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Introduction

Let E/@Q be a modular elliptic curve of conductor N, and let K be an
imaginary quadratic field. Rankin’s method gives the analytic continuation
and functional equation for the Hasse-Weil L-function L(E/K,s). When the
sign of this functional equation is —1, a Heegner point o is defined on E(K)
using a modular curve or a Shimura curve parametrization of E.

In the case where all the primes dividing N are split in K, the Heegner point
comes from a modular curve parametrization, and the formula of Gross-
Zagier [GZ] relates its Néron-Tate canonical height to the first derivative of
L(E/K,s) ats = 1. Perrin-Riou [PR] later established a p-adic analogue of the
Gross-Zagier formula, expressing the p-adic height of ax in terms of a de-
rivative of the 2-variable p-adic L-function attached to E/K. At around the
same time, Mazur, Tate and Teitelbaum [MTT] formulated a p-adic Birch and
Swinnerton-Dyer conjecture for the p-adic L-function of E associated to the
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cyclotomic Z,-extension of @, and discovered that this L-function acquires an
extra zero when p is a prime of split multiplicative reduction for E. The article
[BD1] proposed analogues of the Mazur-Tate-Teitelbaum conjectures for the
p-adic L-function of £ associated to the anticyclotomic Z,-extension of K. In a
significant special case, the conjectures of [BD1] predict a p-adic analytic
construction of the Heegner point ax from the first derivative of the anti-
cyclotomic p-adic L-function. (Cf. conjecture 5.8 of [BD1].) The present work
supplies a proof of this conjecture.

We state a simple case of our main result; a more general version is given
in Sect. 7. Assume from now on that N is relatively prime to disc(K), that £
is semistable at all the primes which divide N and are inert in K /@, and that
there is such a prime, say p. Let Ok be the ring of integers of K, and let
ug = 3#0%. (Thus, ug = 1 unless K = Q(i) or Q(v-3).)

Note that the curve E/K, has split multiplicative reduction, and thus is
equipped with the Tate p-adic analytic uniformization

Drate :pr — E(K),),

whose kernel is the cyclic subgroup of K generated by the Tate period
q €pl,.

Let H be the Hilbert class field of K, and let H,, be the compositum of all
the ring class fields of K of conductor a power of p. Write

w = Gal(Hy/H), Gy :=Gal(Hy/K), A:=Gal(H/K).

By class field theory, the group G, is canonically isomorphic to K / (QX(Q,?,
which can also be identified with a subgroup of the group K o of elements of
K of norm 1, by sending z to (9", where z denotes the complex conjugate
of z in pr.

A construction of [BD1], Sect. 2.7 and 5.3, based on ideas of Gross
[Gr], and recalled in Sect. 2, gives an element #,(E/K) in the completed
integral group ring Z[G] which interpolates the special values of the
classical L-function of E/K twisted by complex characters of Goo. We will
show (Sect. 2) that Z,(E/K) belongs to the augmentation ideal I of

Z[Gy). Let &' (E/K) denote the image of ¥,(E/K) in I/I> = Gy. The
reader should view ' W(E/K) € Gy as the ﬁrst derivative of Z,(E/K)
evaluated at the central point. One shows that the element LP’ (E/K)
actually belongs to Gy C G, so that it can (and will) be viewed as an
element of K of norm 1.

Using the theory of Jacquet-Langlands, and the assumption that E is
modular, we will define a surjective map n, :J — E, where E is an elliptic
curve isogenous to E over @), and J is the Jacobian of a certain Shimura
curve X. The precise definitions of X, J, n, and E are given at the end of
Sect. 4. At the cost of possibly replacing E w1th _an isogenous curve, we
assume from now on in the introduction that £ = E. (This will imply that £
is the ““strong Weil curve” for the Shimura curve parametrization).
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A special case of our main result is:

Theorem A. The local point ®rue(L,(E/K)) in E(K,) is a global point in E(K).

When #,(E/K) is non-trivial, theorem A gives a construction of a rational
point on E(K) from the first derivative of the anticyclotomic p-adic L-func-
tion of E/K, in much the same way that the derivative at s =0 of the
Dedekind zeta-function of a real quadratic field leads to a solution of Pell’s
equation. A similar kind of phenomenon was discovered by Rubin [Ru] for
elliptic curves with complex multiplication, with the exponential map on the
formal group of E playing the role of the Tate parametrization. See also a
recent result of Ulmer [U] for the universal elliptic curve over the function
field of modular curves over finite fields.

We now state theorem A more precisely. In Sect. 5, a Heegner point
ag € E(K) is defined as the image by 5, of certain divisors supported on CM
points of X. Let ax be the complex conjugate of k.

Theorem B. Let w=1 (resp. w= —1) if E/Q, has split (resp. non-split)
multiplicative reduction. Then

(DTate(g;;(E/K)) = og — Wig.

Theorem B, which relates the Heegner point ax to the first derivative of a p-
adic L-function, can be viewed as an analogue in the p-adic setting of the
theorem of Gross-Zagier, and also of the p-adic formula of Perrin-Riou
[PR]. Unlike these results, it does not involve heights of Heegner points, and
gives instead a p-adic analytic construction of a Heegner point.

Observe that G is isomorphic to Z, x Z/(p + 1)Z, so that its torsion
subgroup is of order p + 1. Choosing an anticyclotomic logarithm 1 map-
ping G, onto Z, determines a map from Z[G.] to the formal power series
ring Z,[T]. Let L,(E/K) be the image of ¥ ,(E/K) in Z,[T], and L, (E/K)
the derivative of L,(E/K) with respect to T evaluated at 7 = 0. Since @y is
injective on K, theorem B implies:

Corollary C. The derivative L,(E/K) is non-zero if and only if the point
ox — Wk is of infinite order.

Corollary C gives a criterion in terms of the first derivative of a p-adic
L-function for a Heegner point coming from a Shimura curve parametri-
zation to be of infinite order. Work in progress of Keating and Kudla
suggests that a similar criterion (involving the Heegner point oy itself) can
be formulated in terms of the first derivative of the classical L-function, in
the spirit of the Gross-Zagier formula.

The work of Kolyvagin [Ko] shows that if ax is of infinite order, then
E(K) has rank 1 and III(E£/K) is finite. By combining this with corollary C,
one obtains
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Corollary D. If L (E/K) is non-zero, then E(K) has rank 1 and NI(E/K) is
finite.

The formula of theorem B is a consequence of the more general result given
in Sect. 7, which relates certain Heegner divisors on jacobians of Shimura
curves to derivatives of p-adic L-functions. The main ingredients in the proof
of this theorem are (1) a construction, based on ideas of Gross, of the
anticyclotomic p-adic L-function of E/K, (2) the explicit construction of
[GVdP] of the p-adic Abel-Jacobi map for Mumford curves, and (3) the
Cerednik-Drinfeld theory of p-adic uniformization of Shimura curves.

1 Quaternion algebras, upper half planes, and trees
Definite quaternion algebras

Let N~ be a product of an odd number of distinct primes, and let B be the
(unique, up to isomorphism) definite quaternion algebra of discriminant N—.
Fix a maximal order R C B. (There are only finitely many such maximal
orders, up to conjugation by B*).

For each prime ¢, we choose certain local orders in B, := B® Q,, as
follows.

1. If ¢ is any prime which does not divide N, then B, is isomorphic to the
algebra of 2 x 2 matrices M>(®Q,) over @Q,. Any maximal order of By is
isomorphic to M>(Z,), and all maximal orders are conjugate by B;. We fix
the maximal order

Ry =R®1Z,.

2. If £ is a prime dividing N—, then B, is the (unique, up to isomorphism)
quaternion division ring over @Q,. We let

Ry :=R®Z,,

as before. The valuation on Z, extends uniquely to R,, and the residue field
of R, is isomorphic to IFp, the finite field with ¢> elements. We fix an
orientation of Ry, i.e., an algebra homomorphism

o, : Ry —IFp.
Note that there are two possible choices of orientation for R,.
3. For each prime ¢ which does not divide N~, and each integer n > 1, we
also choose certain oriented Eichler orders of level ¢". These are Eichler

orders Qﬁ") of level £ contained in Ry, together with an orientation of level ",
i.e., an algebra homomorphism
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ny :Egn) —Z/l"Z.

We will sometimes write R, for the oriented Eichler order Efgl) of level 2.

For each integer M = [[, ¢ which is prime to N—, let R(M) be the
(oriented) Eichler order of level M in R associated to our choice of local
Eichler orders:

RM) =B [ []RJ] R
ML

i

We view R(M) as endowed with the various local orientations o, and o, for

the primes ¢ which divide MN~, and call such a structure an orientation on

R(M). We will usually view R(M) as an oriented Eichler order, in what follows.
Let Z = [1, Z, be the profinite completion of Z, and let

E’::B@i:HBg
J4

be the adelization of B. Likewise, if Ry is any order in B (not necessarily
maximal), let Ry:=Ry®Z.

The multiplicative group B acts (on the left) on the set of all oriented
Eichler orders of a given level M by the rule

bxRy:=BnN (bRep™"), beB", RyCB.

(Note that b x Ry inherits a natural orientation from the one on Rj.) This
action of B™ is transitive, and the stabilizer of the oriented order R(M) is
precisely R(M)". Hence the choice of R(M) determines a description of the
set of all oriented Eichler orders of level M, as the coset space R(M) \B".
Likewise, the conjugacy classes of oriented Eichler orders of level M are in
bijection with the double coset space R(M) \B" /B*.

Let Nt be an integer which is prime to N—, and let p be a prime which
does not divide N*N~. We set

N =N*N"p.

Let T be the group of elements in R(N*)[L]* of reduced norm 1. Of
course, the definition of I depends on our choice of local orders, but:

Lemma 1.1. The group T" depends on the choice of the Ry, and Eén), only up to
conjugation in B*.

Proof. This follows directly from strong approximation ([Vi], p. 61).
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The p-adic upper half plane attached to B

Fix an unramified quadratic extension K, of Q,. Define the p-adic upper half
plane (attached to the quaternion algebra B) as follows:

A, = Hom(K),,B,).

Remark. The group GLy(®,) acts naturally on IP'(K,) by Mé&bius trans-
formations, and the choice of an isomorphism 1 : B, — M)(Q,) determines
an identification of #, with P'(K,) — ]PI(Q,,) This 1dent1ﬁcation sends
Y € A, to one of the two fixed points for the action of ny(K,) on P (K,).
More premsely, it sends y to the unique fixed point P € IP!(K ) such that the
induced actlon of K on the tangent line Tp(P'(K,)) = K, is via the
character z+ . More generally, a choice of an embedding B, —>M2(K )
determines an isomorphism of #, with a domain Q in P'(X,). In
the literature, the p-adic upper half plane is usually defined to be
]Pl((Ep) — IPI(QP) = C, — Q,, where €, is the completion of (an) algebraic
closure of @,. From this point of view, it might be more appropriate to
think of 2, as the K,,-rational points of the p-adic upper half plane. But in
this work, the role of the complex numbers in the p-adic context is always
played, not by C,, but simply (and more naively) by the quadratic extension
K,.

We will try as much as possible to work with the more ‘“‘canonical”
definition of the upper half plane, which does not depend on a choice of
embedding of B, into M>(K,,). The upper half plane .#, is endowed with the
following natural structures.

1. The group B; acts naturally on the left on J,, by conjugation. This
induces a natural action of the discrete group I' on 7.
2. An involution ¥ — s, defined by the formula:

¥(z) = ¥(2),

where z— Z is the complex conjugation on K,,.

The Bruhat-Tits tree attached to B

Let 7 be the Bruhat-Tits tree of B / (Q The vertices of 7 correspond to
maximal orders in B,, and two Vertices are joined by an edge if the inter-
section of the corresponding orders is an Eichler order of level p. An edge of
J 1is a set of two adjacent vertices on 7, and an oriented edge of 7 is an
ordered pair of adjacent vertices of ,9; . We denote the set of edges (resp.

oriented edges) of by &(7) (resp. £(T)).
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The edges of 7 correspond to Eichler orders of level p, and the oriented
edges are in bijection with the oriented Eichler orders of level p.

Since 7 is a tree, there is a distance function defined on the vertices of .7~
in a natural way. We define the distance between a vertex v and an edge e to
be the distance between v and the furthest vertex of e.

The group B acts on 7 via the rule

bxRy:=bRp™', beBS, RyeT.

This action preserves the distance on 7 . In particular, the group I' acts on
J by isometries.

Fix a base vertex vy of 7. A vertex is said to be even (resp. odd) if its
distance from vy is even (resp. odd). This notion determines an orientation
on the edges of 7, by requiring that an edge always go from the even vertex
to the odd vertex. The action of the group B, does not preserve the ori-
entation, but the subgroup of elements of norm 1 (or, more generally, of
elements whose norm has even p-adic valuation) sends odd vertices to odd
vertices, and even ones to even ones. In particular, the group I preserves the
orientation we have defined on 7.

The reduction map

Let @, be the ring of integers of K,. Given € J,, the image /(C,) is
contained in a unique maximal order Ry, of B,. In this way, any Y € ),
determines a vertex Ry of 7. We call the map y+— Ry the reduction map
from 4, to 7, and denote it

rofH,— T .

For an alternate description of the reduction map r, note that the map
from K, to B, determines an action of K,* on the tree 7. The vertex r(y) is
the unique vertex which is fixed under this action.

The lattice M

Let 4 := 7 /T be the quotient graph. Since the action of I' is orientation
preserving, the graph ¢ inherits an orientation from 7. Let &(%) be the set
of (unordered) edges of ¢, and let ¥"(¥) be its set of vertices. Write Z[&(9)]
and Z[7(9)] for the modules of formal Z-linear combinations edges and
vertices of ¥, respectively.

There is a natural boundary map J, (compatible with our orientation)

0, : Z[6(9)] — Z[V (D)]
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which sends an edge {a,b} to a — b, with the convention that a is the odd
vertex and b is the even vertex in {a,b}. There is also a coboundary map

o 2V (9)] — Z[6(%)]

defined by

)=+ e

vee

where the sum is taken over the images in &(%) of the p+ 1 edges of 7
containing an arbitrary lift v of v to 7. The sign in the formula for 0* is +1
if v is odd, and —1 if v is even.

Recall the canonical pairings defined by Gross [Gr] on Z[£(%)] and on
Z[V'(9)]. If e is an edge (resp. v is a vertex) define w, (resp. w,) to be the
order of the stabilizer for the action of I' of (some) lift of e (resp. v) to 7.
Then

<eia ej> = weféija
<<U,‘, Uj» = wL.I(S,-j.
Extend these pairings by linearity to the modules Z[(&(¥)] and Z[7"(¥9)].

Lemma 1.2. The maps 0. and 0% are adjoint with respect to the pairings { , )
and { ,), i.e.,

(e, 0"v) = ((Ove,v)).

Proof. By direct computation.

Define the module .# as the quotient
M =TL[E(Y)]/image(I).

Given two vertices a and b of 7, they are joined by a unique path, which
may be viewed as an element of Z[£(%)] in the natural way. Note that
because of our convention for orienting .7, if @ and b are even vertices (say)
joined by 4 consecutive edges e, e, e3 and ey, then the path from a to b is
the formal sum

path(a,b) =e; —ex + e3 —es € Z[E(Y)).
Note that we have the following properties of the path function:

path(a, b) = —path(b,a), path(a,b) + path(b,c) = path(a,c).
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Also, if a and b are I'-equivalent, then path(a,b) belongs to H,(¥9,Z) C
Z[8(9D)).

Proposition 1.3. The map from # to Hom(T', Z) which sends m € M to the
function

7+ (path(vo, yvo), m)
is injective and has finite cokernel.
Proof. The pairing ( , ) gives an injective map with finite cokernel

M — Hom(ker(9,),Z).

But

ker(0.) = H\(9,Z).
Let I'® denote the abelianization of I'. Then the map of I'®® to H,(%,Z)
which sends 7 to path(vg, yvg) is an isomorphism modulo torsion (cf. [Se]).
The proposition follows.
Relation of M with double cosets
We now give a description of ./ in terms of double cosets which was used in

[BD1], Sect. 1.4.
More precisely, let

Inipn- = Z|R(N*p)\B" /B*

be the lattice defined in [BD1], Sect. 1.4. (By previous remarks, the module
Jn+pn- is identified with the free Z-module

ZR, @ - - S LR,

generated by the conjugacy classes of oriented Eichler orders of level N*p in
the quaternion algebra B.) Likewise, let

Jv+n- = ZR(NT)\B*/B"].

In [BDI], Sect. 1.7, we defined two natural degeneracy maps

In+ N- — InpN-s
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and a module Jj’,:;‘_ejy, to be the quotient of Jy+,y- by the image of Jy+,
N~ & Jy+ - under these degeneracy maps.

Proposition 1.4. The choice of the oriented Eichler order R(N'p) determines

an isomorphism between .4 and Jy. 5.

The proof of proposition 1.4 uses the following lemma:

Lemma 1.5. There exists an element y € R(N +)[I]—y]X whose reduced norm is an
odd power of p.

Proof. Let F be an auxiliary imaginary quadratic field of prime discriminant
such that all primes dividing N™ are split in F and all primes dividing N~ are
inert in F. Such an F exists, by Dirichlet’s theorem on primes in arithmetic
progressions. By genus theory, F has odd class number, and hence its ring of
integers (r contains an element a of norm p*, with k odd. Fix an embedding
of Or in the Eichler order R(N1), and let y be the image of a in R(N*)[i]x.

Proof of proposition 1.4. Recall that R, C B, denotes our fixed local Eichler
order of level p. By strong approximation, we have

Rovp 8/ =m0 v ]

The group R;Q is the stabilizer of an ordered edge of 7. Hence R, Q\B
is identified with the set &§(7") of ordered edges on .7, and the double coset
space Ry Q\B) /R(N*)U—jX is identified with the set of ordered edges &(%..)
on the quotient graph %, := 7 /#(N™") [}J] . -

But the map which sends {x,y} € (%) to (x,y) € (%) if x is even, and
to (y,x) if x is odd, is a bijection between £(¥) and §(%.). For, if {x,y} and
{x,»'} have the same image in (%), then there is an element of R(N +)[]lj]X
which sends the odd vertex in {x, y} to the odd vertex in {x', )’} and the even
vertex in {x, y} to the even vertex in {x’,)'}. This element is necessarily in T,
since it sends an odd vertex to an odd vertex. Hence the edges {x,y} and
{x/,)'} are T'-equivalent, and our map is one-one. To check surjectivity, let y
be the element of R(N*)[[l)]X given by lemma 1.5. Then the element (x,y) of
&(%.) is the image of {x,y} if x is even and y is odd, and is the image of
{yx,yy} if x is odd and y is even. To sum up, we have shown that the choice
of the Eichler order R(N'p) determines a canonical bijection between
JIyepn- and Z[&(¥9)]. Likewise, one shows that the Eichler order R(N™")
determines a canonical bijection between Jy+y- and the set of vertices
7(9,), and between Jy+ y- @ Jy+ y- and Z[#(9)]. (The resulting map from
ZV(9)]®Z[V(%94)] to Z[7'(9)] sends a pair (v,w) to v, —w_, where
where v, and w_ are lifts of v and w to vertices of ¢, which are even and odd
respectively.) Finally, from the definition of the degeneracy maps given in
[BD1] one checks that the following diagram commutes up to sign:
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JN*,N’ (&) JN*,N* — Z[W(g)]
! Lo,
IN+pN- —  Z[6(9)]

where the horizontal maps are the identifications we have just established,
and the left vertical arrow is the difference of the two degeneracy maps.
(Which is only well-defined up to sign). From this, it follows that
M =TZ[E(Y)]/image(0*) is identified with the module

J],\)/:;;:]N, = JN*p,N* /image(JNﬂNf (&) JN*,N*)

of [BDI1].

Hecke operators

The lattice .# is equipped with a natural Hecke action, coming from its
description in terms of double cosets. (Cf. [BD1], Sect. 1.5.) Let T be the
Hecke algebra acting on .#. Recall that N = N*N~p. The following is a
consequence of the Eichler trace formula, and is a manifestation of the
Jacquet-Langlands correspondence between automorphic forms on GL,
and quaternion algebras.

Proposition 1.6. If ¢ : T — C is any algebra homomorphism, and a, = ¢(T,,)
(for all n with gcd(n,N~p) = 1), then the a, are the Fourier coefficients of a
normalized eigenform of weight 2 for I'o(N). Conversely, every normalized
eigenform of weight 2 on To(N) which is new at p and at the primes dividing
N~ corresponds in this way to a character ¢.

Given a normalized eigenform f on Xy(N), denote by (), the order generated
by the Fourier coefficients of /" and by K, the fraction field of ¢;. Assuming
that f"isnew at pand at N, let 1, € T ® K be the idempotent associated to
S by proposition 1.6. Let ny € O be such that 5, := nyny belongs to T ® 0.

Let .4/ C .4 ® (; be the sublattice on which T acts via the character
associated to f. The endomorphism 1, induces a map, still denoted 5, by an
abuse of notation,

Ny oMl — M
In particular, if f has integer Fourier coefficients, then .4/ is isomorphic to
Z. Fixing such an isomorphism (i.e., choosing a generator of .#/), we obtain
a map

ne: M —Z,

which is well-defined up to sign.
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2 The p-adic L-function

We recall the notations and assumptions of the introduction: £ is a modular
elliptic curve of conductor N, associated to an eigenform f on I['((N); K is a
quadratic imaginary field of discriminant D relatively prime to N. Fur-
thermore:

1. the curve E has good or multiplicative reduction at all primes which are
inert in K/Q;

2. there is at least one prime, p, which is inert in K and for which E has
multiplicative reduction;

3. the sign in the functional equation for L(E/K,s) is —1.

Write
N =N*tNp,

where N, resp. N~ is divisible only by primes which are split, resp. inert in
K. Note that by our assumptions, N~ is square-free and not divisible by p.

Lemma 2.1. Under our assumptions, N~ is a product of an odd number of primes.

Proof. By page 71 of [GZ], the sign in the functional equation of the complex
L-function L(E/K,s) is (—l)#{élNi"}“. The result follows.

Let ¢ be an integer prime to N. We modify slightly the notations of the
introduction, letting A denote now the ring class field of K of conductor c,
and H, the ring class field of conductor ¢p”". We write H,, = |J H,, and set

G, = Gal(H,/H), G, :=Gal(H,/K),
Gs = Gal(Hy/H), Gy :=Gal(Hy/K), A:=Gal(H/K).

(Thus, the situation considered in the introduction corresponds to the spe-
cial case where ¢ = 1.) There is an exact sequence of Galois groups

0—>Goo—>éoo—>A—>0,

and, by class field theory, G is canonically isomorphic to K /(D; oOf.

The completed integral group rings Z[G,.] and Z[G,] are defined as the
inverse limits of the integral group rings Z[G,| and Z[G,] under the natural
projection maps. We set

MGy = M LG,

MG = lim (G, = M ® Z[G],
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and likewise for G, and G, replaced by G, and G. The groups G and G
act naturally on .#[G.] and .#[G.] by multiplication on the right.

In this section, we review the construction of a p-adic L-function
£, (M [K), in a form adapted to the calculations we will perform later. A
slightly modified version of this construction is given in Sect 2.7 of [BD1]. It
is based on results of Gross [Gr] on special values of the complex L-func-
tions attached to £/K, and on their generalization by Daghigh [Dag].

Let

Q= 47r2/ If (1)[*dx A idz
Hoo)T
be the complex period associated to the cusp form f. Write d for the dis-
criminant of the order @ of conductor ¢, u for one half the order of the

group of units of ¢ and n, for the integer defined at the end of section 1 by
the relation 1, = nsn;.

Theorem 2.2. There is an element & ,(M [K) € M [Gs], well-defined up to
right multiplication by G, with the property that

(K =LV

for all finite order complex characters y of G and all modular forms f
associated to T as in proposition 1.6.
Proof. See [Gr], [Dag] and [BD1], Sect 2.7.
Corollary 2.3. Setting
Ly(E/K) = n,(ZLp(M/K)) € Z[Gxd],

where f is the modular form associated to E, one has

e Rk

for all finite order characters y of G.

Remark. One sees that the interpolation property of corollary 2.3 determines
Z,(E/K) uniquely, up to right multiplication by elements in G, if it exists.
The existence amounts to a statement of rationality and integrality for the
special values L(E/K,y,1). The construction of #,(.#/K) (and hence, of
Z,(E/K)) is based on the notion of Gross points of conductor ¢ and c¢p”.

Gross points of conductor c
Recall that O is the order of conductor ¢ in the maximal order (g, where we

assume that c is prime to N. We equip ¢ with an orientation of level NtN—,
i.e., for each ¢"|N*, an algebra homomorphism
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0,: O —ZJU'Z,
and for each ¢|[N~, an algebra homomorphism
0,: O —TFp.
An embedding & : O — R; of ¢ into an oriented Eichler order R; of level

dividing N is called an oriented embedding if it respects the orientations on
O and on R, i.e., if the diagrams

0o = R 0 = R
| o/ Lo/ Log Log
zZ)r7 = Z/Z F. = Fp

commute, for all £ which divide NTN~.

The embedding ¢ is called optimal if it does not extend to an embedding
of any larger order into R;. The group B* acts naturally on the set of
oriented optimal embeddings of conductor ¢, by conjugation:

b(R:, &) == (bR:b™ ', bED7").

Definition 2.4 4 Gross point of conductor ¢ and level NTN~ is a pair (R, &)
where R is an oriented Eichler order of level NT in B, and ¢ is an oriented
optimal embedding of O into R¢, taken modulo conjugation by B*.
We denote by Gr(c) the set of all Gross points of conductor ¢ and level
NtN~.

Given ¢ € Hom(K, B), we denote by ¢ € Hom(K, B) the natural exten-
sion of scalars.

The group

A = Pic(0) = 0 \K*\K*

acts on the Gross points, by the rule

(R, €) = (é(a) *Rg,f).

Lemma 2.5. The group A acts simply transitively on the Gross points of
conductor c.

Proof. See [Gr], Sect. 3.
One says that (R, &) is in normal form if
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R: @ Zy = R, for all £[Np,
R:QZ = E,(Z") as oriented Eichler orders, for all /*|N™",
R: ® Zy = R, as oriented orders, for all £|N~.

(Note in particular that we have imposed no condition on R: ® Z,, in this
definition.) Choose representatives (R, V), (R2, ), ..., (Rn,¥,) for the
Gross points of conductor ¢, written in normal form. (This can always be
done, by strong approximation.) Note that

R; [ﬂ =R E] as oriented Eichler orders,

and that the orders R; are completely determined by the local order R; ® Z,.
Let vy, ..., v, be the vertices on 7 associated to the maximal orders R; ® Z,,,
..., Ry ® Z,. The vertex v; is equal to r(}),), i.e., it is the image of y; (viewed
as a point on J, in the natural way) by the reduction map to 7.

Gross points of conductor cp”
Let n > 1, and let @, denote the order of K of conductor cp”.

Definition 2.6. 4 Gross point of conductor cp" and level N is a pair (R:, &)
where R is an oriented Eichler order of level NTp in B, and & is an oriented
optimal embedding of O, into R¢, taken modulo conjugation by B*.

To make Definition 2.6 complete, we need to clarify what we mean by an
orientation at p of the optimal embedding £. (For the primes which divide
NTN~, the meaning is exactly the same as before.) The oriented Eichler
order R: ® Z, corresponds to an ordered edge on .7, whose source and
target correspond to maximal orders R, and R, respectively. We require that
¢ still be an optimal embedding of @, into R;. (It then necessarily extends to
an optimal embedding of ¢/, into R;.)
We let Gr(cp") be the set of Gross points of level ¢p”, and we set

Gr(cp™) := Loj Gr(cp).

n=1

The group G, = @; \K”/K* acts on Gr(cp") by the rule

(R, &) = (é(a) *Rg,f).
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Lemma 2.7. The group G, acts simply transitively on Gr(cp").

Proof. See [Gr], Sect. 3.
In particular, the group G, acts transitively on Gr(cp™). As before, we say
that a Gross point (R¢, &) of conductor ¢p” is in normal form if

R: @ Z; = R, for all ¢{Np,

R:QZ = Bgn)as oriented Eichler orders, for all £/|N™,

R: ® Zy = Ry as oriented orders, for all /|N~.

Recall the representatives (Ry,y,),...,(Ry,¥,) for the Gross points of
conductor ¢ that were chosen in the previous paragraph.

Lemma 2.8. Every point in Gr(cp™) is equivalent to an element in normal
form, and can be written as (Ro,V;), where Y, € {Y,...,\,}, and Ry @ Z,, is
an oriented Eichler order of level p. A point in Gr(cp™) described by a pair
(Ro, ;) is of level cp", where n is the distance between the edge associated to
Ry on T, and the vertex associated to R;.

Proof. The first statement follows from strong approximation, and the
second from a direct calculation.

By Lemma 2.8, the set Gr(cp™) can be described by the system of repre-
sentatives

g(y) X {lljv RS lpé}
The action of G = K / (Q; on Gr(cp™) in this description is simply
o(Ro, ) i= (Wilo) + Ro ).

Construction of & ,(M |K)

Choose one of the representatives of Gr(c), say, (v1,¥,). Choose an end of
g originating from vy, i.e., a sequence ey, ez, ..., e,,... of consecutive edges
originating from v;. By Lemma 2.8, the Gross points (e,, ;) are a sequence
of Gross points of conductor ¢p”. Consider the formal expression

(=13 olen ) -0

0eG,
and let £, (.4 /K) denote its natural image in .#[G,].

Lemma 2.9. The elements &), ,(4/K) (n>1) are compatible under the
natural projection maps M(G,\] — M[G,].
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Proof. This follows directly from the definiton of the action of G, on Gr(cp")
given above, and from the definition of the coboundary map d*. They yield
that the formal expression Normg, , /x, (€11, %) + (es, ) is in the image of
the coboundary map 0%, and hence is zero in .#. The lemma follows.

Lemma 2.9 implies that we can define an element

Zp(M[K) € M|Gx]

by taking inverse limit of the %,,(.#/K) via the projections
M|Gpi1] — MGy

The element %,(.#/K) satisfies the conclusions of Theorem 2.2. It
should be thought of as a p-adic L-function (or rather, the square root of a
p-adic L-function) over K, associated to modular forms for T. If f is any
such modular form, then the element ,.%,(.#/K) is equal to the element
Oy n- defined in [BD1], Sect. 5.3 (in the special case when f* has rational
coefficients).

Note that £ ,(.# /K) depends on the choice of the initial point (vi,¥,),
and on the end ey,...,e,,... of J originating from v;, but only up to
multiplication (on the right) by an element of G.

Recall the augmentation ideal 7 of Z[Go.] described in the introduction.
More generally, let I, be the kernel of the augmentation map
Z[G~] — Z[A].

Lemma 2.10. % ,(#/K) belongs to M & 1. In fact, &£,(.H [K) belongs to
MR I

Proof. Since A acts simply transitively on (vy, ), .., (vs, ¥,), let o; be the
element such that

o;01 = U;.

Let I5 denote, by abuse of notation, the image of /5 in Z[Gn]. Note that we
have the canonical isomorphisms

Z[Gx]/In = Z[G,]/In = Z[A].

By the compatibility lemma 2.9, the image of £, (.#/K) in .#[[Gx]]/I is
equal to the image of £, (4 /K) in .4 [G\]/Ix = .#[A], which is equal to:

h

2(2) o

i vi€e

But each of the terms in the inner sum belongs to the image of 0*, and hence
is 0 in .#. Thus, % ,(.# /K) belongs to .# ® Ia, and also to .# ® I, since
I\ C 1.
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Remark. If y is any character of A and f is any modular form attached to T,
then the functional equation of L(f/K,y,s) has sign —1, and hence
L(f/K,y,1) =0 for all such characters. The interpolation formula of The-
orem 2.2 implies then that & ,(.# /K) belongs to 5. The point of the proof
of Lemma 2.10 is that the construction of %,(.#/K) also implies this
directly, without using the relation with L-function values.

Let

L (M|K) € M@ (I)IP) =M @G
and
Ly MH) € M & (1n]13) = MA@ G = H[A] @ (K

be the natural images of the element %,(.#/K). Since £,(.# /K) is well-
defined up to right multiplication by G, the element %’ (,ﬂ /K) is canon-
ical, and does not depend on the choice of (v, ) or on the choice of the
end of 7 originating from v;. The element %, (.# /H) is well defined, up to
right multiplication by an element of A.

We now give an explicit description of &) (.#/K) and & (.4 /H) in
Hom(I', K}, ) which will be used in the calculations of Sects. 6 and 7. Let
be any point in ), corresponding to a local embedding of K, into B,,. The
embedding  gives rise to an action of Kf / (D; on the tree J by multipli-
cation on the right, fixing the vertex vy := r(i). Choose a sequence of ends

ey, ..., ey, ... originating from vy, and let
24,0~ 1 TG
oG,

be the element of .# ® G, (here we denote by e, the element in .# associated
to the edge e,). The elements ,Ef ,() are compatible under the obvious
projection maps A4 ® G,y — ,ﬂ ® G,, and hence the element ¥’ (lp) e M
® Gy can be defined as the inverse limit of the %) (i) under the natural

projections. By proposition 1.3, we may view $ (lp) as an element of
Hom(T',K},), given by

L)) = li§n<path(vo,51)o), g'p,n(w)> € G =K\, VOeT.
In this notation, we have

LM |K) = Zgﬂ
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L(MH) =L (Y])o

gEA

3 Generalities on Mumford curves

Following [Jo-Li], we call a smooth complete curve X over K, an admissible
curve over K, if it admits a model 2" over the ring of integers ¢, of K,,, such
that:

(i) the scheme Z is proper and flat over (;

(i1) the irreducible components of the special fiber ', are rational and
defined over (,/(p) ~ IF 2, and the singularities of 2, are ordinary double
points defined over 0,/ (p);

(iii) if x € &) is a singular point, then the completion Oy « of the local ring
Oy 1s O-isomorphic to the completion of the local ring O[X, Y]/ (XY — p™)
for a positive integer m.

Let T be a finitely generated subgroup of PGL,(K,), acting on P'(C,) by
Moébius transformations. A point z € ]Pl((lip) is said to be a limit point for
the action of T"if it is of the form z = lim g,(zo) for a sequence of distinct
elements g, of . Let .# C IP'(C,) denote its set of limit points and let
Q, =P'(K,) — .#. The group T is said to act discontinuously, or to be a
discontinuous group, if Q, # (). A fundamental result of Mumford, extended
by Kurihara, establishes a 1-1 correspondence between conjugacy classes of
discontinuous groups and admissible curves.

Theorem 3.1. Given an admissible curve X over K, there exists a discontinuous
group I C PGL1(K,), unique up to conjugation, such that X (K,) is isomorphic
to Q,/T. Conversely, any such quotient is an admissible curve over K,.

Proof. See [Mu] and [Ku].

IfD=P +--+P—01—-— 0, €Div’(Q,) is a divisor of degree zero
on Q,, define the theta function

' B (z—“/Pl)(Z_VP’)
0(z; D) —g(z_le)...(z_yQ,)’

with the convention that z — oo = 1. B
Let Ty := I'/[I', T'] be the abelianization of T', and let T := T/ (Iap)
be its maximal torsion-free quotient.

tor

Lemma 3.2. There exists ¢p € Hom(I',K)) such that 0(0z;D) = ¢p(0)0
(z;D), for all 6 in T'. Furthermore, the map ¢, factors through I, so that ¢y,
can be viewed as an element of Hom(I', K ).
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Proof. See [GVdP], p. 47, (2.3.1), and ch. VIII, prop. (2.3).
Let

@4y : Div°(Q,) — Hom (f,K;)

be the map which associates to the degree zero divisor D the automorphy
factor ¢p. The reader should think of this map as a p-adic Abel-Jacobi map.

Given ¢ € I', the number ¢,)_(s,)(B) does not depend on the choice of
z € Q,, and depends only on the image of  and fin I'. Hence it gives rise to
a well-defined pairing

Lemma 3.3. The pairing ( , ) is bilinear, symmetric, and positive definite (i.e.,
ord, o (, ) is positive definite). Hence, the induced map

j: T — Hom(T',K))
is injective and has discrete image.

Proof. See [GVdP], VI.2. and VIII.3.

Given a divisor D of degree zero on X(K,) = Q,/T, let D denote an arbitrary
lift to a degree zero divisor on Q,. Let A := j(I'). The automorphy factor ¢;,
depends on the choice of D, but its image in Hom(T, K)*)/A depends only on
D. Thus @4y induces a map Div®(X(K),)) — Hom(I',K)¥) /A, which we also
call ®5; by abuse of notation.

Proposition 3.4. The map Div°(X (K,)) — Hom(I',K)/A defined above is
trivial on the group of principal divisors, and induces an identification of the

Ky-rational points of the jacobian J of X over K, with Hom(l:,KpX)//\.

Proof. See [GVAP], VI.2. and VIIL4.

To sum up, we have:

Corollary 3.5. The diagram
Div’ (Q,) @ Hom (l:7KX>
L !
Div'(X(K,)) ®aj J(K,)

commutes.
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4 Shimura curves

Let 4 be the indefinite quaternion algebra of discriminant N~ p, and let # be
an (oriented) maximal order in % (which is unique up to conjugation).
Likewise, for each M prime to N~ p, choose an oriented Eichler order #Z(M)
of level M contained in £.

Let X be the Shimura curve associated to the Eichler order Z(N ™), as in
[BD1], sec. 1.3.

I Moduli description of X

The curve X/@Q is a moduli space for abelian surfaces with quaternionic
multiplication and N'-level structure. More precisely, the curve X/Q
coarsely represents the functor & ¢ which associates to every scheme S over
Q the set of isomorphism classes of triples (4, i, C), where

1. A is an abelian scheme over S of relative dimension 2;

2. i: # — Endg(4) is an inclusion defining an action of # on 4;

3. Cis an N*-level structure, i.e., a subgroup scheme of 4 which is locally
isomorphic to Z/N*Z and is stable and locally cyclic under the action of
R(NT).

See [BC], ch. IIT and [Rob] for more details.

Remarks. 1. The datum of the level N* structure is equivalent to the data,
for each ¢"|N T, of a subgroup C; which is locally isomorphic to Z/¢"Z and
is locally cyclic for the action of Z(N™).

2. For each ¢ dividing N~ p, let I C %, be the maximal ideal of #,. The
subgroup scheme 4, of points in 4 killed by 7 is a free #,/I ~ IF 2-module of
rank one, and the orientation o, : Z; — IF» allows us to view 4; canoni-
cally as a one-dimensional IF-vector space.

II Complex analytic description of X
Let
Boo =B QR ~ My(R).
Define the complex upper half plane associated to % to be
H o« := Hom(C, B).

Note that a choice of isomorphism 7 : Z,, — M>(IR) determines an iso-
morphism of J#, with the union € — R of the “usual”” complex upper half
plane

{ze C:Imz > 0}
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with the complex lower half plane, by sending ¥ € Hom(C, %,) to the
unique fixed point P of yy(C*) such that the induced action of €* on the
complex tangent line 7p(C — R) = € is by the character z+ 2.

Let ', = Z(NT)" be the group of invertible elements in Z(N*) (i.e.,
having reduced norm equal to +1). This group acts naturally on 5, via the
action of % by conjugation.

Proposition 4.1. The Shimura curve X over C is isomorphic to the quotient of
the complex upper half plane # , attached to B, by the action of T, i.e.,

X(C) = H o )T

Proof. See [BC], ch. III, and [Rob].

In particular, an abelian surface 4 over € with quaternionic multiplications
by # and level Nt structure determines a point ¥ € #,, = Hom(C, %)
which is well-defined modulo the natural action of I',,. We will now give a
description of the assignment 4 — . Although not used in the sequel, this
somewhat non-standard description of the complex uniformization is in-
cluded to motivate the description of the p-adic uniformization of X which
follows from the work of Cerednik and Drinfeld.

The complex upper half plane as a moduli space. We first give a
“moduli” description of the complex upper half plane /# », := Hom(C, %)
as classifying complex vector spaces with quaternionic action and a certain
“rigidification”.

Definition 4.2. A quaternionic space (attached to %) is a two-dimensional
complex vector space V equipped with a (left) action of B, i.e., an injective
homomorphism i : B, — End¢(V).

Let Vg be the 4-dimensional real vector space underlying V.
Lemma 4.3. The algebra Endg_(VR) is isomorphic (non-canonically) to $B.
Proof. The natural map

Boo ® Endy (V) — Endr (Vr) ~ Ms(R)

is an isomorphism, and hence Endy_(¥r) is abstractly isomorphic to the
algebra %.

Definition 4.4. A rigidification of the quaternionic space V is an isomorphism

A pair (V,p) consisting of a quaternionic space V and a rigidification p is
called a rigidified quaternionic space.
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There is a natural notion of isomorphism between rigidified quaternionic
spaces.

Proposition 4.5. There is a canonical bijection between # ., and the set of
isomorphism classes of rigidified quaternionic spaces.

Proof. Given € # . = Hom(C, %), we define a rigidified quaternionic
space as follows. Let V' = %, viewed as a two-dimensional complex vector
space by the rule

v:=uvp(l), veV, 1eC.

The left multiplication by %, on ¥ endows ¥ with the structure of qua-
ternionic space. The right multiplication of %, on ¥V is then used to define
the rigidification %, — Endg_(VRr).

Conversely, given a rigidified quaternionic space (¥, p), one recovers the
point ¥ in # ,, by letting y(4) be p~!(m;), where m; is the endomorphism in
Endy_(VR) induced by multiplication by the complex number A.

One checks that these two assignments are bijections between ., and

the set of isomorphism classes of rigidified quaternionic spaces, and that
they are inverses of each other.
We now describe the isomorphism X (C) = #,/T'» given in proposition
4.1. Let 4 be an abelian surface over € with quaternionic multiplication by
2 and level N7 structure. Then the Lie algebra V' = Lie(4) is a quaternionic
space in a natural way. (The quaternionic action of %, is induced by the
action of # on the tangent space, by extension of scalars from Z to R.)
Moreover, V is equipped with an #-stable sublattice A which is the kernel of
the exponential map V — A4.

Lemma 4.6. 1. The endomorphism ring Endg(A) is isomorphic (non-canoni-
cally) to R.

2. The set of endomorphisms in Endg(A) which preserve the level N*-
structure on A is isomorphic (non-canonically) to the Eichler order Z(N™T).

Proof. The natural map

% (Enda(A) © Q) — Endg(A ® Q) ~ My(Q)

is an isomorphism, and hence End4(A) ® @ is abstractly isomorphic to the
quaternion algebra #. Furthermore, the natural map
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has torsion-free cokernel, and hence Endz(A) is a maximal order in 4.
Likewise, one sees that the subalgebra of End4(A) preserving the level Nt
structure (viewed as a submodule of N%A/ A) is an Eichler order of level N*.

Fix an isomorphism
P : 2 — Endyk(A),
having the following properties.

1. For each £"|N*, po(Z(NT)) ® Z, preserves the subgroup C; (viewed as a
subgroup of Z%A/A). By the remark 1 above, Z(N*1) operates on C; via a
homomorphism Z(Nt)— Z/¢"Z. In addition, we require that this ho-
momorphism be equal to the orientation o, .

2. For all ¢|[N~p, the algebra %, acts on %A/A, and stabilizes the subspace
V corresponding to 4; (where [ is the maximal ideal of %;). By the remark 2
above, V is equipped with a canonical IFp-vector space structure, and
00(Zy) acts Fp-linearly on it. We require that the resulting homomorphism
A — IFp2 be equal to the orientation o, .

With these conventions, the homomorphism p, is well-defined, up to
conjugation by elements in I'w. Let p : . — Endy_(Vr) be the map in-
duced from p, by extension of scalars from Z to R. The pair (V,p) is a
rigidified quaternionic space, which depends only on the isomorphism class
of A, up to the action of T', on p by conjugation. The pair (¥, p) thus gives a
well-defined point on # /T associated to 4.

It is a worthwhile exercise for the reader to check that this complex
analytic description of the moduli of abelian varieties with quaternionic
multiplications corresponds to the usual description of the moduli space of
elliptic curves as # . /SL,(Z), in the case where the quaternion algebra # is

M (@).

111 p-adic analytic description of X

The fundamental theorem of Cerednik and Drinfeld states that X is an
admissible curve over Q, and gives an explicit description of the discrete
subgroup attached to X by theorem 3.1. More precisely, let B, R, and
I' CR(N +)[11—7]X be as in section 1. (So that B is the definite quaternion al-
gebra obtained from % by the Cerednik “interchange of invariants” at p.)
Then we have:

Theorem 4.7 (Cerednik-Drinfeld). The set of K,-rational points of the Shim-
ura curve X is isomorphic to the quotient of the p-adic upper half plane J)
attached to B by the natural action of T, i.e.,

X(K,) = #,)T.
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Under this identification, the involution — of H ), corresponds to the
involution tw, of X(K,), where t is the complex conjugation in Gal(K,/Q,),
and wy, is the Atkin-Lehner involution of X at p.

Proof. See [C], [Dr] and [BC].

In particular, an abelian surface 4 over K, with quaternionic multiplications
by # and level N* structure determines a point y € #, = Hom(K),B,)
which is well-defined modulo the natural action of I'. We will now give a
precise description of the assignment A4 +— . Crucial to this description is
Drinfeld’s theorem that the p-adic upper half plane #, parametrizes
isomorphism classes of certain formal groups with a quaternionic action,
and a suitable “‘rigidification”.

The p-adic upper half plane as a moduli space. We review Drinfeld’s moduli
interpretation of the (K,-rational points of the) p-adic upper half plane .
Roughly speaking, /), classifies formal groups of dimension 2 and height 4
over (,, equipped with an action of our fixed local order #, and with a
“rigidification” of their reduction modulo p.

In order to make this precise, we begin with a few definitions. Let as
usual k be 0,/ (p)(~TF ).

Definition 4.8. 4 2-dimensional commutative formal group V over 0, is a
formal R,-module (for brevity, a FR-module) if it has height 4 and there is an
embedding

i: R, — End(V).

The FR-modules play the role of the quaternionic spaces of the previous
section. Let ¥ be the formal group over k deduced from ¥ by extension of
scalars from ¢, to k. It is equipped with the natural action of #, given by
reduction of endomorphisms. Let End’(¥) := End(V) ® @, be the algebra
of quasi-endomorphisms of ¥, and let End%p(?) be the subalgebra of quasi-
endomorphisms which commute with the action of %,.

Lemma 4.9. 1. The algebra EndO(V) is isomorphic (non-canonically) to
M (%,).

2. The algebra End% (V) is isomorphic (non-canonically) to the matrix
algebra By, over Q,. !

Proof. The formal group ¥ is isogenous to the formal group of a product of
two supersingular elliptic curves in characteristic p. Part 1 follows. Part 2
can then be seen by noting that the natural map

%, ® Endy (V) — End’(V) =~ M(%,)
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is an isomorphism, so that End’, ( /) is abstractly isomorphic to the matrix
algebra B,,.

Denote by B, the subgroup of elements of B whose reduced norm is a p-
adic unit.

Definition 4.10. 1. A rigidification of the FR-module V is an isomorphism
. 0
p:B,— Ende%.p(V),

subject to the condition of being ““positively oriented at p”, i.e., that the two
maximal orders R, and p~! (End%(V)) of By, are conjugated by an element of
B .

p.u

2. A pair (V, p) consisting of an FR-module V and a rigidification p is called
a rigidified FR-module.

3. Two rigidified modules (V, p) and (V', p') are said to be isomorphic if there
is an isomorphism ¢ : V- — V' of formal groups over 0, such that the induced
isomorphism

¢* : Endj, (V) — Endj, (V)

satisfies the relation ¢* o p = p'.

Remark. In [Dr] and [BC], a rigidification of a FR-module V' is defined to be
a quasi-isogeny of height zero from a fixed FR-module ® to the reduction ¥
modulo p of V. This definition is equivalent to the one we have given, once
one has fixed an isomorphism between B, and End%ﬂ(d)). The definition
given above is in a sense ‘‘base-point free”.

Recall that BpX acts (on the left) on #’, via the natural action of B, on /),
by conjugation. Note that B, acts on the left on (the isomorphism classes
of) rigidified FR-modules, by

b(V,p) = (V,p") for b in B,
where p®(x) is equal to p(b~'xb) for x in B,,.
Theorem 4.11 (Drinfeld). 1. The p-adic upper half plane # , is a moduli space

for the isomorphism classes of rigidified FR-modules over O,. In particular,
there is a bijective map

Y {(V,p): (V,p) arigidified FR—module} [ (isomorphisms) "™ Hom(K,, B,).

2. The map ¥ is B ,u-equivariant.
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Proof. See [Dr] and [BC], chapters I and II. For part 2, see in particular
[BC], ch. II, Sect. 9.

Corollary 4.12. All FR-modules have formal multiplication by O,,.

Proof. If V is a FR-module, equip V with a rigidification p. By theorem 4.11,
the pair (7, p) determines a point Py ) of the p-adic upper half plane %
Note that the stabilizer of Py ,) for the action of B, is isomorphic to (9X
The claim now follows from part 2 of theorem 4. 11

Remark. As we will explain in the next paragraph, if ¥ is an FR-module,

there exists an abelian surface 4 over (), with quaternionic multiplication by
2, whose formal group 4 (with the 1nduced action of #,,) is isomorphic to V.

Of course, quite often one has Endy(4) ~ Z, even though Endy () contains
O, by corollary 4.12. In fact, combining Drinfeld’s theory with the theory of
complex multiplication shows the existence of an uncountable number of
such abelian surfaces such that (i) End4(4) = Z; (ii) End%(/f) ~ 0, (A
similar phenomenon for elliptic curves has been observed by Lubin and Tate
[LT])

We give a description of the bijection W, which follows directly from
Drinfeld’s theorem. By lemma 4.12, identify Endg, (V) with ¢,. Let
Y : K, — B, be the map induced by the composition

@p—>End0 (V) — B,

where the first map is given by the reduction modulo p of endomorphisms,
and the second map is just p~'. Then W (V, p) = .

We now use Drinfeld’s theorem to describe the p-adic uniformization of
the K,-rational points of the Shimura curve X, i.e., the isomorphism

X(K,) = #,/T.

The curve X has a model & over Z,,. Given a point in X (K},), we may extend
it to a point in Z'(¢,). In other words, given a pair (4,i,C), where 4 is an
abelian surface over K, with quaternionic action by 7, and C is a level N*-
structure, we may extend it to a similar pair (4, i, C) of objects over ¢/,. We
write (4,1, C) for the reduction modulo p of (4,i,C). A p-quasi endo-
morphism of 4 is an element in End( ) ® [ ]. The algebra of all p- qu351
endomorphisms is denoted by End"”(4). L1kew1se we denote by End ( 1)
the algebra of p-quasi-endomorphisms which commute with the action of R.
Let B, be the quaternion algebra over @ ramified at p and oo, and let R
be a maximal order of B,.
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Lemma 4.13. 1. The algebra End"”)(4) is isomorphic to M, (Rpoo H )
2. The algebra EndY)(4) is isomorphic to R 5
3. The subalgebra of endomorphisms preserving the level N*-structure C on A
is isomorphic to the Eichler order R(N™T) [ﬂ

Proof. 1. The abelian variety 4 is p-isogenous to a product of a supersingular
elliptic curve in characteristic p with itself. Part 1 follows. To see part 2,
observe that the natural map

» m ® End}})(4) — End®) (4) = M, (R”‘” m )

is an isomorphism, and hence End(P (4) ® @ is abstractly isomorphic to the
quaternion algebra B. Furthermore the natural map

End?)(4) — End? (4)

has torsion-free cokernel, and hence End(’” (4) is a maximal Z[}]-order in B.
Likewise, one sees that the subalgebra of End(p (A) preserving the level N*
structure C is abstractly isomorphic to the Elchler order R(N +)[j%]

Fix an isomorphism

|
£o :R[;] —>End ( ),
having the following properties.

1. For each ¢"|Nt, we require that p,(R(NT)) ® Z, preserves the subgroup
Cy, so that it operates on it via a homomorphism R(N') — Z/{"Z. We
impose, in addition, that this homomorphism be equal to the orientation o/ .

2. For all /|N—, the algebra R, acts on 4, via p,, and stabilizes the subspace
corresponding to A4; (where [ is the maximal ideal of #,.) By remark 2 in
part I of this section, 4; is equipped with a canonical IFp.-vector space
structure, and py(R,) acts IFp-linearly on it. We require that the resulting
homomorphism R, — IF» be equal to the orientation o, .

3. Let ¥/ be the formal group of 4, and let p : B, — End% (V) be the map
induced by p, by extension of scalars from Z[p] to Q,. We require that

p~'(Endg, (7)) be conjugate to R, by an element of B

With these conventions, the homomorphism p, is well-defined, up to con-
jugation by elements in I'. The pair (V, p) is a rigidified FR-module, which is
completely determined by the isomorphism class of 4, up to the action of I’
on p by conjugation. Thus, (V,p) gives a well-defined point on #,/I’
associated to 4.
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1V Shimura curve parametrizations

We denote by n¢p the Cerednik-Drinfeld p-adic analytic uniformization
nep = Hp — X(Kp),

which induces a map Div’(#,) — Div’(X(K,)), also denoted n¢p by abuse

of notation. The Jacobian J of Xk, is therefore uniformized by a p-adic
torus, and by proposition 3.4 and corollary 3.5, we have:

Corollary 4.14. The map ncp induces a p-adic uniformization
(DCD : HOI’Il(f,K;) —)J(Kp),

such that the following diagram commutes:

DiV(#,) % Hom(T,K))
nep | 1 ®cp
DiV(X(K,) %  J(K,).

Combining this corollary with the canonical inclusion of .# into Hom(I', Z)
given by Proposition 1.3, yields a natural p-adic uniformization

(DCD : %@K; —>J(Kp),

which will also be denoted ®cp by abuse of notation.

The Shimura curve X is equipped with natural Hecke correspondences
(cf. [BD1], Sect. 1.5), and the Hecke algebra acting on J is isomorphic to the
Hecke algebra T acting on .#, in such a way that the actions of T on .# and
on J are compatible with the inclusion of .# into the dual of the character
group of J over k. (See [BC], ch. III, Sect. 5.)

Recall the endomorphism 5, € T attached to f which was used to define
the map .# — Z. This endomorphism also acts on Pic(X), and induces a
(generically) surjective map

ny : Pic(X) — E,

where E is a subabelian variety of J isogenous to E. From now on we will
assume that £ = E.

Proposition 4.15. The p-adic uniformizations Oty and ®cp of Tate and
Cerednik-Drinfeld are related by the following diagram which commutes up to
Sign.
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M@K 0 J(K,)
ny@id | nyl
K I E(K,)

(Note that both of the maps 5, that appear in this diagram are only well-
defined up to sign.)

5 Heegner points
I Moduli description

We give first a moduli definition of Heegner points. Let ¢ be as before an
integer prime to N, and let ¢ be the order of K of conductor c.

Given an abelian surface 4 with quaternionic multiplication and level N
structure, we write End(4) to denote the algebra of endomorphisms of A
(over an algebraic closure of @) which commute with the quaternionic
multiplications and respect the level N™ structure.

Definition 5.1. 4 Heegner point of conductor ¢ on X (attached to K) is a point
on X corresponding to an abelian surface A with quaternionic multiplication
and level N™ structure, such that

End(4) ~ 0.

It follows from the theory of complex multiplication that the Heegner points
on X of conductor ¢ are all defined over the ring class field of K of conductor
c. (Cf. [ST].)

II Complex analytic description

For the convenience of the reader we recall now how to define Heegner
points using the complex analytic uniformization. (This material will not be
used in our proofs, but is quite parallel to the p-adic theory, which we do use
extensively.)

Given an embedding { of K into %4, let  denote also, by abuse of
notation, its natural image by extension of scalars in # ., = Hom(C, %B)-
An embedding y : K — 4 is said to be an optimal embedding of conductor ¢
(relative to the Eichler order Z(N ™) if it maps ¢ to Z(N*) and does not
extend to an embedding of any larger order into Z(N™).

Let P € X(H) be a Heegner point of conductor ¢, corresponding to a
quaternionic surface 4 over H. By choosing a complex embedding H — C,
the point P gives rise to a point P¢ in X(C), which corresponds to the
abelian surface A¢ obtained from A4 by extension of scalars from H to C, via
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our chosen complex embedding. Let P be a lift of Pg to #, by the complex
analytic uniformization of proposition 4.1.

Theorem 5.2. The Heegner point P € # . corresponds to an optimal
embedding  : K — A of conductor c.

Proof. Let V = Lie(4), and let the isomorphism p,: Z — Endy»(A) be
chosen as in the discussion following lemma 4.6. The action of € by mul-
tiplication on ¥ arises by extension of scalars from the action of the order ¢/
of conductor ¢ on 4, and hence the point iy necessarily comes (by extension
of scalars) from a global embedding of ¢ to R(N*') which is optimal.

111 p-adic analytic description

Let H be the ring class field of conductor ¢, and let P = (4,i,C) be a
Heegner point of conductor ¢. By fixing an embedding H — K,,, we may
view P as a point of X(K,). We want to describe the Heegner points of
conductor ¢ as elements of the quotient 5#,/T". Recall the Gross points of
conductor ¢ represented by the oriented optimal embeddings

1
lﬁii@—>R|:—:|, i=1,....h
p

fixed in section 2. By lemma 2.5, the group A acts simply transitively on
these points. The embeddings ; determine local embeddings (which we
denote in the same way by an abuse of notation)

VK, — B,.

Theorem 5.3. The classes modulo T of the local embeddings \; correspond via
the Cerednik-Drinfeld uniformization to distinct Heegner points on X of
conductor ¢, in such a way that the natural Galois action of A on these Heegner
points is compatible with the action of A on the Gross points represented by the

72

Proof. If P € X(K,) is a Heegner point of conductor ¢, let P € X (k) denote
the reduction modulo p of P. By our description of the p-adic uniform-
ization, the point P corresponds to the class modulo I" of a local embedding
W : K, — B, defined in the following way. Let

Yo : O = End(P) — End(P)

be the map obtained by reduction modulo p of endomorphisms. Identify

End(P)[}] with R[] by using the conventions of section 4, so that y, gives
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rise to a map from O to R[Il,]. Then  is obtained from i, by extension of
scalars from Z to Q,,.

By proposition 7.3 of [GZ], ¥, is an optimal embedding. Moreover, V), is
I'-conjugate to one of the ;. Finally, the proof of the compatibility under
the action of the group A is similar to that of proposition 4.2 of [BD2].

6 Computing the p-adic Abel-Jacobi map

Let y € #', = Hom(K,, B,) be a point on the p-adic upper half plane, and
let  be its conjugate, defined by

The divisor () — () is a divisor of degree 0 on .

Recall the canonical element E;,(zp) € M ® K, associated to  in sec-
tion 2, using the action of K* induced by y on the Bruhat Tits tree 7. When
needed, we will identify ) () with its natural image in Hom(I', K ¥), by an
abuse of notation.

Recall also the p-adic Abel Jacobi map

@, : Div’(#,) — Hom(T',K))

defined in Sect. 3 and 4 by considering automorphy factors of p-adic theta-
functions.
The main result of this section is:

Theorem 6.1.

() = () = L, ().

The rest of this section is devoted to the proof of theorem 6.1. We begin by
giving explicit descriptions, and elucidating certain extra structures, which
the fixing of the point y € J#, gives rise to.

The algebra B,

We give an explicit description of the algebra B,, which depends on the
embedding . Identify K, with its image in B, by i, and choose an element
u € By, so that B, = K, ® K,u and u anticommutes with the elements of K,,,
i.e., uz = zu for all z € K,,. Note that u” belongs to Q,, and is a norm from X,,
to @, since the quaternion algebra B is split at p. Moreover, the element u?
is well-defined up to multiplication by norms from K, to Q,. We may and
will fix u so that #*> = 1. From now on, write elements of B, as a + bu, with a
and b in K),. The conjugate of a + bu under the canonical anti-involution of
B, is a — bu. The reduced trace and norm are given by the formulae
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Tr(a + bu) = Trg q(a), N(a + bu) = Nk q(a) — Ngq(b) -
The embedding i allows us to view B, as a two-dimensional vector space

over K,, on which B, acts by multiplication on the right. This yields a local
embeding B, — M,(K,,), defined by:

This embedding allows us to define an action of B on the projective line
P! (K,) (or P'(C,)) by fractional linear transformations, by setting

SR
QS

a+bu»—>(

_az+b

'))(Z) 7BZ—_~_a7lf y:a+bu€B;, ZG]PI(KP).

This induces an action of the group I' on P'(K,,).

The domain €,
Let
S'={z€K, | z=1}
be the p-adic “circle” of radius 1, and let Q, = P'(K,) — S'.

Lemma 6.2. The limit set of T acting on P! (K,)is equal to S'. In particular, the
group T acts discontinuously on P'(K,).

Proof. To compute the limit set of I', observe that if y, is a sequence of
distinct elements of I', then one can write

_ay + byu

Tn ;
prl

)

with a,, b, € 6’;, and lim, ., . e, = co. Hence

An

NKP/Q}’(B_) =1 (modp*),

so that the limit lim y,z, if it exists, must belong to S'. Conversely, let z be
an element of S!, and let b, be a sequence of elements in B} satisfying

lim (b, 'o0) =z
n—: 00
By the finiteness of the double coset space R;\B, /I", which follows from

strong approximation, there is an element b € BpX such that, for infinitely
many n
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b, = r,by,,

where r,, belongs to R} and y, belongs to I'. Assume without loss of gen-
erality (by extracting an appropriate subsequence) that this equation holds
for all n. Then we have

z = lim(y,'p7"r, ' o0).

But the sequence b7, loo is contained in a compact set, and hence has a
convergent subsequence b’lrk’nloo which tends to some zy € P'(K,). Hence
z=1Ilim y,;lzo is a limit point for I'. Lemma 6.2 follows.

Using the embedding , the “abstract™ upper half plane /#, now becomes
identified with the domain €,.

The tree T

Let vy =r(y¥) be the vertex on J which is fixed by W(K,). This vertex
corresponds to the maximal order

R,=0,® Opu,

where O, is the ring of integers of K,,. The vertices of J are in bijection with
the coset space R Q; \B;, by assigning to b € B the vertex b1 % v,

We say that a vertex v of 7 has level n, and write £(v) = n, if its distance
from vy is equal to n. A vertex is of level z if and only if it can be represented
by an element of the form a + bu, where a and b belong to ¢, and at least one
of aorbisin ¢, and n = ord,(N(a + bu)) = ord,(N,/q,(a) —Nk,/q, (b))

Likewise, we say that an edge e of 7 has level n, and we write £(e) = n, if
the distance of its furthest vertex from vy is equal to n.

The reduction map

We use our identification of #, with Q, to obtain a reduction map
r:Q,—9

from Q, to the tree of B,,.

Lemma 6.3. The divisor () — () on S, corresponds to the divisor (0) — (00)
on Q, under our identification of Q, with J .

Proof. The group lﬁ(KpX) acting on €, by Mébius transformations fixes the

V4

points 0 and oo, and acts on the tangent line at 0 by the character z+— =.

In general, if z is a point of Q, and b € B} is such that b7'0 = z, then r(z2) is
equal to b. This implies directly part 1 and 2 of the next lemma.
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Lemma 6.4. 1. We have r(co) =r(0) =vo. More generally, if z € Q, C
K, U oo does not belong to U, then r(z) = vy.
2. If z belongs to U7, then the level of the vertex r(z) is equal to ord,(zz — 1).
3. If z1 and z; € Q, map under the reduction map to adjacent vertices on I~ of
level n and n+ 1, then

z1 =z, (modp").

Proof. We prove part 3. Choose representatives b, and b, in B} for r(zy) and
r(z2), with the properties

b; = x; + yiu, with Xi, Vi € (Qp and ng()Ci,y,‘) S @;

Since the vertices corresponding to by and b, are adjacent, it follows that
byby! = byby /p" has norm p and level 1. Since

byby = (x2 + you) (X1 — yiu) = (x2X1 — y23y) — (X2 — x132)u4

it follows that
1= 2 (modp),

so that b7'0 = 5710  (mod p®). This proves the lemma.

Let ¢(g)—() € Hom(I', K ) be the automorphy factor of the p-adic theta-
function associated to the divisor (0) — (c0) as in section 3. By the results of
section 3, we have

@ () — (¥) = D(0)—(c0)-

By definition, for ¢ € I" one has

yo(z
B 0)-(0) (0) = H)) ((ZOO)) ,

yell v
where zj is any element in the domain Q,. Suppose that r(zy) = vy. Let
path(vo, 500) =e1—e+---+e_1 —e.

(Note that s is even, since 6 belongs to I'.) Write e; = {vj, vl where v is the
even vertex of e;, and vf is the odd vertex of e;. Note that we have

=0y, forj=13,....5s-1,
vj:vj;rl for j=2,4,...,5 —2,

I've =T,

s
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0

Thus we may choose elements z and z{ in Q,(K}) such that r(z}) = vf

2 — 2. and J J i
r(z§) = v, an

0 0
=2z

s forj=1,3,...,s — 1,

Zj
=z, forj=24,...,5s-2,

z§ =z, z¢ = dz.

Hence
2 (28) ()2 T =1, () (025) T (2l (r2e) T = 11,

so that
0 o\ —1 —1
727\ (72 VZe_1\ (V7
(p e 5 - ( )(_> o (—) <_>
0)~(0)(9) l} =) ) e
0 0 71 0 0 71
H<“/ZT 11 723 11 V251 11 %)

yell yell yell yell

where the last equality follows from part 3 of lemma 6.4. Fix a large odd
integer n. For each 1 < j <, let I'(j) be the set of elements y in I such that
the set ye; has level < n. By lemma 6.4, we have

(1) P0)—(0)(0) = H)(%) H)<ﬁ>l H)(%)l (mod p").

e
= yer(2) V22 Jel (s

Each of the factors in the right hand side of equation () can be broken up
into three contributions:

yz9
2= 10 = I " 10 =

() V% ()< LGvE)<n t(7e;)=n

The first two factors in this last expression cancel out in the formula (}) for
®(0)— () (0). Hence we obtain

b0 = ] w20 T »@7" - 1] 7)) (mod p").

U(yer)=n U(yer)=n U(yes)=n

Now, fix an edge e of level n, having v as its vertex of level n, and choose any
z € Q, with r(z) = v. If ¢ is a variable running over G, (which we view as
belonging to (0,/p"0,)" /(Z/p"Z)™), write ge =¢; if the edge oe is I-
equivalent to e;. Using the fact that G, acts transitively on the set of edges of
level n, we have
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do-@=I1C)" TG - 11 G ) (mod )

=e| ge=e; ge=es

S (AR TOR (U

where M = (path(vo, dvp), Y_,c, o). Since the element ) | . oe belongs to
the image of 9, and path(vy, dvg) is in the kernel of 9., it follows that M = 0
so that:

ge=e ge=e;) ge=e;

The reader will notice that this last expression is equal to
(path(vo, ovo), &), ,())-

Hence

and Theorem 6.1 follows.

7 Proof of the main results

We now combine the results of the previous sections to give a proof of our
main results. First, we introduce some notations. Having fixed an embed-
ding H — K,,, let P,..., P, in X(K,) be the & distinct Heegner points of
conductor ¢, corresponding via theorem 5.3 to our fixed optimal embed-
dings Y, ..., ¥, Let a1,...,0, € A be the elements of A, labeled in such a
way that o;(Py) = P;. By theorem 5.3, the Gross point corresponding to ¥, is
sent by g; to the Gross point corresponding to ;. Write Py € Pic(X(K})) for
the class of the divisor P; + ...+ P,. Note that Py depends on the choice of
the embedding of H into K , only up to conjugation in Gal(K,/Q,). We
denote by P, the complex conjugate of P, and likewise for Pg. (No confusion
should arise with the use of the notation P in section 5 to indicate the
reduction modulo p of the point P.) Let w, stand for the Atkin-Lehner
involution at p.

Theorem 7.1. 1 q)CD(g,p(ﬂ/K)) = (I)AJ((PK) — (WpPK))

2. Oep( L (M [H)) = Ly Das(B) = (wpR) - 07"
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Proof. By the formula at the end of section 2,
L MIK) = Z Z(p
where V,, ..., ¥, are as above. Hence,

Ocp( L (M [K)) ZCDCD (2, Z(DCD D5 ((0) = (¥))),

where the last equality follows from theorem 6.1. By theorems 5.3 and 4.7,
and by the commutative diagram of proposition 4.14, this last expression is
equal to

Z(DAJ men(( Z(DAJ wPr)) = @y ((Px) — (wpPx)).

Part 1 follows. Part 2 is proved in a similar way.

Recall our running assumption that £ = E is the subabelian variety of the
Jacobian J of the Shimura curve X, and that n, maps J to E. Let

=1,(P,) € E(K,), and let ax = oy + - -+ + o = tracey k(o). Theorem 7.1
glves the following corollary, whose first part is the statement of theorem B
of the introduction.

Corollary 7.2. Let w=1 (resp. w= —1) if E/Q,, has split (resp. non-split)
multiplicative reduction. Then the following equalities hold up to sign:

q)Tate(g;,(E/K)) = g — WO?[(,
®Tate<$;z(E/H)) = Z(“i — wo;) 'O'i_l-

Proof. Apply 5, to the equations of Theorem 7.1, using the commutative
diagram of proposition 4.15.
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