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1. Overview

We examine the degeneracy loci of holomorphic
Poisson structures�the subvarieties where the
rank of the Poisson tensor drops. We discuss:

• Bondal's conjecture regarding degeneracy
loci on Fano manifolds

• The singularities of degeneracy loci

• The �residues� of Poisson structures

Throughout, X is a connected complex manifold,
ωX = ΩtopX is the canonical sheaf (the holomor-
phic volume forms), X k

X is the sheaf of holomor-
phic k-derivations on X and

σ ∈ Γ(X,X 2
X )

is a holomorphic Poisson structure.

2. Degeneracy loci

For k ∈ Z≥0, the 2kth degeneracy locus of σ
is the analytic subvariety

D2k(σ) = {x ∈ X | rank(σ|x) ≤ 2k}

= Zeros
(
σ∧(k+1)

)
,

which is the union of all symplectic leaves of
(complex) dimension ≤ 2k.

3. Bondal's conjecture

A Fano manifold is a compact complex mani-
fold X with c1(X) > 0 (eg., projective space Pd).

Conjecture (Bondal [2]). If X is Fano, then
D2k(σ) has a component of dimension ≥ 2k + 1
for all k < 1

2 dim X.

Theorem (Beauville [1], Polishchuk [6]). If X
is Fano and M = max rank(σ), then DM−2(σ)
has a component of dimension ≥M −1. Hence,
Bondal's conjecture is true for Fano threefolds.

4. Main result: evidence for Bondal's conjecture

Theorem. Let X be a connected Fano manifold of
dimension 2n. Then every component of D2n−2(σ)
has dimension ≥ 2n−1, and D2n−4(σ) has at least
one component of dimension ≥ 2n− 3.

Corollary. Bondal's conjecture is true for Fano
manifolds of dimension four.

Right: An outline of the proof of the theorem for
Poisson structures that are generically symplectic.
In this case, D2n−2(σ) is a hypersurface�the zero
locus of the anti-canonical section σn. This poster
discusses steps 4A and 4B.

Use Lefschetz' hyperplane theorem
to show that D2n−2(σ) is singular.

4A
Control the singular locus

W = D2n−2(σ)sing.

4B
Use modular residues to

study the Poisson module ωX|W.

Use Bott's vanishing theorem on ωX|W
and c1(X) > 0 to bound dim D2n−4(σ).

Example: Feigin-Odesskii P4

Above: A cross-section of the generically sym-
plectic Poisson structure q5,1 on P4 de�ned by
Feigin and Odesskii [3]. The black curves rep-
resent the 2D symplectic leaves. Their closures
intersect at the singular locus of the degeneracy
hypersurface, which is an elliptic curve in P4.

Below: Projection of the 2D symplectic leaves
of q5,1 to P3 gives the Poisson structure q4,1,
which vanishes on an elliptic curve (red).

4A. The singular locus

Degeneracy loci are highly singular:

D2k−2(σ) ⊂ D2k(σ)sing

whenever D2k(σ) 6= X. To prove the
main theorem, we use the following
facts about the singular locus of a
degeneracy hypersurface:

Theorem. Suppose dim X = 2n
and σ is generically symplectic. Let
W = D2n−2(σ)sing. If W 6= ∅, then

dim W ≥ 2n− 3.

If dim W = 2n − 3, then OW has a
locally-free resolution obtained from
the natural Poisson structure

σ∇ ∈ Γ
(
X,Λ2AωX

)
on the Atiyah algebroid of the
canonical sheaf (see right).

Corollary. If dim W = 2n−3, then
W is a Gorenstein scheme with dual-
izing sheaf ω−1X |W and fundamental
class [W] = c1(X)c2(X)− c3(X).
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4B. Modular residues

Since the modular vector �eld Z of σ is de�ned
modulo Hamiltonian vector �elds, Z∧σk is well-
de�ned wherever rank(σ) ≤ 2k. Since Z is tan-
gent to every degeneracy locus, we may de�ne
the modular residue

Reskmod(σ) = Z ∧ σk|D2k(σ)

∈ Γ
(

D2k(σ),X 2k+1
D2k(σ)

)
.

This residue is often nonzero, suggesting that
there may be a local reason for the prediction
dim D2k(σ) ≥ 2k + 1 of Bondal's conjecture.

Theorem. The modular residue is given by

Reskmod(σ) =
−1

k + 1
Tr(Dσk+1)

where Dσk+1 is the derivative of σk+1 along
D2k(σ), and Tr : Ω1

X ⊗X 2k+2
X → X 2k+1

X is the
contraction.

Notice that if dim X = 2n and σ is generically
symplectic, then W = D2n−2(σ)sing is the zero
locus of Dσn. Therefore, Z ∧σn−1|W = 0 and Z
is tangent to the (2n− 2)-dimensional leaves of
W. Hence, ωX|W has a �at connection along the
leaves, and Bott's vanishing theorem applies.

Example: residues on P2

Above: The zero locus of a Poisson structure
on P2 is a cubic curve. The red arrows represent
the modular residue Res0mod(σ).
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