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Part 1. Modules

The concept of a module resembles very much the concept of a vector space V over a field F,
which is indeed a special case of a module. Recall that a vector space V is an abelian group and the
multiplication of a vector v € V by a scalar A € F may be viewed as an action of IF on V/ that respects
the additive structure of V' and, at the same time, preserves the addition and multiplication in F.
That translates into the axioms A(vi+Vv2) = Avi+Ava, (A1+X2)v = Av+Xov, (A1 2)v = A1(Aav)
and 1v = v.

This definition utilizes only the structure of abelian group on V and that F has a structure of
a ring. The fact that IF is a very special ring - it is commutative, an integral domain and every
non-zero element is invertible - doesn't feature in the definition. This observation gives immediately
the definition of a module, as we shall presently see.

1. First definitions

1.1. Modules, submodules and homomorphisms. Let R be a ring, always associative with 1, but
not necessarily commutative. An abelian group (M, +) is called a left R-module if we are given a
function
Rx M — M, (r,m) — rm,

such that the following holds:

(1) r(my+mo)=rmy+rmy, forallr e R, mj € M.

(2) Im=m, for all me M.

3) (n+r)ym=rnm+rm, forallrie R, me M.

(4) (nr)m=ri(rom), forall re R,me M.
Sometime we write r-m instead of rm to help distinguish the ring element from the module element.
It is an easy consequence of the axioms that r-0 =20 for all r € R.

Note that every r € R can be viewed as a group homomorphism [r]: M — M, given by m — rm.

The function

R — End(M), r—r]
(where End(M) denotes the group homomorphisms M — M; it has a natural ring structure, where
(F+9g)(m) :=f(m)4+g(m) and fg = fog), is a ring homomorphism. In turn, a ring homomorphism
R — End(M) makes M into an R-module.

A submodule N of a left R-module M is a subgroup N C M such that for all n € N,r € R we
have rn € N. We note that in this case N is itself an R-module. The intersection of any collection
of submodules is a submodule.

A homomorphism

f: My — M>
of left R-modules is a function f such that f: My — M, is a group homomorphism and f(rm) =
rf(m) for all m € My, r € R. For example, if N is a submodule of M then the inclusion map
N — M, n+— n, is a homomorphism of modules.
Let f: My — M, be a homomorphism of modules. The kernel of f,

Ker(f) ={me& My : f(m) =0},
is a subgroup of M; (note that all subgroups are normal), but it has another property: it is a
submodule. Indeed, let m € Ker(f) and r € R then f(rm) = rf(m) =r-0= 0. We remark that if
B C My is a submodule then f(B) is a submodule of M.

A homomorphism f: My — M, which is bijective is called an isomorphism. In that case, the
inverse function f~1: Mo — Mj is automatically a module homomorphism. We say that M; is
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isomorphic to M, if there exists an isomorphism f: My — M. We denote this by M1 = M,. One
checks that being isomorphic is an equivalence relation.

Let m € M. The annihilator of m, Ann(m) (or, Anng(m) if we need to specify the ring) is
defined as follows.

Ann(m) ={re R:rm=0}.

We note that Ann(m) is a left ideal of R. More generally, for a non-empty subset S of M define
Ann(S) ={re R:rs=0,Vs € S}. As Ann(S) = NsesAnn(s) is the intersection of left ideals it is
a left ideal too.

If R is a commutative integral domain we make another definition: we define the torsion of M
as

Tors(M)={meM:3re R, r#0,rm=0} = U {m}.
{meM: Ann(m)#0}

One checks that Tors(M) is a submodule of M. The verification is easy, but it does use crucially
the assumptions on R.

Before giving examples, we remark that one can define analogously a right R-module M as
an abelian group with a function M x R — M, (m,r) — mr with the analogous axioms. One
gets a theory completely parallel to the one of left R-modules and for that reason we shall restrict
our discussion to left R-modules throughout. Although, when we need to use results about right
R-modules we shall do so without hesitation.

1.2. Examples. The following examples are key examples. We shall often return to them.

Example 1.2.1. Let / be a left ideal of R. Then / is an R-module. This applies in particular to R
itself. Conversely, if M C R is an R-submodule of R then M is a left ideal.

Example 1.2.2. Let M be an R-module and m € M. Then Rm := {rm : r € R} is a submodule
of M. In general, a submodule N of M will be called cyclic if there is an element m € N such that
N =Rm. Let S = {my}aca be a collection of elements of M. Define the submodule generated
by S to be

(S) = {Z rin; - finite sum, r; € R, n; € S}.

This is a submodule and, in fact, is the minimal submodule of M containing S. If My, ..., M, are
submodules of M and S = M U---U M, then the submodule generated by S can also be written as

My+--+My={my+-+my:mje M;,Vi}.

It is also called the sum of the modules {M; : 1 < i < n}. More generally, if {My : a € I} are
a collection of submodules of M, we define their sum, ., My, to be the minimal submodule
containing all of them; equivalently, the collection of all finite sums Y7, m; where each m; belongs
to some My(jy.

Let / be an ideal of R. Define /M as the collection of finite sums > r;m;, where r; € [ and m; in
M. This is an R-submodule of M.

Example 1.2.3 (Abelian groups). Every abelian group M can be viewed as a module over the ring
of integers Z, where forn € Z,g € M welet ng=g+g+---+ g (n-times) for n > 0, ng = 0 for
n=0and ng = —((—n)g) for n < 0. A submodule is nothing else then a subgroup and a module
homomorphism amounts to a group homomorphism. A quotient module is just a quotient group
and so on.

A group is a cyclic Z-module precisely when it is a cyclic group. The torsion of a group are the
elements of finite order.
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Example 1.2.4 (Vector spaces). Let F be a field and V' a vector space of F. Then V is an F-
module. Maps of F-modules are linear transformations over F and a submodule is a subspace.
Quotient modules are quotient spaces. We always have Tors(V) = {0}. V is cyclic if and only if

Example 1.2.5 (Vector spaces with a linear transformation). Let F be a field. Consider vector
spaces over F equipped with a linear transformation, say (V, 7). This notion is equivalent to saying
that V is an F[x]-module. Indeed, given such datum (V, T), define a module structure on V' by

f(x)-v=~f(T)(v), f(x) € Flx],v eV

As usual, if f(x) = Xpx" 4 -+ Xo then f(T) is the linear transformation A, 7" + - - - + Xgld, where
T"means ToT o---oT (n-times). That is, the scalars A € F act naturally, x acts as T, x° acts
as T2 and so on. One easily verifies the module axioms.

Conversely, if V' is an F[x]-module, the given action (X, v) — Av, A € F,v € V, makes V into a
vector space over F. Further, define

T=Ty:V =YV, T(v) =x-v.

Here x - v stands for the product of a ring element x with a module element v. The identity
TA1vi+Xovn) = AT (vi)+XT (w) follows from x(A1vi+Xova) = x(A1vy)+x(Aova) = (xA1) vy +
(xX2)va = (Ax)vi + (Aax)va = A1(xvi) + Aa(xvz).

Under this dictionary, a homomorphism of F[x]-modules f: V — W, corresponds to a linear map
f:V—Wsuchthat foTy =T, of. A submodule of V corresponds to a Ty-invariant subspace
of V. We summarize that in a table.

Modules Vector spaces with a linear map
F[x]-module V/ v. sp. + lin. transf. (V, Ty)
submodule Ty-invariant subspace
homomorphism of F[x]-modules linear transf. f: V — W satisfying
f:v-w fol,=Tyof

Suppose that V is finite dimensional and let m(x) be the minimal polynomial of T. Then m(T)
is the zero map. It follows that every element of V is killed by m(x) € F[x]. Thus, if V is finite
dimensional V is torsion, V = Tors(V).

When is V' a cyclic F[x] module? This is precisely when there is a vector v € V such that
{v,Tv, T?v, .. .} spans V. Suppose that V is finite dimensional, say of dimension n. Then V is a
cyclic module if and only if forsome v € V, {v, Tv, ..., T"=1v} span V, because T" is already a com-
bination of {1, 7,72, ..., T"=1} by the Cayley-Hamilton theorem. Therefore, {v,Tv, ..., T=1v}
is a basis of V. For similar reasons then, the minimal polynomial must be of degree n as well, hence
equal to the characteristic polynomial. Conversely, if the minimal polynomial is equal to the charac-
teristic polynomial then V is cyclic. Namely, there is a vector v € V' such that {v,Tv, ..., T 1v}
is a basis of V. We leave that as an exercise in linear algebra.

Finally, given a vector v € V, what is its annihilator? A linear transformation kills v iff it kills
the linear subspace spanned by {v, Tv, T?v, ...}, namely, the cyclic submodule W generated by v.
The annihilator is an ideal of F[x] generated by some polynomial f(x). Then, f(T) is zero on W
and must be the polynomial of minimal degree vanishing on W. Thus, Ann(v) = (f(x)), where
f(x) is the minimal polynomial of T restricted to W, where W is the minimal T-invariant subspace
containing v.
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Example 1.2.6. (Hom module). Let R be a commutative ring. Let M, N be R-modules, then
Homg (M, N), the R-module homomorphisms from M to N, is itself an R-module, where for f, g €
Homg(M, N),r € R, we let

(f +9)(m) .= f(m) +g(m),  (r-f)(m)=r-f(m).

We leave the verification as an exercise. Where is the commutativity of R used?

1.3. Quotients and the isomorphism theorems. Let M be an R-module and N a submodule
of M. As a group, N is normal in M and so M/N is naturally an abelian group and M — M/N a
group homomorphism. We claim that, further, M/N is naturally an R-module and M — M/N is an
R-module homomorphism. Indeed, define

r-(m+N)=r-m+N.

This is well-defined. If m" € M is such that m+N = m’+ N then m" = m+n for some n € N. Then,
r-m"+N=r-(m+n+N=r-m+r-n+N=r-m+ N, because r-n € N. The module axioms
now follow automatically. Similarly, it is immediate that M — M/N is a module homomorphism.
The module M/N is called a quotient module.

Remark 1.3.1. Note at this point a subtle point. If R is a ring and / is a left ideal of R, I is a left
R-submodule of R and so the quotient R// is a left R-module. However, unless [ is a two-sided
ideal, the quotient R// is not a ring.

Theorem 1.3.2 (First isomorphism theorem). Let f : M — L be a homomorphism of R-modules
and let N be a submodule of M contained in Ker(f). There is a unique homomorphism F: M/N — L

rendering the diagram commutative:
M ! L
>N A
M/N

Furthermore, Ker(F) = Ker(f)/N.

Proof. The R-module homomorphism F, if it exists, would be in particular a homomorphism of
groups. Thus, the definition of F is imposed on us:

F(m+ N)=f(m).

We know F is a well-defined group homomorphism with kernel Ker(f)/N. It only remains to check
that is a homomorphism of modules. But F(r(m+N)) = F(rm+N) = f(rm) = rf(m) = rF(m+N)
and the proof is complete. O

As with groups, this theorem is the basis for a series of results. The proofs are almost identical
to those given for groups. In fact, some aspects are simpler because all subgroups are normal and
so one can forego some verifications. On the other hand, one needs to check that every group
homomorphism constructed in those proofs is also an R-module homomorphism, but that always
follows without difficulty. We omit most details.

Corollary 1.3.3. Suppose that f is surjective. Then M/Ker(f) = L.

Proof. Indeed, then F is surjective and its kernel is {0} = Ker(f)/Ker(f). Thus, F is an isomor-
phism. U
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Example 1.3.4. Let M be an R-module and m € M. The map
R— M, r—rm,
is an R-module homomorphism with kernel Ann(m). We conclude an isomorphism of R-modules
R/Ann(m) = Rm.

Thus, every cyclic module is isomorphic to R// for some left ideal /. Conversely, if / is a left-ideal,
the R-module R// is cyclic. For example, it is generated by 1 =14/ € R/I.

Theorem 1.3.5 (Second isomorphism theorem). Let A, B, be submodules of a module M. Then
A+B={a+b:ae A be B} isagain a submodule, as is AN B, and we have an isomorphism of
R-modules.

A/(ANB)=(A+ B)/B.

Theorem 1.3.6 (Third isomorphism theorem). Let A C B C M be modules over R. We have an
isomorphism of R-modules
(M/A)/(B/A) = M/B.

Theorem 1.3.7 (Correspondence theorem). Let f: M — N be a surjective homomorphism of
R-modules. There is a bijection between the submodules of M containing the kernel of f and
submodules of N. It is given by My C M+ f(My) and Ny C N+ f~Y(Ny). This correspondence
preserves sums and intersections. Further, for My 2 My O Ker(f) we have My /My = f(My)/f(My).

Example 1.3.8. Let M be an R-module and N a submodule. Then Ann(N) is a two-sided ideal of R
(but, unless R is commutative, the annihilator Ann(m) of an element m of M is not a two-sided ideal,
only a left ideal). Indeed, let a € Ann(N) and r € R. Given n € N we have (ra)n=r(an)=r0=0
and also (ar)(n) = a(rn) = 0 because rn € N too. Thus, the quotient R/Ann(N) is a ring. The
R-module N is naturally an R/Ann(N) module; given a coset 3 = a + Ann(N) of R/Ann(N) define

a-n:=a-n.

This is well defined. Suppose that a’+Ann(N) = a-+Ann(N) then a’ = a+ u for some u € Ann(N).
We find that @ -n=(a+u)-n=a-n+u-n=a-n=23-n, because u-n=0. In the same way,
if 1 is any two-sided ideal contained in Ann(N) then N is an R//-module.

Now, let | be a two-sided ideal of R and M an R-module. The ideal / kills the R-module M/IM.
Thus, M/IM is naturally an R// module. This is a very useful observation.

1.4. Constructions: direct sum, direct product, free modules. Let R be a ring and M, for o
ranging over some index set /, a collection of R-modules. The direct product of the M, is defined
as

H Mo := {(Ma)aer : Mo € My, Var}.

ael
About the notation (my)ee/. We are being a bit colloquial here and think about that as a vector
whose a's coordinate belongs to M,. More pedantically, we can form the disjoint union of the
modules M, denoted [[ My (we shall omit the precise definition of this and rely on our intuition
here), and then we can think of J],c; My as the collection of functions {f: | — [[ My : f(a) €
Mg, Va}. Given such a function we can write it as the vector (f(a))qes and given a vector (mMy)aes
we define a function f by f(a) = my. This gives a rigorous interpretation to the vector notation.
At any rate, we define addition on [],c, M« by

(ma)ael + (na)ael = (ma + na)ael
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(which corresponds to addition of functions), and multiplication by a scalar r € R by

r(Ma)acr = (rma)aci

(that is, we multiply all the coordinates by r). The verification that this is an R-module is immediate.
Further, let ag € I. The map

Moo, — H Mo, Moy — (Ma)acl,
acl
where mg = my, If a = ag and otherwise my = 0, is an injective module homomorphism. The
projection
Pay - H Mo — Maov (ma)ael = May,
acl
is @ module homomorphism as well.

We define the direct sum of the modules M,,, denoted ®,c; My, as the submodule of Hae, Mgy
comprised the vectors all whose coordinates, but finitely many, are zero. If [ is a finite set then the
direct sum and the direct product are the same, but not when / is infinite. We further note that
the kernel of

pi M &M@ ® My — M, pi((my)j=y) = mj,
is Ml@"'@/\//,;l@{()}@/\//,'Jrl@"'@/\//n and
(Mi®M @ &M/ (ML @B BM_1®{0}BM1 @@ M,)g = M,.
A more general isomorphism is the following. Let N; C M; be submodules. Then,

(ML &M@ - @ M)/ (Nt D No@--- D Np) = (M /Ny) @ (Ma/No) @ -+ - @ (Mp/Ny).

A particular case of the direct sum construction is the case where each M, = R. In this case we
also denote @qc/R as RP!. It is called a free R-module. In general an R-module M is called free if
M = R®! for some set / (if / is empty we define R®! to be the zero module).

Proposition 1.4.1. Let M be a free R-module, say M = R®'! for some |. Then there exist elements
{mq : o € I} C M such that every element of M can be written uniquely as ), faMa wWhere
almost all ro, = 0.

Conversely, if M is an R module and if there exist elements {my : o« € I} C M, such that every
element of M can be written uniquely as Zae, oMo, Where almost all ro, = 0, then M = R®!,

Proof. Suppose f: R®! — M is an isomorphism. Let my, = f(ey), where ey is the vector whose
a-coordinate is 1 and all whose other coordinates are zero. The identity (ro)acs = Y o fa€a holds
in R®' . and shows that every element of R®' is uniquely a linear combination of {e, : a € /}. It
follows by applying f that every element of M is uniquely a linear combination of {my : o € I}.

The converse is slightly less formal. Suppose that for some elements {mq, : @ € I} of M, every
element of M can be expressed uniquely as >, ro(m)mq, with coefficients ro(m) € R that are
almost all zero. Define a map

M — R@/, m— g(m) = (ra(m))ael-

This map is well-defined as almost all ry are 0. Since mi+my = 3", (roa(m1)+ra(m2))my it follows
that ra(m1)+ra(m2) = ra(mi+mz). Thus, g(mi+mz) = (ra(mi+m2))a = (ra(mi)+ra(mz2))a =
(ra(m1))a + (ra(m2))a = g(m1) + g(my2). The argument for g(rm) = rg(m) is very similar.
Clearly, g(m) = 0 implies ro(m) = 0 for all . But then m =) ramq = 0, so g is injective.
Finally, given (ry)a € R let m = > o faMa, which is well-defined because almost all ro, = 0.
Then g(m) = (rq)o and so g is also surjective. O
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Lemma 1.4.2. Let R be a commutative ring. Let | and J be sets. Then R®' = R®J if and only if
| and J have the same cardinality.

Proof. Suppose that / and J have the same cardinality. By definition that means that there is a
bijection ¢: J — [. Define

f: RO — R® f((ra)aer) = (38)sed,
where,
B = y(p)-
f is a module homomorphism. Indeed f((ra)a + (r4)a) = f((ra + ri)a) = (ry@E) + rzlb(ﬁ))ﬁ -

(rpe))B + (rys))s = f((ra)a) + F((rG)a). Also, f(r(ra)a) = f((rra)a) = (rrye))s = r(rye))s =
rf((ra)a). In contrast to this argument which entirely formal, the converse direction is much deeper.
Let A be a maximal ideal of R. One checks that for every collection of modules {M,} we have

A-@M :-@A/\/la.
o o

Therefore,

A-RY =A-DR=EPA

i€l i€l

Since R®' =~ R®J we have A- R®' =2 A. R®/ and so RY'JA- R® =~ R®J/A. R®/. But,
RYJA-RY = CD(R/A) = (R/A)®,
icl
and consequently
(R/A)®! = (R/A)®.

However, R/A is a field and (R/A)®' is a vector-space over it of dimension |/|. From the theory of
vector spaces, we conclude |/| = |J|. O

Finally, we discuss the notion of internal direct sum. Let M be a module and {My : o € I} be
family of submodules of M such that for every o, Mo N3 5, Mg = {0}. Then the sum >, My
is called in internal direct sum, or simply “direct sum”. This is justified by the following lemma.

Lemma 1.4.3. Let {My : o € I} be family of submodules of M such that for every a, My N
> p+a Mp = {0}, then
Z My = 69ocell\/lan-

acl
Therefore, we allow the abuse of notation and denote the internal direct sum also by ®qc; My and
may refer to it as simply “direct sum”.

Corollary 1.4.4. Let M be a free R-module, say M = R®'. We say that M has rank |/|. This
notion is well-defined.

1.5. The Chinese Remainder Theorem.

Theorem 1.5.1. Let R be a commutative ring and M an R-module. Let I, ..., lx be relatively
prime ideals of R. The homomorphism of R-modules

M= M/LM& - M/IM,  mw— (m+ 1M, ... .m+ M),

is a surjective homomorphism with kernel LM N --- NI M = (I1---Ix)M.
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We proved this theorem for the particular case of M = R. In that case, all quotient modules
are in fact rings and we proved that the map is a ring homomorphism. In our case we of course
make no such claim. One checks that essentially the same proof works. We remark that the proof
gives directly hMnN---N 1M = (I1--- )M without needing to show first that 1M N---N I M =
(LN~ N 1)M; the equality HtMN---N 1M = (lyN---N1Ix)M holds under the assumptions of
CRT, and is a consequence of it, but in the general situation it may fail; in fact, even for ideals
a,b,c of aring R it need not be the case that (aNb)c = acN bc.

The Chinese remainder theorem looks formal, but it contains some interesting information as the
next example shows.

Example 1.5.2. Let (V, T) be a finite dimensional vector space over a field F and T: V — V a linear
transformation. Let m(x) be the minimal polynomial of T. We consider V' as an F[x]-module. Since
m(T) annihilates VV we may also consider V as an F[x]/(m(x))-module. Consider the decomposition
of m(x) into irreducible polynomials over F:

m(x) = A (x)" - fi(x)™,
where the f;(x) are distinct monic irreducible polynomials and the r; positive. Let
li = (i(x)").
The ideals /1, ..., I, satisfy the conditions of the CRT and /1 --- I, = (m(x)). We conclude that
V2V/(Ax))V @ - & V/(fi(x) V.

In fact, if e; is the i-th element used in the proof of the CRT (so that ¢, = 0 (mod Grj) forj # 1
and e; =1 (mod £.")) then €V, which is a submodule of V maps isomorphically onto V/(fi(x)")V.
That give us a computable way to view the quotient module V/(fi(x)")V also as a submodule
of V. The restriction of T to the submodule V/(fj(x)"7)V is of course killed by f;(x)". But since
m(x) = f1(x)" - - fx(x)™* we conclude that it cannot be killed by a smaller power of f; (as the minimal
polynomial is the Icm of the minimal polynomials of the subspaces V/(f;(x)")V). To summarize, we
have deduced the so-called Primary Decomposition Theorem.

Suppose that the minimal polynomial of T factors as m(x) = fi(x)™ - - - f(x)"*. There are subspaces
Vi,..., Vi of V that are T -invariants such thatV = V1 ®- - -®V) and such that the minimal polynomial
of T onVj is fi(x)"i. Furthermore, if ej(x) is a polynomial such that Grfle,' for j # i and f"|(e; — 1),
then V; = ¢(T)V.

2. Modules over PID

The main goal of this section is to give a structure theorem for certain R-modules, when R is
a PID. The only requirement the modules M have to satisfy is that they are finitely generated.
Namely, that there are finitely many elements mq, ..., my, in M such that every element of M is of
the form Y., rim; for some r; € R. (We say that M is generated by the elements my, ..., mp).
Note that there is no requirement that the r; be unique. For example, Z/4Z is a finitely generated
Z-module. Because taking the element 1 as an element of the module Z /47 every element of Z/47Z
can be written as 0-1,1-1,2-1,3- 1. But note, for example, that 0 -1 can also be written as say
24 -1, and so-on, so this writing is far from unique. Note also that every element of Z/47 can be
written as a multiple of the element 3 € Z/4Z. Indeed 0 =0-3,1=3-3,2=2-3,3=1-3. So a
module has many different sets of generators.
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We also note the easily proven fact that M is generated by n elements if and only if there is a
surjective R-module homomorphism R" — M. Indeed, ¢; — m; and so on.

2.1. Rank. Let R be a commutative integral domain. There is no need to assume in this section
that Ris a PID. Let M be an R module. A subset {my : & € I} of elements of M is called linearly
independent if the only finite linear combination )" romy (almost all ry are 0) that equals 0 is the
one where all the r, = 0. That is, there are no non-trivial linear relations between the m,. Note
that then the submodule ({my, : o € I}) is free and isomorphic to R®'. We define the rank of M
to be the supremum of the cardinalities of linearly independent subsets of M. We shall denote it
rk(M). Some care has to be taken with relying too much on intuition from the theory of vector
spaces: (1) A module my be generated by 1 element x and yet {x} may be linearly dependent set;
(2) A maximal linear independent set need not be a basis.

As we have already defined the notion of rank for free modules, we better check that our definitions
agree.

Lemma 2.1.1. The rank of R®! js I, in the sense that there is an independent set of cardinality |
in R®! and there isn't an independent set of larger cardinality.

Proof. Let e; be the element of R®/ all whose coordinates are 0 except for the i-th coordinate which
is 1. As ) ryeq is the vector whose a coordinate is ry, such a sum is 0 if and only if r, = 0 for
all . Thus, {ey : @ € 1} is linearly independent.

To prove this is the maximal possible cardinality we shall use the theory of vector spaces. let F
be the field of fractions of R. Recall that

F={2.abcrbro},

fractions are identified in the usual way, that is a/b = c/d if ad — bc = 0, and we have defined
the operations in similarity to rational numbers. F is a field in which R embeds as the fractions
{r/1:r € R} and so we have an embedding R®' — F&/.

Let {vy : @ € J} be a linearly independent set in R®'. We claim that it is a linearly independent
set in F®! too. Suppose that Do X Vo =0 in F®' As only finitely many of the coefficients &
are non-zero, we may find some S € R, S # 0, such that s4|S for all a such that r, # 0. Then
(S &) va=0in R®!, which implies that S& = (S/sa)ra =0 foralla. Thus, ry =0 for all o
and also & =0 for all a.

Now, as our independent set {e, : @ € I} is clearly a basis for F®/, it follows that any other
independent set has cardinality at most that of /. Therefore, |J| < |/]. O

Corollary 2.1.2. Every two maximal linearly independent subset of a module M have the same
cardinality.

Proof. Let {xy : @ € I} be a maximal linearly independent set. Let N be the submodule of M
spanned by {xy : @ € I}. Let m &€ M. Then {m} U {xy : a € I} is linearly dependent and so, for
some rq and non-zero r we have rm+ > raxo = 0. Thus, for some non-zero r we have rm € N.
Let now {yy : v € J} be another maximal linearly independent set. From the argument we gave,
there are non-zero elements r, such that {ryy, : v € J} is a subset of N, which is still independent.
Since N =2 R®! we must have |J| < |/|. But, reversing the role of the two independent sets we get
the opposite inequality. O

The following lemma is left as an exercise. (This doesn't mean that the its content is less
important than other results we have proven.)

Lemma 2.1.3. We have the following facts concerning the rank of a module M.
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(1) The rank of M is zero if and only if M is torsion.

(2) The rank of M is equal to the rank of M/ Tors(M).

(3) Let N be a submodule of M then rk(N) < rk(M).

(4) Let0 — My — M — My — 0 be an exact sequence of R-modules. Then, rk(M) = rk(M1 )+
I’k(/\/]z).

2.2. The Elementary Divisors Theorem (EDT). The following theorem is one of the most useful
theorems in the theory of modules, especially in applications.

Theorem 2.2.1. Let R be a PID and M a free R-module of finite rank n. Let N C M be a
submodule. Then:
(1) N is a free module of rank m, m < n.
(2) There exists a basis {y1, ..., yn} of M and non-zero scalars ailas|---|am in R, such that
{a1y1, a2yo, ..., amYm} Is a basis of N.

Corollary 2.2.2. Let L and M be free R modules of finite rank. Let f: L — M be an R-module
homomorphism. There are bases y1, . . ., Ynof Mand z, ..., z¢ of L such that with respect to these
bases f has the form

am

0

Proof. (Corollary). Let N = f(L), a submodule of M, and choose y1, ..., ynpin M and a1|---|am
as in the EDT. Let z; € L such that f(z) = ajy;, i =1,..., m. Let zpi1, ..., Z¢ be a basis for
K =Ker(f). Let H={(z, ..., Zm). We claim that

HNK=0, H+K=L.

First, let h€ HNK. Then h= 3", riz; and so f(h) = >, r;a;y;. Since h € K, f(h) =0 and so,
because {aiy1, ..., amym} are a basis for N, each r; = 0 and it follows that h = 0. Next we show
that H+ K = L. Given £ € L, since f(£) € N, there are r; such that f(£) = >, rjajy; and f(£) =
fFOO-T rizi). Now, Y rizz€ Hand F(=>." 1 rz;) =0. Thus, £= (30, rizi))+ (L=, riz))
exhibits £ as an element of H + K. O

Proof. (EDT). If N =0 then N is free (and m = 0). Assume henceforth that N # 0.

Lemma 2.2.3. There is a homomorphism ¢: M — R, a scalar 0 # a1 € R and an element y € N
such that o(y) = a and for every : M — R, a1|¢(y). Moreover o(N) = Ras.

Proof. Let
Y ={@(N) : ¢ € Homg(M, R)}.

Y is a collection of ideals (= sub R-modules of R) of R and (0) € ¥ (take ¢ =0). As R is a PID,
we may choose for every ¢ an element a, € R such that ¢(N) = (a,). Assume that ¥ has no
maximal elements with respect to inclusion. Then we get @1, o, ... such that (a,,) S (ap,) S - . ..
But U2, (ay,) is an ideal and so equal to (a) for some a € R. As U° (ay,) = (a), a € (ay,) for

some i and then (a) C (ay,) & (ap,.,) C (a) and that’s a contradiction.
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Let therefore ¢: M — R be a homomorphism such that (a,) is a maximal element of ¥ (possibly
R itself). Let a; = a, and choose y € N such that ¢(y) = a;. We now show that ¢, a; and y have
the desired properties.

First, using an isomorphism g: M — R", composed with projection on the /-th coordinate, p; o
g: M = R" — R, we see that there is a coordinate / such that (p;j o g)(N) # 0. If a1 = 0 then
(a1) G (pi o g)(N), contradicting the maximality of (a;). Thus, a; # 0.

Next, let ¥ € Homg(M, R) and let b =(y). Let d = gcd(a1, b) = na1+rb, forsome rn,r € R.
Consider a := @ + r € Homg(M, R). We calculate a(y) = (ne + rp)(y) = na1 +rb = d.
Since d|a; and it follows that a(N) D (a1). Since (a1) has a maximality property relative to ¥ we
must have (d) = (a1), which implies a1 |b. O

Still keeping the notation of the lemma, it follows in particular that
ar|(pio g)(y), Vi.
That implies that there is an element y; € M such that
y=ay € N.
Note that ¢(y1) = 1 because a1(@(y1) — 1) = 0.
Lemma 2.2.4. We have the direct sum decompositions:
M = (y1) + Ker(op), N = (a1y1) @ (Ker(p) N N).

Proof. (Lemma). The argument is very similar to the one given in the proof of Corollary 2.2.2 and
so we shall omit it. ([

We now prove part (1) of the theorem, by induction on the rank m of N. The fact that m < n'is
clear from the definition of rank. If m = 0 then N is torsion and, since M is torsion-free, N = {0}.

Consider N N Ker(p). If it has rank £ then N = (a1y1) & (Ker(¢) N N) has rank at least £ + 1.
Thus, £ < m—1. Using induction for the submodule NNKer(¢) of M , we conclude that NNKer(p)
is free of rank £ and so clearly N is free of rank £+ 1. (It now follows that £+ 1 = m.)

We now prove part (2) by induction on n = rk(M). The arguments above and part (1) show
that N N Ker(p) is a free submodule of rank m — 1 of the free module Ker(¢) of rank n — 1.
Induction gives that there exists a basis y», ..., yn of Ker(p) and non-zero scalars as|as|---|am
such that N N Ker(y) is free with a basis axys, .. ., amym. It follows that N is free with a basis
aiyi, ays, ..., amyYm. The only thing left to show is that aj|as. To show that, apply Lemma 2.2.3
to the R-module homomorphism,

Y:M—=R, Y by)=b1+ b

As a1 = P(a1y1) we have Y(N) D (a1) and by maximality ¥(N) = (a1). In particular ¥(azy») =
ar € (a1), which gives aj|as. O

2.3. The structure theorem for finitely generated modules over PID: Existence.
Theorem 2.3.1. (Existence of decomposition in invariant factors form) Let R be a PID and let M
be a finitely generated R-module.
(1) M= R & R/(a1) @ -+ ® R/(am) for some r > 0 and some non-zero a; € R satisfying
alaz|-- - |am.
(2) M is torsion-free if and only if M is free. In fact,
Tors(M) = R/(a1)®---®R/(am).
M is torsion if and only if r = 0 and then Ann(M) = (an,).
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Proof. Let xq, ..., Xn be generators for M. The function

R ot (o) Y,

is a surjective R-module homomorphism. Let N be its kernel, then M = R"/N. Using EDT, there

exists a basis {y1, ..., yn} for R™ and non-zero scalars ai|az| - - - |am in R, such that {a1y1, .. ., amym}
is a basis for N. Therefore,
M= R"/N

SRy @@ Ryn/Rary1 @ -+ ® Ramym ® {0} @ --- @ {0}
= (@ R/(aj)) ® R,

This gives us part (1) of the theorem.

Note that Ann(R/(a;)) = (a;), which is a non-zero ideal. Thus, if M is torsion-free then m =0
and so M is free. Conversely, a free module is always torsion free.

In general for modules over integral domains, Tors(M; & My) = Tors(My) & Tors(M,). As R is
torsion free, if M is torsion then we must have r = 0, in which case Ann(M) = N7 ,(a;) = (am).

Clearly, if r =0, M is torsion. O
Remark 2.3.2. If any of the a; are units then R/(a;) = {0} and so we may remove such an a;
altogether. Thus, we may assume that none of the a; are units. Then, the ideals (3;), i =1, ..., m,
are uniquely determined by M, as we shall see shortly, and so is r. The elements ay, ..., am (that

are determined up to units) are called the invariant factors of M.
Let us see what the decomposition theorem gives in familiar cases.

Corollary 2.3.3. R = F a field. Then an F-module V' is an F-vector space. The only torsion
F-module is the zero vector space {0}. The theorem thus states that a finitely generated F-vector
space is isomorphic to F", where r is of course the dimension of V.

Corollary 2.3.4. Let R = 7Z. The theorem tells us that every finitely generated abelian group M is
isomorphic to

7' ®L/aZ® - &7L/amZ,
where r - the rank - is uniquely determined by M, and the a; are unique positive integers such that
ailas|---|lam and a; > 1.

Corollary 2.3.5. Let IF be a field, V a finite dimensional vector space overF and T : V — V a linear
transformation. We view (V, T) as an F[x]-module. In this case we must have r = 0 (because
already the dimension of F[x]| over F is infinite) and so V' is torsion. We find that

(1) V=L Flx]/(ai(x)),
for unique monic non-constant polynomials a;(x) satisfying
21(0)|a2()] - [am(x).
Furthermore, Ann(V') = (am(x)), and so am(x) is the minimal polynomial of T.
Fix i and, via the isomorphism above, consider F[x]/(a;i(x)) as a subspace Vi of V. Let
a;i(X) = by + bix + - be_1x L 4 x°.

Consider the action of T on the T -invariant subspace V;. It corresponds to the action of x on the
F[x]-module F[x]/(ai(x)). The latter has a basis over F given by 1,x, ..., x5t Ifwe let v € V;
correspond to 1 € F[x]/(a;j(x)), then we find that V; has a basis
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and the minimal polynomial of T on Vj (which is just the generator of the annihilator of the F[x]-
module F[x]/(ai(x)), that is the ideal (aj(x))) is aj(x). In particular, it is also equal to the character-

istic polynomial of T on V. Furthermore, considering the action of x on the basis {1,x, ..., x571},
we find that the action of T on the basis {v,Tv,..., Ts=1v} is given by the matrix
0 0 ... 0 —=b
10 0 —b
1 : :
1 _bs—l

We summarize some of our discussion: Under the decomposition in (1), we have
e The minimal polynomial of T is am(x);
e The characteristic polynomial of T is the product aj(x)ax(x)---am(x).

Corollary 2.3.6. (Existence of decomposition in elementary divisors form) Let M be a finitely gen-
erated module over a PID R. Then,

M= R @&R/(pi")®- & R/(pf),
where the p; are irreducible (not necessarily distinct) elements of R and the a; are positive integers.

Proof. Using the invariant factor decomposition, we reduce to the case M = R/(a). Let a =
up’f1 e pZd be the decomposition of a into powers of distinct irreducible elements, where v is a unit.
Then, by CRT

0

Remark 2.3.7. In turn, existence of decomposition in elementary divisors form implies decomposition
in invariant factors form. Indeed, to simplify the notation let us assume that there are only three
irreducible elements appearing. Suppose that altogether the powers of p; appearing in the decom-

position are pit, p7?, . .. ,pfe, where a; < ap, < --- < ap; that the powers of p, appearing in the
decomposition are pgl, ,012’2 ..... pgm, where by < by, < --- < by, that the powers of p3 appearing in
the decomposition are pgl, p§2, ..., p5", where ¢ < &, < --- < . Write a table of the following
form
pfl piz pf3 o pie
pot | ps? py"
pSt | pg | .. S

We make sure to align the rows to the right. Then, using CRT “in reverse” we get a decomposition
in invariant factor forms di(x)|d>(x)| - - - |dn(x), where di(x) is the product of the elements appearing
in the first column, dax(x) is the product of those in the second column, and so on, d,(x) is the
product pf‘pgmpg". It is clear how to extend this method to more (or less) than 3 irreducible
elements.

2.4. The structure theorem for finitely generated modules over PID: Uniqueness. \We now
prove the uniqueness of decomposition in elementary divisors form. We will state, but not prove,
the uniqueness for decomposition in invariant factors form. It can be deduced from uniqueness in
elementary divisors form using Remark 2.3.7
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Theorem 2.4.1. (Uniqueness of decomposition in elementary divisors form) Let R be a PID and
suppose that

R P R/(p) =R oD R/(C/f’),
i J

where p;, q; are irreducible, a;, b; positive integers. Then, after re-indexing if required, we have that
the number of summands in each decomposition is the same and

n=ra ,pi~q, a =bj Vi,
where p ~ q means that p and q are associate (differ by a unit).

Proof. Let M; denote the I.h.s. and M the r.h.s. Since My = M,, we have Tors(M7) = Tors(M,)
and therefore R = M/ Tors(My) = M,/ Tors(M>) = R™2. By Lemma 1.4.2, r; = r».
It remains to study the torsion part and so we may now assume that

M =D R/(0)) = M2 = D R/(q").

The method of proof is of interest in itself. It teaches us how to extract those parts in the sum
associated with a particular prime.
Let p be a prime of R and M an R-module. Let,

M, ={me M:3b>0,p°m=0}.

M, is called the p-primary component of M. We note that M,, is a submodule of M. The following
properties are easy to check:

o If M= N then M, = N,.

e (M&N),=M,& Np.
We also claim that
R/(p]) P~ pi,
{0} p > pi.
Indeed, the first case where p ~ p; is immediate as (p?) = (p") and so p? Kkills every element of
R/(pia"). Suppose then that p = p;. If m € R/(p,‘?") and p?m = 0, we have p? € Ann(m) and
pi" € Ann(m) and so also gcd(p?, p') € Ann(m). But the ged is 1, and so 1- m = 0, which implies
m = 0; we have shown the second case.

Using these results we conclude that

@RI = B RICEM.

{i:p~pi}

(R/(p"))p = {

Therefore, since My = M, we conclude that
P rRIp= P R/Y.
{i:p~p;} {ip~a;}
We therefore reduced to proving the following statement: Let p be an irreducible element of R,
aj, bj positive integers. If

m no
(2) P r/(p™) = PR/ (™).
i=1 i=1
where,
O<ar<a<---<ay, 0< by <by<---<bp,

then ny = ny and a; = b; for all /. To show that we will use the following Lemma.
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Lemma 2.4.2. Let M = R/(p®) and d > 0 an integer. Then

{0} d>c

d d+1pg ~
M M =
P M/p {R/pR d<c.

Proof. (Lemma) Indeed, if d > c then every element of M is killed by p? and so p9M/p9+1 M
is just {0}. For d < ¢ we have p?M/p?*IM = p?R/(p9*t, p )R = (p?)/(p9*!). The map
R — (p9)/(p?*1) given by multiplication by p? is a surjective homomorphism with kernel (p) and
so R/(p) = pIM/p?*t1M in this case. a

Note that F := R/(p) is a field. Using the lemma, coming back to the general case as in (2), we
conclude that

p My /pT My = FLD), mi(d) :=#{a; - a; > d},
and

p9 Mo /p@ T My = T, mo(d) == ti{b; : bi > d}.
Since p?My /p?t My = p9Mo/pdtt My, we must have mi(d) = dimp(F™(D) = dimp(F™(9)) =
mo(d), and that for every d > 0. Note for example that this implies that i{a; : a; = d} =
mi(d—1)—m(d) = ma(d—1)—mo(d) =ti{b; : b = d}. It follows that there is the same number
of a; and b; and equalities a; = b;, for all /. O

Theorem 2.4.3. (Uniqueness in invariant factors form) Suppose that
ni n2
R @ D R/(a) = R™ & D R/(b),
i=1 i=1

where the aj, bj are non-zero, non-units and ai|az|---|an,, b1|bo|---|bn,. Then, n = r,n1 = m
and for every i, a; ~ bj.

2.5. Applications for the structure theorem for modules over PID. We mainly consider two
cases in this section, abelian groups and vectors spaces endowed with a linear transformation. In
fact, those examples were already discussed above and so some of the discussion is brief.

2.5.1. Abelian groups. This is the case where R = Z. The structure theorem applies for finitely
generated abelian groups A. Every such group A is isomorphic

L' ®L/nZ® - ®L/amk,

where r - the rank - is uniquely determined by A, and the a; are unique positive integers such that
ailas|---|am and a; > 1. Note that any two positive integers that are associates are actually equal.
This allows us to eliminate the “up to unit” ever-present in the structure theorems for a general
PID.

Also, every such group is isomorphic to

Z'®Z/p]' & B L/p,

where the p; are primes, s > 0, a; > 0 and r and the set {pj*,..., p2s} are uniquely determined
by A.

Proposition 2.5.1. Let n = p7*--- p?r be the decomposition of a positive integer. The number of
abelian groups of order n, up to isomorphism, is p(a1) - - p(a,) where p(-) is the partition function.

Proof. Exercise. O
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2.5.2. F[x]-modules. Let F be a field and V a finite dimensional vector space over F, T:V — V
a linear map. As usual, we view V' as an F[x] module where x - v := T(v). As we have already
remarked, the finite dimensionality of V' implies that it is a torsion F[x]-module.

The structure theorem in invariant factors form gives

V =F[x]/(a1(x)) ® - -- © F[x]/(an(x)),

where aj(x)|---|an(x) are uniquely determined monic polynomials.

On the vector space F[x]/(a(x)) the minimal polynomial of T is a(x). On each F[x]/(a(x)) we
can describe the action of T as follows: if a(x) = x" + b,_1x" "t +---+bg, then 1, x, ..., xlisa
basis over I for F[x]/(a(x)) and x (and so T) act via the matrix

0 0 ... 0 —=bo
1 0 0 —-b
1 : :
1 _br—l

This matrix is called the companion matrix of a(x) and we shall denote it C,(,y. We note that

A(Cypxy) = m(Cy(xy) = a(x),
where A(C,(y)) is the characteristic polynomial and m(C,(y)) is the minimal polynomial.

All together we get that every matrix (or a linear transformation) can be put in rational canonical

form,
C

a1(x)

Can(x)
for unique monic polynomials aj(x)|---|an(x). We can summarize this discussion as follows.

Theorem 2.5.2. Let F be a field. Let GL,(FF) act on M,(F) by
m— gmg~t, g€ GL,(F), me My(F).

The orbits of GL,(IF) are in bijection with block matrices

G
Cs
where: (i) each C; is a square matrix of the form

0 0 0 =
1 0 0 =

Ci= ,

1 :
1 =%

(ii) the sum of the sizes of the matrices C; is n; (iii)

A(CL)]---[A(C).

The following corollary is one explanation as to why the invariant factors are called so.

Corollary 2.5.3. Let A be a matrix in Mn(F) and K O F a field extension. The rational canonical
form of A over K is the same as over F. Consequently, if Ay, /~42 are matrices in M, (NF) aNnd for some
B € GL,(K) we have BA1B~! = A,, then for some matrix B € GL,(F) we have BA;B~! = As.



COURSE NOTES - MATH 371 17

2.5.3. F[x]-modules, F algebraically closed. \We continue the analysis of the previous section in the
case where F is algebraically closed. An example to keep in mind is when F = C, the complex
numbers, but the discussion applies to every algebraically closed field. In this situation we would like
to consider the structure theorem in elementary divisors form. Note that because F is algebraically
closed, the only irreducible monic polynomials are the linear polynomials x — X for A € F. We then
have,

V= P FK/((x = A)*).
i=1

Consider a module F[x]/((x — X)?). Note that {1, x — X, (x —=X\)?, ..., (x —X)? '} is a basis. If we
write it in opposite order {(x — X)), ..., x — A, 1} then x — X acts by the matrix,

01 ... 0
0Oo0 1 ...0
1
0 e 0
and so x acts by
Al 0
A1 0
A1
0 e A
We conclude that choosing bases this way, every matrix is equivalent to a unique matrix of the form
J(A1, a1)
J(An, an)
This is of course the Jordan canonical form.
2.5.4. Computational issues. The rational canonical form diag(C,, (xy, - - -, Can(x)) can be calculated

quickly over any field. There is no need to factor polynomials, while the Jordan canonical form
requires factorization. There is no algorithm for factoring polynomials over a general field and so
the rational canonical form is advantageous. We will not prove the following theorem, but we may
use it for calculations.

Theorem 2.5.4. (Smith’s normal form) Let A € My(F) and consider the matrix B = xl, — A €
Mp(F[x]). Using repeatedly one of the elementary operations below, one can arrive from B to a
matrix of the form

where the a;(x) are the invariant factors of A.
Elementary operations:

(1) Exchanging 2 rows, or 2 columns.

(2) Adding an F[x]-multiple of a row to another row, and the same with columns.

(3) Multiplying a row, or a column, by a unit of F[x] (namely, a non-zero scalar in IF).
In fact, keeping track of the process one gets a change of basis matrix taking A to its rational
canonical form.

We give an example.
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Example 2.5.5. Suppose that

2 -2 14
A= 3 -7
2

The characteristic polynomial is clearly (x — 2)?(x — 3) and a quick check shows that the minimal
polynomial is (x — 2)(x — 3). Note that the invariant divisors then can only be

a(x)=x—-2, ax(x)=(x—2)(x—23).
Lets check that the algorithm above indeed gives the same answer. We form the matrix

X — 2 2 —-14
xl — A= x—3 7
X —2

We perform row and column operations in Q[x]. We obtain

X —2 2 —14 2 x—2 =14 1 0 0
x—3 7 — x—3 0 7 — % _% 7x — 14
x—2 0 0 X —2 0 0 X —2

We have in the first step switched the 1st and 2nd columns. In the second step we first divided the
first column by 2 and then subtracted (x — 2) the first column from the second, and we added 14
times the first column to the third. Multiply now the second row by 2 and subtract x — 3 times the
first row to get,

1 0 0
0 —(x—2)(x—3) 14(x—2))
0 0 x—2

Subtract now 14 times the third row from the second and multiply the second column by —1. After
that switch the second and third column and then the second and third rows to arrive at

1
X —2
(x =2)(x = 3)

While the result is not a surprise, it is still satisfying.

Also quotient modules can be calculated effectively when R is a PID. Suppose that
fR"— M

is a surjective homomorphism of R-modules. Then M = R"/Ker(f) and one would like to gain
understanding into the nature of M this way. Suppose that yq,..., Ym is a basis of Ker(f) and

X1r ., Xp a basis of R". The elementary divisors theorem says that there is a change of basis
X[y, xlof xq,..., Xp, and another change of basis y{, ..., y!, of the basis y1, ..., ¥m such that
now

vi=ax, al-lan.

Once these bases are computed, we have that M Z R"™ " @ R/(a1) ® - ® R/(am).

Write
n
Yi= Z aijX;-
Jj=1



COURSE NOTES - MATH 371 19

This gives us a matrix

a1 ... din
A=

dmi dmn

Suppose that
Xj = Z b,‘jXJ(.
J
This gives us the matrix

bi1 ... bin
B=| :

bnl . bnn

it ... Cim
C= : :

Cmi --- Cmm
(So that y/ =} cijy;). Thus, the relation between the {y/} and {x/} is given by the matrix
CAB, C € GLm(R), B € GLy(R).

The EDT is equivalent to saying that they are choices of C and B such that CAB is an m X n
matrix of the form

ai 0 0
an

(3) o . aale-lam,

0O ... 0

in fact uniquely determined up to units. We can also express that by saying that for every A= mxn
matrix (a;;) with entries in R, the double coset

GLm(R)(a;)GLA(R),

contains a matrix as in (3), which is unique up to modifying each entry by a unit.

In practice, we think about the matrix B as giving columns operations and the matrix A as giving
row operations. Thus, to find the diagonal matrix of the elementary divisors, we take the matrix (a;;)
and perform on it any number of column and row operations until we find the matrix of elementary
divisors. We illustrate this by a simple example:

Example 2.5.6. We wish to calculate the structure of the abelian group Z3/N where, N is spanned
by (1,1,1),(1,2,1),(3,1,5). The matrix A is thus

1 11
1 21
3 15
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Consider the following changes

1 11 1 0 O 1 0 O 1 00
121l -1 1 0] —=1(0 1 0] =010
3 15 3 -2 2 0 -2 2 0 0 2

where in the first step we have subtracted from the second column and from the third column the
first column; in the second step we have subtracted from the second row the first row and from the
third row three times the first row; in the last step we have added twice the second row to the third
row. We conclude that

73N = 7./27.
See also exercise (6) in this context.
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Part 2. Fields

3. Basic notions

3.1. Characteristic. We recall (see §***) that every field F contains a unique field among the
fields Q and F,,, where p is a prime number. That field is called the prime field of F. If F 2 Q we
say that F has characteristic zero; if F 2 [F, we say that F has characteristic p.

3.2. Degrees. Consider now two fields L, F such that L O F. We say that L is a field extension
of F, and sometimes that L/F (read: L over F) is a field extension. We can then view L as an
F-vector space. We define the degree of L over F as

[L:F]=dimg(L).

Warning: as L and F are also abelian groups, we also have the notion of the index of F in L that
we had also denoted by [L : F]. The index is not equal to the degree in general. For example, if L
is a field with p? elements and F = F,,. Then [L : F] = 2, but the index of F in L as abelian groups

is §L/{Fp = p*/p = p.
Proposition 3.2.1. Let L D M D N be field extensions. We have
[L:N]=][L:M]-[M:N].
Proof. Let {xy : o € I} be a basis for M over N. Let {yg : B € J} be a basis for L over M. Note
that |[/| = [M : N],|J| = [L : M] and, by definition, |/ x J| = |/] - |J|. We will prove that
s : (a.B) € 1 x J}

is a basis for L over N. We first show it is a spanning set.
Let £ € L. We can write

L= ngyﬁ, s € M, a.a. zero.

BeJ
As each rg € M, we can write
g = Zsaﬁxa, Sap € N, a.a. zero.
acl

Note that is rg = 0 then all s, 5 = 0. Now,
L= Z BYB = Z(Z SafXa)Vp = Z Sa,BXa Y-
BeJ Bed ael (aB)elxd
It remains to show that {xayg} is linearly independent over N. Suppose that
Z Sa.gXayp = 0,
(e,B)elxd

where sy g € N are almost all zero. Then, as 0 =3 5. (3" ¢/ Sa8Xa)¥p is 2 linear combination of
the yg with coefficients in M, we must have for all 8 that

Z Sa,BXa = 0.

acl
Since this is a linear combination of the x, with coefficients in N, it follows that all s, 5 = 0. O
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Corollary 3.2.2. If[L : N] < oo then [L : M] and [M : N] are finite too and divide [L : N].

Example 3.2.3. Suppose that [L : N] is a prime number, then any subfield L 2 M D N is either L
or N.

About notation. We often depict the situation above by the following diagram, where a, b and
ab denote the degrees:

3.3. Construction. The most fundamental method is the following. Let F be a field and f(x) €
F[x] an irreducible monic polynomial of degree d. Let

L = FIx]/(f(x)),
then L is a field in which f has a root (viz. the coset X = x + (f(x)) of x) and [L : F] =d.

Proposition 3.3.1. Let M D F be a field extension in which f has a root a. Then, there is a unique
ring homomorphism (necessarily injective) @: L — M such that o(x) = c.

Proof. Define a homomorphism

¢: Flx] = Fla),  ¢(9(x)) = g(a).

This is a well defined homomorphism restricting to the identity map on F, identified with the constant
polynomials. As ¢(f) = f(a) = 0, ¢ factors by the first isomorphism theorem for rings:

FIx] ———— F(a)

NIP%

As any homomorphism of rings from a field to a ring is injective (use that the only ideals a field has
are the trivial ideals and a homomorphism takes 1 to 1), we find that ¢ is injective. Its image is a
subfield of F(a) that contains o = (X) and F. By minimality of F(a) it follows that (L) = F(a).

Finally, the uniqueness follows from the fact that every element of L is of the form ) ajx' aj€F
and thus a ring homomorphism that is the identity on F and takes the value a on X is uniquely
determined. ([

Let M D F be a field and let o1, . . ., a, be any elements of M (possibly with repetitions, possibly
in F). Define
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Example 3.3.2. Consider the field Q(v/2,v/3), a subfield of C. We have the following diagram of

subfields:
Q(v2,v3)

P N

Q(v2) Q(V6) Q(V3)
Q
We remark that all these fields are distinct. For example, Q(v/3) # Q(v/2), else for some rational
numbers a, b we would have 3 = (v/3)? = (a+ bv/2)? = a° +2b? +2ab/2, this forces either a or b
to be zero, and we either get 3 = a2 or 3 = 2b2, which cannot hold for rational numbers by unique
factorization.
Are there any other subfields? This is not clear at all. For example, we may try the field

Q(v2 ++/3). This field contains —1/(v/2 +v/3) = v2 — v/3 and so contains v2 = ((v2++/3) +
(v/2 —+/3))/2 and therefore also v/3. Thus,

Q2 +v3) =Q(v2,V3).

As it turns out, the subfields we have listed above are all the subfields. The diagram resembles the
diagram of the subgroups of Z/27 x Z/27Z and we will later see, via Galois theory, that this is no
mere accident. The fact that our list of fields is exhaustive, reflects that we have accounted for all
subgroups of Z/27 x 7./27.

Corollary 3.3.3. F(a) = F[x|/(f(x)) and, in particular, every element of F(a) can be expressed
uniquely as a polynomial in a of degree at most d — 1 with coefficients in F. As F(az, ..., ar) =
Flai,..., ar—1)(ay), we find that every element of F(az, ..., o) is a polynomial in o
with coefficients in F.

Example 3.3.4. The polynomial x3 — 2 is irreducible over Q by Eisenstein's criterion. It has the
real root v/2 in C. Thus, [Q(v/2) : Q] = 3 and any element in Q(+/2) can be written uniquely as
a+ by/2+ c(v/2)? for some a, b, c € Q.

The following proposition is a strengthening of Proposition 3.3.1, which will be very important in
studying automorphisms of fields later.

Proposition 3.3.5. Let 0: F; — F» be an isomorphism of fields. Let fi(x) = apnx"+---+ag € F1(x)
be an irreducible polynomial, and let

h(x) = 9f(x) =0c(an)x" + -+ 0(ag) € Fa(x).

Let M; O F; be a field in which f; has a root o, i = 1,2. Then fa(x) is irreducible as well and there
exists a unique isomorphism @: Fi(a1) — Fa(az), restricting to o on F1. We denote this by the
following diagram:

Fi(an) —— Fa(a)

O

g

F1 Fa
Proof. The ring isomorphism o: F; — F» induces a ring isomorphism
o: F1[x] = Falx], o(bx" 4+ bix+ by) =0(b)x" + -+ o(b1)x + o(bp).

We also denote this map g(x) — 7g(x). O
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Example 3.3.6. Consider the subfield Q(v/2, wv/2, w?v/2) = Q(v/2,w) of C where w = e>™/3 is
a third root of 1 and /2 is real. It solves the quadratic polynomial % =x?+ x4+ 1 and so we
may also write w = *1%*/?3 The field Q(v/2, wv/2, w?+v/2) is obtained from Q by adding all the
solutions of the polynomial x3 — 2.

We have the following diagram of fields:

Q(V2,w)

Qw) Q(v2) Q(wv2) Q(w?V2)

e

We claim that all these fields are distinct. In fact, [Q(w) : Q] = 2, while the irreducibility of x® — 2
implies that [Q(w?v/2) : Q] = 3 for a = 0,1,2. This explains the degrees at the bottom. It also
shows that Q(w) # Q(w?v/2). Since Q(w?v/2) is real for a = 0 and not real for a = 1,2, it
follows that all the fields we have written in the middle row are distinct, except possibly Q(w+v/2)
and Q(w?+v/2), which we leave as an exercise.

Note also, that as Q(v/2) is real, w & Q(+/2) and so x? + x + 1 is irreducible over Q(+/2). Thus,
[Q(v/2, w) : Q(v/2)] = 2 and we find that [Q(+/2, w) : Q] = 6. The degrees at the top now follow.

The diagram resembles the diagram of subgroups of S3. We shall see later that S3 is the Galois
group of Q(v/2, w)/Q and we shall be able to conclude that there are no more subfields of Q(v/2, w).

We remark the following. The field Q(+/2, w) satisfies:

[Q(V2,w): Q] =[Q(V2) : Q- [Q(w) : Q.
But, we can also write this field as Q(v/2, wv/2) (check!). Now,
[Q(V2,wV?2) : Q] # [Q(V2) : Q] - [Q(wV2) : Q]

(the right hand side is equal to 6, while the left hand side is equal to 9). Thus, it is not clear how
to calculate [F(azq, ..., a,) : F]. Nonetheless, we have the following lemma.

Lemma 3.3.7. We have the inequality,

[Flen,...ar): Fl < JIF(e) : FL
=1

Proof. If [F(a;) : F] = oo for some i, there's nothing to prove, as both sides are infinite (F(a;
F(aj) and so [F(ay, ..., a,) : F]is infinite as well).

Assume thus that [F(a,) F] is finite for all /. We prove the results by induction on r. The cases
r = 0,1 are obvious. Assume the result for r — 1. As [F(a,) : F] is finite, the set 1, a, .. ., allis

p
independent over F for some n. So o, solves some irreducible polynomial f over F. We have

Flar) = Fxl/(f(x)),  [F(ar): F] = deg(f).
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Now, there exists an irreducible polynomial g € F(ay,...,a,—1) such that g|f and g(a,) = 0.
Therefore,

[Flai,...,ar): Fl=[F(ai,...,ar): F(a1,...,0-1)] - [F(o1, ..., ar—1) : F]
=[Floa, ..., ar-1)[x]/(g(x)) : Floa, ... or—1)] - [Floa, ..., r-1) : F]

r—1
< deg(g) - [[[F(e) : F]
i=1

r—1
< deg(f) - [[IF(a) : F]

i=1

r—1
< [F(e): F1- TJIF () : FI
=1

= [[IF(a) : F
=1
[

Remark 3.3.8. The proof gives a criterion for when equality holds. Namely, if for each j the irreducible
polynomial satisfied by a; over F remains irreducible over F(az1,...,aj_1) then we have equality.

4. Straight-edge and Compass constructions

4.1. The problem and the rules of the game. The problem is this: given an interval of length
one, can one construct an interval of a given length £ using only a straight-edge and a compass?

It will be useful to formalize the notions. Given a finite set X of points p1, ..., pp in the plane we
are allowed to increase X to a larger set of points as follows: we can construct

e a line passing through two points p;, p; of X;
e a circle with center at one of the points and radius equal to the length of an interval whose
end points are two points in X.

Given two such lines, or two such circles, or a line and a circle we may increase X by adjoining the
points of intersection.

Let us now assume that two points pi, po in the plane are given.

Definition 4.1.1. A point p in the plane is constructible from two points p;, p> if by repeated
application of the procedures above we can arrive at a set X such that p € X. More generally, a
point p is constructible from a set Y if by repeated application of the procedures above we arrive at
a set X such that p € X.

Definition 4.1.2. A length r (i.e., a non-negative real number r) is constructible if, assigning the
interval [p1, po] the length 1, there are two constructible points x, y whose distance from each other
is r.

More generally, a length r is constructible from a set Y if by repeated application of the procedures
above we arrive at a set X such that r is the distance between two points in X.
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To study whether a point is constructible or not, hence whether a length is constructible or not,
it will be useful to introduce coordinates. We choose our coordinates such that p; = (0,0) and
p2 = (1,0). It will also be useful to introduce the following terminology:

Definition 4.1.3. The field of definition of a constructible set of points X = {(x1,y1), -, (Xn, ¥n)}
is the field Q(x1, y1, ..., Xn, ¥n). We shall denote this field by Q(X).

Example 4.1.4. Constructing v/2. Draw the line through (0, 0) and (1, 0) and the circle of radius 1
centered at (1,0). We obtain (2, 0) as an intersection point. Draw two circles of radius 2, one about
(0,0) and the other about (2,0). Draw the line passing through the intersection points (1, 4++/3)
of these two circles. This is a line perpendicular to the line through (0, 0) and (2, 0) that passes
through (1, 0). Draw a circle of radius 1 about (1, 0). It intersects the perpendicular line at the
point (1, 1). The distance between (1,1) and (0,0) is v/2. Incidentally, note that we have also
constructed /3 as the distance between (1,+/3) and (1,0).

Example 4.1.5. If we can construct lengths a, b we can construct a-+ b, ab and y/a. See Figure 1.

Figure 1. Straight-edge and compass constructions

Example 4.1.6. We can construct an angle of m/3. Given (0, 0), (1, 0) we can construct (1/2,0) as
well as the unit circle about (0,0). We can construct a line perpendicular to the line through (0, 0)
and (1, 0) and passing through (1/2,0). This line intersects the circle at the point x = (1/2,v/3/2).
The line through x and (0, 0) forms an angle of 7/3 with the line through (0, 0) and (1, 0).

Theorem 4.1.7. Let X be a set of points constructible from a set of points Y. Then [Q(X) :
Q(Y)] = 2k for some k > 0. Let r be a length constructible from Y then [Q(Y,r) : Q(Y)] = 2 for
some j > 0.

In particular, let X be a set of constructible points. The field Q(X) is of degree 2% over Q for
some k > 0. Let r be a constructible length then [Q(r) : Q] = 2/ for some j > 0.

Proof. The set X is obtained by repeated applications of the procedures above from the set Y. We
may assume that X contains all the points these procedures yield (i.e., both points of intersection
if a circle is involved). Indeed, if X’ is this larger set then [Q(X) : Q(Y)] divides [Q(X') : Q(Y)].
The result for Q(X) therefore follows then from the result for Q(X’). The same holds for r; if r is
a distance between points in X, it is a distance between points in X’.
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The induction start when X =Y (X = {(0,0), (1,0)} in the special case) and then the result
holds as Q(X) = Q(Y) and if r is a length between points in Y then r? = (x; — x2)° + (y1 — y2)?
for some points (x1, y1), (x2, y») in the set Y and thus r? € Q(Y).

Suppose we proved that [Q(X) : Q(Y)] = 2. Let us consider the set XT obtained from X by
adding the points of intersections of a line and a circle, two lines, or two circles.

The line through points (x1, y1), (x2, y2) in X can be written as t(x1, y1)+(1—1t)(x2, y2). Thecircle
of radius r, where r = \/(X3 —x4)2 + (y3 — y4)? for some points (xs, ¥3), (x4, ya) of X, centered at
a point (xs, y5) of X, can be written as (x — x5)2 + (v — y5)? = r2. Then, the intersection points
are the solutions of

(x4 (1= ) —x5)° + (tyr + (1 — t)ya — y5)* = r*.

This is at most a quadratic equation over the field Q(X)(r). Since [Q(X)(r) : Q(Y)] = [Q(X)(r) :
QX)Q(X) : Q(Y)] is a power of 2, the solutions t1, to lie in the field Q(X)(r)(t1, t2) that has
degree a power of two over Q(Y). It follows that if XT is the set obtained from X by adding the
new points then Q(X™) has degree a power of 2 over Q(Y'). Since the distance between any two
points of X lies either in Q(X™) or in a quadratic extension of it, any length r constructed from
X7 satisfies that [Q(r) : Q(Y)] is a power of 2.

Consider now the intersection of two lines: those are the solutions to

t(x1, y1) + (1 = t)(x2, y2) = s(x3,¥3) + (1 — 5)(xa, ya).

We can write this as

txa —x2) +x2 =5s(x3 —x4) +xa, ty1—y2) +y2=5(y3—ya) +ya.

Those are two linear equations in two unknown and therefore there are either infinitely many solutions
(the lines are equal), one solution lying in Q(xq, ..., X4, Y1, ..., ya4) or no solutions (the lines are
parallel). In any case, we see that in this case, though the set X+ obtained by adding the unique
point of intersection may be larger then X, in fact Q(X™) = Q(X) and the lengths constructed
from X lie at most in a quadratic extension of Q(X™).

We leave the last case, an intersection of two circles, to the reader. O

4.2. Applications to classical problems in geometry.
The Greek posed three problems in geometry.

(1) Doubling the cube. To construct a cube whose volume is double the volume of a given
cube.

(2) Trisecting an angle. To trisect a given angle.

(3) Squaring the circle. To construct a square whose area is equal to the area of a given circle.

The problems imply the following:

(1) One can construct the third root of 2, as this is the ratio between the edges of the two
cubes.

(2) One can solve the equation

4x3 — 3x — cos(a) = 0.

We explain that: The identity ”® = cos(6) + isin(6) gives e"*® = cos(36) + isin(36) which
is equal to (e)3 = (cos(8) + isin())3. Thus,

cos(36) + isin(36) = (cos(8) + isin(8))>.

Expanding and taking real parts we obtain cos(36) = cos®(6)—3 cos(8) sin?(8) = 4 cos>(8)—
3cos(8) (replacing sin® by 1 — cos?).
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Note that if an angle 6 can be constructed then so can cos(6) by using the “trigonometric
circle”. Given an angle o, write a = 36. If 8 can be constructed then one obtains a solution
to the equation 4x3 — 3x — cos(a) = 0.
(3) m is constructible ( = square of a constructible number).

Let us see what we can say about these problems using the information we have obtained about
constructible points.

e By Eisenstein’s criterion x3 — 2 is irreducible over Q and hence [Q(+v/2) : Q] = 3 and so v/2
is not a constructive length. It follows that one cannot double the volume of a cube.

e Take a = 7/3 then cos(a) = 1/2. The equation 4x3 — 3x — 1/2 is irreducible: pass to
8x3 — 6x — 1 and make a change of variable to get x> — 3x — 1. If this polynomial is
reducible it has a rational root. The solutions have denominator dividing 1 and numerator
dividing 1, hence of the form £1. One verifies that none is a solution. It follows that
[Q[x]/(4x3 — 3x — 1/2) : Q] = 3. Therefore the angle /3 cannot be trisected.

e The last negative answer (to squaring the circle) is deeper. If it can be resolved then /T,
which is the size of the square whose area is equal to the area of a circle of radius 1 is
constructible and thus so is 7. It then follows that [Q(7) : Q] is a power of 2, in particular
finite. However, the number 7 is in fact transcendental - it doesn't solve any non zero
polynomial equation - a fact that is not easy to prove. In particular, [Q(7) : Q] = oo and
so 7 is not constructible.

5. Algebraic extensions

5.1. Algebraic and transcendental elements. Let K O F be an extension of fields. An element
a € K is called algebraic over F if o is a root of some non-zero polynomial f(x) € F[x]. It is

called transcendental over F otherwise.

Example 5.1.1. Many naturally occurring numbers, like v/2, €2™/" are algebraic over Q; in these
examples, they solve the polynomials x> — 2 and x" — 1, respectively. At the same time, the some
common constants, such as 7 and e are transcendental (and Euler's constant «y is suspected to be
transcendental, but that is an open problem). But this is hard to prove. It is easier to prove that
ey ﬁ is transcendental, but that is hardly a naturally occurring number.

Consider the ring homomorphism
F[x] — K, f(x)— f(a).

If a is transcendental this map is injective and the image is contained in the field F(a). The map
extends to the field of fractions F(x) ={f/g: f,g € F[x], g # 0} and we get an inclusion

F(x) = F(a).
Since F(a) is the minimal field containing a we conclude the following proposition.
Proposition 5.1.2. /f o is transcendental over F then

Fla) = F(x),
and [F(a) : F] = .
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If v is algebraic, then the map F[x] — F(a) must have a non-zero kernel; indeed if g(a) = 0 then
g(x) is in the kernel. Let m(x) be a monic polynomial generating the kernel. Then, F[x]/(m(x)) C
K, hence an integral domain. Thus, m(x) is irreducible and F[x]/(m(x)) is a field. It follows then
that

FIx]/(m(x)) = F(a).

The polynomial m(x) is called the minimal polynomial of o over F. Our discussion shows that it
has the property that it divides any other polynomial that a satisfies. Note that m(x) can therefore
also be characterized as the unique monic irreducible polynomial that a satisfies. We conclude:

Proposition 5.1.3. /f a is algebraic then there exists a unique monic irreducible polynomial m(x)
that o satisfies. It divides any other polynomial having a as a root. We have

FIx1/(m(x)) = F(a).
In particular, [F(a) : F] = deg(m(x)). This degree is also called the degree of c.
Corollary 5.1.4. « is algebraic over F if and only if [F(a) : F] < oc.
A field extension K O F is called algebraic if every element of K is algebraic over F.

Lemma 5.1.5. /f [K : F] < oo then K is algebraic extension of F. Moreover, the degree of every
element divides [K : F].

Proof. Indeed, for & € K we have

[F(a): F] = [K[KF(FO{)]
U

Example 5.1.6. We have seen that Q(v/2, v/3) = Q(v/2+/3) and so the degree of v/2++/3 is 4.
What is its minimal polynomial? We note that v/2 + /3 solves

(x = (V24+V3) - (x+ (V24+V3)) - (x = (V2 = V3)) - (x + (V2 — V3)).

One expands this expression and finds that it is equal to x*—10x%+1. As this is a rational polynomial
of degree 4 it must be the minimal polynomial of v/2 + /3.

Theorem 5.1.7. Let K O F be an extension of fields. Let
H={a € K : a is algebraic over F}.
then H is a field. Every element in K — H is transcendental over H and over F.

Proof. The set H can also be characterized as the collection of all the elements a € H such that
[F(a) : F] < co. We need to show that if o, 3 € H then a+ 8, a3, —a, and also 1/a if a # 0, are
in H. We note that F(a) = F(—a) = F(1/a) and that settles the cases of —a and 1/a, if o # 0.
Let -y denote either a + 6 or aB. Then F(7y) C F(a,B) and so, using Lemma 3.3.7, we find that
[F(v) : F] < [F(e,B) : F] < [F(a): F]-[F(B) : F] < 0. Therefore, 7y is also algebraic over F.

Let a € K be algebraic over H. We want to show it belongs to H (and thus also algebraic over
F). That would show that K — H consists of transcendental elements over H. As « is algebraic
over H, a solves some non-zero irreducible polynomial

anX" 4+ -+ a1x + ag € H[x].
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Now,

IA
>
|'::
-
o
N

< 00,

where we have used Lemma 3.3.7 and that each a; is algebraic over F, equivalently that [F(a;) : F]
is finite for all /. Therefore, a is algebraic over F and thus belongs to H. ([

If H= K in the theorem above, then we call K/F an algebraic extension. If H = F then we call
K/F a transcendental extension. The theorem gives the following conclusion.

Corollary 5.1.8. Let K/F be a field extension. Let H be the collection of elements in K that are
algebraic over F. Then,

K ») H ) F
transc. algebraic

We note another corollary of the proof.

Corollary 5.1.9. Let L O K DO F be field extensions such that L is algebraic over K and K is
algebraic over F. Then L is algebraic over F.

5.2. Compositum of fields. Let K be a field and K7, K> subfields of K. The compositum of K;
and K>, denoted K1K>, is the minimal subfield of K that contains both.

Example 5.2.1. Suppose that F is a subfield of K and that K; = F(a;), i = 1,2. Then K1Ks =
F (a1, az). As such, the following theorem generalizes Lemma 3.3.7

Theorem 5.2.2. Let K O F be an extension of fields and K;, i = 1,2 subfields of K that contain
F. Then

[KiKa: F] < [Ki: F]-[Ka: F],
with equality if and only if a basis for K> over F remains linearly independent over K1, in which case
it is a basis for K1 K> over Ki.

Proof. Let us write
Ky = F(a, ..., an) {a1,..., an} a basis for Ky as a vector space over F.
Ko =F(B,..., Bm) {B1,..., Bm} a basis for K, as a vector space over F.

Lemma 5.2.3. {a;8;:1<i<n, 1< < m} spans KiK> as a vector space over F.

Let us assume the lemma for the moment. The identity

Z aijaiB; = Z(Z aj ja;)B;
ij J i

shows that 51, ..., Bm span K1K> as a vector space over Ki. Consequently,
[K1Ko: Fl = [KiKa i K1) - [K1: FI<m-[Ky: Fl=[K1: F]-[Kz: F],
with equality if and only if the set 31, ..., Bm remains linearly independent over Ki. It remains to

prove the lemma.
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Let

X = Za,-,j-a,ﬁj:a,-,jel—_
iJj
Clearly X is contained in K1K». Let f € Ky. Write
f=a101+ -+ apan,
for some a; € F, and write
1=5b1B1+ -+ bmBm,
for some b; € F. Then

f=F-1=(a1on+ -+ ann)(b1B1 + - + bmBm) = > _(ajb)) - i3}, aibj € F.
iJ

It follows that X O K1, and a similar argument gives X O K. We show next that X is closed under
multiplication.

It is clear that X is closed under addition, and in fact is an additive subgroup of K1 K>. Moreover,
it is also clear that X is closed under multiplication by elements of f (they multiply each coefficient
aj j and so X is a vector space over F). Thus, to show X is closed under multiplication it is enough
to show that

a,—ﬁj-akﬁeEX, Vi, k,£.

As ajai € K1, we may write for suitable a; € F,

Qo = aroy + -+ -+ apnQp.
Similarly, for suitable b; € F,

BBy = b1f1 + -+ + bmBm.

It follows that c;3; - By € X. As we have K; C X and so {a, ..., an, B, ..., Bm} C X, the fact
that X is closed under multiplication implies now that every monomial

(we shall write such a monomial for short as /37, where | = (i, . . ., in),J="01 ..., Jm))-

As KiKs = F(as, ..., an B, ..., Bm) every element in it is a linear combination of such mono-
mials (cf. Corollary 3.3.3) . As X is closed under addition,

Ki1Kp C {Za,,J‘alﬁJ:a,,Je F} C X.
1,J

We deduce that X = K1 K> (and is in particular a field). O
The proof has a non-obvious conclusion:

Corollary 5.2.4. If K1 = F(ay, ..., oan), Ko = F(B1, ..., Bn), where the a; (resp. (3;) are a basis
for K1 (resp. K») as a vector space over F, then K1K» is spanned over F by {a;3;: 1 <i<n, 1<
J < m}. This conclusion stays correct if the {a;}, {B;} are spanning sets (not necessarily linearly
independent).

Example 5.2.5. Let K = Q(w, v/2) where w = e2™/3 Let K; = Q(w), Ko = Q(+/2). As these
fields are obtained by adjoining the root of an irreducible polynomial, viz. x2 + x + 1 and x3 — 2,
respectively, we find that {1, w} is a basis for K1 over Q and {1, v/2, (+/2)?} is a basis for K5 over
Q. Thus, K is spanned as a vector space over QQ by

1w, V2, wv?2, (V2)? w(vV2)°.
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In fact, since we proved that [K : Q] = 6 this set is a basis. Alternately, we can also deduce it
from the theorem. We argue that {1,w} stays independent over K. Else, for some a,b € K>
that are not both zero, a+ bw = 0. b = 0 leads quickly to a contradiction. Thus, b # 0 and so
w = —a/b € Ky. But then [Q(w) : Q] = 2 divides [K> : Q] = 3. A contradiction.

It is interesting to examine what happens if we take K; = Q(wv/2), K» = Q(+/2). We leave it
to the reader to sort it out.

Corollary 5.2.6. Suppose that gcd([K7 : F], [K2 : F]) =1 then
[K1K2 : F] = [Kl : F] . [K2 : F]

Proof. The inclusion F C K; C K1K> gives that [K; : F] divides [K1K> : F]. The assumption then
gives that [K1 : F] - [K> : F] divides [K1 K> : F]. By the theorem, [K1K> : F] < [K1: F]-[Kz @ F]
and so it follows that [K1K> : F] = [K1: F] - [Ko: F]. O

6. Splitting fields and algebraic closure

6.1. Splitting fields. Let K D F be an extension of fields. K is a splitting field of a polynomial
f(x) € F[x] if f(x) is a product of linear factors in K (and so has all its roots in K), f(x) =
c[lL;(x—aj)and K = F(ay, ..., ap).

Remark 6.1.1. We do not require f to be irreducible.

Example 6.1.2. The field K = Q(+/2,v/3) is a splitting field for the (reducible) polynomial (x> —
2)(x% — 3). It is also the splitting field for the (irreducible) polynomial x* — 10x? + 1. Cf. Exam-
ple 5.1.6.

Theorem 6.1.3. Let f(x) € F[x]| be a polynomial of degree n. There is a splitting field K O F for
F. Furthermore, [K : F] < nl.

Remark 6.1.4. We will show later that any two splitting fields for f are isomorphic.

Proof. We prove that by induction on deg(f). If deg(f) =1 then f(x) = aix — ag = a1(x — ag/a1)
and so K = F.

Suppose the theorem true for degree n — 1 and let deg(f) = n. Let g be an irreducible factor of
fin F[x]. Let K1 = F[x]/(g(x)). Then g has a root o in K; (in fact, o = X), K1 = F(a) and we
may factor f over Kj:

f(x)=(x— a)rz(x).

We note that deg(f) = n—1 and [K1 : F] < n (in fact, we have an equality if and only if g = f).
Applying induction to 7, we get a splitting field K» for £ over K1, such that [Ko: K1l < (n—1)L
Thus, in Ko we can write f = c[[L;(x — a;),a; € Ka,c € F, where a = a;. Note that
Ky = Ki(ap, ..., an) = Fla)(ay, ..., an) = Flag, ..., o). O

An algebraic extension K/F which is the splitting field over F for a collection of polynomials
{fi(x) : i € I} € F[x] is called a normal extension. This means that all the f; split into linear
terms in K and denoting by S the set of all these roots, we have K = F(S). Said differently, all the
polynomials f; split into linear terms in K, and K is the minimal field in which they all split.
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Remark 6.1.5. If the collection is finite {f1, ..., fy} take f = fif, -+ - f,. Then K is the splitting field
for the set {f1, ..., fo} if and only if it is the splitting field for f.

Note as well that we do not specify which is the collection of polynomials making K/F into a
normal extension. For example, Q(v/2, v/3) is a normal extension of Q by virtue of either the set of
polynomials {x? — 2, x?> — 3}, or the set of (one) polynomial {x* — 10x? + 1}.

Remark 6.1.6. If K O F is a normal extension of finite degree then it is a splitting field of a
polynomial. Indeed, since K is a normal extension there is a some set of polynomials {f;(x) : i € I}
of which K is a splitting field. Take f in this set such that the roots of f; are not in F (if there's no
such f; then K = F and it is the splitting field of the polynomial x —1). Say the roots of f; in K are
o1 1, Qi 1) and [F(ag, ..., Ay py) s Fl1> 10 Flags, ..., Qi (1)) = K we are done. Else,
there is an f» in that set such that the roots of £, are not all in F(ay1,. .., Ol1,n(1))- Say the roots
are an1,. .., Qs n(2)- Then [Flaig, ..., Q1 (1) X215 - - - Qs n(2)) - Fl > [Flagt, ..., Ay 1)) © Fl.
This process must end as [K : F] is finite. We conclude that K is the splitting field of a finite
collection of polynomials f1, ..., f, and so is the splitting field of the polynomial fif5--- f,.

Theorem 6.1.7. Let f1(x) € F1[x] and o : F1 — F> an isomorphism of fields. Let f, = 7f; € Fa[x].
Let K1 be a splitting field for f; over F1 and K> a splitting field for f> over F». Then there is an
isomorphism @ : K1 — K, extending o:

Ki —2> Ky

F—=F.

Proof. We prove the result by induction on the degree of f1. If f; is a linear polynomial there is
nothing to prove as, necessarily, K1 = F1, Ko = F».

Let f; now be of degree greater than 1. Let g; be an irreducible factor of f1, possibly f; itself.
Thus, 1 = g1h1. Let go = %91, ho = Zhy. Then g is irreducible as well and > = gohy. Let
a1 € Ky be aroot of g1 and ap € Ky be a root of go. Let Hy = Fi(a1), Ho = Fa(az). By
Proposition 3.3.5 there is an isomorphism1 o’ : H1 — Ho, such that the following diagram holds:

377
1— K>

/

Hy —2—= Ha

F—= F.

We may now consider the polynomials t;(x) = fi(x)/(x—a1) € Hi(x) and ta(x) = fa(x)/(x—ap) €
H>(x) which satisfy "/tl = t». Also note that Ky, K> are the splitting fields of ty, to over Hq, H>
respectively. Indeed, K7 is obtained from F by adding all the roots of f; H; is obtained by adding
just one root and when we add the rest, we are actually adding the roots of t;, and we obtain Kj.
Similarly for K>. We can apply induction and the proof is complete. O

Corollary 6.1.8. Let f(x) € F[x] be a polynomial. Any two splitting fields for f are isomorphic.

Ln fact, uniquely determined by the property o/(a1) = as; note the choices we have at this point! We shall return
to this point later.
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Example 6.1.9. It is hard to forecast the degree of the splitting field of a polynomial. If f is monic,
irreducible of degree n and K is a splitting field, we could say that

deg(f) =n|[K : F], [K:F]<n.

We shall later see that in fact [K : F]|n!, but that as much as we can say in general. For example,
for polynomials of degree 3, it may happen that the splitting field has degree 6 over F, or degree
3. To illustrate: the splitting field of the polynomial x3 —2 € Q[x] has degree 6 over Q - it is equal
to Q(w, v/2). It is possible to give an example of an irreducible monic cubic polynomial of degree 3
over QQ for which the splitting field will have degree 3 over @, but any such example will be laborious.
On the other hand, it is rather easy to do so over finite fields. For example, consider the polynomial
(x) =x3+x+1over Fp. Let L = Fy[x]/(x®*+ x+1). Then X is a root of f in L. We can then
factor f over L (using the variable t):

F)=t2+t+1=(t-X)(t>+xt+x>+1).

We claim that the quadratic polynomial factors over L as well. Substitute X2 for t in t°4+Xt+Xx°+1
toget X*+ %3+ x>+ 1and note that X* + x> +x=0. Thus, * + X3+ x°+ 1 =x*+ 3+ x° +
1+ (x*+%x°+x)=x>+X%x+1=0. It follows that f factors completely over L and so L is the
splitting field, [L : F5] = 3.

6.2. Algebraic closure. A field K is called algebraically closed if every polynomial in K[x] has a
root (equivalently, all its roots) in K. Let F be a field; a field extension K O F is called an algebraic
closure of F if every polynomial in F[x] splits into a product of linear terms in K and K is an
algebraic extension of F.

Proposition 6.2.1. /f K is an algebraic closure of F then K is algebraically closed.

Proof. Let f be an irreducible polynomial in K[x]. Let L = K[x]/(f(x)) and a = X the root of
finL AsL O K is an algebraic extension and K O F is an algebraic extension also L O F is
an algebraic extension. (The maximal algebraic extension H of F inside L contains K and there is
no element of L — H algebraic over H. It follows that H = L.) Thus, a solves some irreducible
polynomial in F[x] and so a € K. But that means that deg(f) = 1. Saying that the only irreducible
polynomials in K[x] are linear is equivalent to saying that every polynomial in K[x] factors into linear
terms, or that every polynomial in K[x] has all its roots in K. And, at any rate, K is algebraically
closed. O

Theorem 6.2.2. Let F be a field. F has an algebraic closure.

Remark 6.2.3. The proof will appear to be constructive, but this is misleading. The description
of an algebraic closure is, except for a handful of situations, very complicated. One mainly uses
the algebraic closure as an existence result — that is, it's mere existence — and the actual concrete
description of it is either ignored, or is a major open problem. For example, the explicit description
of the algebraic closure of Q (for example in the sense of describing all the the quotients of its
Galois group) is a major open problem in number theory; some features of it are called “the inverse
Galois problem”.

Proof. Our proof follows closely Dummit and Foote that follow, in turn, Artin. It is based on the
following two lemmas.

Lemma 6.2.4. There exists an algebraically closed field K that contains F.
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Lemma 6.2.5. Let K be an algebraically closed field that contains F and let F be the maximal
algebraic extension of F inside K,

F ={a € K : a is algebraic over F}.
Then F is an algebraic closure of F

We first dispense with the second Lemma. We have inclusions
K2F2QF,

and we have proved that F is a field and is of course an algebraic extension of F. We need to
show that every non-constant polynomial f(x) € F[x] splits over F. But, we know that in K,
f(x) = c[[(x — a;), c € F, and clearly each a; is algebraic over F, hence in F. Thus, f(x) splits
over F and so F is an algebraic closure.

The real issue is thus to prove the first lemma. The proof is based on the following idea. We want
to enlarge F to a bigger field K7 so that every monic non-constant polynomial in F will have at least
one root in K. That would be a “good start”. We know how to do that with one monic irreducible
polynomial f(x) - simply by forming F[x]/(f(x)). We can do it with finitely many polynomials
..., f. by choosing an irreducible factor g; of fi and forming L1 = F[x]/(g1(x)), then choosing
an irreducible factor g, of f, over L1 and forming L, = L1[x]/(g2(x)), and so on. In the field L,
each of the polynomials f, ..., f, has a root. But how to do it with infinitely many polynomials??
That is where Artin had an elegant idea.

For every monic non-constant polynomial f(x) € F[x] (we don't care if it is irreducible or not)
introduce a free variable x¢. Form the ring of polynomials R = F[{xr}], by adjoining all the
variables x¢ for such polynomials f. Consider the ideal / of this ring generated by the polynomials
f(xf) as f ranges over the monic non-constant polynomials. The key point is

Claim: | is contained in some maximal ideal m of Rg

Suppose this is not the case. Then / must be equal to Rg and in particular 1 € /. Thus, for some
polynomials fi, ..., f, and elements g1, ..., gr of RF we have

1=g1i(xg) + -+ grfr(xe).

We show this is not possible by constructing a homomorphism ¢ of Rg to another ring such that
w(g1fi(xg) + -+ grfr(xe)) = 0. As (1) = 1 we get the contradiction we want. First we map

Xf., f = f;
RF—>F[Xf1 ..... Xfr], Xf > !
0, f&{fa, ..., fr}.
Now, there is a field /1 D F in which each of the polynomials fi, ..., f, has a root, say aq, ..., o,
respectively. We let ¢ be the composition

where the last map takes x¢ to a;. We have o(g1fi(xs) + -+ 9, (X)) = @(91)fi(a1) + -+ +
(p(gr)ﬁ'(ar) = 0.
Let us choose then a maximal ideal m of Rg that contains / and consider the field

Kl = R/:/m.

This is a field that contains F and every monic non-constant polynomial in F has a root in Kj.
Indeed, f(x¢) € | so f(xf) is the zero element modulo /, let alone modulo m.
We may now repeat the construction replacing F be Ki, Rr by Rk, and so on. We obtain a
sequence of fields
FCKiCKyC...
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such that every non-constant monic polynomial in K, has a root in K,41. Let

K=|JK.
i=1

K is a field, it contains F and we claim that it is algebraically closed. Let f be a non-constant
polynomial in K[x], without loss of generality, monic. Each of the coefficients of f belongs to some
field K; and so for some n, f € Kp[x]. If so, it has a root in K,4+1 C K, and we are done. O

Remark 6.2.6. Given a field F we have constructed an algebraic closure F of F. One can prove
(and it is mainly a complicated book-keeping argument) that F is unique up to isomorphism.
Suppose that K is an algebraically closed field and let F be a subfield of K. As we have seen, the
collection of elements of K that are algebraic over F is an algebraic closure of F. For example, take
the field C of complex numbers, which is algebraically closed by the fundamental theorem of algebra.
Then C contains an algebraic closure Q of Q. However, it is not hard to show that Q is countable,
while C is not countable. Thus, in a precise sense, most elements of C are transcendental over Q,
although it is a real challenge to show that any particular complex number is transcendental. For
example, it is known that e, 7 are transcendental, but this is hard to prove. One also knows that
3%, 107" is transcendental and that is much easier to prove, albeit a nontrivial theorem as well.

7. Finite and cyclotomic fields

In this section we study finite fields and fields obtained by adjoining to Q a root of unity. We will
be able to get some interesting information concerning those and we shall later be able to return to
these fields for examples. Besides serving for examples and intuition, these fields also play important
role in certain proofs.

7.1. Finite fields. In this section we will get a very detailed idea about the structure of the algebraic
closure of a finite field. This is one of the very few cases where this is possible.

Theorem 7.1.1. Let F = Z/pZ the field with p elements. Let F be an algebraic closure of F.

(1) For every positive integer m, F contains a unique subfield having p™ elements. We denote
it by Fpm. The field Fpm is equal to the set of solutions to the equation xP" —x=0.

(2) We have Fpn D Fpm if and only if m|n. Every finite subfield of F is Fym for some m.
Therefore, the lattice of finite subfields of F is the opposite to the lattice of subgroups of
Z under the association: F,m <+ mZ. Under this association we have

Fom CFp < mZ2nZ (< min)
Fpoca(mny = Fpm VFpn <> mZ + nZ = gcd(m, n)Z

Fiemmny = FpmFpn <> mZ N nZ = lem(m, n)Z

(3) Let f(x) € Fpm[x] be an irreducible polynomial of degree n and let o be a root of f in F.
Then Fpm(a) = Fpmn and is the splitting field of f.

(4) Let L be a field with p™ elements then L = Fpm.

(5) F is also an algebraic closure of Fpm. The lattice of subfields of F that contain Fpm is
opposite to the lattice of subgroups of Z. that are contained in mZ.

(6) Define the Frobenius map as

Fr, : F—F, x = xP,
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and, more generally, for ¢ = p™ define
Frq:F%F x — x9.

Then Frq is a field automorphism of F, it is equal to Frp o Frpo---oFr, (m-times) and its
fixed set is the subfield IF.

(7) F=Un=1 For.
Proof. Let L C T be a finite subfield. Let m = [L : F]. Then the number of elements of L is p”
and L* is thus a cyclic group of order p™ — 1. Thus,

LXC{aeF:a"""t=1}.
Since xP"~1 —1 has at most p” — 1 distinct solutions in IF, we must have equality and, consequently,
L={acF:a"" =a}.
This also shows that L is uniquely determined by its cardinality.
Conversely, given m, consider the set
L:={aeF:a" =a}.

The binomial theorem (x +y)" =Y, ('I-’)X"y”*" holds over every commutative ring. As

p\ _pPp—1)---(p—i+1)
</>_ i(i—1)--1 '
we have that p|(¥) for 0 </ < p. It follows that

(x+y)P =x"+y",
for x, y that belong to a field of characteristic p. By induction,

(x+y)?=x94y9.
Now, if x,y € L then also x+y € L, as (x +y)? = x4+ y9 =0+ 0 = 0, where we have put
g = p™. Since (—1)9 = —1, even if p = 2, we also get that —x € L. Finally, clearly also xy and
1/x,if x # 0, are in L. Clearly, 1 € L, and in fact it then follows that F C L. We conclude that
L is a field containing F. Let f(x) = x9 — x. Then f’(x) = —1, as ¢ = 0 in F and it follows that
gcd(f, f') = 1. Therefore, f has no repeated roots and thus has precisely g roots in F. Thus, L is
a field with g elements.

At this point we have proven (1). We have also shown that Fry, : F — F is a ring homomorphism.
It is clear that Frgo---o Fy (a-times) is equal to Frga.

Suppose that m|n, say ¢ = n/m. Put g = p™. Frq(a) = a implies that (Frq)°(a) = Frge(a) = a;
that is a?” = a implies a?")" = 27" = a. Thus, Fym C Fpe. Conversely, if Fpm C Fpo then the
degree ¢ = [Fyn : Fpm] is an integer. But that means that as vector spaces Fpn = Fpm and so
p" = (p™)¢ = p™€ and it follows that m|n.

By associating F,m with the subgroup mZ of Z we have a bijection. Moreover, if we put an
order relation on subfields by saying that Fpm < Fpo if Fpm C Fpn, and we put an order relation
on subgroups by saying that aZ < bZ if aZ C bZ, then the bijection is order-reversing. For fields,
the infimum of two fields Fpm, Fpn is clearly Fpm N Fpn, while the supremum is FymIFpn, while for
subgroups it is clearly mZ N nZ and mZ + nZ. Since the bijection is order-reversing, Fpm N Fpn
corresponds to mZ + nZ = gcd(m, n)Z and FpmF e corresponds to mZ N nZ = lem(m, n)Z.

We now pass to part (3). We know that Fpm(a) = Fpm([x]/(f(x)) is a field with (p™)" = p™”
elements. Thus, Fym(a) = Fpmn. As this holds for every root a of f, all the roots of f lie in Fpmn
and so this field is the splitting field for f.

Consider part (4). As L is the splitting field of the polynomial x?” — x over F, as is F,m, they are
isomorphic by Corollary 6.1.8.
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For part (5), note that since F is an algebraically closed field, the subfield F’ given by {a € F :
a is algebraic over F,m} is an algebraic closure of F,m. But every element of F is algebraic over F
so a fortiori over Fpm. Thus, F = F'.

Now for parts (6) and (7). We have already established that Fr, : F — F is a ring homomorphism,
which is clearly injective. Let a € F. Then a solves some irreducible polynomial over F, say of degree
m. Thus, a € Fpm. This gives us part (7): F = U,,Fpm. As for every m the map Frq gives an
injective map Frq @ Fpm — Fpm, for every m, Frq is also a surjective map Frq : Fpm — Fpm. Using
now F = J,,, Fpm, we conclude that Frg : F — F is also surjective.

Finally, the fixed set of Frg, the elements {a € F : a9 = a} are precisely the field Fgq, as we have
seen above. O

Theorem 7.1.2. (1) xP" = x =TT irred. monic e 7y (X).

of degree d|n
(2) Let f(x) € Fy[x] be a non-zero polynomial of degree r. Then f is irreducible if and only if

Vn,1<n<r/2, gcd(f(x),xP" —x) = 1.
(3) f(x) has a root in F, if and only if gcd(f(x), xP — x) # 1.

Proof. We prove part (1); the other parts are left as exercise. First, g(x) = xP" — x satisfies
gcd(g(x), ¢'(x)) = gcd(g(x), —1) = 1 and so x?" — x is a product of distinct irreducible factors.
The splitting field of x?" — x is the field of p” elements Fpn.

Suppose that f(x) is an irreducible factor of x*" —x. Let a be a root of f. We have the following
diagram

Fpn

\n Fpla)

d

Fp

where d is the degree of f, and so it follows that d|n.

Conversely, given an irreducible polynomial f(x) € Fy(x) of degree d, d|n, let o be a root of it
in Fp. It must be the field F s and, since d|n, F,¢[Fpn. In particular, o satisfies xP" —x=0. As
this is true for every root of f, and since f is irreducible it has no repeated roots, we have that
f(x)|xP" = x. O

Let i be the Mobius function defined for positive integers by

1 n=1
p(n) =<0 Oln
(=1)" nis a product of r distinct primes

Let f : Z~g — I be any function on the positive integers with values in an abelian group I". Let

F(n) =Y f(d).

d|n

Then the Mobius inversion formula states:

Lemma 7.1.3. f(n) =3_, F(d)u(n/d).
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We leave the proof of the Mobius inversion formula as an exercise. Let us apply it now for the
following functions. Let

W (n) = t{irreducible monic polynomials of degree n over F,[x]}.
Let f(n) = n-W(n). By comparing degrees in Theorem 7.1.2, we conclude that
F(n)=> f(d)=p".
dln

Applying MGabius inversion formula we find that f(n) = depd -w(n/d) and so that W(n) =
%Zd‘n p? - u(n/d). In words:
Proposition 7.1.4. The number of irreducible polynomials of degree n over F,, is

1

P Z p? - u(n/d).

d|n

Example 7.1.5. Let us examine this formula for small values of n.

n ff irreducible polynomials of degree n
1 p

2 3(p? = p)

3 3(0° =)

4 1(p* = p?)

6 ¢(P° —p* = p?+p)

7.2. Cyclotomic Fields. The cyclotomic fields are a collection of subfields of the field of complex
numbers. They resemble finite fields in some aspects, and this is reflected in one of the proofs we
give below. In the same way that finite fields play a special role in understanding Fp - in fact, this
field is the union of its finite subfields, the cyclotomic fields play a special role in understanding Q
- the algebraic closure of . A deep theorem in algebraic number theory, the Kronecker-Weber
theorem, says that every abelian Galois extension (this terminology would make sense once we go
through Galois theory) is contained in one of the cyclotomic fields.

Let n be a positive integer. Let u, denote the set of n-th roots of unity in C:
pp={aeC:a"=1}={e*¥/":3=0,1,..., n—1}.
We use the notation
¢, = e2miin
The set u, forms an abelian group under multiplication. It is a cyclic group and, in fact, the map
Z/nZ — ip, a— (3,

is a group isomorphism. In particular, it follows that @, is cyclic and its generators, called primitive
n-th roots of unity, are precisely {(3 : (a,n) = 1}. There are p(n) of them. We note that
pa € pn = d|n.

We define the n-th cyclotomic polynomial, ®,(x) as the polynomial

o,x)= [ x-0= J[ =x-¢.

CEun primitive (a,n)=1
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By arranging the elements of u, according to their order in the multiplicative group we find the
factorization

x"—1= chd(x).
d|n

This allows us to calculate ®,, by recursion as ®p(x) = x" = 1/([]g/p g<p Pa(x)). Here are some
examples:

n‘l ‘2 ‘3 ‘4 ‘5 ‘6
@y

x—l‘X—i—l‘x2+x+1‘x2—|—1‘x4+x3+xz—|—x+1‘x2—x—|—1

The field Q(¢p) (called the n-th cyclotomic field) is the splitting field of the cyclotomic polynomial
®,. We are thus interested in properties of ®,,.

Proposition 7.2.1. ®,(x) € Z[x] and is a monic polynomial of degree @(n).

Proof. The only claim requiring proof is that ®,(x) € Z[x]. We prove that by induction on n. This
is certainly true for n = 1. Given n, let fo(x) = [[ 45 < Pa(x). By induction, f(x) € Z[x]. Clearly,
fn(x)|x" — 1 in Q(¢n)[x]. But this implies that f,(x)|x" — 1 in Q[x]; after all, when performing the
Euclidean algorithm we never need more scalars than in Q and it gives us the gcd of f,(x) and

x" —1. By Gauss' lemma f,(x)|x" — 1 in Z[x]. As ®,(x) = );:(;:)L we are done. O

Let F be a field. We say that a non-zero polynomial f(x) € F[x] of degree n is separable if in
some extension field K we have f(x) = c[]/_;(x — «;), where all the a; are distinct. Otherwise
said, (in some extension field) f has n distinct root.

Let f(x) € F[x] be a monic polynomial, where F is any field. Let us first note that if f is
inseparable, that is, if in some extension K of F, f(x) = (x —a)?g(x) then f'(x) = 2(x —a)g(x) +
(x —a)?d’(x) and so (x — a)|gcd(f, f') and so gcd(f, f') # 1. Remark also that gcd(f, ') € F[x].
Conversely, suppose that gcd(f, f') # 1 and choose in some extension field K a linear polynomial
x — a dividing both f and f’. Suppose that f(x) = (x — a)g(x) and that (x — &) t g(x). Then
f'(x) = (x —a)d'(x) + g(x) and so (x — a) t f/(x), which is a contradiction. We conclude:

Lemma 7.2.2. Let f(x) € F[x] be a non-constant polynomial. Then f is separable if and only if
ged(f, f1) = 1.

A simple consequence of the lemma is that if in some extension f has n distinct roots then in
any extension where f splits it has n distinct roots.

Theorem 7.2.3. The cyclotomic polynomial ®,(x) is irreducible over Q.

Proof. Let f,(x) be the minimal polynomial of {, over Q; it is irreducible and it divides ®,(x). As f,
is monic, and f,|x" —1, by Gauss' lemma f,, € Z[x] and so we can decompose x" —1 as a polynomial
over Z,
x"— 1= fu(x) - h(x), fa(x), h(x) € Z[x].

Let ¢ be a root of f, and p a prime such that (p, n) = 1. We shall prove that ¢” is also a root of f,.
As every primitive n-th root of unity can be obtained from {, by repeatedly raising to prime powers
p, for various primes p satisfying (p, n) = 1, we can conclude that every primitive n-root of unity is
a root of f,. But these are the roots of ®, too. Thus, f, = &, and so P, is irreducible.

Suppose, on the contrary, that f({P) # 0. Then, because (” is a root of x” — 1, we must have
h(¢P) = 0. That means that ( is a root of h(xP). Since f, is the minimal polynomial of any of its
roots, we conclude that f,|h(x”), even in Z[x] by Gauss' lemma. Now, reduce this modulo p and
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denote the reduction of polynomials by a bar. Then, using that for every polynomial a(x) € Fy[x]
we have (a(x))P = a(xP),

xT—1 = f,h,
and
fal A(xP) = (h(x))P.
It follows that £, and (h(x))P have a common factor and thus so do f, and h. But, that implies that
x" — 1 has an irreducible factor appearing to a power 2 at least. On the other hand, if g(x) = x"—1
then gcd(g(x), ¢'(x)) = gcd(x” — 1,nx""1) = 1, also in characteristic p (because (p,n) = 1).
Meaning, x" — 1 does not have a repeated factor even modulo p. That gives a contradiction. [

Corollary 7.2.4. Let m, n be relatively prime positive integers. Then

Q(Cn) N @(Cm) =Q.

Proof. The compositum of Q((n) and Q(¢y) is Q(Cmn). Indeed, as (,¢, is a primitive mn-th root
of 1 we get inclusion in one direction. On the other hand, both Q(¢;,) and Q(¢,) are contained
in Q(¢mn) and that gives the reverse inclusion. We thus have a diagram of fields, where K =

Q(¢n) NQ(Cm) -

Q(Cmn)

w(mn)

Therefore,
[Q(Cmn) = K] =w(mn)/a = p(m)ep(n)/a.
On the other hand, from Theorem 5.2.2,
[Q(Cmn) = KT < [Q(Cm) = KT+ [Q(Ch) = KT = p(m)p(n)/a”.
It follows that a=1. Thatis, K = Q. O
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Part 3. Galois Theory

In this part of the course we develop Galois theory. Galois theory is the study of automorphisms
of fields. More precisely, given an extension of fields K 2 F, Galois theory studies automorphisms
of K that act as the identity on F and relates them to subfields of K containing F.

8. Automorphisms and subfields

8.1. The group Aut(K/F). Let K be a field. The group Aut(K) is the group of automorphism
of K. Namely, the group of bijective ring homomorphisms K — K. The group law is composition
and the identity of the group is the identity map 1 : K — K, the map that takes every element to
itself. If F C K is a subfield, we define the group

Aut(K/F) ={o € Aut(K) : o(a) = a,Va € F}.

It is a subgroup of Aut(K). Note that if F is the prime subfield of K (which is Q if K has
characteristic zero, and F, if K has characteristic p) then Aut(K) = Aut(K/F).

The following proposition is a simple observation that nonetheless gives some control over auto-
morphisms in Aut(K/F).

Proposition 8.1.1. Let K D F be an extension of fields, o € K an algebraic element over F with
minimal polynomial f(x) € F[x] of degree n. Let o € Aut(K/F). Then o(a) is a root of f(x) as
well. We get a group homomorphism,

Aut(K/F) — Sp.
Proof. We have 0 = f(a), where f(x) = x" + ap_1x" "1 + -+ + a9, where a; € F. Then
0=o0(0)
=o(a"+ap_10" 4+ + ag)
=o(a)"+o(ap_1)o(a)" L+ 4+ o(ag)

=o(a)"+ ap_10(a)" 4+ ag

= f(o(a)).
As o is an automorphism, it is injective and we get an injective map from the set of roots of f to
itself (hence bijective). Clearly this is a group homomorphism. O

Let us now consider a very special situation. Later we shall be generalizing our arguments to
general splitting fields. Suppose, as above, that o is algebraic over F, with a degree n minimal
polynomial f € F[x], and that moreover, F(a) is a splitting field for f.

Proposition 8.1.2. Under these assumptions, there is a bijection
Aut(F(a)/F) < {B € F(a) : f(B) =0}, o o(a).
In particular, if f is separable, namely if f has precisely n distinct roots, |Aut(F(a)/F)| = [F(a) : F].

Proof. As every automorphism of F(a) that fixes F is determined by its action on a, the map
from Aut(F(a)/F) to the roots is injective. To show it is surjective, recall that we showed
(Proposition 3.3.5) that if & and @ are two roots of f(x) then there is a (unique) isomorphism
@ : F(a) — F(B) that is the identity on F and takes a to B. As F(B) C F(a) and both fields have
the same degree over F, we must have F(a) = F(B) and ¢ is an element of Aut(F(a)/F) such
that ¢(a) = B. That shows subjectivity. O
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Example 8.1.3. The following example explains why we need to assume f is separable. Consider
a field F in characteristic p and an element v € F which is not a p-th power in F. (For example,
we may take F = Fy(x) and v = x.) The polynomial x? —« € F,[x] is irreducible. Indeed, let
a be a root of this polynomial in some extension field of F. Then a” = -y, and we can write
(x —a)P = xP —-y and so « is the unique root of f. Every non-constant polynomial properly dividing
(x — a)P is of the form (x — a)”, for some 0 < n < p. If this polynomial lies in F[x] then the
coefficient of x"~1 in this polynomial belongs to F. But this coefficient is —na and, as p { n, it
follows that a € F, contrary to our assumption on 7.
We see that in this case Aut(F(a)/F) = {1}, while [F(a) : F] = p.

Before turning to examples, we state an easy proposition.
Proposition 8.1.4. Let K O F be an extension of fields. For a subgroup H of Aut(K/F) let
K" ={ke K:o(k) =k Yo e H}.
For a subfield K 2 L 2 F let
H ={oceAut(K/F):0(8) =¢,VL e L}.
Then:
(1) K" is a subfield of K containing F; H, is a subgroup of Aut(K/F).

(2) If Hy D Hp then KM C KM2 if Ly D Lo, Hy, € Hy,.
(3) Hew 2 H and KM O L.

The proof of the proposition is immediate. Thus, we have, in great generality, order-reversing
maps
{Subgroups of Aut(K/F)} <— {Subfields of K containing F},

but without special conditions on K/F these are not bijections. Indeed, in Example 8.1.3 above,
we have for both L = F(a) and L = F that H; = Aut(F(a)/F) and so K" = L doesn't hold.
(However, see Theorem 9.3.1 below).

8.2. Examples.

8.2.1. Cyclotomic fields. Let (, be a primitive n-root of 1. Its minimal polynomial is ®, and Q({,)
is the splitting field for ®,, which is a separable polynomial. Thus, we know that

|Aut(Q(¢n)/Q)| = [Q(¢n) - Q] = deg(Pn) = w(n).
Proposition 8.2.1. There is a natural isomorphism
Z/nZ* = Aut(Q(¢r)/Q).

Proof. Let 0 € Aut(Q(¢n)/Q), then o({,) = (2 for some a such that (a, n) = 1, because these are
the roots of the minimal polynomial &, of {,,. We note that for every n-th root of unity ¢ in Q(¢,),

a(¢) =¢.
Indeed, write ¢ = ¢2 then o(¢) = a(¢2) = (0(¢n))P = (¢2)P = (¢2)? = (2. We define a map
Aut(Q(¢n)/Q) — Z/nZ>, o+ a, where 0({,) = ¢

This map is injective because ¢ is determined by its action on {,. By cardinality considerations
it is therefore surjective. Finally, it is a group homomorphism. For every n-th root of unity (, if

a(¢) = ¢?, 7(¢) = ¢ then
o7(¢) = 0(¢?) = (0(0) = (¢7)° = ¢.



44 EYAL Z. GOREN, MCGILL UNIVERSITY

8.2.2. Finite fields. Let Fp be the finite field with p elements. Let Fym be the unique degree m
extension of it in a given algebraic closure [Fp,.

Proposition 8.2.2. There is a canonical isomorphism
Z/mZ = Aut(Fpm /Fp), 1+ Frp.

Proof. Let f € F[x] be an irreducible polynomial of degree m (see Exercise 23). We shall use various
statements in Theorem 7.1.1. Let a be any root of f in F,. The field Fy(a) has p™ elements,
hence equal to the subfield of F,, with p™ elements, F,m. Thus, we are in the same familiar situation
and we conclude that Aut(F,»/F,) has m elements.

On the other hand, as we have seen, Fry: Fpm — Fpm is an automorphism. Its order as an
automorphism is the least positive n such that Frg = Frpn is the identity on F,m. But, also recall
that the fixed field of Fryn is Fpn and the minimal n is thus n = m. It follows that Fr, generates a
cyclic subgroup of Aut(F,»/F,) of order m, hence it generates the whole group Aut(F,»/Fj). We
conclude a canonical isomorphism

Z/)mZ —s Aut(Fpm/F,), 1 Frp.

Corollary 8.2.3. Let m|n. There is a canonical isomorphism
mZ/nZ = AUt(]Fpn/Fpm), m +— Frpm.

Proof. The issue is what elements in Aut(F,n) = Aut(F,n/Fp) fix Fpm. The consideration of the
proof show that these are precisely the powers of Frpm. Under the homomorphism

7 — Aut(Fpn/F,), 1+ Frp,

whose kernel is nZ, it is precisely the subgroup mZ that goes to Aut(IFpn/F,m) and so we get an
induced isomorphism mZ/nZ = Aut(IFpn /F,m), under which m +— Frpm. O

8.2.3. Additional examples.

Example 8.2.4. We have Aut(Q(+v/2)/Q) = Z/27Z. More generally, if F is a field of characteristic
different than 2 and a € F is not a square, then Aut(F(v/a)/F) = Z/2Z.

Example 8.2.5. We have Aut(Q(v/2,v3)/Q) = Z/27 x 7./ 2.

Indeed, we know that Q(+/2, v/3) = Q(v/24++/3) and is the splitting field of the minimal polynomial
of v/2+4+/3 (all whose other roots are £1/2 4++/3) and therefore the group Aut(Q(v/2,v/3)/Q) has
cardinality 4. We examine how an automorphism ¢ acts on the set {£+/2} and on the set {4+/3}.
This gives us a homomorphism of groups

Aut(Q(V2,v3)/Q) = S» x S, X 7,/27 x 7.]27Z,

where S; is the symmetric group on 2 elements, identified with Z/2Z. As the field Q(v/2,v/3)
consists of polynomial expressions in v/2 and v/3 with rational coefficients, it follows that the map
we have defined is injective and, by counting, also surjective.

If we consider the action on the four elements £v/2 4 v/3 we are realizing this Galois group as
the Klein group {1, (12)(34), (13)(24), (14)(23)} of S4.

It is easy to see the correspondence between subfields and subgroups in this case.

Example 8.2.6. We have Aut(Q(v/2)/Q) = {1}.
Indeed, any automorphism o will have to take v/2 to another root of x3 —2. But the other roots
are not real numbers and so cannot lie in Q(v/2). Thus, the only automorphism is the identity.
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9. The main theorem of Galois theory

9.1. Galois extension. Let K O F be a finite extension of fields. We say that K/F is Galois if
[K : F] = |Aut(K/F)|.

In this case, we shall use the notation
Gal(K/F) .= Aut(K/F)

and call this group the Galois group of the extension.

Theorem 9.1.1. Let f(x) € F[x]| be a monic polynomial. Let K/F be the splitting field of f. Then
|Aut(K/F)| < [K : F],
with equality if and only if every irreducible factor of f is separable.

Proof. \We prove the statement by induction on deg(f). In fact, we prove that if o: F1 — F, is an
automorphism, fi(x) € F[x], fa(x) = 9f(x) € Fz[x], Ky is a splitting field of f;, K2 a splitting field
of f» then the number of extensions ¢ of o to an isomorphism from Kj to Ko,

Ky — K,

F—=F
is at most the degree [K1 : F1] with equality if and only if every irreducible factor of f; is separable.
The case of degree 1 polynomials is clear. Assume the statement for degree n polynomials. Let
fi € F1[x] be a polynomial of degree n + 1; let pi(x) be an irreducible factor of f; over Fi; let
p2(x) = Zp1(x), which is an irreducible factor of f. If fi has an inseparable factor choose p; to be
that factor, and then also p» is inseparable.
Let a1 be a root of p1 in K1, ap a root of py in K>. We have the following diagram

©?
K1

K>

g

F1 F>

We have already proven that such extensions 1) exist and that they are in bijection with the roots
of po. Thus, there are at most [F1(a1) : F1] of those, with equality if and only if p; is separable.
Now, fix an extension 4 like that and consider the diagram

2

K1 Kz

Fi(on) —2> Fa(an)

We apply the induction hypothesis to the polynomials g1(x) = fi(x)/(x — a1), g2(x) = Ygi(x) =
f2(x)/(x — az). Note that if every irreducible factor of f; was separable, then same holds for g;.
Thus, by induction, the number of extensions of ¥ to Kj is at most [K7 : Fi(a1)] with equality if
every irreducible factor of f{, hence of gq, is separable.



46 EYAL Z. GOREN, MCGILL UNIVERSITY

Since every extension ¢ is constructed this way (by first extending to ¢ and then extending
1) we find that if every irreducible factor of f; is separable, the number of extensions is [K7 :
Fi(a)][Fi(a1) @ F1] = [Ky : F1], and if f; has an irreducible factor that is inseparable then the
number of extensions is strictly less than [Ky : Fi(aq)][Fi(a1) : F1] = [K1 @ F1], because already
the number of 1 is strictly less than [F1(a1) : F1]. O

Corollary 9.1.2. The splitting field of a separable polynomial in F[x] is a Galois extension of F.

Given how important is Corollary 9.1.2, it would be desirable to know when an irreducible polyno-
mial is separable. Knowing that, we would be able to tell when an arbitrary polynomial is separable:
each of its irreducible factors must be separable and they appear with multiplicity 1.

We say that a field F is perfect if either F has characteristic zero, or F has characteristic p and
the Frobenius map Fr,: F — F, Frp(x) = xP is surjective.

Example 9.1.3. Q, C,Q(v2), Q(x), etc. are perfect. Fpm,F,, are perfect. The field F,(t) is not
perfect as t is not a p-th power of any other element.

Proposition 9.1.4. Let F be a perfect field. Then an irreducible polynomial is always separable.
Remark 9.1.5. The condition is necessary: see Example 8.1.3.

Proof. Let f be an irreducible polynomial (hence, by definition, non constant). Then f has no proper
divisor, so in particular gcd(f, ') = 1, unless f’ = 0. In the latter case we will derive a contradiction.
We can only have f' = 0 if f(x) = Y {_, arx™. Since F is perfect, we can find by € F such that
bY = ar. Then f(x) = (D_7_o bex*)P and, consequently, f(x) is reducible. Contradiction. O

Corollary 9.1.6. Let F be a perfect field, for example a field of characteristic zero, or a finite field.
Then the splitting field of any polynomial f(x) € F[x] is a Galois extension of F.

Proof. Let f(x) € F[x]| be a polynomial that we may assume to be non-constant. Let K/F be
a splitting field for f(x). Every irreducible factor of f(x) is separable (Proposition 9.1.4). Theo-
rem 9.1.1 then implies that [K : F] = |Aut(K/F)| and so, by definition, K is a Galois extension
of F. O

9.2. Independence of characters. Let G be a group and L a field. A character of G with values
in L is a group homomorphism

x: G — L*.
A character is a special kind of a function on G with values in L. The collection of all functions LC :=

{G — L} is a vector space over L with respect to addition of functions (f + g)(a) := f(a) + g(a)
and (Af)(a) .= X-f(a).

Theorem 9.2.1 (Independence of Characters). Let G be a group and L a field. Let x1,..., Xn
be distinct characters of G with values in L, then x1, ..., Xn are linearly independent as functions
on G. Namely, for aj € L we have,

(a1x1+--+anxn)(9)=0,VgeG = a=---=a,=0.

Proof. Assume not and choose a non-trivial linear relation of minimal length. Changing the indexing
of the characters, we may write such a relation as

aiX1+ -+ amxm=0, ai#0,1<i<m.
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We shall produce a shorter non-trivial relation hence deriving a contradiction. Note that we must
have m > 1. As the x; are distinct, we may pick an element gy € G such that x1(go0) # Xm(90).
Then, for all g € G,
@) 0=a1x1(909) + -+ amxm(909)

= a1X1(90)x1(9) + - -+ + amxm(9o)Xm(9)

We also have

(5) 0= a1xm(90)x1(9) + -+ + amxm(9go)xm(9)-
Substracting (5) from (4), we find

0= a1(x1(90) — Xm(90))x1(g) + -+ am(xm(go) — Xm(90))Xm(9)

(6) = a1(x1(90) — xm(90))x1(9) + -+ 4+ am—1(Xm-1(90) — Xm(90))Xm—-1(9)

Note that a1(x1(g90) — Xm(g0)) # 0, hence we produced a shorter non-trivial linear relation. Con-
tradiction. O

We apply this theorem in the following setting. Let K and L be fields. Let 0: K — L be a
ring homomorphism, thus automatically an embedding of fields. We may view o: K* — L* as a
character of the group K* with values in L. In this setting, we have the following conclusion.

Corollary 9.2.2. Let 04, ..., o, be distinct field embedding of a field K into a field L. Then
O1,..., o, are linearly independent as functions on K.

Proof. The only thing to remark is that since ¢;(0) = 0 for all /, the functions o;: K — L are linearly
independent over L if and only if the characters o;: K* — L* are independent over L. O

9.3. From a group to a Galois extension. Our goal in this section is to prove the following
theorem. The theorem would allow us to derive a series of corollaries establishing basic connections
between the automorphism group of an extension K/F and subfields of K (Corollaries 9.3.2, 9.3.3,
9.3.4) that will take us a long way towards the main theorem of Galois theory.

Theorem 9.3.1. Let G be a finite group of automorphisms of a field K. Let F = K© the field fixed
by all elements of G. Then,

K : F]=1G|.

Proof. The main idea of the proof is to look for linear relations between the rows, or the columns,
of the matrix (whose entries lie in K)

o1(w1) o2(w1) ... op(wr)
o1(w2) o2(w2) ... op(wa)
(7)
Jl(wm) UZ(Wm) cee Un(wm)
where G = {01, ..., on}and wy, ..., wm are elements of K that are independent over F.

Suppose first that n > [K : F]. In that case, let m = [K : F] and let wy, ..., wWm in (7) be a basis
of K over F. As n > m, there is a linear relation between columns. Thus, for some ay, ..., an € K,
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not all zero, we have

O'1((U1) ag(wl) an(wl) ai 0
01(w2) o2(w2) ... op(w2) | | @ _ |0
o1(wm) o2(wm) ... on(wm) dn 0

Let ¥ = aj01 + -+ + a,0,, then the last identity means that ¥(w;) = 0for i =1,..., m. We
want to show that 1 is identically zero on K, which will contradicts independence of characters

(Corollary 9.2.2). Since {w1, ..., wm} are a basis for K over F, it is enough to show that for any
fi € F we have (3", fiw;) = 0. Indeed,

(O fiw) = O a0 fiwy)
j=1 i=1 j=1
=> a- Y oi(fiw)
i J
= Za,—zj- oi(w

m

= Zalal(wl))
1 i=1

I
MB“

fi - (wj))

1

J

©

(We have used the fact that o; is multiplicative and the identity on F to get o;(fiw;) = fioi(w;).)
Thus, we must have n < [K : F].

Suppose now that n < [K : F]. Then, we may find m=n+1 elements {w; : i =1, ..., m} of
K that are linearly independent over F. Consider then the same matrix (7), where now the number
of rows is greater then number of columns. There is thus a non-zero row vector 8 = (81
with entries in K such that

o1(w1) o02(w1) ... op(wr) 0
©) 6. 6o 01(:012) 02(:602) O-n(:w2) _ 0
Ul(wm) UZ(Wm) Un(wm) 0

Among all such non-zero vectors § we choose one with the least number of non-zero coordinates.
We may assume, to simplify notation, that these non-zero coordinates are the first r coordinates,
where r > 1 necessarily (as each entry of the matrix is non-zero). Thus, (1, ..., B, are non-zero
and Br41, ..., Bm are zero. We may assume (by dividing the vector by G,) that G, = 1.

First, note that we cannot have B; € F for all /. Indeed, suppose that o; is the identity map.
Then, we get

510/(w1) + - —i—ﬁma,-(wm) = ﬁlwl + - +ﬁmwm = 0,
which contradicts the linear independence over F of wq,.. ., Wm. Thus, some B; € F, and after
renaming the o’s, we may assume that 81 € F. There is therefore some 7 € G such that 7(61) # B1.
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Apply this 7 to (8). We find that

To1(w1) TOo2(w1) ... TOop(wi) 0
©) (1) ... m(gyy) | TP TR e el
T01(Wm) TO2(Wm) ... Top(wm) 0

But note that for a suitable permutation matrix P (whose effect is to permute the columns), we
have

To1(w1) TOo2(wy) ... TOp(wr) o1(w1) o02(w1) ... op(wy)
T01(w2)  TOo2(w2) ... TOp(w2) | | o1(w2) o2(w2) ... on(w2) b
To1(Wm) TO2(Wm) ... Top(wm) o1(wm) o2(wm) ... oplwm)
Since permutation matrices are invertible, by multiplying (9) by P~! we deduce that
o1(w1) o02(w1) ... op(wr) 0
o1(w2) o2(w2) ... on(w2) 0
(T(B1). .. T(Bm)) ’ =
o1(Wm) 02(Wm) ... on(wm) 0
Now subtract that from (8) to find that
o1(wy) o2(wy) ... oplwi) 0
o1(w2) o2(w2) ... op(w2) 0
(10)  Br—TB). B —TBm) | | =
o1(wm) o2(wm) ... on(wm) 0
But the vector (81 —7(81), ..., Bm—T(Bm)) is non-zero and has at most r— 1 non-zero coordinates
(since By — T(B,) =1 —7(1) =0). This is a contradiction and the proof is complete. O

Corollary 9.3.2. Let K/F be a finite extension of fields. Then ?
Aut(K/F)| < [K : F],
with equality if and only if F = KAYYKIF)  That is, K/F is Galois if and only if F = KAVEHK/F),

Proof. Note first that if K = F(a, .. ., ap)and Ry, ..., R, are the roots of the minimal polynomials

AUt(K/F) — ZRI X oo X XR,.

2Up to till this point we only knew this inequality when K is a splitting field of a polynomial in F[x] (Theorem 9.1.1).
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Thus, G := Aut(K/F) is a finite group. Let K; be the field K©. Using Theorem 9.3.1 , we have
the following diagram

K
| 1G]
K1

|
F

This shows that |G| = |Aut(K/F)| < [K : F], with equality if and only if F = KAut(K/F). a
Corollary 9.3.3. Let G < Aut(K) be a finite group. Then Aut(K/K®) = G and K/K® is Galois.
Proof. Theorem 9.3.1 gives us that K/KC is a finite extension and the last corollary that K/K©¢ is

Galois and |Aut(K/K®)| = [K : K°] = |G|. As certainly G C Aut(K/K®), we must have equality
because both groups have the same cardinality. O

The next corollary would be used in the main theorem of Galois theory (Theorem 9.4.1).
Corollary 9.3.4. Let Gy # G» be finite subgroups of Aut(K) then KO # K©2.
Proof. If K1 = K% then G; = Gal(K/K®') = Gal(K/K®) = Gs. a

So far we have proven the following, (except that one direction of the last statement will be
proven next):

Summary: Let K/F be a finite extension.
e K/F is Galois iff |Aut(K/F)| = [K : F] (the definition).
o K/F is Galois iff F = KAUtK/F),
e K/F is Galois iff K is the splitting field of a separable polynomial in F[x].

As said, we still need to prove that a finite field extension K/F which is Galois is the splitting
field of a separable polynomial. The proof is worth close scrutiny as it includes another method of
calculating the minimal polynomial of an element a € K over F.

Theorem 9.3.5. Let K/F be a finite extension of fields. If K/F is Galois then it is the splitting
field of a separable polynomial f(x) € F[x].

Proof. Let G = {1 = 01,0%,..., o,} be the Galois group Gal(K/F). For a € K consider the
conjugates of o

a=o1(a) o2(a), ..., on(r).

Leta=oag,..., as the distinct elements from this list of conjugates. Consider the polynomial
)
F() = [Tx = ).
i=1

Lemma 9.3.6. f is the minimal polynomial of o over F.

Proof. The Galois group G acts on K[x], g — %g for o € G. Since F = K€, the polynomials fixed
by the action of G are precisely F[x]. Let 0 € G then
S
7F(x) = [ [(x = aa)).
i=1
As o permutes the conjugates of o, we conclude that °f = f,Vo € G and so f(x) € F[x], and of
course f(a) = 0.
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Let g be the minimal polynomial of a over F. Then g|f and g(a) = 0. Then, for all 0 € G we
have o(g(a)) = 0, but 0(g(a)) = g(o(a)) as the coefficients for g are fixed by 0. We conclude
that aq, ..., as are all roots of g. Therefore f|g and so they must be equal. O

It follows from the very definition of f that it is separable.
Now, let wq, ..., wy, be a basis for K over F. The minimal polynomial £, of w; over F is separable.
Let f1,..., f+ be the distinct polynomials among fy,,, ..., fw, and let

f=Hfff

Then f is a polynomial over F and K is the splitting field of f. Finally, notice that f is separable,
because for i # j, gcd(f;, f;) = 1 and so f; and f; don’t have a common root. O

Remark 9.3.7. A remark about terminology. We have defined an extension K/F as normal if it is
the splitting field of a collection of polynomials. Often, an extension K/F is defined to be normal if
whenever an irreducible polynomial f(x) € F[x] has a root in K it splits in K. Clearly, if the second
definition holds then so does the first (take the collection of polynomials to be the collection of
minimal polynomials {fy : o € K}, where f, is the minimal polynomial of a over K). But, a priori,
the second definition seems to be stronger. In fact, Exercise 18 shows that the two definitions are
equivalent.

We call an extension K/F separable if every element a in K solves a (non-zero) separable
polynomial f(x) € F[x]. Equivalently, K/F is an algebraic extension and the minimal polynomial of
every element of K is separable.

We summarize much of our conclusions thus far in the following theorem.

Theorem 9.3.8. Let K/F be a finite extension of fields. The following are equivalent.
(1) K/F is Galois, i.e. |Aut(K/F)| = [K : F].
(2) F = KAut(K/F).
(3) K is the splitting field of a separable polynomial f(x) € F[x].
(4) K/F is normal and separable.

Proof. We already know that (1) - (3) are equivalent. The proof of Theorem 9.3.5, shows that
every element of K has a separable minimal polynomial and so K/F is separable. As said, K/F is a
splitting field of a polynomial it is normal (in either sense).

Assume then that (4) holds. By choosing a basis wy, . . ., wy, for K over F, taking for each its own
separable minimal polynomial and multiplying them all together to get a polynomial f(x) € F|[x],
we conclude that K is the splitting field (we use “normal” here!) of a polynomial f each of whose
irreducible factors is separable. Thus, by Theorem 9.1.1, K/F is a Galois extension. ]
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9.4. The main theorem of Galois theory.

Theorem 9.4.1. Let K/F be a finite Galois extension, G = Gal(K/F). There is a bijection:

{subfields K O E O F} <— {subgroups of G}
E Aut(K/E)
KH 1 H
and the indicated maps are each other inverse. Furthermore,

(1) H1 C Hy = KM D KH2 and Ky D Ko = Aut(K/K1) C Aut(K/K>).
(2) KHin KH2 = K<H1~H2>, KHikH2 — KHiNH2
(3) [K: K" = |H|,[K": F] =[G : H].
(4) K/E is Galois with Galois group Aut(K/E) = H if E = KM,
(5) E = K" is Galois over F iff HJG and then Gal(K"/F) = G/H.

Proof. Recall that we proved the following:

e If H C Aut(K) is a finite subgroup then K/K" is Galois with Gal(K/K") = H (Corol-
lary 9.3.3).
e If K/E is Galois then £ = KAUMK/E) (Corollary 9.3.2).

The maps indicated above are well-defined. If Kt = KM then Gal(K/K") = Gal(K/K"2) and
so, using the first point above, H; = H>. Thus, the map from subgroups to subfields is injective.
It is also surjective. Indeed, since K is the splitting field over F of some separable polynomial
f(x) € F[x], K is also the splitting field of f over any subfield E of K that contains F. Thus, for
any such E, K/E is Galois, clearly Aut(K/E) < G and E = KAUK/E) by the second point above.

It follows that every subfield E is of the form K" for some subgroup H and then Aut(K/K") = H
and that shows the map from subfields to subgroup is the inverse of the map from subgroups to
subfields.

The maps are clearly inclusion reversing and so form an order reversing bijection between the
poset of subfields and the poset of subgroups. Thus, Claims (1), (2) follow immediately, and (4)
follows from our discussion.

Now, for a subgroup H < G, K/K" is Galois with Galois group H and so [K : K] = |H|, and
in particular for H = {e}, [K : F] = |G|. Multiplicativity now gives [K" : F] = [G : H]. We have
proven (3).

It remains to prove (5): We note first that G acts on both lattices (we use the word lattice for
a poset, a partially ordered set, in which any two elements have a minimum and a maximum). If
g € G and E is a subfield then g(E) is another subfield of K containing F. This gives the action
of G on the lattice of subfields. If g € G and H < G, we have the subgroup gHg~!. It is clear that
if E = KH then g(E) = K919, Thus, the correspondence we have defined is equivariant for the
action of G. Consequently, the fixed points for those actions match. Namely, there is a bijection
between normal subgroups of G and subfields £ of K, E O F, with the property that g(E) = E for
all g € G. The proof now follows from the following lemma.

Lemma 9.4.2. Let K/F be a finite Galois extension with Galois group G and E a field such that
F C EC K. Then, E is a Galois extension of F if and only if for all 0 € G we have o(E) = E.

Proof. (Lemma) Suppose first that E/F is Galois, hence the splitting field of some separable poly-
nomial f(x) € F[x]. Then E = F(o, ..., o) where the o are the roots of f. For any 0 € G we
have o(f(a;)) = 9f(o(a;)) = f(o(e)) and so o(a;) = o for some j that depends on i and o.
But, at any rate, o permutes the roots of f and so o(E) = E.



COURSE NOTES - MATH 371 53

Suppose now conversely that o(E) = E for all 0 € G. As K/F is a finite Galois extension, it
is a finite separable extension and so also E/F is a finite separable extension. We will prove E/F
is Galois by showing it is a normal extension. Let us first choose a separable polynomial f € F[x]
such that K is the splitting field of f over F. Let h € F[x] be an irreducible polynomial with a root
a € E. The polynomial h splits in K it is enough to show that if 3 € K is a root of hthen B € E.
We consider the following diagram.

There is an isomorphism ¢ as indicated that takes o to 3 and, by Theorem 9.1.1, it can be extended
to an isomorphism o, indicated by the dashed arrow. However, 0(E) = EandsoB =o(a) € E. O

The final point to prove is that for H<1G, Gal(K"/F) = G/H. Indeed, there is a natural
homomorphism obtained by restriction:

G — Gal(KH/F), o o|xn.

The fact that this map is well-defined follows from the Lemma. The kernel is clearly H. Thus, we
have an injection G/H < Gal(K"/F). As |G/H| =[G : H] = [K" : F] = |Gal(K"/F)|, we have
G/H = Gal(K"/F). O

The following Corollary is left as an exercise. We will also give as an exercise that the assumption
of E/F be separable is necessary.

Corollary 9.4.3. Let E/F be a finite separable extension. Then there are finitely many subfields
FCLCE.

10. Examples of Galois extensions

In this section we give several examples of Galois extensions and the matching between subfields
and subgroups. We will use K/F to denote the Galois extension and G for Gal(K/F).

10.1. Prajecting to subfields. We begin with a simple lemma, whose proof is straight-forward:

Lemma 10.1.1. Let H be a subgroup of G and assume that |H| is invertible in F, that is, that the
characteristic of F doesn't divide the order of H. The function

1
T K = K, mh(k) = = Y h(k),
|H| heH

is an F-linear projection map of K onto K.

Consequently, if we write K = F(aq, ..., ap) where {aq, ..., an} are a linear spanning set of K
over F (and not merely generators) then

KM = F(ry(a1), ..., TH(Qn)).
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10.2. Finite fields. This is an example that we have analyzed without relying on the main theorem.
If K/F is a degree n extension of finite fields, say Fqn/IFq, then it is a Galois extension and G =
Z/nZ where 1 corresponds to Frq € G. The subfields are precisely Fqm/F, where m|n and the
corresponding subgroups are mZ/nZ (and these are all the subgroups of G).

Fgn {0}
n/m n/m

Fgm mZ/nZ
m m

F, 7/nZ.

10.3. Bi-quadratic example. Let K/F be the extension Q(v/2,v/3)/Q. We previously determined
that G & S, x S5. There are automorphisms o, 7 € G such that G = {1, 0, 7,07} and such that
the action of o and 7 is determined by the following table

1 o T oT
VZ[VZ V2 V2 2
V3[V3 V3 V3 -3

The subfield corresponding to (o) is Q(v/3), to (1) is Q(v/2) and to (oT) is Q(+/6). The diagrams
are then

Q(v2,v3) {1}
N 7N
Q(v2) Q(V3) Q(V6) (1) (o) (o)
RN NA
Q G

10.4. A cyclotomic example. We consider the extension K/F where K = Q({7) and F = Q.
Some of the considerations below deserve very close reading as they apply in much more general
circumstances.

The Galois group is isomorphic to (Z/7Z)* = {1,2,3,4,5,6}, which is a cyclic group of order
6. If o, is the automorphism that corresponds to the congruence class a then o,(¢) = (@ for any
7-th root of unity . If H < G is a subgroup then, using Lemma 10.1.1,

Q)" =QUmu(¢y) s i=1,...,5,6})
= Q{mn(o(¢7)) : 0 € G})
=Q{omy(¢(7) 10 € GY)
= Q(mH(¢7))-
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In the first equality we have used that the minimal polynomial of {7 has degree 6 and a small
argument that also {¢7, ..., (%} is a basis over Q (replacing the usual basis {1,(7, ..., ¢2}); in the
second equality we wrote these powers of (7 as the images under G. We have then used that H is
normal so Ho = o H (this also follows since G is abelian, but the more general setting is when H is
just normal). The last equality is the most special. The argument is that since G is abelian any sub
extension E£/Q is Galois and so all the images of m4(({7) under G are already in Q(my((7)).

The non-trivial subgroups of G are H = {1,2,4} and J = {1,6}. We let ny = 7x((7),n; =
7,(¢7). Then we have the following diagrams.

Q(¢7)

1}
N ~
Q(nw) Q(nJ) H J

b4
N4 WA

To have a presentation of the subfields as extensions of Q we make use of Lemma 9.3.6 and our
knowledge of the Galois group to claim that the minimal polynomial of ng is (x — ny)(x — Ny) =
x2+x+2 and that the minimal polynomial of s is (x—n,)(x—02(ny)) (x—04(ng)) = x34+x>—2x—1.
Thus,

Q) Z QIXI/ (P +x+2),  Qny) = Qx]/(x* +x* —2x = 1).

10.5. Sz example. Let K be the splitting field over Q of the polynomial x3—2. This is a special case
of Exercise 26. The field K is equal to Q(v/2, (3) = Q(v/2)Q((3) and making use of Corollary 12.1.2
we infer that [K : Q] = 6. The Galois group maps onto a transitive subgroup of S3. We deduce
that in fact

G = 55.

Given a permutation of the roots {v/2, (3v/2, (3v/2}, where, say, V2 is real, we can determine the

action on K as o(v/2) is then provided and o({3) = 0({3v/2)/o(+/2) that are also provided. The

list of subgroups of Sz is well-known. The diagrams provide the corresponding subfields.
Q(v2,¢3) {1}

Q(Gv2) QEEV2) Q(V2) Q) ((12))  ((13))  ((23))

NP N

3
10.6. Ss example. We provide here an example of an irreducible polynomial f of degree 5 with
rational coefficients whose Galois group, namely, the Galois group of a splitting field of f, is Ss.
The significance of that is that Ss is not a solvable group. Later on we will return to this example
to show that the general degree 5 equation cannot be solved by radicals. As it turns out, there are
plenty such polynomials:
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Proposition 10.6.1. Let f(x) € Q[x] be an irreducible quintic polynomial with exactly 3 real roots.
Let K C C be a splitting field for f, then

Gal(K/Q) = Ss.

Proof. We know from general considerations that G is isomorphic to a transitive subgroup of Ss.
Moreover, if o is a root of f then [Q(a) : Q] = 5 and this divide [K : Q], hence the order of G.
Therefore, G has an element of order 5. The elements of order 5 in Sy are all 5-cycles, hence
conjugate, and so we may assume that G contains the cycle (12345).

Consider the action of complex conjugation (restricted to K) on the roots of f. It is given by
a transposition (i j) for some i < j. Conjugating this transposition by (12345Y~' we find that
(J2/—1),and hence (i j)(j 2/ —i)=(ij2j—1i)isin G. Conjugating (i j) by a suitable power of
(12345), we find a transposition (k £) in G that is disjoint from (i j). Thus, G contains a copy of
the Klein group. It follows that the order of G is divisible by 3-4 -5 = 60. Thus, G = As or S5
(recall that S, has a unique non-trivial normal subgroup, which is necessarily A,, for n > 5. Also
recall that a subgroup of index 2 is always normal). But G contains a transposition and so G must
be equal to Ss. O

Remark 10.6.2. Note that the Galois theoretic aspect of the proof is very simple. The only com-
plication is to show that a subgroup of Ss containing a 5-cycle and a transposition must be equal
to Ss. You may be able to find a simpler argument than that appearing above.

Example 10.6.3. As a concrete example, take the polynomial f(x) = x> — 6x + 3.

The polynomial is an irreducible polynomial by Eisen- e=SieE _ a
stein's criterion. The derivative f/(x) = 5x* — 6 raea ) 1o
has precisely 2 real roots that are j:{‘/%. Further
f(—=2)=—-17,f(0) =3,f(1) = =2 and (2) = 23.

It is now easy to ascertain that the graph on the right

represents this function. Thus, the Galois group of f La

is 55. \2

11. Glorious Applications
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11.1. Constructing regular polygons. We apply Galois theory to settle a classic geometric question
about the construction of regular polygons in the plane. We will require the notion of Fermat primes.
A prime p is a Fermat prime if p = 2" + 1, for some integer n.

One can prove the following number theoretic lemma.

Lemma 11.1.1. /f2" + 1 is prime then n itself is a power of 2.

Proof. Suppose that p = 2" 4+ 1 is prime. Consider the order of the element 2 in Z/pZ*. Note
that 1 < 2" < p so the order of 2 is greater than n; on the other hand 2” = —1 (mod p) and so
(2M?2 = 22" =1 (mod p). Thus, the order of 2 divides 2n. It follows that the order of 2 is exactly
2n. By Lagrange, 2n|p — 1. But, p— 1 = 2" and it follows that n|[2"~!, hence is a power of 2. [J

Here are some examples of Fermat primes:
3=2141, 5=22+1, 17=2%+1, 257=2%4+1, 65537 =21°41.
Euler had shown - and that was at a time an impressive feat - that 232 + 1 = 641 x 6700417 and

so is not prime. It is unknown at this time (2014) if there are infinitely many Fermat primes. It is
known that 22" + 1 is composite for all 5 < n < 32.

Theorem 11.1.2. [et n > 2. One can construct a regular n-gon in the plane if and only if
n=2p1pr---ps, a>0,5 >0, where the p; are distinct Fermat primes.

Proof. As we have seen, the construction of a regular polygon with n-sides is equivalent to the
construction of 2cos(2mw/n) = ¢, + C,. If this quantity is constructible then [Q(¢, + ¢,) : Q] is a
power of 2.

The extension Q((,)/Q(¢n + ) is quadratic as ¢, solves the polynomial (x — (,)(x — () =
x? = (Cp+Ca)x+ 1 over Q(¢yn +Cp) and, since n > 2, Q(¢,) is not contained in R while Q(¢, + C»)
is contained in R (so the fields are distinct). At any rate, the diagram of fields given below shows
that ¢(n) must be a power of 2 as well.

Q(¢n)

@(n) @n

Q

As o(n) = n]],,(1 - %) we conclude that ¢(n) is a power of 2 if and only if n = 29py1ps...ps,
where 2 < p; < --- < ps are Fermat primes.

Conversely, suppose that n has such a factorization. As Gal(Q(¢{,)/Q) is an abelian 2 group, it
has a filtration

{0} = Ho < Hi <--- < Hy = Gal(Q((n)/Q),  Hi = Gal(Q(¢n)/Q(¢n +Cn)),  [Hil = 2"

Correspondingly we have the sequence of fields

Q(Cn) 2 Q(Cn + zn) = @(CH)HI ) @(CI‘I)H2 D---DQ,

where each extension is quadratic. It remains to complete our considerations of construction by
straightedge and compass as follows. If £ is a negative real number, we say that £ is constructible
if —£ is constructible.

2
+ Cn)

Lemma 11.1.3. Let K be a subfield of R. Suppose that every element in the field K is constructible
and let L be a real quadratic extension of K then every element of L is constructible.
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Proof. [Lemma] Let a € L — K. Then {1, a, a?} are linearly dependent over K, but {1, a} are not.
Thus, for some ki, k» € K we have a? + kja + ko = 0. Therefore,

—ky + (/K2 — 4k

2

a =

As a € R the discriminant k12—4k2 is a constructible real number. We have seen (see Example 4.1.5
and the exercises) that a square root, sum, difference and quotient of constructible numbers are
constructible and so o is constructible. O

O

11.2. The Primitive Element Theorem. A field extension K/F is called simple if K = F(6) for
some element 68 € K. The name is misleading; there is nothing simple about such field extensions.
The following theorem illustrates this.

Theorem 11.2.1 (Primitive Element Theorem). Let K/F be a finite separable extension. Then
there is an element a € K such that K = F(a).

Proof. The only place separability is used in the proof is in concluding that there are finitely many
subfields F C E C K (Corollary 9.4.3).

Assume that F is an infinite field. We will give a simpler argument for finite fields later. Consider
then among all subfields of K a subfield maximal relative to inclusion that is of the form F(3). If
F(B) # K, choose some v € K — F(a). For every non-zero a € F we have the subfield of K given
by F(aB + v). As a ranges over F we get an infinite list of such subfields and so for some a; # a,
elements of F* we have F(a18+7) = F(aB8+7). As B = (a1 —ax) 1 ((a18 +7) — (28 +7)) we
have that B (and hence also y) are in F(a18+7y). Thus, F(a16 +y) contradicts the maximality of
F(B). We must have F(B) = K.

We complete the proof by addressing the case of finite fields. In this case F = Fpm and K = Fpn.
Let o € K be a generator of the cyclic group K*. Then clearly K = F(a) as K = {0} U{a/ : j =
1,2,..., p" —1}. O

Remark 11.2.2. At this point, we have closed a circle. We find that every Galois extension K/F
can be written in the form K = F(a), where the minimal polynomial f(x) of a over F splits over
K, and, in fact, K is the splitting field of f(x) over F. These are the assumptions of the discussion
in Proposition 8.1.2. The Galois group Gal(K/F) is then in bijection with the roots of f(x) by
o — o(a). The Galois group is a transitive subgroup, acting without fixed points, of the group S,
where n = deg(f).

11.3. The Normal Basis Theorem.

Theorem 11.3.1 (Normal Basis Theorem). Let K/F be a finite Galois extension with Galois group
G. There is an element a € K such that {o(a) : 0 € G} is a basis for K as a vector space over F.

| have decided to omit the proof of this result. Although one can prove the theorem with only the
tools at our disposal already, the proof is rather ad-hoc. The natural setting is that of representations
of finite groups, where the proof becomes natural.
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11.4. The Fundamental Theorem of Algebra.

Theorem 11.4.1 (Fundamental Theorem of Algebra). The field of complex numbers is alge-
braically closed.

Proof. We first do a series of reductions. Let f(x) € C[x] be a non-constant polynomial. It is
enough to show that f has a root in C. Suppose it doesn't. Let f(x) be the polynomial obtained by
taking the complex conjugates of the coefficients of £. Then also £ doesn’t have a root in C because
of the identity f(z) = f(Z). Therefore, the polynomial g(x) = f(x)f(x), which is a polynomial in
R[x], doesn't have a root in C. Taking one of its irreducible factors, we conclude that it is enough
to prove the following statement: Any irreducible polynomial g(x) € R[x] has a root in C.

Let then g(x) be such a polynomial and let K O R be a splitting field for g(x) contained in an
algebraic closure of C. As R(/) = C is a splitting field for x>+ 1, we conclude that K (/) is a splitting
field over R for the polynomial g(x)(x?+1). Since in characteristic zero every irreducible polynomial
is separable (see Proposition 9.1.4) it follows from Corollary 9.1.6 that K(i)/R is Galois with Galois
group, say, G. Let P be a 2-Sylow subgroup of G.

R

|cy/
The extension K(i)7/R is of odd degree.

Let 6 be an element of K(i)”. Let h be the monic minimal polynomial of 8 over R. The extension
R(#) D R, being a sub extension of K(i)”/R, is of odd degree and its degree is equal to the degree
of h. Thus, his a polynomial of odd degree. As limy _, o h(x) = —o0 and limy _ 5 h(x) = oo,
by the intermediate value theorem, for some xp € R, h(xp) = 0. But, h is irreducible over R, so it
must be that his linear, xo = 8 and so # € R and K(i)” = R. We conclude that G is a 2-group.

We now consider the following diagram of fields and subgroups are as follows (where G, and K>
will be explained below).

K (i) {1}
-

Here Gi is an index 2 subgroup of G corresponding to C. If G is of order 2, our proof is done,
because it implies K(/) = C and so K, the splitting field of g, is contained in C. Else, there is an
index 2 subgroup of Gy, denoted G», and a corresponding field K> containing C. K5 is a quadratic
extension of C. We will show no such exists, hence deriving a contradiction.

Since K> is a quadratic extension of C, for any t € Ko — C, {1, t} is a basis for K5 over C. Thus
t2 is a linear combination of 1 and t and we conclude that t>+ rt +s = 0 for some r, s € C. Then,
t = (—r £+r2 —4s)/2. But, if z is a complex number, write it as z = re’® and conclude that
VZ = £+/re'®/? exists in C. This implies then that t € C and that's a contradiction. O
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It is interesting to analyze what goes into the proof. Besides Galois theory, we needed to show
square roots exist in C and for that we used the polar representation of complex numbers and that
seems to be using power series and convergence in C (through the manipulation of e/?). At another
place, we have used the intermediate value theorem for R. That seems more fair, because R itself
is defined as a completion of the rational numbers and one would expect such metric aspects to
come into the proof. In fact, one can show just using the intermediate value theorem that square
roots can be taken in C (Exercise 37).

12. Galois groups and operations on fields

There are several ways we can combine the notion of a Galois extension with simple operations on
fields. For example, suppose that K7, K> are Galois extensions of F, with respective Galois groups
G1, Go, contained in some common field K. We can ask if K1K», or K1 N K>, is a Galois extension
of F and, if so, how we may describe the Galois group in the terms of Gy, G». Also, suppose that
F’ is any field extension of F contained in K; we may ask if the base change extension K1F’/F’
is Galois extension and if so how to describe its Galois group in terms of Gi. We will answer those
questions in this section. The results are very useful in applying Galois theory to concrete situations.

12.1. Base change.

Proposition 12.1.1. Let K/F be a Galois extension, where K C Q, Q2 a field. Let F' be any
extension of F contained in Q. The extension KF'/F' is Galois and

Gal(KF'/F) = Gal(K/K N F").
Proof. The diagram of fields is the following:

Q
|

KF’
N
K F
~N S
Kr‘WF’
F

As K/F is the splitting field of some separable polynomial f(x) € F[x] C F'[x], KF' is the splitting
field of f(x) over F" and so KF'/F’ is a Galois extension. Because K/F is Galois, any element
o € Aut(KF'/F) (sic!) satisfies 0(K) = K. In particular, the map

m: Gal(KF'/F') = Gal(K/K N F'), o0

ko

is a well-defined group homomorphism. It is injective: o being in the kernel implies that |k is the
identity and also o is the identity on F’. As every element of KF’ is a polynomial expression in
elements of K and of F’, it follows that ¢ is the identity on KF’ as well. It remains to show that
the map 7 is surjective.

Let H be the image of 7, a subgroup of Gal(K/K N F’). Then

KM ={keK:ke(KF)SRWKF/FN — kKnF.
From the Main Theorem it follows that H = Gal(K/K N F’). O
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Corollary 12.1.2. Let Ky1/F be a Galois extension and K,/F an arbitrary finite extension, both
contained in some field Q2. Then
[Kl : F] . [K2 . F]

[Kl NKs: F]

[K1K2 . F] =

Note that the assumption that at least one of K;i/F, K»/F are Galois is necessary. Indeed,
taking K1 = Q(v/2), Ka = Q(wv/2), where w is a primitive third of unity, we have seen that

[K1K> : Q] = 6, while % =323 =9. Let us now prove the corollary.

Proof. [K1K2 : F] = [K1K>2 : K2]:[K2 : F]. The Proposition implies [K1 K> : Kz] = [K1 : KiNK3] =
[Kl:F]/[KlﬂKQ:F]. 0

12.2. Compositum and intersection. WWe now consider compositum and intersection of Galois
extensions.

Proposition 12.2.1. Let K1, K> be finite Galois extensions of F contained in some common field Q.
(1) K1K>/F is Galois and
Gal(K1Kz/F) = {(0. 1) € Gal(K1/F) x Gal(K2/F) : olkink, = Tlkinks }-
(2) KiN K, is Galois and
Gal(K1 N Ky/F) = Gal(K1/F)/Gal(K1 /K1 N K?).

Proof. First, as Kj is the splitting field of a separable polynomial fj(x) € F[x], K1K> is the splitting
field of the polynomial fi(x)f2(x), every irreducible factor of which is separable. Thus, K1K2/F is
Galois. Thus, also K1 K> /K; is Galois for i = 1,2; let H; := Gal(K1K>/Kj). Here is the diagram of
fields:

Q

Ki1K>

H Ho

K1 Kz

/N
\ /i

KiN K>

|
F

As K;/F is Galois, H;<1Gal(K1K>/F) and therefore also (H1, H2) = HiH><1Gal(K1K2/F). As
K1 N Ko = (K1 Ko)HH2) it is, too, Galois over F. 2

It remains to determine Gal(K1K>/F) (the formula for Gal(K1 N K>/F) follows immediately from
the Main Theorem). We have a homomorphism,

GaI(Kle/F) — Ga|(K1/F) X Ga|(K2/F), 0+ (O'|K1,0|K2).
Its image is contained in
H:={(o,7) € Gal(K1/F) x Gal(K2/F) : 0|lk,nk, = T|Kkinks }-

The homomorphism is injective. Thus, its image has as many elements as

|Ga|(K1K2/F)| = [K1K2 : F] = [Kl : F] . [K2 : F] . [Kl NKs: F]_l = [Kl : F] . [K2 K1 N Kg]

3Another proof that Ky N K>/ F is Galois is the following. Since Ki/F is finite separable, K1 N Ka/F is finite
separable. We also proved in Exercise 19 that K1 N K>/ F is a splitting field, hence a normal extension. It follows that
K1 N Kz/F is Galois.
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(Corollary 12.1.2). On the other hand, this is the number of elements of H, because given o €
Gal(K1/F), the automorphism o|x,nk, can be extended in as many ways as |Gal(Kz/K1 N K2)|
[K> : K1 N K>] to an automorphism in Gal(K2/F).

(|

Corollary 12.2.2. et K,/ F be Galois extensions with Galois groups G; and suppose that Ky N K>
F, then K1K>/F is Galois and

Gal(K1K2/F) = Gal(K1/F) x Gal(K2/F).

Example 12.2.3. The Galois group of Q(+/2, v/2,w) is isomorphic to Z/27 x Ss. Indeed, taking
K1 = Q(+v/2), Ko = Q(v/2,w), we only need to check that K; N K» = Q. But, if the intersection
is not Q it must be K7 and so K1 = Q(w), because, by Galois theory, Q(w) is the only quadratic
subfield of K. As Q(w) = Q(+v/—3) and Q(v/2) is a real field they can not be equal.

Making use of the Proposition, one can also easily calculate the Galois group of, say, Q(v/2, w, v/5).

13. Solvable and radical extensions, and the insolvability of the quintic

Our goal is to prove one of Evariste Galois’ main achievements: there is no formula in radicals for
solving the general polynomial equation f(x) of degree 5. To keep the discussion “clean” we will
assume from a certain point on that all our fields have characteristic 0. This is not necessary - the
discussion can be extended to cover all characteristics - but it removes some technical awkwardness
that would otherwise make the picture murkier. All concepts will be defined in due course. For
now, we content ourselves with remarking the Galois’s solution, a revolution in its time, is to give
a necessary and sufficient for expressing the roots of a polynomial f(x) by radicals in terms of its
Galois group. To be precise, whether the Galois group is solvable or not. (This being the source of
the terminology “solvable” for groups.) Since there are polynomials of degree 5 with non solvable
Galois group - see Example 10.6.3 - it follows that there is no universal formula in radicals for solving
all quintic polynomials.

13.1. Cyclic extensions. In this section we discuss cyclic Galois extensions K/F (that is, Galois
extensions whose Galois group is a cyclic group) under a simplifying assumption of having “enough
roots of unity” in F. Even under that assumption our discussion is just a glimpse of a general theory,
called Kummer theory, that provides a complete classification of cyclic Galois extensions under the
assumption on roots of unity.

Let F be a field and n a positive integer not divisible by the characteristic of F (a condition that
holds automatically in characteristic zero). Assume that the polynomial x" — 1 splits in F. Since
gcd(x” —1, nx"~1) = 1, it follows that x” — 1 has n-distinct solutions - the n-th roots of unity. The
n-th roots of unity form a cyclic group of order n that we shall denote w, (using the same notation
as in the case of the complex numbers).

In the following, given an element a € F, we shall write F(y/a) to denote an extension K/F of
the form K = F(a), where a satisfies a” = a. In general, the nature of this extension could very
much depend on a. For example, o may, or may not, already belong to F. However, in our case,
since the n-th roots of unity are in F, for every root «, the polynomial x" — a = chzl(x —(a),
splits over F(a). And so, up to isomorphism, the extension F(+/a) is independent of the choice of
n-th root of a.

Theorem 13.1.1. Let a € F*, then F(~/a) is a cyclic Galois extension of order m dividing n.
Conversely, if L/F is a cyclic Galois extension of order m dividing n then L = F({/a) for some
a € F* (and we may also write L = F(v/an/m)).
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Proof. Let a € F*, then F(y/a) is a Galois extension of F, being the splitting field of the separable
polynomial x" — a. Let 0 € G := Gal(F(+/a)/F). Then o(/a) is another root of x" — a and so
o(/a) = (,+/a, for some root of unity {, € u,. This gives us a function

o(V/a)
v
We claim that this map is an injective homomorphism. First, for o, 7 € G we find
(o7m)(Va) = o((-/a)
~ ¢ro(/a)
= (¢ V/a,

and it follows that {,+ = (s(+, which is the homomorphism property. Secondly, the action of ¢ on
v/a determines its action on F(+y/a) and so the homomorphism is injective. Since w, is cyclic of
order n, every subgroup of it is cyclic of some order m|n. Since G is isomorphic to a subgroup of
Wn, G is cyclic of some order m dividing n. This proves one direction of the theorem.

G — Wn, o (o=

Conversely, suppose that K/F is a cyclic Galois extension with Galois group G of order m|n. Let o
be a generator of G. Let ( be a primitive m-th root of unity in F. Consider the following expression,
called a Lagrange resolvent, for an element o € F,

L=Z0)=a+¢ o)+ -+ 0™ Y a).

By independence of characters, the function 1(-) +¢-o(-) + -+ ™1 . a™=1(.) is not the zero
function on K and so we may choose an o such that . # 0. We assume that a is chosen this way
(and it doesn’t matter which « is chosen as long as .Z(a) # 0).

Note that 0(.Z) = o(a) + ¢ -o?(a) +---+ (™. 0™(a) and so, using that ¢ is the identity,
o(L) = ("1 Z. This has the following consequences:

e K = F(%). Indeed, it follows from the formula 0. = (~1.% that the only element of G
fixing £ is the identity. Thus, by the Main Theorem, K = F(.%).

o M is fixed under o because 0(Z") = (0(ZL))" = ("L = L™, Thus, £ is fixed
under G and so belong to K¢ = F. Denoting a = Z™ we have succeeded in writing
K=F(¥a).

O

13.1.1. Application to cyclotomic fields. In characteristic different from 2, a quadratic extension
K/F is always Galois, because the minimal polynomial of any @ € K — F must be quadratic and,
being quadratic and having one root in K, it must split in K. That polynomial is also separable as
the condition (f, ') = 1 holds. Hence K/F is Galois. The theorem tells us that every (Galois)
quadratic extension of F is of the form K = F(y/a) for some a and, in fact, how to find a. Take
anya € K — F. Then Z(a) = a — o(a) # 0 and we can take a = .Z(a)?,

Consider the cyclotomic extension Q((,)/Q, where p > 2 is a prime. The Galois group is
isomorphic to (Z/pZ)* and so is cyclic of order p — 1; it has a subgroup H of index 2,

H={1<n<p-1:nisasquare modp}.

The quadratic extension K of Q contained in Q(¢) is generated by
= H| - Th(Co) = Y ¢,
n=0

Moreover, o|k generates the Galois group of K/Q. o corresponds to some generator of the cyclic
group Z/pZ* and thus is not a square. It follows that o - H are the non-squares modulo p. Define
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the quadratic residue symbol, or Legendre symbol, as:
1, a=0 (mod p),a##0,

(a)_ -1, a#0 (mod p),
0, a=0 (mod p).

(%)= G)(5)

Thus, the Lagrange resolvent for the extension K /Q, the element

p—1
n
sz,—am,:z(p) e,

n=1

It satisfies the identity

is a square root of a rational number (and note that we could have started the sum at n = 0). This
sum is a special case of a Gauss sum.

Now, complex conjugation viewed as an automorphism of Q({,) must correspond to —1 € Z/pZ*
- the unique element of order 2 of this group. Thus, & is real < complex conjugation acts trivially
onk < —1 € H< —1is asquare mod p. And otherwise, K = —k. (We can also show that as

follows: & = S P~1 (g) (" = (’71) Pt (%”) ("= (’71) Pt (g) ¢ = <’71> k.) We leave
it as an exercise to show, using the fact that Z/pZ* is cyclic of order p — 1, that for p > 2,
p -1 p=3 (mod4).

That is, the field K/ is a quadratic real field if p =1 (mod 4) and is a quadratic imaginary field if
p=3 (mod 4).

Consider now |k|?> = kK. We have

p—1
n
KR = —1¢" K
(D) P

s (E0)6)9)
Lo (6 (F)e)

where in the last step we have changed variable from m to nm in the inner sum. This is permissible
for n # 0, and for n = 0 both the original sum and the one after change of variable are 0. We Claim

that the inner sum is equal to Z‘,;;lo (%) ¢p™. This is clear for n # 0 because then (”27”7> = (%)

For n = 0 we need the identity 0 = me_:lo (%) This is true: it expresses the fact that there are
as many non-zero squares as non-zero non-squares (otherwise said, that H has index 2). We thus

conclude that
p—1 p—1 m p—1 m p—1
> <p) o= () Sy
n=0

m=0 m=0 p n=0

m—1\p__
For m # 1, we have >-P_} ¢ty = % =0, while for m =1 we get p. It follows that
P

KR = |k|? = p.
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Consequently, we have proven:

Theorem 13.1.2 (Gauss). The unique quadratic subfield of Q({,) is Q ( (%) p).

13.2. Root extensions. \We make a standing assumption that \ F is a field of characteristic zero
A finite extension of fields K/F is called a root extension, if there are subfields

F=KoCKiC--CKs=K,

such that for all 1 </ < s,
Ki = Ki—1(%/a;), for some a; € K;_1, nj € Z~g.
The exact meaning of the notation K; = K;_1(%/a;) is that K; = K;_1(a) for some o satisfying
ai = a;.
Proposition 13.2.1. Let K/F be a root extension. There is a field L O K such that L/F is a finite

Galois root extension and Gal(L/F) is a solvable group.

Proof. We divide the proof into two steps.

First Step: We may assume K/F is Galois. To show that, choose first an extension ©2/K such that
Q/F is a finite Galois extension. This is possible since F has characteristic zero hence the extension
K/F is finite and separable. Now, for every o € Gal(Q2/F) the sequence of fields

F=0(F)=0(Ko) Co(Ki) S Ca(Ks)=0o(K),

is also a root extension. Indeed, o(K;) = o(K-1)(o(%/a)), but (c(%/a;))" = o(a;) € o(Ki-1)
and so, with abuse of notation, we may write 0(K;) = o(K;_1)( /0 (a;)) and conclude that o(K)/F
is a root extension as well.

This way, as o ranges over Gal(2/F) we get finitely many root extensions.

Lemma 13.2.2. [et F=K; C K1 C---CKe=Kand F=JC L C---C Jy = J be two root
extensions, where K; = Ki_1( %/a;), Ji = Ji—1('V/b;). Assume that K and J are both contained in
a common field N. Then the compositum KJ is also a root extension.

Proof. This is rather straightforward. We have
F=KoCKiC+ CKs=K=KJpCKIC-CKJp=KJ
and each extension is obtained by either adding a %/a; or a %/b;, as the case may be. ]

Applying the lemma successively to the root extensions o(K)/F, as o ranges over Gal($2/F) we
find that K" := [[,eqaiq/F) 0(K) is a root extension of F that is also Galois, because o(K’) = K’
for all o € Gal(2/F) and that implies that K’ is Galois over F (cf. the proof of the Main Theorem).

Step Two: Embed a Galois root extension K/F in a larger Galois root extension L /F whose Galois
group is solvable.* As K/F is a root extension, write

F=KoCKiC--CKs=K,
where

K,':K,'_l( VET,), for some a; € Kj_1, nj € Z~o.

#1t then follows that Gal(K/F), being a quotient of the solvable group Gal(L/F), is also solvable. But we don't
care. For the applications we just need some Galois root extension with solvable Galois group.
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Let N =lem{ny, no, ..., ns} and let M = F({n) = FQ({n), where by Q({n) we mean the splitting
field of xN —1 is some algebraic closure of K. Let L = KM.> We consider the following big diagram:

L=KM

K = K. KeaM

Ks—1 “Ho
KoM

Q(¢w)

///// \\\\\
S

Q

First, note that L /F is Galois because it is the compositum of the Galois extensions K/F and M/F
- use Proposition 12.2.1 (and also Proposition 12.1.1 to see that M/F is Galois). It is also a root
extension, being a compositum of the root extension K/F and the root extension M = F(V/1)/F
(where we adjoin a primitive N-th root of 1). We shall prove that Gal(L/F) is a solvable group.

Introduce the following notation: Let H, = Gal(L/K;M) for i = O,..., s — 1. Also put
H_1 = Gal(L/F). Now, M/F is Galois and so Hyp<<H_1 and, moreover, H_1/Hy = Gal(M/F) =
Gal(Q(¢n)/F NQ(¢n)) (Proposition 12.1.1) which is abelian because it is a subgroup of Z/NZ* =
Gal(Q(¢n)/Q). Note that each extension KiM/K;,_1M (for i = 1,..., s) is a root extension,
KiM = K;_1M( %/a;). Since K;_1 M contains all n; roots of unity, by Theorem 13.1.1 K;M/K;_1M
is a cyclic Galois extension. It follows that H;_1<1H,; and H;_1/H; =& Gal(K;M/K;_1M) is abelian.
In short, we have proven that the normal series

{1}<]H5_1<1H5_2<] .. <dHo<H_1 = GaI(L/F),

has abelian quotients and so Gal(L/F) is solvable. O

13.3. Solvability by radicals. In this section we prove a theorem that was, in its time, one of the
main achievements of Galois theory. Namely, that the general equation of degree 5 or higher, cannot
be solved by radicals.

5As a matter of fact, one can prove that M is contained in K, but not necessarily in each Kj, so for the argument
it is easier not to take that into consideration at all.
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First, we define what we mean exactly in solved by radicals. Let F be a field of characteristic
0 and f(x) € F[x] a non-constant polynomials. We say that f can be solved by radicals if there
exists a root extension K/F over which f(x) splits into linear terms.

Theorem 13.3.1 (E. Galois). Let F be a field of characteristic 0 and f(x) € F[x] a non-constant
polynomial. Let J be a splitting field of f(x). The f(x) can be solved by radicals if and only if
Gal(J/F) is a solvable group.

Proof. Suppose first that f(x) can be solved in radicals. Let K/F be a root extension in which
f(x) splits. Using Proposition 13.2.1, we may assume that K/F is Galois and Gal(K/F) is solvable.
Denote by ay, ..., o, the roots of f(x) in K. Let J = F(o, ..., o). It is the splitting field of
f(x) and since the characteristic of F is 0, J/F is a Galois extension. Furthermore, Gal(J/F) =
Gal(K/F)/Gal(K/J), thus a quotient of solvable group. Since a quotient of a solvable group is
solvable, Gal(J/F) is solvable.

Conversely, suppose that Gal(J/F) is solvable, where J is a splitting field of £. There is a normal
series,

{1} = G,<9Gppo1 ... <1Gg = Gal(J/F),

such that G;_1/G; is a cyclic group of order n;|N, where N=1[J: Flandi=1,..., n. Let Jj = JOi
the corresponding fields. Let M = F({y). We have the following diagram:

MJ = MJ,
//// Hos
J=J, MJn_1
Gnﬁ/ ‘ Hn->
JIn—1 :
Gn—2/Gn-1
M
Ho
5 M = M
Jo=F Q¢w)
\\\\ ////
Q

We let L = MJ. We consider the sequence of fields
L=MJDOMJ,_1D---DMlp=MD2DF.

Since J;/Ji_1 is Galois, also MJ;/MJ;_1 is Galois and its Galois group H,_; is isomorphic to the
subgroup Gal(J;/JiNnMJ;_1) of G;_1/G, (Proposition 12.1.1), hence a cyclic group of order dividing
n; and so dividing N. Since uy € M C MJ;_1, it follows from Theorem 13.1.1 that MJ;, =
MJ;_1( %/a;) for some a; € MJ;_;. Of course also M/F is a root extension. It follows that L/F is
a root extension in which f(x) splits. O
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Corollary 13.3.2 (Insolvability of the Quintic). The general quintic polynomial cannot be solved
in radicals.

Proof. Indeed, we have constructed a quintic polynomial with Galois group Ss (Example 10.6.3)
and Ss is not a solvable group. O

Let f(x) € F[x] be an irreducible (separable) polynomial of degree n and K/F its splitting field.
Then
Gal(K/F) < S,

and the image is a transitive subgroup of S,. Since S5, S3, S4 are solvable, so are their subgroups
and we therefore conclude:

Corollary 13.3.3. Every irreducible polynomial f(x) of degree < 4 is solvable by radicals.

Example 13.3.4. This does not imply that the splitting field of f(x) is a root extension. For
example, consider the field Q(n,) of Q({7) appearing in § 10.4. The element 7, has minimal
polynomial x3 4+ x?> — 2x — 1. As Q(n,)/Q is Galois it is the splitting field of x> + x? — 2x — 1, but
it is not of the form Q(:/a) for any a. Indeed, it if were then, being Galois, the polynomial x3 — a
would split and it would follow that Q(w), where w is a primitive third root of unity, is a subfield of
Q(ny). However, this is not possible because [Q(n,) : Q] = 3 and [Q(w) : Q] =2 and 24 3. On the
other hand, Theorem 13.1.1 tells us that the splitting field of the same polynomial, but considered
over Q(w) is a cyclic extension. That is, there is some a € Q(w) such that Q(n,, w) = Q(w)(a).
We leave the verification of that as an exercise (Exercise 48), which is surprisingly tricky.

Note that Q(n,, w) = Q(w)(¥/a) is a root extension of Q and that the splitting field of x> +
x? —2x — 1, namely, Q(n,) is a subfield. Thus, every root of x> + x? — 2x — 1 can be expressed in
radicals, in particular .

14. Calculating Galois groups

14.1. First observations. Let us review what we know about the Galois group of a finite Galois
extension K/F. Writing K = F(6), which is always possible by the Primitive Element Theorem,
we view K as the splitting field of the minimal polynomial f(x) of 6. Suppose the roots of the
polynomial are o, . . ., a, then Gal(K/F) acts by permutations on the set of roots and that gives
us an injective group homomorphism

Gal(K/F) < S,

and the image is a transitive subgroup of S,. This is not necessarily the most efficient method to
study Gal(K/F), but let us leave this point for later in our discussion.

At this point, especially for low degree polynomials, it is very useful to have a list of transitive
groups. We provide such in the following table. The groups are listed up to conjugation.

In listing the subgroups we listed the subgroups contained in A, first and then the subgroups not
contained in A,. We know already all the groups appearing in this list (V' stands for the Klein four
group), apart from the Frobenius group Fyo, which is a subgroup of Ss with 20 elements. A model
for this group is ((12345), (2354)). Any other subgroup of Ss with 20 elements is isomorphic to
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Table 1. Transitive subgroups of S,

n transitive subgroups of S,
2 So
3 Az and S3
4 V, A4 and ((1234)), D4, S4
51 ((12345)), Ds, As and Fyg, Ss

F>o; in fact, conjugate to it. See Exercise 49 for this classification and Exercises 50, 51 for more
about Fyg.

We see that a useful first step is to decide if the Galois group is a subgroup of A, or not. Fortunately,
there is a simple criterion for that. Let F be a field of characteristic different than 2 and let f(x)
be a monic non-constant separable polynomial in F[x] of degree n. Choose a splitting field K/F for

f and write there
n

Fx)=[[(x—a)., aiek.

i=1

0= H(a, — ;).
1<J
(This product really depends on how we order the roots, but just up to a sign.) We note that for
o € G, identified with a permutation o € S, via o(a;) = ag(py,

o(d) = H(U(ai) —o(a))) = H(Oéa(/) — ag(j)) = sgn(o) - 0.
i<j i<j
Define the discriminant of f(x), denoted Z(f), by the formula

2(f) = 6% = [ [ (i — o).

i<J

Consider the product

Our calculation shows that
@(f) c KGal(K/F) =F

and, furthermore, for o € Gal(K/F) we have
0(0) =6,Vo € Gal(K/F) < Gal(K/F) C A,.
But, 0(6) =6 if and only if 6 € F. And so, we conclude,
Proposition 14.1.1. Let F be a field of characteristic different than 2. Let f(x) € F[x] be a

non-constant separable polynomial of degree n with splitting field K. Then Gal(K/F) C A, if and
only if 2(f) is a square in F.

14.1.1. Quadratic polynomials. Suppose that f(x) = x° + bx + c. In terms of the roots ai, as
of f, we have
b=—(a1+az), c=omay,
whence
D(x? 4+ bx + c) = b*> — 4c.
We find that over fields F of characteristic different than 2 the polynomial f(x) is reducible (which
is equivalent to it having Galois group A») if and only if b? —4c is a square in F.
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14.1.2. Cubic polynomials. Consider a cubic polynomial g(x) = x3 4+ ax? + Bx + v over a field F
of characteristic different from 3. By change of variable, replacing x by x — /3, we can reduce the
polynomial to a polynomial of the form f(x) = x3 + ax + b. Note that the roots are shifted by /3
and so their differences remain the same. Thus, Z(f) = 2(g). We conclude that it is enough to
discuss discriminants for polynomials of the form

f(x) = x>+ ax + b.

In terms of the roots,
a=a10o + ajasz + aras, b= —aijaras.
Now, one just verifies that
(a1 — ap)?(a1 — az)?(an — a3)® = —4a° — 27b°.
(It requires the identity a1 + ap + a3 = 0.) That is,
P(x® + ax + b) = —4a> — 27b°.

Let's look at some examples.
Example 14.1.2. f(x) = x® — x + 1 considered over Q[x].
If f(x) is reducible over Q[x] it is reducible over Z[x] (Gauss' lemma) and then over Z/27Z[x]. It then
must have a root in Z/2Z, but this is not the case! Thus, f(x) is irreducible. An alternate argument
is simply to use that if f(x) is reducible over @ then it has a rational root a/b ((a, b) = 1) and, by
a well-known argument b divides the leading coefficient and a the constant coefficient. Thus, the
root could only be +£1 and those are easily discarded.

The discriminant 2(f) = —4-(—1) —27 = —23 which is not a square in Q. Therefore, the Galois
group is Ss.

Example 14.1.3. f(x) = x3 — 21x — 7. This polynomial is irreducible by Eisenstein's criterion.
PD(f) = —4-213 — 27 - (=7)? = 3°72, which is a square in Q. Therefore, the Galois group is As.

Example 14.1.4. Let's construct an infinite family of rational cubic polynomials with Galois group
contained in As. The arguments we give do not prove that the Galois group is Az because we do
not prove that the polynomials we get are irreducible, but it is very likely they are and, if so, we get
infinitely many examples of cubic polynomials with Galois group As. Finding such a polynomial is
equivalent to finding rational points on the surface y? = —4A3 — 2782,

Consider B as fixed and non-zero. Then

Eg:y?=—4A% —27B?
is an elliptic curve. Such curves have a very rich structure. Given two points (a1, y1), (a2, y») of
the curve, we can get a third point that we denote

Ep
(a1, y1) © (a2, y2).

E
To get the new point (a1, y1) & (a2, y2) one proceeds as follows (refer to Figure 2):

e Add to Eg an ideal point at infinity and denote it Of,.

e Draw the line through (a1, y1) and (a2, y») (or the tangent line to Eg at the point (a1, y1)
if (a1,y1) = (a2,y2)). This line intersects the curve Eg in a third point, say Q = (a3, y3).
(In rare cases, there is no such point Q and then let Q = Og,).

E
e Let (a1,)1) @B(ag,yg) be the point (as, —y3), that is the mirror image of Q along the a-axis.
E
In the case that Q = Og,, let also (a1, 1) & (a2, y2) = Of,.
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Figure 2. Addition on elliptic curve

3

a_l,y D@2,y 2)

Although we have described our process geometrically, one can also express it by polynomial formulas.
Those make sense over every field, enabling a theory of elliptic curves over any field. An interesting
fact, which is easy to show, is that if (a1,y1) and (az, y») have coordinates in a certain field F,
where also the equation of the elliptic curve is defined over F, then the new point (as,y3) =

(a1,y1) %3 (a2, y»2) has coordinates in F as well. Moreover, the elliptic curve becomes an abelian
group under this addition law! It's identity element is Og, and the group inverse of (a1,yi1) is
(a1, —y1)-

The key implication for us is that once we have found a rational point (a1, y1) on some Eg, where
B € Q, we can get other points as

(an:)/n) = [n](aldﬁ)v

where [n](a1, y1) means add the point (a1, y1) to itself n-times in the abelian group Eg. If the point
(a1, y1) is of infinite order on Eg then we get that way infinitely many cubic polynomials over Q
with square discriminant; if those polynomials are irreducible then their Galois group is As.

As a matter of fact, one can prove that the point P := (a,y) = (—21,337) on the elliptic curve
E;:y? = —43% —27-49 is a point of infinite order (this is the point corresponding to the fact that
the discriminant of the polynomial x3 —21x — 7 is a square). Some multiples of P are

P = [-21,3%7]

[£IP =[-7.7]

[B8]P = [-57/4,-405/2)
[4]P = [-427,—17647]

[12]P _ [=4012727988243653281 _ 8025773933749949127319297679
84540051739598400 12290336346243832249824000
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14.2. Calculating Galois groups by reducing modulo a prime p. This technique is very general,
but the general statement, as well as the proofs, require the machinery of algebraic number theory.
We therefore state a special case, though still of considerable interest.

Theorem 14.2.1. Let f(x) € Z[x] be a monic irreducible polynomial of degree n. View the Galois
group G of f(x) as a subgroup of S,. Suppose that modulo a prime p not dividing the discriminant
of f we have the factorization

f(x) = A(x)f(x) - f(x) (mod p),

where the f; are distinct irreducible polynomials in Fp[x]. Let nj = deg(f;). G contains a permutation
of type (n1, N2, ..., Ny).

The usefulness of the theorem is that often the existence of a permutation of a given type allows
to decide between several alternatives for the Galois group. Consider the following examples of low
degree polynomials.®

Table 2. Transitive subgroups of Ss3

type: (1,2) (3)
As v
S3 v v

Table 3. Transitive subgroups of Sy

wpe:  (1L12) (13) (22) (4)
V v
Ay ve v
((1234)) v
Dy v v v
Sa v v v v

Let us consider some examples. Let G denote the Galois group of the polynomial f(x) = x® —x+1
that we had already considered above; the polynomial is irreducible modulo 2. Thus, G has a 3-cycle.
This is in fact of no value since all transitive subgroups of S3 contain a 3-cycle. However, f(x)
factors modulo 7 as (x —2)(x? +2x+3) and thus G contains a transposition and therefore G = S.

Consider next the polynomial f(x) = x* — 4x2 + 2 (irreducible by Eisenstein), with Galois group
G. One verifies that this polynomial is also irreducible modulo 3 and so G contains a 4-cycle. Let o

6According to the paper Enumerating subgroups of the symmetric group by Derek F.
Holt, the number t(n) of transitive subgroups of S, up to conjugacy is as follows:

n: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 s 32
tth) 1 1 2 5 5 16 7 50 34 45 8 301 9 63 104 1954 10 983 8 1117 --- 2801324
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Table 4. Transitive subgroups of Ss

type: (1,1,12) (1,1,3) (1,2,2) (1,4) (23) (5)
((12345)) v
Ds v v
As v v v
Fao v v v
Ss v v v v v v

be a solution of the polynomial y?> — 4y +2. Then, K, the splitting field of f contains Q(y/a) and
Q(v/a) 2 Q(v2) because a = 2++/2. The conjugate of a is @’ = 2 —+/2. Over K the polynomial
f(x) factors as

(x = Va)(x + Va)(x = Va') (x + Var').

However, note also that a/a’ = (1 ++/2)? and so, Vo' € Q(y/a). It follows that K = Q(v/a) and
so of degree 4 over Q. We conclude that G = Z/4Z.

Now, the conclusion that K = Q(1/a) is not hard. It only required checking that o/’ is a square
in Q(a). Thus, even without using reduction modulo a prime, we can easily deduce that the Galois
group is of order 4. Is there a way to prove it is cyclic without using the technique of reduction
modulo prime? Indeed there is and here are two ways to show that:

e One can calculate the discriminant of x* —4x? 42 by hand, as the roots are very particular.
It is equal to 21, which is not a square. Therefore, the Galois group is not contained in As
and so must be a cyclic group of order 4.

e Consider the automorphism o: Q(a) — Q(«) that takes a to o’. It also takes the polyno-
mial x> — a to x2 — ' and we know that we can extend it to K = Q(v/a) = Q(v') by
taking v/a (a root of the irreducible polynomial x2 — a) to v/a’ (a root of the irreducible
polynomial x2 — a’). The choice of the square roots is determined by the requirement that
va=(1+V2)Va.

Call this extension also o. To show that the Galois group is cyclic it is enough to show
that 02 # 1. But, o?(va) = o(V&') = o((1 +vV2)"1Va) = (1 —V2) lo(Va) =
(1-vV2)"Wo = -1 +V2)Va = —/a.

14.3. Using compositum. Sometime the Galois extension K/F is presented to us as a compositum
of extensions, for example as K = F(a1,61). In this case, if F(a1)/F and F(B1)/F are Galois
then it may be more efficient to use Proposition 12.2.1 to calculate the Galois group than to write
K = F(0) and proceed as before. Indeed, letting as, ..., ap be the roots of the minimal polynomial
of ap over F and B4, ..., Bm the roots of the minimal polynomial of 31. Then we have an inclusion

Gal(K/F) < S, x Sp

and the image is a subgroup with the property that its projection on S, and on S,, are transitive
subgroups of S, and S,;,, respectively. We also have the information that

Gal(K/F) = {(0, 1) € Gal(F(a1)/F) x Gal(F(B1)/F) : olr(an)nFB:) = TIF(a)nF@G) )

but this is hard to phrase in terms of the permutation groups.
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Example 14.3.1. Consider the field K = Q({s, V2 + v/3). We have seen before that Q(s) is
Galois with Galois group (Z/27)? and that Q(v/2 + v/3)/Q is Galois with Galois group (Z/27)?
too and with quadratic subfields Q(v/2), Q(v/3), Q(v/6). These are all real subfields. It follows
that Q(v/2 + v/3) N Q(¢g) is at most a quadratic subfield and, in fact, the intersection is Q(v/2)
(g + (g = 2cos(m/4) = v/2). Thus, being a subgroup of order 8 of (Z/27)? x (Z/27)?,

Gal(K/Q) = (Z/27,)3.

We can be more precise than that and consider the roots {(g, Cg’, (3, ¢4} of the minimal polynomial
of {g. The Galois group is then the Klein 4 group V of S4. An element o fixes Q(v/2) if and only if
it preserves the set {1,4}. We also consider the roots {v/2+v3, —v2++3, —v2—+/3,vV/2—/3}
of the minimal polynomial of v/2 + v/3 and once more the Galois group is isomorphic to V C S,
and we have taken care to list the roots so that a permutation in V fixes Q(1/2) if and only if it
fixes the set {1,4}. Thus, as a permutation group

Gal(K/Q) = {(o,T) € V x V : either both ¢ and T
preserve the set{1,4}, or both do not preserve {1,4}}.

14.4. Quartic polynomials. The Galois group of a quartic irreducible polynomial f(x) € F[x] can
fall into 5 different cases; see Table 3. We want to find ways to narrow down even more that
possibilities. To simplify the discussion, we assume that F has characteristic different than 2.

Let us revisit the example of the discriminant. We found there an expression in free variables x;,
namely § = H,<j(x,- — xj) that is invariant under the alternating group A,, but not under S,. The
minimal polynomial of § was t2 — §2, in the sense that its coefficients are invariant under S,. Given
now any specific polynomial f(x) with coefficients in a field F we concluded that its Galois group is
contained in A, if and only if the polynomial splits over F, where now 6% = 2(f).

Limiting our attention to polynomials of degree 4, let us now consider another universal expression
in the roots. Consider the expression

(x1 +x2)(x3 + xa).

It is clearly stable under the permutation group generated by (12), (34), (13)(24), which is a group
of order 8, hence isomorphic to Dy (it contains for example the cycle (1324) = (12)(13)(24)). The
only subgroup of S, that contains D, is S4 itself and we see that this element is not invariant under
a larger subgroup of S4. We therefore form the polynomial

h(t) = (t — (x1 + x2)(x3 + x4))(t — (x1 +x3) (2 + xa))(t — (x1 + x2) (X2 + x3)).

This polynomial is invariant under the full Galois group. A straightforward long computation gives
the following. If

f(x) =x*+ax®+ bx® + cx + d,

and we put

1
(—3a* 4+ 16a°b — 64ac + 256d),

_ 1 2 _ 1.3 _ L
p = —=(—3a" + 8b), q—8(a 4ab + 8c), r= e

8
then:’

o h(t)=1t3—2pt?+ (p> —4r)t + ¢°.

"We have taken this formulas from Dummit and Foote.
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e One can show that h and f have the same discriminant and it is equal to
D(f) = 16p*r — 4p3q? — 128p?r? + 144pq°r — 27q* + 2561°.

Note that the computations are much more pleasant if one first performs a change of variable so
that a = 0. At any rate, the polynomial h(t) is called the resolvent cubic.

Let K be the splitting field of f(x) € F[x], which we assume now to be an irreducible quartic
polynomial. Let J be the splitting field for h(t) in K. Then J/F is Galois as is K/F.

K

J Gal(K/F)
GW
!

Further, Gal(K/F) is a transitive subgroup of S4 and Gal(J/F) which is a quotient of Gal(K/F) is
a subgroup of S3. We have the following considerations that almost decide completely the Galois

group.
. ’If the resolvent h(t) is irreducible and 2(f) = Z(h) is not a square‘ then Gal(J/F) = S3.
The only transitive subgroup of S4 having S3 as a quotient is S4 and thus

Gal(K/F) = S4.
. ’If the resolvent h(t) is irreducible and 2(f) = 2(h) is a square ‘then Gal(J/F) = As. Fur-

ther, Gal(K/F) C A4 and so is either A4 or V. But V doesn’t have a quotient isomorphic
to Az. Thus,

Gal(K/F) = Aq

e Assume now that the resolvent cubic h(t) is reducible. Then it could have either 1 or 3
roots in F. Assume first that ’h(t) has 1 root in F‘, say (a1 + az)(as + aa). As this
expression is preserved by the copy of D4 indicated above, we find that the Galois group
of f is contained in D4 and has order at least 4. Since precisely 1 root of h(t) is in F,
the Galois group cannot be V/, because V preserves all 3 roots of h. This still leaves two
possibilities: a cyclic group of order 4 or Dy itself. One can show that the first possibility
occurs if and only if f(t) is reducible over the field F(\/2(f)).

e The remaining possibility is that‘ h(t) has 3 roots in F ‘ This means that every element of G
fixes each of the three expressions (a1 +a)(az+aas), (a1+a3)(as+ay), (a1+as)(az+as)
(they are distinct because Z(h) = 2(f) # 0). That means that the Galois group is
contained in V. Since it has order at least 4, we must have

Gal(K/F) = V.

Example 14.4.1. Consider the polynomial f(x) = x*+2x-+2 over Q. It is irreducible by Eisenstein's
criterion. We calculate that

The resolvent cubic is therefore

h(t) = t3 — 8t + 4.
The roots over Q can only be integers of the form +1, 42, £4 and those are easily ruled out. Thus
h(t) is irreducible. The discriminant is

2 =1616 = 2* . 101,
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which is not a square. Thus, the Galois group of f is S4.
On the other hand, consider the polynomial f(x) = x* + 3x + 3 over Q. It is again irreducible.
We calculate that

and the resolvent cubic is

h(t) = t3 — 12t +9.
Now the roots over Q can only be integers of the form +1, 43,49 and a calculation shows that
only 3 is a root. Thus h(t) is reducible,

h(t) = (t — 3)(t? + 3t — 3),
but it has only one root in Q. The Galois group can only be D4 or a cyclic group of order 4. The
discriminant of f is 3% - 52 - 7. We reduce f modulo 13 and find that it factors as follows:
x*4+3x+3=(x+2)(x+4)(x> —6x+2) (mod 13),

where the quadratic is irreducible (it has discriminant 4 - 7 and 7 is not a square modulo 13, as
one verifies by hand). It follows that the Galois group contains a transposition and so must be Dy.
Another way to conclude that is to check that f(t) is irreducible over the field Q(1/2(f)) = Q(v/21).
We leave it to the reader to carry out this task and so be convinced that this is easier said than
done!
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Part 4. Where to next?
15. Infinite Galois Theory

The fundamentals of infinite Galois theory essentially require little besides a more powerful lan-
guage. An infinite Galois extension is by definition a union of finite Galois extensions and so the
theory is derived from the theory for finite Galois extensions. The Galois group though is now an
infinite group that has a topology. There is a notion of open and closed subgroups and the Main
Theorem sets a bijection between subfields and closed subgroups of the Galois group. The proofs
are rather easy, once one sorts out the topology of the Galois group and which are precisely the
open and closed subgroups.

The groups that arise that way as Galois groups are interesting. They fall into a larger family of
the so-called profinite groups. We do not have the language yet to define this concept precisely,
but the idea is that those are groups G with a system of normal subgroups {Ny} such that G/Ny is
a finite group and such that Ny Ny = {1}. The group is, roughly speaking, captured by all its finite
quotients.

16. Geometry

There is a powerful link between algebraic geometry and field theory, which extends also to include
compact Riemann surfaces. Let k be an algebraically closed field. A function field F (of dimension
1) over k, is a finite extension of the field k(x) of rational functions in x. We can then talk about
finite extensions of F.

On the other hand, we may talk about nonsingular complete curves over k. Those are obtained
as solutions to systems of linear polynomials with coefficients in k in some projective space over k.
An example of such curve is defined by

y2z=x3+2°,

in the projective space of dimension 2 and homogenous coordinates (x : y : z). If the characteristic
is not 2 or 3, this is a nonsingular curve.

To every such curve C defined over k there is an associated field of rational functions k(C). Those
are rational functions in the variables of the space in which the curve lies that are well-defined at
almost every point of C. So, of the C being the projective line with homogenous coordinates (x : y)
we have functions such as x/y or (x> +3-y?)/xy and on the curve given above we have functions
such as (x3 + y3)/xyz = y?z/xyz = y/x. It turns out that associating a function field k(C) to a
curve gives a dictionary:

geometry algebra
curve C function field k(C)
algebraic map C — D k(D) < k(C)
degree of C - D [k(C) : k(D)]
C — D is Galois k(C)/k(D) is Galois

This provides a very powerful to construct curves, and on the other hand, to construct families of
Galois extensions. Once more, we are bound by limits of language, but for instance, we have the
cover P! — P! given by (x : y) + (x? : y?). The function field of P! is k(P') = k(t), t = x/y and
the cover corresponds to the inclusion k(t) = k(t?) C k(t). This is a Galois extension. For every
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rational point t = x/y it produces the Galois extension Q(1/t)/Q, allowing a new dimension: we
can view certain Galois extensions as varying in families.

If Kk = C the picture is extended to yet another di-
mension. The notion of a Riemann surface is a gen-
eralization of the complex plane. It is a surface in
which every point has a neighbourhood with identi-
fication with the unit disc in the complex plane and
such that on overlaps, the “back and forth” function
is holomorphic. Riemann surfaces were introduced
by Riemann to describe the behaviour of multi-valued

complex functions, such as the square root, the log-
arithm. They are an indispensable part of modern
mathematics.

It is a theorem that any compact Riemann surface is analytically equivalent to a curve over the
complex numbers and vice versa. One therefore has the following additional facet:

analysis geometry algebra

Riemann surface C | algebraic curve C function field k(C) of rational polynomial
functions = meromorphic analytic functions

analytic map C — D | algebraic map C — D | k(D) — k(C)
degree of C - D degree of C - D [k(C) : k(D)]
C —» D is Galois C —» D is Galois k(C)/k(D) is Galois

17. Other ‘Galois-like' situations

This is a direction which seeks to axiomatize structures present in Galois theory. For example,
the theory of curves, or of compact Riemann surfaces; the theory of the fundamental group in
topology; and to an extent the theory of the differential Galois group appearing in the study of
differential equations. The interesting thing is that there are situations where a collection of objects
and morphisms between them behave as if there was a group governing them, and indeed there
is, but the group is not known at the beginning. One concludes its existence from the system of
objects and maps it should be governing!

18. Study of specific fields

The study of specific fields is of great importance. Taking the field of rational numbers Q,
the study of its Galois extension is fundamental to number theory, while taking the field k(t) is
fundamental to algebraic geometry. More precise information in the case of F,, is useful to a variety
of applications in coding theory and cryptography.
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18.1. The inverse Galois problem. The inverse Galois problem is, at its origin, the problem of
classifying all Galois extensions of Q. Of course, the problem can be asked for any field F instead
of Q, but already in the case of Q it is completely beyond reach. That being said, there is a lot
of information that had been gathered about Gal(Q/Q), in many cases involving very sophisticated
techniques. As a result, we know to realize many simple (simple in the sense of group theory - no
nontrivial normal subgroups) groups as Galois groups of some extension F/Q, but that doesn't bring
us much closer to solving the general problem.

18.2. Generation of particular Galois extensions. One may therefore ask if for a particular class
of groups ¢ we can solve the inverse Galois problem. That is, can we show that every group
G € ¥4 is the Galois group of some Galois extension F/Q? For example, can we realize all abelian
groups? The answer to that last question is yes. It follows from the theory of cyclotomic field
combined with Dirichlet theorem: one can show that any finite abelian group G is a quotient of
(Z/NZ)* = Gal(Q(¢{n)/Q) for some N.

The next question we may try is to realize all p-groups G, or the closely related problem of
realizing all nilpotent groups. In fact, a famous theorem of Shafarevich states that we can realize
all solvable groups (in particular the nilpotent groups, the p-groups, the abelian groups).
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Exercises

Prove the Chinese Remainder Theorem (Theorem 1.5.1).

Prove Lemma 2.1.3.

Give an example of a torsion-free module that is not free.

Give an example of a module M over a commutative ring, such that every element of M is
torsion yet Ann(M) = {0}.

Prove Corollary 2.5.3.

In § 2.5.4 explain why the discussion remains valid if y1, ..., Ym are merely a set of generators
for N (and not necessarily a basis). Use this to find the structure of the module Z3/N where
N is spanned by (1,1,1),(6,3,2) and (4,1,0).

Prove that the following statement is true for n < 3 and show that if fails for n = 4: “two
n x n matrices over a field F are conjugate if and only if they have the same minimal and
characteristic polynomial” .

Using the techniques explained in § 2.5.4, find the rational canonical form of the following
matrices and, using it, also the Jordan canonical form. Note: you are not required to find
the bases in which we have the canonical form, or the Jordan form. | suggest NOT using the
previous exercise, but only comparing with the previous exercise, when possible, to check
that your calculations gave the correct result.

1 1 10
1 00 110

0 3 1 -1 1 1
21 0}. 010

1 =2 0 0 0 2
3 31 0 31

0 0 10

Let f : Z" — Z" be a group homomorphism represented with respect to the standard basis
by a matrix M € Mp(Z). Assume that det(M) # 0. Prove that

H(Z"/F(Z")) = | det(M)].

Let FF be a finite field with g elements; let GL,(F) act on M,(F) by (C, A) — CAC~*. Write
a formula for the number of orbits of this action for n=1,2,3,4,5,6.

Guidance: | don't think the Cauchy-Frobenius formula is of any help in this case. | suggest
using the rational canonical form of a matrix. After doing those cases (you can explain
in detail the cases n = 2,3 and just compute the rest) you'll be able to write a general
“formula” that holds for every n.

Let A € M>(Q) be a matrix satisfying A% = /, where [ is the identity matrix. Assume A # /.
Write A in rational canonical form and in Jordan canonical form viewed as a matrix over C.
Prove that a square matrix is conjugate to its transpose.

Show how to construct /5, 1%@ and v/5 using straightedge and compass.

Show that if a and b are constructible non-zero lengths then so is a/b.

Prove that r = 2 cos(27/5) satisfies the equation x° + x — 1. Prove that one can construct
a regular pentagon using straight-edge and compass and sketch the steps.

Prove that if [F(a) : F]is odd then F(a) = F(a?). Can you generalize this statement?
Let K D F be an extension of fields of degree [K : F] = n. Choose a basis vy, .. ., v, for K
as a vector space over F. Given any a € K we consider the map

Ta : K = K, k — ak;
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Verify that T, is an F-linear map. Thus, we can associate to each a an n X n matrix,
namely, the matrix M, that represent T, with respect to the basis we have chosen. Prove
that this gives an injective ring homomorphism K < M,(F). We conclude that we can
realize every extension of F of degree n as a subfield of the ring of matrices M,(F).
Prove that a is a root of the characteristic polynomial A(My) of My, in fact that the
minimal polynomial m(a) of o divides A(My).
Use this method to calculate the minimal polynomial of v/2 and 1 + v/2 + v/4 over Q.

(18) Let K be a finite extension of F. Prove that K is a splitting field over F if and only if every
irreducible polynomial in F[x] that has a root in K splits completely in K[x].

(19) Let K7, K> be finite extensions of F contained in the field K, and assume both are splitting
fields over F. Prove that K1K> and K1 N K> are splitting fields over F.

(20) Construct fields IFq, F16, of four and sixteen elements, respectively. For the field F4 write ex-
plicitly the addition and multiplication tables. Show that there are precisely two embeddings
F4 — F16 and write them down explicitly in terms of your construction of the fields.

(21) Prove parts (2) and (3) of Theorem 7.1.2.

(22) Prove the Mobius inversion formula (Lemma 7.1.3).

(23) Prove that for every n and prime p there is at least 1 irreducible polynomial of degree n
over [Fp,.

(24) Let F be a field with an algebraic closure F. Let F C L C F. Prove that F is an algebraic
closure of L as well.

(25) Semi-direct products.
Let G be a group, K a normal subgroup of G and H an additional subgroup of G with the
following two properties:

KNH={1}, KH=G.

Note that KH is a subgroup since K is normal, thus the assertion is that every element in
G is uniquely the product kh, k € K, h € H. Namely, there is no need to take the subgroup
generated by KH,; it is already a subgroup (and KH = HK). In this case we say that G is
a semi-direct product of H and K and denote G = K x H.

Let h € H, then h defines an automorphism of K by k — hkh~!. Denote this automor-
phism 6(h). Letting h vary produces a homomorphism 6: H — Aut(K). This isomorphism
determines G. Indeed, every element in G can be written uniquely as kh and

kihikoho = ki(hikohi') - hiho = ki (8(h)(k2)) - hiho.

Show that given any homomorphism 6: H — Aut(K) we get a semi-direct product G =
K x H. Show that the dihedral group D, of 2n elements is a semi-direct product.
(26) Consider the polynomial xP — £, where p, £ are prime numbers.

(a) Prove that this polynomial is irreducible over Q.

(b) Choose a p-th root /£ of £ in R and consider the fields F := Q(¥/£) and Q((p).
Determine their degree over Q.

(c) Prove that L = FQ(¢,) = Q(¥/4,¢p) is the splitting field of xP — £ over Q and is a
Galois extension of Q. Calculate the degree of L over Q.

(d) Prove that ‘restriction’ is a well-defined surjective homomorphism ( “surjective” is prob-
ably the most subtle point) Aut(L/Q) — Aut(Q((,)/Q) and let K be the kernel. Let
H be the subgroup Aut(L/F) of Aut(L/Q). Show that Aut(L/Q) = K x H.

(e) Finally, show that

Aut(L/Q) = Z/pZ x (Z/pZ)*,
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where (r, s) acts on (, by taking it to ¢; and on /¢ by taking it to CIQ\’VZ. Determine
the homomorphism 6 of the semi-direct product.

(27) Let n= (7 + (7.

(a) Find a polynomial of degree 3 with rational coefficients that 7 satisfies. (Hint: use
automorphisms Q((7).)

(b) Prove that [Q(¢7) : Q(n)] =2, [Q(n) : Q] = 3.

(c) Show that Q(n) is the splitting field of the cubic polynomial you have found. (That
would not be hard, if you found that polynomial by thinking first what it roots should
be.)

(d) Conclude that Aut(Q(n)/Q) = Z/37Z.

(28) Write an example of a Galois extension of fields with the following groups as Galois groups:
{1},2/22,7.)3Z,7./47, 7.)]27Z.x ./ 27, 7./ 5., 7./6Z, S5, ./ TZ., (Z./2Z)3, Z,/8Z. In fact, look-
ing at the notes and exercises, you'll find that we have already provided examples of all those
groups, but one.

(29) Let f(x) be an irreducible polynomial of degree 4 with rational coefficients. Let o be a root
of f,sayin C, and let L = Q(). (a) Let K be the splitting field of f(x) over L (hence over
Q). Find the possibilities for Gal(K/Q). (Hint: it should be a transitive subgroup of Sy.
Why?7?). (b) Assume now that L contains a quadratic subfield L > M D Q, where M/Q is
a degree 2 extension. Assume further that K properly contains L. Prove that in this case
K has degree 8 over Q; determine the Galois group. (Hint: show that a solves a quadratic
polynomial g(x) € M[x]. How are g and f related?)

(30) Prove Corollary 9.4.3.

(31) Let L = Fp(x,y) and let L(P) the image of L under the Frobenius map L — L given by
g(x) — g(x)P. Prove that [L : L(P)] = p?. Show that there are infinitely many distinct
subfields L(P) C E C L.

(32) Reuvisit question 26, assuming that p = 7. Determine all the subgroups of the Galois group
and all the corresponding subfields.

(33) Returning to question 26 once more, prove that K = Q({, + ¥/2).

(34) Show that Q(v/2,v/3,V/5,v/7)/Q is a Galois extension and determine its Galois group. Hint:
you may want to show a similar statement first for Q(+/2, v/3, v/5)/Q; then one issue you
may need to deal with is to show that Q(+/7) is not a subfield of Q(v/2,v/3,v/5). But
Galois theory allows you to write down all the subfields of Q(v/2, v/3, v/5)!

(35) Let F be afield and xq, .. ., x, free variables. Consider the field K = F(x1, x2, .. ., Xn) which
is the fraction field of the ring of polynomials F[xi, xo, ..., Xp]. Show that S, C Aut(K).
Use this result to prove that any finite group G is the Galois group of some extension of
fields.

(36) Let K/F be a Galois extension and suppose that K = F(a). Let H < Gal(K/F) and let
fr(x) = [Tpen(x — o(a)). Prove that fiy(x) € KH[x] and that K is the splitting field of fy
over K. Show further that K" is generated over F by the coefficients of fy (that are the
symmetric functions in the roots of fy).

(37) Prove, using only the Intermediate Value Theorem for R, that every complex number has a
square root in the complex numbers.

(38) Write the diagram of subgroups and the diagram of subfields of Gal(Q({s)/Q) and Q({s)/Q,
respectively. Write each subfield as Q[x]/(f(x)) for an appropriate polynomial.

(39) A theorem of Dirichlet on primes in arithmetic progressions says the following. If N, d are
positive integers such that (N, d) = 1 then there are infinitely many primes p = d (mod N).
Using this theorem (in fact, only for the case d = 1) prove the following:
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(a) First, as a useful reduction, prove that if G is a finite abelian group and H is a group,
then H is isomorphic to a subgroup of G if and only if H is isomorphic to a quotient
group of G.

(b) Prove that any finite abelian group is isomorphic to the Galois group of some Galois
extension of Q. (You may use exercises (64)-(65) from the course notes for MATH
370.)

(40) Let F be a subfield of the complex numbers C. Let L be an finite separable field extension
of F, ¢: L — C a homomorphism that is the identity on £, and K a finite extension of ¢(L)
such that K/F is Galois. (Remark: we make no other special assumption about K. In fact,
there is a choice of K that is more or less canonical. Write M = (L) = F(aq, ..., an)
with minimal polynomials over [F say f1,..., fn. Let K be the splitting field of 1 -1,
over M. Then K satisfies the requirements and there is no proper subfield of K that both
contains M and is Galois over F.)

C

K
L—= (L)
—

Prove that Homg (L, C) = Homg(L, K) and that Gal(K/F) acts transitively on Homg(L, C).

(41) Let K/F be a cyclic Galois extension of degree p” , where p is a prime, and assume that F
contains p” distinct p"-th roots of unity. That is, x?" — 1 is separable and split over F. Let
o be a generator for the Galois group.

(a) Viewing o as an F-linear operator 0: K — K, show that ¢ can be diagonalized and
that its eigenvalues are roots of unity of order dividing p".

(b) Show that one of the eigenvalues must be a primitive p”-th root of unity as follows: Use
Galois theory to show that the subspace spanned by the eigenvectors corresponding to
roots of unity killed by p”"~! cannot be “too large”.

(c) Take an eigenvector o corresponding to a primitive p”-th root of unity. Show that
d =a”" € F and that K = F( V/d).

(42) Assume that there is an irreducible polynomial f(x) of degree 4 over Q with a real root and
such that its splitting field K/Q has Galois group Sy.

(a) Show that there is a degree 4 extension E/Q, where E is real, with no quadratic
subfields. Conclude that if [E : Q] is a power of 2 then it need no be the case that
every element of E is constructible.

(b) Show that x* — x — 1 is an example of such a polynomial.

(43) Show that Q(v/2 + v/2) is Galois with Galois group isomorphic to Z/4Z.

(44) Let F be a field and F(x) the field of rational functions over F, whose elements are ratios of
polynomials f(x)/g(x) where f(x), g(x) € F[x] and g(x) # 0. Recall that it is the quotient
field of the UFD F[x].

(a) Let a(x) = f(x)/g(x) be a non-constant element of F(x), where f(x), g(x) are poly-
nomials with no common factor. Show that F(x) is a finite extension of F(a(x)) of
degree max{deg(f),deg(g)} by considering the identity f(x) — u- g(x) = 0, where
u = a(x). (Note that the field F(u) could be viewed as the field of rational functions
in the variable u.)
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(b) Let (25) € GLo(F). Show that there is unique automorphism F(x) — F(x) deter-
mined by x — é’iig Conclude a homomorphism GLa(F) — Aut(F(x)/F).

(c) Prove that PGLo(F) = Aut(F(x)/F), where PGLo(F) = GLo(F)/F* (F* is identified
here with a subgroup of matrices by A — X -/, A € F*).

(d) Apply that, and Luroth’s theorem that states that any subfield of F(x) that properly
contains F is isomorphic to F(t) for some variable t, to show that one can realize the
groups PSL»(IFy) as Galois groups of a field extension F(x)/F(u(x)) for some rational
function u(x). (These groups are interesting, because they are simple groups in all
cases except n=2, g=2,3.)

(e) Consider the automorphisms o, T corresponding to the matrices (% 1), (93), re-
spectively. Prove that they generated a subgroup H of Aut(F(x)/F) isomorphic
to S3. Prove that the fixed field under H, F(x)" is the subfield F(u(x)), where
ux) = (x> =x+1)% x2?(x —1)72

(f) Find a similar presentation for the subfields F(x){?, F(x){™.

(45) Determine the Galois group of the splitting field over Q of the polynomial x* — 14x? 4 9.

(46) Let f(x) be an irreducible polynomial of degree p, p a prime, over Q. Suppose that f(x)
has exactly two nonreal roots in C. Then the Galois group of f(x) over Q is the symmetric
group Sp.

(47) Calculate the Galois group of Q(+v/2, w, v/5)/Q using Proposition 12.2.1. (Be careful that
your arguments are convincing when calculating intersections of fields!)

(48) Let m, be asin § 10.4. Prove that Q(n,, w) = Q(w)(v/a) for some a € Q(w) and find such
an a. Express n; in radicals.

(49) Transitive subgroups of Ss. Recall that we proved that S, has a unique normal subgroup if

n > 5 and that subgroup is A, which is a simple group of order n!/2.

(a) Let G be a subgroup of Ss different from As. Prove that [Ss : G] > 5.

(b) Assume now that G is a transitive subgroup of Ss different from Ss or As. Prove that
the order of G is 5,10, 15 or 20.

(c) Show that there are no subgroups of Ss with 15 elements. (Hint: first show that such
a subgroup G cannot be contained in As.)

(d) Show that the groups of order 5 are conjugate to ((12345)).

(e) Show that every group G of order 5, 10 or 20 has a normal 5-Sylow subgroup. Conclude
that up to conjugation a transitive subgroup G of Ss, that is different from Ss and As,
is contained in the normalizer of ((12345)) in Ss.

(f) Prove that the normalizer is ((12345), (2354)).

(g) Conclude the classification of transitive subgroups of Ss. Namely, that they are either
As, Ss, or conjugate to ((12345)), ((12345), (25)(34)) or ((12345), (2354)).

(50) Show that the Galois group of x> — 2 is isomorphic to the Frobenius group Fpo.

(51) Show that Fyg is isomorphic to the affine linear group over the field Fs. Namely, to the
group of maps of the form x — ax + b, a € }F_;f b e Fs.

(52) Calculate the Galois group of x® — 3x + 1.

(53) Find infinitely many examples of polynomials of the form x3 4+ 2ax + a with Galois group Ss.

(54) Calculate the Galois group of x* 4+ 5x + 5.

(55) Calculate the Galois group of x* + £x + £, where £ is a prime greater than 5.

(56) Use the Chinese Remainder Theorem to find polynomials with Galois group Sy.
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