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o D < 0 fundamental discriminant (so v'D ¢ R, D = disc Q(v/D));
o C{(D) = class group of Q(v/D);
o h(D) = |C¢(D)| class number of Q(v/D);

e j = j-invariant function:

(1 +240 3251 (X d3)‘1")3

. -
o D (o002 0)
nz
j(i) = 1728, g-expansion of j:
T+1) =j(7), ) —_
jE 1/ ; jE ; j(627rz/3) =0, 1
—YT)=I\T); i(r) = =
J J “(ino) = 100, J(T) p + 744 + 196884q +
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Singular moduli (1/2)

Let € b (3(r) >0)

. AB,CeZ, A>0
. 2 _ y ) )
e CM-point: 7 | AT+ BT+ C =0 (gcd(A,B,C) _1, unique)

e Singular modulus: j(7) (j = j-invariant, 7 a CM-point)

CM-points Quadratic forms
TED Ax? + By + Cy?

w2

o disc(7) := B2 — 4AC
o 7~7 < (A,B,C)~ (A,B C)
o 7€ — (A B,C) reduced
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Singular moduli (2/2)

Heegner points Ap Reduced prim. quad. forms of disc. D
02 2
CM-points 7 € .Z, (a5, 6)2'_ az” +bay + ¢y
dise(r) = D s.t. b* —4ac= D, and
—a<b<a<cor0<b<a=c
w w
D = vD or —1+vD < Principal form _
2 2 % Z[tp) = O,
D=0(4) D=1(4) (1,0,—2) or (1,1,152)

Write Hp := Hilbert class field of Q(v/D).
o Hp = Q(vD, j(rp)) ([HD . QWD) = [QUi(rp)) : Q) = h(D))

o {j(r) | T € Ap} = Gal(Q/Q(v/D))-conjugates of j(rp)

e j(7p) is an algebraic integer!
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The equation 2% — Dy? = 1728

In class, we saw the equation x3 — Dy? = 1728 (= j(i)).
e Factorization of differences of singular moduli
e Solutions of the type (j(7p), j(7p) — 1728) = (23, Dy?)
o Idea: ABC = few such solns = lower bounds for h(D)

ABC : a,b,c € Z coprime. Ve > 0, 3C; > 0 s.t.
=== I+
(a+b=c) | max{lal,b].lel} < C( TTyjase?)

Example (Class number 1)

We've seen that h(D) =1 = =z, y+/|D| € Z. However, in this case,

b
5(rp)| < max{|z?, [yvD[?,1728} < C. - |z - yv/D|'*
< C. - |j(rp)|EH),

so there can only be finitely many D < 0 with A(D) = 1. A

Téfula, C. (DMS, UdeM) 1. Intro October 2020 6 /22



How does h(D) grow?

What do we know?

e h(D) — oo as D — —oo (Heilbronn, 1934)

o List h(D) (small values of |D|)
o Estimate h(D) (large values of |D|)

o —D €{3,4,7,8,11,19,43,67,163} are the only D s.t. h(D) =1
o Solved by Heegner (~1952) [based on Weber’s work]
o Reworked and clarified by Stark, Birch (1967~9)
o Baker’s solution (~1970) [based on Baker’s theorem)]

° h(D) grows roughly like ’l)ll/2 (GRH = err ~ (loglog |D|)*")

o Hecke (1917): If (/5 (s) # 0 mear 1, then D) > (log |D|)~1

|D|l/2
h(D1)  h(D2) 1
Di172" [Dyfi/2 § > (o8 PrDz)

h(D
o Siegel (1935): |’§|1/)2 >, |D|™¢ (unconditional but ineffective)

o Landau (1918): max{
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The Granville-Stark Theorem

Theorem (Granville-Stark, 2000)
“No Siegel zeros” for

Uniform abc-conj. = <Q(\/5)(s), D <0

Study 2® — % = 1728

Uniform ABC' for number fields (U-abc)
e U-abc = lower bounds for h(D)

)

Lower bounds h(D) <= 3“no Siegel zeros’

ﬁLﬂ

H. Stark
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3 2

The equation z° — y° =

o Solutions of the type (j(7p), j(rp) — 1728) = (23, y?)

ABC (for Q) : logmax{|al,|b],|c|} < (1 +¢) Z logp| +O0.(1)
plabe

log -conductor

o Applying the same logic for 23 — 32 — 1728 = 0, we would get:

log max{|z|*, |y} < logmax{|z|*, |y|?, 1728}

C

b
ag (14 ¢)log-cond(12|zy|) + tax
<

(1+¢)log max{|m|3, |y|2} + tax

| Ot

How to make N
this precise? log max{|z|3, |y|*} < (6 + &) - tax
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abc-conjecture for number fields (1/2)

Let K/Q be a NF, M its places, M} C Mg non-arch. places

For a point P = [z : - - - : x| € P}, define:
e (naive, abs, log) height ht(P) e (log) conductor Nk (P)
1 1
log | max{||x; ) Z fvlog(py)
o & o) [ 2
Ji,7<n s.t.
v(zi)#v(z;)
For a, b, c € Z coprime, T
o nt([a: b: c]) = logmax{al, o], |ef} RS
Do ~ P N
° N@([(J,ZbZC]) :]'Og(Hp\abcp) fqu = [KU :va]

1
« integral = ht(a) = Al Z log™ ||
a*e A

For a € Q, ht(a) := ht([a: 1]).

A = {conjugates of a}
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abc-conjecture for number fields (2/2)

abc-conjecture for number fields

Fiz K/Q a number field. Then, for every e > 0, there is C(K,¢) € Ry
such that, Ya,b,c € K | a+ b+ ¢ =0, we have

ht(la:b:d) < (1+¢) (NK([a b d) + log(rdK)) 1 C(K, ),

where rdg := |Ag |/ js the root-discriminant of K.

Example (a, b, ¢ integral, coprime)

For a,b,c € Ok coprime (meaning v(a) # v(b) # v(c) for v < 00),
max{|Nx/q(a)| ¥, [Ni/q(0)[ ¥, [Ni/q(c)| <}

1+4¢
< CK,s <|AK| H |0K /pOK |> )

p | (abe)
with Cx . = exp([K : Q] - C(K,¢)).
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What do we get?

(j(mp), j(tp) — 1728) = (2°,y%) |2 —y* = 1728

j(TD) € Hp ﬁD = HD(m,y) ([H[):Hp]gfi)
o “logmax{|z|?, |y[>}” < (6 +¢) - tax(Hp,e)

More precisely:

ht(j(7p)) < 6((1 +¢€)log(rdg, ) + C(ﬁp,e)> J

o “Factorization”: rdﬁD < 6+/|D| (rdu, = rdgym) = VD))

1
e Uniform ABC-conj.: C(K,e)=C(e) | = tax(e) S 5 log | D|
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Lower bounds for h(D)

Unif. ABC-conj. = ht(j(7p)) < (3 + o(1)) log |D|

However,
. az® + bry + ey’
ht(j(mp Z log T(a b C))| reduced,
(abc) b — dac =D
1 T/ |D|
= + 0(1)7
h(D) (;lw) a o _-b+VD

and thus: (a:0:¢) 2a

g-expansion!

() = +
i(r) = 7 +0(1)
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Dedekind zeta function of Q(\/E)

TOEDS ml = L+ 06 -1) (s 1)

There is § > 0 such that ¢, ()#Oforl—log’D‘§B<l
D
e Dirichlet’s class number formula: ¢_;(D) = W\;\()ﬁ]) (D < —4)

1 mh(D)log|D|
K D]

e ((15 +0(1)> ++0(1)
(a,b,c)

IN

Covp)(B) +co(D) + O((log [D)) 1)
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Kronecker’s limit formula (KLF)

1

We just need to show that | co(D) < Z -1 (as D = —0).
a

(a,b,c)

KLF' [Kronecker 1863, Weber 1881, ..., Chowla-Selberg 1967, ...
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Estimating cq(D)

_m? 1 ™ |D| h(D)
CO(D)_EZa_ |D|Zlog< 2a >+O<m>

(a,b,c) (a,b,c)

@ Because a < /|D|/3, we have
h(D) 1 1
_— _— << —
D 2 VD (a,zb;) a

(a,b,c)

@ For the “log” term,

™ ,/|D|> 7 h(D (
log< = log 3(7(a,b,)) | +0(1)
VID| (a,zb:,@ 2a VID %:c)

where 7, p.0) = (—=b+ VD) /2a. How to estimate this?
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equidistribution theorem

Theorem (Duke, 1988)
Ap = {T(ape) | b* —dac = D} is equidistributed in 7.

Iff: 77— C is Riemann-integrable, then:

DH ooh Zf (abc /f dM

z=x+1y

_ 3dady
=

Normalized W. Duke
hyperbolic area
z element
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Conclusion

Using Duke’s theorem, the “log” term becomes:

h(D) ) N N71'h(D) 3 logy .
5 (h(D) (az: log\s(T(a,b,c))> D] <7r/o; y? ‘ dy)

7b7c)
_ D) 4 950934
VID|
Thus,
“log” term = O (h(D) ) = O( Z 1) . O
A/ a
| | (a,b,c)
VID| 1 .
h(D) > ——— — <= ‘“no Siegel zeros” for D < 0

log | D| o ®

Téfula, C. (DMS, UdeM) 3. Siegel zero October 2020 20 / 22



Thank you!
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