S” in the terminology
of Greenberg (cf. the first paragraph in [18]) if H N Fx = F, where Fi is the
cyclotomic Z,-extension of F'. This condition is satisfied, for example, if x has
order prime to p. The following lemma essentially disposes of Conjecture 1
in the case where Lr(x,0) = 0. (It should be possible to prove Lemma 1.2
unconditionally using Shintani’s method, but such a proof seems not to have
appeared in the literature.)

LEMMA 1.2. Suppose that HNFso =F. If Lr(x,0)=0, then L’Sm(x, 0)=0,
and therefore Conjecture 1 holds for x and R.

Proof. We recall the notation of [18]. Let Hy be the cyclotomic Z,-exten-
sion of H, Lo the maximal unramified abelian pro-p-extension of H,, and
a topological generator of Gal(Fs,/F). Let V) denote the eigenspace of

Gal(Loo/Heo) @z, Q,

correponding to the action of Gal(Hu/Fu) = Gal(H/F) by x. Let f, be the
characteristic polynomial of v — 1 acting on VX), Theorem 1.2 of [18] implies
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that
(32) ords—o Lgp(xw, s) = ords—g fy-

It is known by an explicit construction (cf. the statement at the top of
page 410 of [16], or [1], [6]) that

(33) #{v € S such that x(v) = 1} < ords— fy.

Since x(p) =1 and p € S, equations (31) and (33) combine with (32) to give
ords—o Lgp(xw, s) > ords—o Lr(x,s) + 1.

In particular, L ,(xw,0) = 0 when Lg(x,0) = 0. O

Thanks to Lemma 1.2, we assume for the rest of this article x satisfies the
equivalent assumptions of Lemma, 1.1.

Let E(1)(x) and E(x™!) be the continuous one-dimensional representa-
tions of G defined in the introduction, following equation (14). We will now
study certain Galois cohomology groups (both local and global) associated to
these p-adic representations.

If K is a field and M is a finite G x-module, we denote by H*(K, M) the
Galois cohomology group of continuous i-cocycles on G with values in M,
modulo i-coboundaries. If Op denotes the rings of integers of E and 7 is a
uniformizing element of Op, then recall the definitions

Hl(Kv OE(X71)> = }iI}lLHl(Kv OE/ﬂ'n(Xil))a
HY(K, B(x ) = B (K, Op(x ) @0, P.

1.1. Local cohomology groups. Let v be any place of F, and let G, and
I, C G, denote a choice of decomposition and inertia group at v in Ggp. Given
any finite Gp-module M, the inflation-restriction sequence attached to I, yields
the exact sequence
(34) 0—HY(Gy/1,, M™)—H"(F,, M) =% H'(I,, M)%/T.
A class in H'(F, M) is said to be unramified at v if its restriction to H'(F,, M)
lies in the kernel of resy, .

Recall that local Tate duality gives rise to a perfect pairing

H'(Fy, Z/p"Z) x H'(Fy, py)—H*(Fy, pypn) = Z/p"Z.
After tensoring this with O /7", twisting by x~*
n — 00, one obtains perfect Og-linear and E-linear pairings
(35) (. )o: H'(Fy,Op/n"(x 1)) x H'(Fy, Op/7"(1)(x))—Og/",

(36)  (, )o:H'(Fy, B(x™1)) x H'(Fy, E(1)(x))—E.

, and passing to the limit as



HILBERT MODULAR FORMS AND THE GROSS-STARK CONJECTURE 453

If x(v) # 1, then

HY(Gy /Lo, Op/m"(x")") = (Op/a"(x1)")/(x (v) = 1)

has cardinality bounded independently of n, and there are no unramified classes
in HY(F,, E(x71)). If x(v) = 1, we have:

1. The group HY(F,, E(x~')) = HY(F,,E) = Homs(G,, E) contains a

distinguished unramified class: the unique homomorphism
knr € Hom(Gal(F)"/F,), OF)

sending the Frobenius element Frob, at v to 1.
If v divides p, then the restriction to G, of the p-adic logarithm of the
cyclotomic character

Keye i= log,(€cye) € Hom(GF, E) = HY(F,E)

gives a ramified element of H'(F,, ). The elements fp, and Keye Will
sometimes be referred to as the unramified and cyclotomic cocycles re-
spectively.

For each positive integer n, the connecting homomorphism of Kummer
theory yields an isomorphism

Son : FY @ Z/p"Z—H'(F,,Z/p"Z(1)).

As n varies, the maps 9, , are compatible with the natural projections
on both sides. Passing to the limit with n, and then tensoring with F,
we obtain an isomorphism

6y : FX® E—H'\(F,, E(1)),
where
FYQE = (Lir% F'® Z/pnz) ®z, E.
For each u € FX ® E, we have

(Knr, 0y (u))y = —ordy (u), <"<ﬂcyC: u(u))y = Ly(u),

where ord, and L, are the homomorphisms F ® E—F defined as in
(5) and (6) of the introduction. The equations in (38) are direct conse-
quences of the reciprocity law of local class field theory. In particular,
the subspace of H!(F,, F(1)) that is orthogonal to ky, under the local
Tate pairing is equal to 6,(Op, QE).

LEMMA 1.3. Let v be any place of F. The dimension of H'(F,, E(1)(x))

s given in the following table:
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| xw) =1 [ x(@)#1
v { poo 1 0
v | oo 0 0
vlp | [Fo:Qpl +1|[F:Qyl
The same is true for H'(F,, E(x™1)).

Proof. For v infinite, the lemma is clear. For v finite, Tate’s local Euler
characteristic formula (see the “Corank Lemma” of [8, Chap. 2]) and Tate local
duality yield

dimgpH(F,, E(1)(x))

0
— dimpy HO(F,, B(1)(x)) + dimp H2(F,, B(1)(x)) + vty
[Fy Qp] vlp
_ 0 vip,
= dimg H(F,, E(x~ 1)) +
[Fv : Qp] v ‘ p7
which explains the remaining values in the table. O

1.2. Global cohomology groups. We now define certain subgroups of the
global cohomology groups H'(F, E(1)(x)) and H'(F, E(x~!)) by imposing ap-
propriate local conditions.

Recall that

E-kp if x(v) =1,

H&r(F’U’ E(X_l)) = Hl(Gv/Iva E(X_I)Iv) = .
0 otherwise,

denotes the subgroup of unramified cohomology classes.
We denote the orthogonal complement of H} (F,, E(x~!)) under the local
Tate pairing by H! (F,, E(x)(1)), so

Op QF if x(v) = 1,

1 ~
H, . (F,,E(x)(1)) ~ {Hl(Fv,E()O(l)) otherwise.

Let

Hiy(F,E(x™")) C Hy(F,E(x™"))

denote the subgroups of H(F, E(x~!)) consisting of classes whose restriction
to G, belong to HL (F,, E(x™!)) for all v # p, and which are trivial /arbitrary,
respectively, at the prime p. Similarly, we denote by

Hpy (F,E(1)(x)) C Hy(F, E(1)(x))
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the subgroups of H(F, E(1)(x)) consisting of classes whose restrictions lie in
H} (F,, E(x)(1)) for all v # p, and which are trivial/arbitrary, respectively, at
the prime p.

Recall the group U, of Gross-Stark units that was defined in equation (4)
of the introduction.

ProproOSITION 1.4. The natural map
§: Uy—>Hy(F, E(1)(x))

induced by the conmecting homomorphism of Kummer theory is an isomor-
phism. In particular,
dimp B} (F, E(1)(x)) = 1.

Proof. If G = Gal(H/F), then the restriction map
(39) HY(F,E(1)(x)) = H'(H, E(1)(x))"
induces an isomorphism. Indeed, the kernel and the cokernel of this map
are given by H'(G,E(1)(x)%#) for i = 1,2 where Gy = Gal(F/H), and
E(1)(x)%# = 0. Thus
(40)

H'(F,E(1)(x)) = H'(H,B()())? = H'(H, BQ))¥ " = (H*®E)X ",
where the superscript of x ! affixed to an E[G]-module denotes the submodule
on which G acts via 1. The last isomorphism in (40) arises from (37) with
F, replaced by H.

Similarly, in the local situation, we have
(41) H'(Fy, E(1)(x)) = (H; ® E)X,

where w is some prime of H over v. The result now follows from the fact that
the group Hy, (F,, E(1)(x)) corresponds to (O ® E)X"" under this identifi-
cation. (]

If W is any subspace of the local cohomology group H!(F,, E(x™')) =
Hom(Gy, E), define

Hiyw (F,B(CY) € HY(EB(CY)

to be the subspace consisting of classes whose image under res, belongs to W.
The following lemma can be viewed as the global counterpart of Lemma 1.3:

LEMMA 1.5. Let x and p satisfy x(p) = 1. Then
dimg H, (F, E(x ")) = [F} : Qpl.

More generally, if W C HI(FP,E) is any subspace containing the unramified
cocycle Ky, then

dimg H, i (F, E(x ")) = dimg W — 1.
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Proof. The Poitou-Tate exact sequence in Galois cohomology, applied to
the finite modules O /7" (x 1), gives rise to the exact sequence
(42)

0—Hy, (F, Op/m"(x ™) —Hy (F,Op/m"(x ")) —H"(Fy, O /7" (x 1))
—H, (F,Op/m"(1)(x))",

where the last map arises from the local Tate pairing. Now we note that
the module H [1p] (F,0p/m"(x~!)) maps (with kernel bounded independently
of n) to the group of homomorphisms from Gy to Op/n"™ that are everywhere
unramified. Hence HY (F,Op/7"(x 1)) has bounded cardinality as n — oo.

[p]
Passing to the limit with n and tensoring with F, we obtain the exact sequence

(43)  O—Hy(F,E(x™))—H' (K, Ex™")—Hy (F, E(1)(x))".

We now observe that the element x,. maps to a nonzero element of the one-

dimensional vector space le (F, E(x)(1))Y, by (38) and Proposition 1.4. Hence

the last arrow in (43) is surjective, and the same is true for the exact sequence
0—Hpw (F, E(x ")) —W—H, (F, B(1)(x))",

for any W C H'(F,, E) containing fy,. The lemma now follows from Proposi-

tion 1.4. U

1.3. A formula for the £-invariant. Let Weyc be the subspace of H! (F,, E)
spanned by the unramified and cyclotomic cocycles iy, and keye. Write

1 -1 1 -1
Hp,cyc(F? E(X )) = Hp,WCyC(Fa E(X ))
By Lemma 1.5, this space is one-dimensional over E. If x is any nonzero
element of this space, we may therefore write

(44) resy K = - Kpr + Y * Keye

for some z,y € E, and the ratio x/y does not depend on the choice of k. (Note
that y # 0, or else (44) contradicts Lemma 1.3 when W is the one-dimensional
space spanned by ")

PROPOSITION 1.6. Let Z(x) be the £-invariant introduced in equation (7)
of the introduction. Then

ZL(x) = —z/y.

Proof. The global reciprocity law of class field theory applied to é(u,) €

H, (F,E(x)(1)) with uy € Uy and & € H, . .(F, E(x™')) implies that

Z(resv Ky 0u(Uy))w =0,

v
where the sum is taken over all places v of F'. By definition, all the terms in
this sum vanish except the one corresponding to v = p. It follows that

(resy 5, p(uy))p = 0.
Combining the expression (44) for resy, k with (38) yields the proposition. O
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2. Hilbert modular forms

2.1. Definitions. We describe the basic definitions of classical Hilbert mod-
ular forms over a totally real field F'. Recall that we have chosen an ordering
of the n real embeddings of F. For an element z € C", an integer k, and

elements a,b € F', define
n

(az + b)k = H(azzz + bi)k e C,
i=1
where a;, b; denote the images of a, b, respectively, under the ith real embedding
of F.

Let ¢ be a narrow ray class character modulo b with sign r € (Z/2Z)".
Let a € OF be relatively prime to b. The map a — sgn(a) ¢ ((«)) defines a
character

Y (Op/0) = Q"
associated to .

Let k be a positive integer. In [13, p. 649], Shimura defines a space
My(b,v) of Hilbert modular forms of level b and character ¢). Let h denote
the size of the narrow class group CIT(F). An element f € My(b,1) is an
h-tuple of holomorphic functions

f)\ :H — C
for A € CIT(F) satisfying certain modularity properties that we now describe
(see (2.5a) and (2.15a—c) of [13]).
For each A € CIT(F), choose a representative fractional ideal ty. Let
GLJ (F) denote the group of 2 x 2 invertible matrices over F' that have positive
determinant at each real place of F'. Define

FA::{<Z Z)GGL;(F):

a,d € Op, bet;0 !, cebty, ad—bceog},

where 0 denotes the different of F'. Each function f) satisfies

(45) Ialy = Yr(a) fa
for all v € I'y, where
(46) Faly(2) i= det()**(cz + d)7F fa(y2).

In (46), the positive square root is taken in

det(7)/2 = ] det(y)*>
=1

and

(alzl + by anzp + bn>
vz = )

ciz1+di’ T epan + dy,
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In [13, p. 648], Shimura defines a Hecke operator S(m) for each integral
ideal m relatively prime to b on the space of h-tuples f = (f)) satisfying (45).
We do not recall the definition of S(m) here. The space Mj(b, 1)) is defined as
the set of f such that

S(m)f =1(m)f for all m with (m,b) =
The modularity property (45) implies that f) has a Fourier expansion

a(z) = ax(0) + Z ax(b)er(bz),

bety

b>0
where ep(z) = exp(2mi-Trg/q(x)). We call the coefficients ay (b) the unnormal-
1zed Fourier coefficients of f, and define also the normalized Fourier coefficients
c(m, f) and ¢\ (0, f) of f as follows. Any nonzero integral ideal m may be writ-
ten m = (b)t,! with b totally positive (and b € t,) for a unique \ € C1T(F).
Define

(47) e(m, £) = ax(B) N(ty) /2.

The right side of (47) is easily seen to depend only on m and not on the choice
of b, since fy(ez) Ne¥/2 = f,(z) for every totally positive unit e of F. Similarly,
we define

cx(0, f) := ax(0) N(ty) ~*/2

for each A € C1*(F). Note that our normalized Fourier coefficients c(m, f) are
denoted C'(m, f) in [13]; we have chosen to remain consistent with the notation
of [18].

If for each v € GLJ (F) and A € CIT(F), the function fy|, has constant
term equal to 0, then f is called a cusp form. The space of cusp forms of
weight k, level b, and character v is denoted Sk (b, ).

2.2. Eisenstein series. The most basic examples of Hilbert modular forms
arise from Eisenstein series attached to pairs of narrow ideal class characters
of F.

Let a and b be integral ideals of F, and let n and ¢ be (possibly im-
primitive) E-valued characters of the narrow ideal class group modulo a and
b, respectively, with associated signs q,r € (Z/2Z)". Let k > 1 be an integer
satisfying

g+r=(kk,...,k) (mod2Z").

We view the characters i) and 7Y ~! as having modulus ab. Here and else-
where, an expression like L(yn~!, 1—k) without a subscript on the L is assumed
to be taken with the set S in equation (1) equal to the set of archimedean
primes and those dividing the modulus of the given character.
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PROPOSITION 2.1. For all k > 1, there exists an element Ei(n,v) €
Mj.(ab,n)) such that

(48) c(m, Ey,(n, ¢ Zn( ) Nt

for all nonzero ideals m of Op. When k > 1, we have

27" Y )Ly 1— k) ifa=1,
0 otherwise.

(49) ex(0, Bx(n, ) = {

When k = 1, we have E1(n,v) = E1(1,n), and

(50) ex(0, E1(n,¥))

0~ (ta) Ly, 0) ifa=1andb #1,
M) L=, 0) ifb=1anda#1,
0 ) L(gn~1,0) + () L=, 0) ifa=b=1,

0 ifa#1 and b # 1.

Remark 2.2. This proposition is well known to the experts, and follows
easily, for example, from Katz’s computation of the g-expansion of Eisenstein
series in Chapter IIT of [10]. Since our notations differ somewhat from those of
[10], we have supplied the details of the proof of formulae (49) and (50) for the
sake of being self-contained. Furthermore, some of the objects that are intro-
duced in our proof of (49) and (50) will be used in later calculations. But the
reader willing to take Proposition 2.1 on faith may wish to skip the proof on a
first reading; in fact, in the remainder of Section 2.2 we assemble computations
of constant terms of Eisenstein series at various cusps, and we recommend that
the reader continue on to Section 2.3 and refer back to Section 2.2 as necessary.

Proof of Proposition 2.1. The existence of the Eisenstein series Ey(n, 1)
satisfying (48) is given by [13, Prop. 3.4]. We recall the definition of E}(n, )
given there. Let

U={uecOf :Nuf=1,u=1 (mod ab)}.

For k > 1, we set Ex(n,v) = (f)), where f\(z) is defined via Hecke’s trick as
follows. For z € H™ and s € C with Re(2s + k) > 2, define

61) A =0 N v s @i

reGi) pr=n (az + b)k|az + b|?s
bed~ o e
(a,b) mod U, (a,b)#(0,0)

X Z sgn(c) ¥ (et 'v)ep(—be),

Cetxtfl/bt)\tfl
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where

Vip - T(k)"
[OF : UIN(®)(—2mi)kn

The sums in (51) run over representatives t for the wide class group Cl(F),
representatives (a,b) for the nonzero elements of the product v x 071571,(;%
modulo the action of U (which acts by diagonal multiplication on the two
factors), and representatives ¢ for tyt=!/btyt™!. The term sgn(a)in(ar™!) in
(51) for a = 0 should be interpreted as being equal to 0 if a # 1 and equal to
n(x~!) if a = 1; a similar interpretation holds for ¢ = 0. Let us now assume
that 1 is a primitive character, i.e. that the conductor of ¢ is b. From [13,

(3.11)], we find that the last sum in (51) may be evaluated as follows:
(53) Z sgn(c)rw(ctglt)ep(—bc) = sgn(—b)rw_l(—bbbtAt_l)T(w).

CE{)\tfl/bt)\tfl

Here 7(1)) is the Gauss sum attached to 1, defined by
(54) T() = Y sgn(@) ¢(zbd)er ().

zeb—1o—1 /01
When b = 1, we interpret (54) as 7(¢)) = ¥(9).

For fixed z, the function f)(z, s) has a meromorphic continuation in s to
the entire complex plane. The function fy(z) is defined as f)(z,0). Note that
if k > 2, the Hecke regularization process is not necessary; the series in (51)
with s = 0 converges and yields the definition of fy(z).

Suppose that £ > 1. By [13, (3.7)], the unnormalized constant term ay(0)
of f(z) is equal to 0 if a # 1, and is equal to the value of
(55)

C. N(tn) *27(y) Y Nk Y (e~ ") sgn(=b) ¢~ (~bdbtye 1)
Nb NbF|Nb|2s

(52) C:=

veCl(F)  bed~ ot /U
b£0
at s = 0 if a = 1. Note that this is the value obtained by sending each z; — oot
in (51).
The map
(t,b) — f = (b)obtyr™?

is a surjective [Of : Ul]-to-1 map from the set of pairs (t,b) in (55) to the set
of nonzero integral ideals of F'. We therefore find that ax(0) is the value at
5 = 0 of the function

Vdp N(t)"? N(0b)* T (k)" 7 (¢)) > mp~(f)

(56) 106ty (270 NP N(o-Tb-Lt; Tef)2s

fCOFR

where t is the chosen representative of CI(F) equivalent to dbtyf~!. The
value at s = 0 of the sum in (56) is evidently L(ny~1 k). Since 7(yn~!) =
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7(¥)n~1(0b), the functional equation for Hecke L-series (see [11, Th. 3.3.1])
yields
N(t)*?n~ (1)

on L(“J)U—la 1- k)

ax(0) =

as desired.
When k = 1, [13, (3.7)] shows that the formula (55) requires an extra
term equal to

N(t)'7 () - -
(657) — sgn(t) ™ (tobtye™ )
2Oy : UINb rGCZI(F)
teb~ o e/ e
X Z sgn(b)in(be™1) - sgn(Nb)|Nb| 2.

ber/U
b£0

The value of (57) at s = 0 is easily seen to equal 0 if b # 1 and to equal

/ —
MOS0

if b = 1. This completes the proof when 1 is primitive.

If 4 is imprimitive with conductor by | b, let ¢y denote the associated
primitive character. Raising the modulus of ¢y at a prime already dividing b
affects neither L(ny, L. s) nor Ej(n, o). Therefore, it suffices to consider the
case when the modulus of 1) is raised at a prime q 1 bp, that is, when b = byq.
Then L(ny~', 5) is obtained from L(1ig ', s) by removing the Euler factor at g.
Meanwhile, Ey(n, 1) is obtained from Ey(n, o) as follows. For every modular
form f € My(bo, 1), there exists a modular form f|q € My(b, 1)) such that for
nonzero integral ideals m we have

g = {0
and for \ € CI*(F) we have
ex(0, fla) = cxq(0, f)
(see [13, Prop. 2.3]). Then it is easy to verify from (48) that
Ex(n,9) = Ex(n,%0) — vo(q) N¢* ™" Ex(n, ¢0)|q.
Since
(771 (tx) — vo(a) Na* 17 (taq)) L(von ', 1 — k) =~ () L(¥n ', 1 — k)
and

(v (tx) — Yo (@)1 (taq)) L(nwg ', 0) = 0,

we obtain the desired result for imprimitive ¢ as well. O



462 S. DASGUPTA, H. DARMON, and R. POLLACK

We will also need to compute the constant terms in the Fourier expansions
of certain Eisenstein series at particular cusps different from oo. More precisely,
let

1 x

) € SLy(F)™,
X YN S zecrt(R)

(58) A== (

where xy,y), and a) are chosen such that
a) € poty, Ty € D_lfgl, and Y\ € N.

Recall that for any Hilbert modular form f = (fy), the slash operator is defined
by

fla = (falay)-

ProposiTION 2.3. Fiz k > 2. Suppose that p is the only prime of F
above p. Let n and ¥ be narrow ray class characters of conductors a and b,
respectively, with ab = np and mp = xw'~*. Then

ex(0, Ey(n,¢)|a) =0

unless a =n, b = p, and there exists a narrow ray class character v of conduc-
tor 1 such that

In this case, we have

ex(0, E(n,¥)a)
_ C1ao1y v(/m) 27"
= sen(on) (™! 67107) - G -

Proof. Write Ey(n,v) = (fr). For k > 2, the series (51) with s = 0
converges and yields fy. If for each a € v and b € D_lb_ltglt we define v and
v by the matrix equation

CLs(x tw'TF2 1 — k).

(59) (a b) Ay = (u v) ,
then
(60)
—k/2 sen(a -1
flay(z) = C- =220 S Nk B s j(v) ) S sgn(@)(et; "oer(be),
v,a,b c

where the indices of the sums are as in (51). To compute the unnormalized
constant term of (60), we send each z; — o0i; the only contribution arises
when u = 0. This occurs when a = —ba), and v = b. By the choice of a), the
conditions bary € v and b € 971671, 'v imply that b € 971(p, b) "1t 1. If p 1 b,
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then p | a and baxt™! C p; thus n(ar™!) = 0, and the constant term of fy|a,
is 0. We therefore suppose p | b, and for the constant term, obtain

(61)
C. N(t)\)*]f/2 Sgn(a/\)qn(a)\pflofltgl) Z Ntk
Nb
teCI(F)
sgn(—b)1n(—boptye!) o
g Z Nbx Z sgn(c)"Y(cty t)ep(—be).
bGD_lp_ltglt/U cetyt—1/tyr—1b

b£0

If b # p, then a prime q # p divides the conductor of i since ab = np and
mp = xw'™* is primitive away from p. For ¢ € tyt™!/tyv~'b in a fixed residue
class modulo £yt~ 'p, the value ep(—bc) is constant; the existence of q dividing
the conductor of 1 implies that the sum of sgn(c)’”ﬂ)(ctglt) over the c¢ in each
such class is 0.

Therefore, we are reduced to considering the situation b = p, a = n. Now
n = xw'!*1~! has conductor indivisible by p. Therefore ¢ = w'*v for some
narrow ray class character v of conductor 1, and n = xv~'. When k # 1
(mod (p — 1)), the character v is primitive, and we may apply (53). Then an
argument following the proof of Proposition 2.1 using the change of variables
f = (b)obtyr~! and the functional equation for L(ny~!, k) shows that the value
of (61) is equal to
(62)

N(t)\)k/z . Sgn(a)\)x(a)\p—ltxla—l) i

V(t)\/nQ) ) 2"

-1, 1-k 2
S R

When k£ =1 (mod (p— 1)), the sum over ¢ in (61) is easy to evaluate directly,
and via the same technique one again arrives at (62). O

For weight & = 1, the analogue of Proposition 2.3 requires a separate
treatment.

PROPOSITION 2.4. Suppose that p is the only prime of F' above p and that
n=#1. Then

T(x71)

Proof. Since x is primitive of conductor n, the function fy|a, (2) is given
by the value of the function

ex(0, E1(1,x)|a) = sgn(an) x(axp~ 1t 07h) Lr(x*,0).

N(t/\)fl/z
Nn

sgn(—b)x ' (—bontyr™1)7(x)

(63) ¢ (uz + v)|uz + v|?*

lanz +ya|* - ZN‘C'

t,a,b
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at s = 0. Here the indices of the sum are as in (51), and (u,v) is defined in
(59). The map (a,b) — (u,v) induces a bijection between the sets

(rx2 tn e = {(0,0)}) / U
and
(™t x 27 — {(0,0)}) / U
Furthermore, since b = —z u + v and vdntyt~! € n, we have
sgn(—b)x L (=bontye ™) =sgn(zyu)x H(zyudntyr )
= (—1)"sgn(ax)x(axp™ 07 -sgn(u)x T (une ™),
where the last equality uses xyay = —1 (mod n) and x(p) = 1.
Let v/ = tn~! and t{ = tyn~! denote new representatives for CI(F) and

CI* (F), respectively. Thus the function in (63) may be written as the product
of the constant

(64) Nn~!/2 - (=1)"sgn(an)x(axp™ 07151 - T(x)

and the function

sgn(u)x " (u(¥) ™)
(uz +v)|uz +v|?s’

(65) C-N(ty) ™2 ayz + > Y N

o/ u,v

where (u,v) ranges over representatives for

(Y x 271 () = {(0,0)}) / U.

The expression in (65) at s = 0 is precisely the An~! component of E;(x~ !, 1)
given the representatives tj for C17(F). Therefore, its unnormalized constant
term is equal to

N(t))'2

(66) .

L(x1,0).

Using the fact that

T()T(x"") = (~1)" Nn
and that N(t}) = N(t,)/Nn, the expressions (64) and (66) combine to show
that the normalized constant term of f)|4, is

—n

1. 2 _
sgn(a)x(axp™'o 1t)\1)‘WLR(X 10)

as desired. (]
When L(1,1 — k) # 0, we define the normalized Eisenstein series
27L
67 G(1 = ——Fi(1
( ) k( >¢) L(w,l—k) k( 7¢)7

each of whose constant coefficients c)(Gk(1,),0) is equal to 1. The Eisen-
stein series Gy_1(1,w!' %) plays an important role in our constructions. The
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following proposition computes its constant term at the cusp Aoco, where A is
given in (58).

PROPOSITION 2.5. Suppose that p is the only prime of F' above p. For
k > 2, we have

C)\(O, Gk_l(l,wl_k)|A) =1.

Proof. We must show that

_ 1 _
ex(0, B (1w )| 1) = 2—nL(w1 Fo—k).
The argument used in the proof of Proposition 2.3 with (x,n, le_k) replaced

by (1,1,w' ") gives the desired equality. The details are left to the reader. [

2.3. A product of Eisenstein series. Recall that x is a primitive character
of conductor n and that p | p satisfies x(p) = 1. Set

S={\|npx}, R=S5-{p}

Adjoining a finite prime q 1 np to S multiplies L’S7p(xw,0) and Lg(x,0) by
1 — x(q), and leaves .Z(x) unchanged when x(q) # 1, so it suffices to prove
Theorem 2 with this minimal choice of S. Let p’ denote the ideal of F' given

by
=11 a
qlp, a#p
and define

ng = lem(n,p’), ng=lem(n,p'p).

We will denote by xr the character y viewed as having modulus ng (in par-
ticular, we have xr(q) = 0 for all q | p’). We always view the character yw'™*
as having modulus ng, even when it has smaller conductor. In particular,
xw® # x, since xw®(p) = 0 while x(p) = 1. Occasionally, we will write xs
instead of yw?.

In this section, we consider the modular form

(68) Pk = EI(LXR) . Gk,l(l,wl_k) S Mk(ng,xwl_k).
It is a fact that every modular form in My(ng, yw' %)
as a linear combination of a cusp form and the Eisenstein series Ej(n,1),

can be written uniquely

where (n,) run over the set J of pairs of (possibly imprimitive) characters of
modulus m,, and m,, respectively, satisfying

myMy = Ng, nY = le_k.

(For k = 2, this is explained in [16, Prop. 1.5], and the case of general k > 2
follows from the same argument.) For each (n,1) € J, let ax(n, ) € E be the
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unique constant such that

(69) Py = ( A cusp ) + Y an(n, ) Ei(n, ).

form (ngye

We will be particularly interested in the coefficients ax(1, xw*~!) and
ar(x, wk_l) that appear in this linear combination. It turns out that these co-
efficients can be expressed as ratios of special values of the classical L-function
LRr(x,s) and of the p-adic L-function Lg ,(xw, s).

PROPOSITION 2.6. For all integers k > 2, we have

_ Lr(x,0)
1 1-k — ?
a‘k( 7Xw ) LS,p(XW, 1 _ k)

Proof. The result follows by comparing the constant terms on both sides

= _gan(Xy k)_l-

of (69). More precisely, since the constant terms of Gy_1(1,w!™") are equal
to 1, it follows that
(70)

Lr(x,0) if ngp#1,

Lr(x,0)+x Yt Lr(x1,0) ifng=1.

On the other hand, the constant terms of Ej(n, 1) for (n,v) € J are equal to 0
except for the h characters n with m,, = 1. For such 7, the h-tuple of constant
terms ¢y (0, Ex(n, 1)) is equal to

27" L(n 2 xw ™ F, 1 — k) x (77 (ta)s -, H(63,)-

The linear independence of the characters of C1™(F) implies that these h-tuples
are linearly independent. It follows that ax(n,1) = 0 for all unramified n ¢
{1, x} and that

ex(0, Py) =cx(0, E1(1, xg))=2"""- {

_ Lr(x,0)
1 1-k — )
ak( » XW ) LS,p(wa 1— k) )

as desired. O

Consider now the special case where p is the unique prime of F' lying
above p, so in particular xg = x is a primitive character of conductor ng = n.
We will be interested in the coefficient ay(x,w'™*) of Ej(x,w!™) in the linear
combination (69). If ng = n = 1, observe that the n = x coefficient in the
proof of Proposition 2.6 yields

- Lr(x~',0)
1 Ioky = 2R .
(7 ) ak(Xaw ) LS,p(Xilwa 1 — ]{3)

The following proposition shows that a similar formula holds more generally

whenever p is the unique prime of F' lying above p.
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PROPOSITION 2.7. Suppose that p is the unique prime above p in F. For
an integer k > 2, we have

1-k LR(X_17 0)

B R R (v )

Proof of Proposition 2.7. Since we have proven the result in the casen = 1
in equation (71) already, we assume n # 1. The computation of ag(y,w!™¥)
will proceed by slashing equation (69) with the collection A = (A)) of matrices
given in (58) and then comparing constant terms.

By Proposition 2.3, we know that c)(Eg(n,¢)|4) = 0 unless a =n, b = p,
and the characters n and v are of the form

. <Nn>k—1 — _gan(X_la ki)_l . <Nn)k_1.

(72) n=x-v?' = Y=wro,

where v is a narrow ray class character of conductor 1. In this remaining case,
Proposition 2.3 asserts that

(0. Bi(n.)])
v 2 —n
—sen(a) (o o) T 2

As in the proof of Proposition 2.6, we see that for the h unramified characters v
corresponding to the pairs (7, ) of the form (72), the h-tuples cx(Ek(n,%)|a))
are constant multiples of the vectors (v(ty,),...,v(ty,)). By the linear inde-
pendence of these h-tuples, the coefficients ag(n,1) can once again be read
off from the constant terms of Py|4. But it follows from Propositions 2.3
through 2.5 that

Le(x 'R 1 — k).

—-n

e 2 _
ex(Pryla) = sgn(on)x(axp~ 507 - T(X,l)LR(X o).

Therefore, we conclude that

_ Lr(x7%0)
1—ky _ RX
ak(Xaw ) - LSJ)(X_ICU, 1 _ k)

and that ag(n, ) =0 for (n,) as in (72) when v # 1. O

- (Nn)k-1

2.4. The ordinary projection. Recall that E is a finite extension of Q,
containing the values of the character x, and that we have fixed an embedding
Qp C C. Let My(ng, xw'=*; Og) denote the Op-submodule of My(ng, xw' ™)
consisting of modular forms with all normalized Fourier coefficients lying in
Op. The ordinary projection operator

r!
o= Jin (T104)

qlp
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gives rise to an idempotent in the endomorphism ring of My(ng, xw'=*; Op).
We extend it to My (ng, xw'™*; E) by E-linearity, using the fact that

My (ng, xw' ™ E) = My(ng, xw'™%; Op) ®0, E.

The projection e preserves the cusp forms as well as the lines spanned by the
various Eisenstein series Fy(n, ) with (n,) € J. More precisely, if q | p, then
q | ng = mymy, so we have

UqEr(n,4) = (n(a) + $(a)(Na)* ) Ey. (1, )

n(a) if q  my,
{¢(q)(Nq)’“‘1 if q | mn} x By (1, 9))-

It follows that for k > 2,

- Ek(n7¢) if ng(pJ m?]) = 17
(73) eB(n, V) = { 0 otherwise.
Let
(74) P? = eP,

denote the projection of P to the ordinary subspace.

PROPOSITION 2.8. The modular form Py can be written as

o [ An ordinary
@) () s Y B
(np)eJe
where (n,1)) ranges over the set J° of pairs (n,v) € J satisfying
mymy = ng, Uw = le_k7 (p>mT]) =1

Note that for (n,1) = (1, xw'™*) and (x,w'™*), the coefficients ay(n, 1)
are the ones given in Propositions 2.6 and 2.7, respectively (the latter only in
the case where p is the only prime of F' above p).

2.5. Construction of a cusp form. We begin by defining a modular form
Hj. as in the introduction, by taking a suitable linear combination of the Eisen-
sein series Eg(1, xw!™*) and Fj(x,w!'™*) and the form P?. Tt is useful to
distinguish two cases.

Case 1. The set R contains a prime above p; i.e., F has a prime above p
other than p.

This case is the simplest of the two, but did not arise in the introduction
since p = (p) when F' = Q. We set

(76) Hy, o= wp B (1, xw' %) + w P,
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where
1 <, k
(77) Uk = 51> W = —an(X, ) .
1 +$an(Xak) 1 +$an(X7 k)
Note that the vector (uy,wy) is proportional to the vector (ax(1, xw!=*), —1),
but has been normalized so that uy + wg = 1.

Case 2. The set R contains no primes above p; i.e., p is the unique prime

of F above p.
In this case the definition of Hj, involves the Eisenstein series E(x,w® 1)
as well:
(78) Hy, = up By (1, xw' ™) + vp B (x, 0" %) 4wy, P,
where
<, k)=t Zan (XL k) TH(Nn)k—L 1

(79) up = ZLan(X,R) , U= an(XT, k)7 (Nn) , Wk i= —,

Ck Ck Ck
with

cr = LG E) T+ L k) TH N 41

In this case, the vector (ug, vk, wy) is proportional to

(ak(lv le_k)a ak(Xa wl_k)a _1)
and is normalized so that uy + v + wi = 1.
It follows that the modular form Hj € My(ng, xw!™") is a linear combi-
nation of a cusp form and the Eisenstein series Ej(n,1), where (n,1) ranges
over the elements J° with n # 1 in Case 1 and 7 # 1, x in Case 2.

LEMMA 2.9. We have the following:

L. For each (n,v) € J° with n ¢ {1,x}, there is a Hecke operator T(;
satisfying

T(n,’z/))Ek(na ¢) = O) T('r],q/;)El(lv XS) 75 0.

2. In Case 1, there is a Hecke operator T y satisfying

Yowl—F
T(X’wlfk)Ek(X,wl_k) =0, T(X’wl—k)El(]., xs) # 0.

Proof. Let us write 7 ~ n’ if the two characters n and 7’ agree on all but
finitely many primes, i.e., if they come from the same primitive character.

Let (n,7) be any element of J° If n ~ 1, then ¥ ~ yw!™* and the
condition (n,v) € J° implies that ¢ has conductor ng. Therefore, n has
conductor 1 and n = 1. If n ~ x, then 7 is necessarily of modulus n when
(n,p) = 1, and hence n = x. Thus, in proving part 1, we may assume that
n# 1,x. Let H, 4 be the abelian extension of I’ that is cut out by n and ¢
by class field theory, and view 7 and ¢ as characters of Gal(H(,,)/F). Let o
be any element of Gal(H, ;) /F) that does not belong to ker(n) U ker(nx ).



470 S. DASGUPTA, H. DARMON, and R. POLLACK

Such an element exists because a group cannot be the union of two of its proper
subgroups. By the Chebotarev density theorem, there is a prime \ { ng of F’
whose Frobenius element is equal to o. For such a prime, we have

), 0" T # {Lx(VE 0N x pwTHA) = 1x x (V)

It follows that

) + vt 1) # 14+ XV,
Now, set
(80) Tgas =T = 1(A) = (VNN

= Ty = n(A) — Y T NN
It is easy to see that the operator T, ,) has the desired properties, in light of
the fact that
ThEr(1, xs) = (1 + x(A)E1(1, xs),
TAEk (1, 9) = (n(A) + $(\) (NN By (n, ).

This proves part 1. Part 2 is proved by choosing a prime q of F above p
different from p and setting

(81) T(lefk) = Uq — X(CD
Since Uy acts with eigenvalue x(q) on Ej(x,w'™) and with eigenvalue 1 on

Eq(1,xs), the result follows (recall that x(q) # 1 by Lemma 1.1). O

COROLLARY 2.10. The modular form

Fy = (H T(n,¢)>H’<f’
GED)

where the product is taken over all (n,v) € J° with n # 1 in Case 1 and

n# 1,x in Case 2, belongs to Sy(ng, xw'™F).

3. A-adic forms

3.1. Definitions. We now recall the basic definitions of A-adic forms. Let
x be any totally odd F-valued narrow ray class character of F' modulo n. Recall
from the introduction the Iwasawa algebra A ~ Og[T], which is topologically
generated over O by functions of the form k +— a* with a € 1+ pZ,. For each
k € Z,, write
v : A — Og

for the evaluation map at k. We will write Ay C Fa for the localization of A
at ker v, and sometimes view v as a homomorphism from A(k) to F.

In Section 2, we recalled the definition of the space My (ng, xw!' ™) of
classical Hilbert modular forms of weight k, level ng, and character yw!'~*.
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To each such form f, one associates its set of normalized Fourier coefficients
c(m, f), indexed by the nonzero integral ideals of F', and normalized constant
terms ¢y (0, f), indexed by the narrow class group C1*(F).

Definition 3.1. A A-adic form % of level n and character x is a collection
of elements of A:

c(m,.#) for all nonzero integral ideals m of F,
ex(0, F) for A € C1T(F),

such that for all but finitely many & > 2, there is an element of My (ng, yw'~*; E)
with normalized Fourier coefficients v (c(m,.%)) for nonzero integral ideals m,
and normalized constant terms vy (cy(0,.%)) for A € CIT(F).

The space of A-adic forms of level n and character x is denoted M(n, x). A
A-adic form .7 is said to be a cusp form if v (.F) belongs to Sy(ng, xw!~*) for
almost all k£ > 2, and the space of such cusp forms is denoted S(n, x). The ac-
tion of the Hecke operators T for A { np and Uj for q | np on Mj(ng, xw' =k E)
lifts to a A-linear action of these operators on M(n, x) that preserves the sub-
space S(n, x) (see §1.2 of [17]).

Hida’s ordinary projection can still be defined by

7!
e = Tlgglo (H Uq> .
qlp

The image of e is the submodule of ordinary forms:
MP(n,x) =eM(n,x),  8%(n,x) = eS(n,x).

The spaces M°(n, x) and §°(n, x) are finitely generated torsion-free A-modules.
Let T and T denote the A-algebras of Hecke operators acting on M°(n, y) and
S°(n, x) respectively.

By extension, we also call any element of M°(n, x)®@a Fa or S°(n, x) @ Fa
a A-adic modular form or A-adic cusp form, respectively. Note that if .# is
such an element, then its weight k specialization v (.%) is defined for almost
all k € Z,,.

3.2. A-adic Fisenstein series. The most basic examples of A-adic forms
are the Eisenstein series. Let 1 and v be a pair of narrow ray class characters
modulo m, and m,, respectively, such that ni is totally odd.

PROPOSITION 3.2. There ezists a A-adic modular form
&(n, ) € M(mymey, mp) @ Fy

such that
Vk(éa(ﬁﬂ/’)) = Ek(nvwwlik)‘
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1fk)

Proof. The Eisenstein series Fy(n, Yw satisfy

(82) em, By, ') = 30 0 (%) we e

tjm
(v,p)=1

and
2_”77_1(’()\)Lp(77_11/1w, 1—-k) ifm, =1,

0 otherwise.

(83) (0, Bi(n,yw' ™)) = {

One sees by inspection that the expressions on the right of (82), viewed as
functions of k,. belong to the Iwasawa algebra A . That the function k& —
Ly(n~ 9w, 1 — k) belongs to F is equivalent to the known assertions about
the existence and basic properties of the p-adic L-functions L,(n~ 14w, s) (see,
for example, [18, (1.3)]). O

We note that the idea of realizing the special values Lp(nflww, 1—k) as
the constant terms of Eisenstein series whose other Fourier coefficients lie in
A is a key component of the construction of p-adic L-functions for totally real
fields due to Serre and Deligne-Ribet.

Recall the normalized Eisenstein series G_1(1,w! ™) with constant term 1.
Its p-adic interpolation is most conveniently described in terms of the space M’
of A-adic forms “with weights shifted by 1.” An element of M’ is a collection
of elements c(m,.%#) and ¢, (0,.%#) of A with the property that the specializa-
tions {vg(c(m, %)), vk(cx(0, %)} are the normalized Fourier coefficients of an
element in Mj,_(p,w'~; ). There exists an element ¥ € M’ ® F, satisfying

e(9) = Gr_1(1,w'™").
It is defined by the data
(84) c(m, @) =2"G(F,2— k)™ > (No) "N 1 €)(0,9) =1,

t|m
(v,p)=1

where (,(F, s) = Ly(1, s) is the p-adic zeta-function attached to F. We see by

inspection that all of the coefficients of ¢ belong to Fy and that v(4) = Gi_1.
The specialization of ¢ at k = 1 plays a crucial role in our argument.

PROPOSITION 3.3. Assume Leopoldt’s conjecture for F'. The form < be-
longs to M’ @ Ay, and
Vlcy)iz 1.

Proof. By a result of Colmez (cf. the main theorem of [2]), the nonvanish-
ing of the p-adic regulator of F' is known to imply that the p-adic zeta-function
(p(F, s) has a simple pole at s = 1. Therefore, (,(F,2—k)~! is regular at k = 1
and vanishes at that point. The result follows. O
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3.3. A A-adic cusp form. In order to invoke Proposition 3.3, we assume
Leopoldt’s conjecture for F' in the rest of Section 3. In Case 2, we also assume
that assumption (11) holds.

Recall the classical modular forms Py, P¢, and Hj, in My(ng, xw'™*) that
were defined in Sections 2.3 and 2.4 (see equations (68), (74), (76), and (78)),
and the cusp form Fj, € Si(ng, xw'™*) that was constructed in Corollary 2.10
in Section 2.5.

PROPOSITION 3.4. There exist A-adic forms & € M(n,x) ® Ay, £°,
H € M°(n,x)®@ M), and F € §°(n, x) @Ay satisfying, for almost all k > 2,

(85) l/k<gz) = Pk, Vk(,@()) = Pko, Vk(%) = Hk, yk(ﬁ) = Fk
Proof. The forms & and &?° are simply defined by setting
P =FEi1(1,xr)¥Y, P =eP.

To define the modular form 7, recall first the coefficients wug, vg, and wy, that
were defined in equations (77) and (79). In Case 1, we set v = 0 so that in
all cases we have up + v + wp, = 1. We observe that the coefficients ug, vg,
and wy can be interpolated by elements u,v,w € Fp satisfying u(k) = uy,
v(k) = vg, and w(k) = wy, for almost all & > 2, since the functions L, (x, k) !
and Zun(x "1, k)7t belong to Fp. A direct calculation then shows that u, v,
and w belong to A(j). More precisely,

(86)
u(1)=1, o v(1)=0, " w(1)=0 in Case 1,
u(1) Fan (C 1) v(l)= Zan Oc1) w(1)=0 in Case 2,

2P n+2 (1) 20 )+28 (x-1,1)°

where t denotes the common order of vanishing of Zun(x, k) + ZLan(x "1, k)
and Zn(x "1, k) at k = 1. It is at this stage that we use the hypothesis (11)
appearing in Theorem 2. In both Case 1 and Case 2, it can be seen that the
coefficients u, v, and w belong to Ay and that u is even invertible in this ring.
In particular, the A-adic form

H o =ub (1, x) +vE(x, 1) + wP°

belongs to M°(n, x) ® A1y and satisfies vy (/) = Hy.
Finally, we note that the Hecke operators 7{; ;) of Lemma 2.9 that are
defined in equations (80) and (81) can be viewed as elements of the ordinary

A-adic Hecke algebra T. We may therefore set
7 = 11 Ty #
(n,%)

to obtain the desired A-adic cusp form satisfying vi(.%#) = Fj. Proposition 3.4
follows. O
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From now on, we will write uy, vy, and w; for u(1),v(1), and w(1), re-
spectively. We now analyze the weight 1 specialization of the A-adic forms of
Proposition 3.4.

LEMMA 3.5. We have
Vl(‘@):Vl(yo):El(]-vXR)v Vl(%):El(LXS),

and
n(F)=t-FEi(l,xs) for somete E*.

Proof. Proposition 3.3 directly implies that v1 (%) = E1(1, xr). (It is here
that Leopoldt’s conjecture is required in our argument.) To study vi(22°),
we note that the operator U, preserves the two-dimensional subspace W, of
M;(ng,x) spanned by E1(1,xr) and Ei(1,xs), and acts non-semisimply on
this space, with generalised eigenvalue 1. More precisely, we have

UpE1(17XS) = El(]-v XS)7
UpE1(17 XR) = E1(17 XR) + E1(17XS)'

The Hecke operators Uy for q | p and q # p act on Wy, as the identity. It follows
that e acts as the identity on W), and in particular, eE1(1, xgr) = E1(1, Xr)-
This shows that v1(2?°) = Ei(1,xr). The calculation of v(7) is a direct
consequence of the fact that

Vl(éa(l?X)) :Vl(éo(X7 1)) :E1(17XS)7 uptvr =1, wy=0.

Finally, the conditions satisfied by the Hecke operators T, ;) in Lemma 2.9 and
the fact that E1(1, xs) is an eigenform show that v4(.%) is a nonzero multiple
of F1(1,xs). This concludes the proof. O

3.4. The weight 1 + € specialization. Let vy, : A(l)—>E = Ele]/(g?) be
the “weight 1 + ¢ specialization” that was discussed in the introduction (cf.
equation (29)). We now consider the form Hj. := v14.(#) and calculate its
Fourier coefficients in terms of the homomorphism k¢y. defined in (16). The
Fourier coefficients of the form v () = E1(1, xs) are given, for primes q # p,
by the sum of the two characters 1 and y. The key observation is that the
Fourier coefficients of the infinitesimal lift Hy . are still given by the sum of
two characters lifting 1 and y.

Define these two characters 11,19 : Gp — E* as follows. The character
11 is unramified outside p and satisfies

(87) P1(q) = 1+ vikieye(q)e forall g4 p.

The character 1y is unramified outside S and satisfies

(88) Y2(q) = x(a)(1 + u1kcye(q)e) for all g € S.
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As usual, we extend the definitions of 1 and s to totally multiplicative
functions defined on the set of ideals of F' by the following formulas, for prime g:

Un(q)=0if g € S.

PROPOSITION 3.6. The Fourier coefficients of Hy4c satisfy c¢(1, Hi4c) =1
and, for each prime ideal q of F', we have

(89) c(q, Hiye) =1(q) + ¥2(q)  if g #p,
(90) c(p, Hive) =1+ w'(1)e.

Furthermore, Hy4. is a simultaneous eigenform for the Hecke operators Ty for
q ¢S and Uy for q € S with eigenvalues given by (89) and (90).

Proof. We will only consider Case 2, i.e. the case when p is the only prime
of F' above p. (The analysis of Case 1, where v = 0, can be treated by a similar
but simpler calculation.) Write ¢14.(u) = uy + ufe, and likewise for v and w.
Let us also write E14-(1,n) := v14:(&(¢,n)). Given an integral ideal m of F,
write m = bp’ with p f b. We note that

(91) c(m, Erie(1,x) =Y x(8) (1 + Feye(v)e),
t[b

(92) c(m, Erie(x:1)) =Y x(8) (1 + Keye(b/1)e).
t|b

It follows from the equations w; = 0 and v1(2°) = E1(1, x) that
(93)  Hiye = (w1 BEr4e(L, x) + 01E14:(x; 1))
+ (W Br(1,x”) + v By (x, 0°) + wi Ei(1,X)) €
= (W B14e(1,X) + v1E14(x, 1)) + wi (E1(1,x) — E1(1, xs)) .
We have used the facts E1(1, xw°) = F1(x, w®) = E1(1, xs) and v} +v]+w} =0
in deriving (93). Using (91) and (92), the mth coefficient of the first term
By (LX) + v1B14e(x, 1)

in (93) may be written as follows:

o (S0 + 1)) + 1 (T3 + e0/9)

t|b t|b

= Z X(t)(l + ullicyc(t)é" + Ul“cyc(b/t)g)
tlb

= 1 (b/v)ea(v).

t[b
Here we have used the fact that u; +v; = 1, by (86).
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The remaining term

wi (El(la X) - E1(17 XS)) €
in (93) has mth coefficient equal to

tewl - (Z x(t))a

t|b
so we obtain

(94) c(m, Hipe) =Y 1(b/v)ea(r) + tw) ) x(v)e

t|b t|b

= (Z wl(b/t)qu(t)) x (1 4+ whe)t.
t|b
Equations (89) and (90) follow immediately from (94). We leave to the reader
the exercise, using (94) and the definition of the Hecke operators (see for in-
stance equation (1.2.5) of [16]), that Hjy. is indeed an eigenvector for the
Hecke operators with the specified eigenvalues. [l

The eigenform Hj. determines a A(j)-algebra homomorphism valued in
the dual numbers B B
DP14e ' T® A(l)—>E = E[E]/(EQ),
defined by sending a Hecke operator to its eigenvalue on Hyy.. The homomor-
phism ¢1,. lifts the homomorphism

1 : T ® A(l)—>E

describing the eigenvalues of the Hecke operators on the Eisenstein series
() = E1(1,xs). Geometrically, ¢ corresponds to a point on the spec-
trum of T, and ¢4, describes a tangent vector at that point.

Recall that the cusp form .% is obtained by applying a Hecke operator to
S and that v1(#) # 0 (cf. Lemma 3.5). This implies that Fj. is (up to mul-
tiplication by an element of E *) a normalized cuspidal eigenform with Fourier
coefficients in E and with the same associated system of Hecke eigenvalues as
Hyi.. Hence ¢14. factors through the quotient T ® A(y) of T® Ay

Let T(q) be the localization of T ® A(y) at ker ¢1. We will view ¢14c as
a homomorphism on T(;), which is possible since ¢;1. factors through the
natural map T ® A)—T(y). The following theorem summarizes the main
results of this section.

THEOREM 3.7. Assume Leopoldt’s conjecture for F', and in Case 2 assume
further that (11) holds. Let 1,2, be as in (87) and (88). There exists a A)-
algebra homomorphism

$14c : Ty—Ele]/(e?)
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satisfying

(95) O14e(Tg) =¥1(a) + ¥2(a)  ifq ¢S,
(96) $14:(Uq) =t1(q)  ifa € R,

(97) D14<(Up) =1+ u1Zan(x)e.

Proof. Equations (95) and (96) simply restate (89). Equation (97) is a
consequence of (90) and the identity (cf. equations (77) and (79))

w(k) = u(k)Zan(x; k),
which implies that w] = u1.Zn(x). O

4. Galois representations

In this section, we parlay the homomorphism ¢1. of Theorem 3.7 into
the construction of a cohomology class k € H,} (F,E(x 1)) satisfying
(98) resp K = —ZLan(X)Enr + Keye-
This class will be extracted from the Galois representations attached to the

eigenforms in S°(n, x).

4.1. Representations attached to ordinary eigenforms. Recall that Ty is
the localization of T ® A1) at ker ¢1. Let F() be the total ring of fractions of
the local ring T'(1). It is isomorphic to a product of fields

./."(1) Zfl X e X./."t,

where each Fj is a finite extension of F,. Fix a factor F = F; in this decom-
position. We will write T and Uy to denote the images of the corresponding
Hecke operators in JF under the natural projection Fj)—F.

Recall the cyclotomic character ecyc : G F—>Z; that was introduced in
equation (13) of the introduction, and satisfies

€cyc(Frobg) = Nq  for all q1 p.
The A-adic cyclotomic character
€eye  GR—r A"

is given by
(Frobg) (k) = (Na)* ™.
The following key result is proved in [17] (cf. Theorems 2 and 4 of loc. cit.).

Eeye

THEOREM 4.1. There is a continuous irreducible Galois representation
p: Gp — GLQ(.F)
satisfying:
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1. The representation p is unramified at all primes q € S, and the charac-
teristic polynomial of p(Frobg) is

(99) 2® — Ty + x(q)(Na)* .

In particular, det p = X€qyc-

2. The representation p is odd; i.e., the image of any complex conjugation
in Gp under p has characteristic polynomial > — 1.

3. For each q | p, let G C Gg denote a decomposition group at q. Then

-1
~ [ XEeycl *
1 ~ ye'lg
(100) plc, ( 0 " >,
where ng is the unramified character of Gy satisfying
(101) nq(Frobg) = Uy.

Let V 22 F? be the representation space attached to p. For any choice of
F-basis of V, there is an associated matrix representation

(102) plo) = ( ZE;; ZEZ; ) , a,bc,d: Gp—F.

Let R denote the image of T ;) under the projection F(1)—F. The ring
R is a quotient of T(;) and hence is also a local ring having F' as residue field.
For z € R, write T € E for its reduction modulo the maximal ideal m of R.
Fix a choice of a complex conjugation § € Gr. Since the representation p is
totally odd, we may choose an F-basis of V' such that

=5 %)

Assume once and for all that the basis of V has been chosen in this way.

THEOREM 4.2. The representation p satisfies the following properties:
1. For all 0 € G, the entries a(o) and d(o) belong to R*, and

a(o) =1, d(o) = x(0).

2. The matrixz entry b does not vanish identically on the decomposition
group Gy at p.

Proof. The traces of p(Frobg) are Hecke operators, and hence lie in R. By
the Chebotarev density theorem, the same is true of trace(p(o)) for all o € Gp.
The identities

(103) a(o) = % (trace p(o) + trace p(c?))
and

(104) d(o) = % (trace p(o) — trace p(cd))
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imply that a(o),d(o) € R. Furthermore, (99) combined with

¢1(Tq) = 1+ x(q) for g ¢ S

implies that trace p(c) = 1+ x. Hence part 1 follows from (103) and (104).
We now turn to the proof of part 2. Let B denote the R-submodule of F
generated by the b(o) as o ranges over Gr. A standard compactness argument
shows that B is a finitely generated R-module. Since d(o) belongs to R*, the
function K (o) := b(o)/d(o) also takes its values in B. Let

K :Gr—B, B := B/mB

denote its mod m reduction. A direct calculation using the multiplicativity of
the representation p of equation (102) reveals that the function K is a con-
tinuous one-cocycle in Z'(Gp, B(x~1)). Furthermore, part 3 of Theorem 4.1
gives, for each q | p, a change of basis matrix

A, B

(105) < L > € GLy(F)
Cq Dq

satisfying

(106)

(o) o ) (e o) = (e o) (™ o)

for all ¢ € G. Comparing the upper left-hand entries in (106) gives the identity

(107) Cyb(0) = Aq [Xeeyety (o) — alo)]

for all o € G4. Suppose now that q # p. Since x # 1 on Gy, there is a 04 € G|
for which x(oq) # 1 and hence for which the expression in square braces on
the right of (107), evaluated at o = oy, is a unit in R. It follows that Cyq # 0
and that the ratio wq := A4/Cy belongs to B. Equation (107) can be rewritten
as the equation in B:

[Xécycn(;1<a) - a(a)]
d(o)

In order to reduce this equation modulo m, we note that
Vl(gcyc) =1, ¢1(77q(Fr0bq)) = C(anl(LXS)) =1,
and hence ¢1(n4(0)) = 1 for all ¢ € G4. Part 1 of Theorem 4.2 then yields

(108) K(o) =

wy for all o € Gy

(109) K(o)=(1-xYo)w, foralloe G,

It follows that K is locally trivial at all q | p/, and hence yields a class [K] €
le(F, B(x™')). Suppose that b vanishes on Gy. The same is then true of the
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cocycle K, which is therefore trivial at p. Hence by Lemma 1.5, the cohomology
class [K] is trivial. We may therefore write K as a coboundary

(110) K(o) = (1-x""(0))0

for some # € B and all 0 € Gp. Evaluating (110) at ¢ = & shows that
in fact # = 0, and hence K = 0 as a cocycle on Gp. But the image of K
generates the R-module B by definition, and hence B = 0. Since B is a finitely
generated R-module, Nakayama’s lemma implies that B = 0, contradicting the
irreducibility of p. This contradiction proves part 2. O

4.2. Construction of a cocycle. In the previous section, we constructed,
for each quotient F; of JF(y), a specific Galois representation

pj GF—>GL2(.F]‘).
The product of these representations yields a Galois representation
P - GF—>GL2(.F(1))

To lighten the notations we will write p instead of p(;) and use the symbols a,
b, ¢, and d to denote its matrix entries, with the understanding that in this
section, these are now elements of F(j) = F1 X -+ X Fy.

We now suppose we are given an A(j-algebra homomorphism ¢1c :

Ty — E lifting the homomorphism ¢; corresponding to the modular form
Eq1(1,xs). We suppose that ¢14. is given by the sum of two characters
Y1, 1 Gp — E* lifting 1, y, respectively, as in (95) and (96).

LEMMA 4.3. The Galois representation p satisfies the following properties:

1. For the chosen complex conjugation 9,

=5 %)

2. For all 0 € G, the entries a(c) and d(o) belong to T(X and

1)°
(111) P14¢ 0 a =11,
(112) P14e 0 d=1a.

Proof. Part 1 follows directly from the definition of p. The proof of part 2
is identical to the proof of part 1 of Theorem 4.2, with R replaced by T(;). U

The following is the main result of this section:

THEOREM 4.4. Let ¢p14. be as above. Write 1 = 1+ e, and define
ay € E by
P14e(Up) = 1 + ape.
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There exists a cohomology class k € H&(F,E(Xfl)) satisfying
resy K = —Qyknr + Keye — Tesp ().

Proof. Consider the change of basis matrices

Aq By
Cq Dy

with entries in F; satisfying (106). Equation (107) with g = p, combined
with part 2 of Theorem 4.2, shows that the projection of A, to each factor F;
is nonzero. Hence A, belongs to F(Xl). Let

and write B for the T (;)-submodule of F(;) generated by the B(a) as o ranges

over Gp. Since d(o) belongs to T(Xl), the function K (o) := b(0)/d(c0) takes
values in B as well. For each q | p/, the same reasoning as in the proof of
Theorem 4.2 shows that the element Cy belongs to ]—"(Xl) (i.e. it is not a zero

divisor) and that the element z4 := %‘; X %;1 belongs to B. The restriction of

K to G satisfies

[chycngl(a) - a(U)}

(113) K(o) = )

zq for all o € Gy.

At the prime p, we have

[ﬁcyc(a)ngl(o—) - (L(U)]
d(o)

We now claim that the module B is contained in m C T(y) C F(y). To see

this, let B! = (B +m)/m, and let K* : Gr—B* be the function obtained by
composing K with the natural surjection B —» Bf. The function

K Gr—TB = B* /mB*

(114) K(o) = for all o € Gy.

obtained from K* by reduction modulo the maximal ideal m is a one-cocycle
yielding a class

K| e H'(F. B (x ).
Equation (114) shows that

(115) K¥0) =0, and hence ?ﬁ(a) =0 for all o € Gy,

whereas equation (113) shows that [Fﬁ} is locally trivial at all q | p’. It follows

from Lemma 1.3 that [fﬁ] = 0, and arguing with ¢ as in the proof of Theo-
rem 4.2, we find that in fact K* =0 as a function. Since the K*(0) generate
the finitely generated T(;)-module B, we have B! = mB*, and hence B! =0
by Nakayama’s lemma. Thus B C m, as desired.
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We can now complete the proof of Theorem 4.4. Since the function K
takes values in m C T(;), we may consider its composition with ¢;4. and
define a function k : Gp — E by

d14c 0 K(0) = k(0)e.

The function x is a one-cocycle representing a class [k] € H'(F, E(x~!)). Since
zq € B C m, (113) implies that [x] is locally trivial at all q | p’ and therefore
belongs to le (F,E(x™')). Finally, combining (114) with the equations

P14¢© €eye = 1+ Rcyc€,
¢1+6 OMp = 1+ a;y‘{ﬁnrgv
Preeca =1+ sz)igv
P14e0d = X + e
(the latter two arising in (111) and (112)) yields

k(o) = —a; ke (0) + Keye(o) — w{l (o)
for all o € Gp. Theorem 4.4 follows. O

Proof of Theorem 2. Applying Theorem 4.4 to the A;)-algebra homomor-
phism ¢14. constructed in Theorem 3.7, we find that ¢} = vikcye and a; =
u1-%an(x), and hence obtain a class k € le (F,E(x™!)) satisfying

resp k = —U1-ZLan (X)Knr + (1 — V1) Keye
= Ul(_gan()ofinr + chyc)-

Recall that u; # 0 by (86). Replacing x by x/u1, we obtain (98). This proves
part 1 of Theorem 2, and part 2 for the character y. The proof of part 2 for
the character x~! follows from the observation that when there is a unique
prime of F' above p, the roles of the matrix entries b and ¢ can be interchanged
in Theorems 4.2 and 4.4. This produces a cohomology class k € HQ(F L E(x))
satisfying
resy K = —gan(xil)"&nr + Keye-

Theorem 2 follows. (]
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