
 

Overviewoffaltingsproott

GoodPresent work of Lawrence Venkatesh f FaHugs

Thy If X smooth prog or affine curve over a

number field and XCX so Then NO k s co

where X X 2 2g S S fruck set ofplaces

First reduction is to go from points on curves to
curves Themselves

Idea A curve is more tractable if its points
parametrize some geometric object Eg The work
of Mazur on modular curves X N

EdayThem If N 36 is prime Then Y CNK74 7

is empty
Herewe consider the affine curve

1e we do not havecuspidalpoints

let l 5 a point x EY N 741 7 gives an
elliptic curve E w jCESE 748 NJ here E has

potentially good reduction over Ifs and obtaus

good reduction one Fsz Sine torsion will inject
The Haste bound finishes The argument 11



Rink Could replace HEYNI W Riess
Could replace 2,14N by Ok S and N 36 by
N770

Mazur classified the rational points on X N

Wheeler is much harder due to existence of cusp

Another natural family of curves are givenbyFermat curves
N Y Zn w

Wtt Observed that Mazur Fermat

X Zp Xxv Ip

X Zp X z c xPtgP zP
SezCfp 11 ChIp

xgets

XC yz x x c x 71 y xpCyp

Mazur says no non cusped
points

KodaimParshinti Here is some notation

Nylon.si smooothefEu.ofgeuetg3 e



Ag Oa s Abelian nineties of dem g31over O k s

Ig Clas Isogeny classes of ab
var of

dem g
our ones

Conf Shafarench

Ng Ques Ag Clues Ig Ams are finite

Tim C Kodaira Parshen
Shafareueh conf for cures Nordell

sketch Given XEXCK Ya CMg Ows X
We will see this construction

SumMay oftallings egg
explicity next time

X K Ng LO ri s Finiteto oneby DeFranchot

Sgi Chess'S Finite to onebyTorelli

Ige Louis's Finite to one byTak conj
A key ingredient in Faltings

Repaus 2g Associate ruthTatemed

Isom classes of 2g dime rational Galois repa of Guys



The image of Ig Queso in Repaw correspond

to semi simple repren which are finite by a
burner of Faltingk



 

OverviewoflawrenceVenkatshmethoathif
setupe X Y sm proj family over feel K
w Y Sm K var

Spp This extends to family it I Y our

The ving O of S int of k W S finite set of
places contuing all Arch ones

For yE Y
LK call Xy fiber our y We

want Inbound YCOS using That if ye
YCH

extends toYCO then Xy admits a sin

proper model 10

Pick prime p that is unrameful ink and
not below any res

let Gu GalCEIKS aid write

Pg Gk AutCH Xy x ie I pls

LemmaLFaltinges
As y varies through ycos there are only
finitely many possibilitiesfor the semi simplification



of the Gu rep n py
This is a consequenceof Hermite Minkowski11

Now let Y prog K curve Then the fractures

of YLKS Y O followsfrom deducing
The reph Py T semi simple f

utfruielgmaugyeYIk.aud
The map YCK Iso class of PglGuv
has finite fines Ct

For the time being lets focus on Gs

By p adic Hodgetheory we have a fullyfaithful

embedding

offtaking rum Filtered Eumenes

For suitable chore of v The repn Pylau Py u
will be crystalline



The above map is defined as follows

PyV HdplXy Kr Fil y
semi linear
automorph Q
5 The

de Rham cohomology J Hodgefiltration FWYYYL.TL
of Xy insideof HolteXy Kr cohomology

To prove 2 It suffices to show that the map

YCKr Filtered of modules
our ku

CAA

has funk fibers

If we Thiele of Hdpe Xy Kr at the fiber of the
relative de Rham cohomology vector bundle over y
Then he seethes bundle comes equipped w a

connection The Gauss Manin connection which allow
us to identify nearby fibers

Fix yoCYCKr the GM connectectron gives us an

identification Hdp Xy Kr Hdr Xyo Kr for all

y E R C YL Kr a small p adic disk

The identification respects Frobenius but
not necessarily Hodge fitmtrons



The variation of the Hodge filtration is
describedby The p adic period map

PERIODr S2 F Kr

y Fil HotelXy Kr transported

to HotelKyo Krs

where F flag variety parametusing certain
chains of subspaces of Hdpe Xy Kr F H

Two points y y E R haul m same image
under GI when

H PERIODvlyl.cl E H PERloDrlyYQ

which is equivalent to the existence of an
element in the centralizer Z e C GLCH

such that'tPERIOD Ly'S E g PERIODily
Therefore we have That the fiber of CA over

HPERIOD y Cl is contained in

PERIODICPERIODr R M Z Q PERcoaly

Recall that we want to show finitenessof fibers so
we want to deduce the intersection on the right



g
is finite

Suppose that
Z Q PERIODv g is a proper subvariety and
PERIOD r r is Zans Kc dense

Then The intersection amounts to the zeros of
a non zero Kv analytic fur on R and
Therefore must be finite

Let's now brieflydiscuss the cheekingof Zariski

density The main point is that it suffices
to check The Zariski density of the complex
analytic periodmapping

yeast a pts of flagvariety

WIG The p adic and complex penal maps
satisfy the same differential eqn coming

from the GM cona and head are givenbythe same power series

The Zariski density of the complex period

mapping
can be verified via topological



methods ie a difficult monodromy computations

Now let's turn our attention to the centralizer issue
We need to ensure that the centralizerof The crystalline
Frobenius 9 acting on the cohomology of Xy is not
too large ie we need to know that

2 Q1 PERIOD y f FCK v

EI Kr Qp Then 9 is Op linear map
and we need to show it is not justscalar

Note that 9 can haul too large centralizer insimplestsettingNamely if we consider Y IP o 1,03
and let X Y te the Legendre family so
That Xt y x x ISCx t Now the mapCH
does not have finite fibers over the points te Tep
seek That t mod p O l

To fix This note that Frobenius is a semi

linear operator over an mummified extent w Ap
and the semi linearity gives a non trinal
bound on the size of the centralizer which gets
taller as Lw Ap gets larger



For the S unit example instead of looking at the
Legendre family we need to consider the family w
the't

X 4 ya xcx Dcx ti
z2k t

The map t 1 pets will have finite fibers
at least on resedel desks where I D
This is the importanceof enlarging the field Kr

To conclude let's mention the higher dimensional
LV results

Setup T X Y Sm proper mop I k l s I whose
films are geom Conn of relative dimension d

PseudoThm Suppose That The monodromy repn
of Y is large Then Y l 7415T is not Zariski dense

Furthermore if the monodromy reph of any
subvariety Y

c Y also has large image Then

Y 74Cs3 is finite
See thru lo l of LV for details

whileThe verification of the largemonodromy
a very difficult The authors make Thet pseudothou preeese for The set of hypersurface



Thd w

3 pos integer no and doLn satisfying
If u no and d do n and if X Y
denotes The universal family of hypersurfaces
in IP of degree d Thee Y Tle S T is

not Zanski dense in Y for anyfinite set of
princes S
The set of hypersurfacesof deg d in IP w

good red away from S are contained in aproper
Zanski closed subset of The moduli spae of hyp

RMI The classical Bombieri Lang conjecture
posits that if a variety is of generaltype Lie
The Kodaira dimenken of X dem X Then
The set of rail prints is not Zanski dense in X
A ranaut due to Lang states That if the variety
X has ample cotangent bundle then the set of
rational prints a finite Note That The first conf
implies The second as having ample cotangent
bundle implies That every subvariety is ofgenial
typeTherefore This pseudo thin and these
congeetunes seem to suggest a relationship bw

LangeMonodromy a Being of generaltype
Representation



For Cll above we will show That a generic local
Galois repu cannot come from a global repn
That is not simple and then utilize the
Zariski density of the p adic period map


