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Chapter 1

Weak Convergence of Probability
Measures.

1.1 Introduction.

Let (E, &) be a measurable space, and let P(E) be the set of all probabilities on £. In this chapter, we wish
to consider the convergence of sequences of probabilities in P(E).

1.2 Total Variation Measure.

Notation. & will also denote the set of all measurable functions f : E — R, and £, will denotes the set of
all non-negative such functions. Recall that a signed measure 1 on £ is a countably additive real-valued set
function on &, which takes at most one of the values +o00, —co. For any « € E, we define the Dirac measure

€x(+) by

€:(A) =

0 otherwise.

{1 if x € A,

€, is actually a probability measure; if f € £, then [ f(y)e,(dy) = f(x).
Total Variation. Let p be a signed measure on £. Then by the Jordan-Hahn decomposition theorem, the

formulas

t(A) = B “(A)=— inf wB), Ac&
pr(A) BCS},I;GSM( ), 1 (A4) BCIAIfBes”( ), A€E,

define measures p* and p~ on € (one of which must be finite) such that 4 = p* — p~ (This is called the
Jordan decomposition of u). Moreover, it is possible to find at least one set ET € £ such that

pr(A) = p(ANET), p (A)=-p(ANE"), A€k,

where £~ = E \ E*. The partition E = E* U E~ is called the Hahn decomposition of E.
The measure |u| = ut + p~, defined by

lul(A) = " (A) +pu~(4), A€k,

is called the total variation measure corresponding to p. Observe that |u(A)| < |u|(A) for any A € €. A
signed measure (4 is called finite if |u|(E) < oc.
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Ezxamples.

(1) Suppose E is countable, and that £ is the family of all subsets of E. Then p*({z}) = u({z}) v u(0) =
p({z}) v 0 and similarly p~({z}) = —p({z}) A 0. Hence ut and p~ are given by

TA) =Y u{eh Vo, pT(A) == ufz}) A0, A€E,

T€EA z€EA

and we can take
ET ={z € Elp({z}) >0}, E~ ={z e Elu({z}) <0}.

The total variation measure is given by

ul(A) =" [u({z})], A€€.

z€A

(2) Suppose p is of the form

/f v(dz), A€€,

where v is a measure and f is quasi-v-integrable. Then

+A):/Af+(x)y(dx), /f v(dz), A€E,

where fT(z) = f(z) V0 and f~(x) = —[f(z) A 0] for all z € E. The total variation measure is given
by

1ul(A / f(2)v(dz), AcE.
Proposition 1.2.1 Let p be a signed measure on € such that |p|(E) < co. Then

Wl(E)=  sup I/fdul

fe&:lfI<t

Proof. For such an f as described, we have

[t =1 [ rant = [ s < [1n1at+ [1f1de = 1l <),

and so we have shown that

FE dul.
l )z@tlly/f u

Equality is actually achieved, since for f = Ig+ — Ig—, we have |f| < 1 and

[an= [ 1ovdu [ 1o du=pt (E) w7 (E) = |0l E).

Definition. The total variation norm of p is defined to be

= F) = su d ul. 2.1
el = [l (E) |f|51|/f u (2.1)
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Remarks.
(1) If g is a measure, then ||u|| = u(E).

(2) Let My(E) be the set of all signed measures p on € such that ||u|| < co. Then M(E) is a vector
space and || - || defines a norm on M;(E). For we have

|1 + p2ll = sup \/fd(u1+uz)| = sup | fdu1+/fdu2| < |l + 2]
IF1<1] If1<1|

and

Jewll = sup | [ sa el =Ic| sup | [ sl =cllal]
|f1<1] |f1<1]

It can be shown that M, (E) with this norm forms a Banach space. Moreover, the subset P(E)
consisting of probability measures is closed.

(3) If p is such that u(E) =0, then u™(E) = u~ (E), and so

il = 2 sup u(A).
A&

In particular, if P; and P, are probability measures, then

|Py — Ps|| = 2sup |P1(A) — Py(A)]. (2.2)
Aeg
(4) The inequality
sup [u(f) —v(HI < llw—vl (2.3)
[fl<1

is useful. In particular, if ||u, — p|| — 0 as n — oo, then wu,(A) — u(A) uniformly in A € €.

Ezercise. Let A be a subset of £ which contains a a subclass B satisfying (i) o(B) = &£, and (ii) B is a
m-system (that is, B is closed under finite intersection). Then

d(p,v) = sup [n(A) = v(A)|

defines a metric on P(E). In particular, if A = &, then d(u,v) = ||p — v||/2 is the total variation metric on
P(E).

Solution. Certainly d(-, ) is non-negative and symmetric and the triangle condition is satisfied. If d(u,v) =
0, then pu(A) = v(A) for all A € B. Since B is a m-system which generates £, then u(A) = v(A) for all A € &,
and so pu = v. [

Exercise. If x # y, show that e, — €] = 2.

Definition. Let {un,n > 1} C P(E) and p € P(E). We say that {y,,n > 1} converges to p in total
variation if ||, — p|| — 0 as n — oo.

Suppose that E is a metric space and that {z,,n > 1} C E and = € F are such that =, # x for all n,
and x, — z asn — oo. Since ||e;,, — €, || = 2, the corresponding sequence of Dirac measures cannot converge
in total variation to the Dirac measure at x.

Proposition 1.2.2 (Sheffé’s Theorem) Let A be a measure on a measurable space (E,E), and let f and
{fn,n > 1} be non-negative measurable functions on E such that [ fd\ =1 and [ f,d\ =1 for all n, and
let

;mmzﬁnw,mw=ﬁmmzma

If fu(x) = f(x) for A-a.e. © € E, then p, — p in total variation as n — oo.
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Proof. We have ||u — pn|| = 2(1 — pn) T (E) = 2 [(f — fu)T dX. Since (f — f,)* — 0 except on a set of
A-measure 0, and 0 < (f — f,,)* < f for all n, then the result follows by the bounded convergence theorem.

Proposition 1.2.3 Suppose E is a countable set, and that & is the family of all subsets of E. Let {p,,n > 1}
and p be probability measures on £. Then w, — p in total variation if and only if p,({z}) — p({z}) for
everyx € E.

Proof. We have
g =l = Ip({a}) = pn({z ) =2 [p{x}) = pn({z ]

el zeFE

If p, — p in total variation, then obviously p,({z}) — u({z}) for every z. Conversely, if p,({z}) — p({z})

for every z, then [p({z}) — pn({z})]" — 0 and [p({z}) — pn({z})]" < p({z}) for every @, so [lu— pull — 0
by the bounded convergence theorem. (]

Proposition 1.2.4 Let pu1,v1 be distributions on (E1,E1), and let pa, vo be distributions on (Ea,&). Then

[ % p2 — 1 xvo|| < flpa — il + [lp2 — vel|.

Proof. Let f(x1,22) € & X & be such that |f| < 1. Then

|/fd p1 X p2) /de1><V2|<|/fd pa X p2) /fdl/1><u2

#1 [ £ <) = [ £ <o)

—| [ matae) [ faraanatdrn) = [wrldon) [ farauatdes)
+1 [ watdna) [ foranlden) = [vatdes) [ faraa(do)
< lpr = vall + llpe — vel],

which implies the desired result. |

Proposition 1.2.5 Let uy, vy, po, and vy be distributions on (E,E), where E is assumed to be an additive
group, so that convolution is defined. Then

[ % po = v xva| < g X pz = 11 X v,

Proof. We use the fact that if 4 and v are measures on € and if f € &, then pxv(f) = [ p(dz) [v(dy) f(z+y).
Let f € € be such that |f| < 1. Then

() = v ena( D) =| [ (o) [ alan)sia+ o)~ [n(de) [valdn) s+ 9)] < o x e =1 x vl

1.3 Measures in Metric Spaces.

For the rest of this chapter, we assume that E is a metric space with metric d, and that £ is the Borel
o-algebra, namely the o-algebra generated by the family of open subsets of E. Let Cy(E) denote the set
of all bounded continuous functions f : E — R. In this section, we are going to establish some needed
properties of probability measures in this setting. We shall need the definition

d(z, A) = inf{d(z,y)ly € A}, z€E,ACE.
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Proposition 1.3.1 Let AC E.

(1) |d(z, A) —d(y, A)| < d(z,y), and so d(x, A) is a continuous function of x (in fact a Lipschitz function
of x-see below).

(2) d(z,A) =0 if and only if x € A.
Proof.

(1) From the triangle inequality, we have d(x,z) < d(z,y) + d(y, z). Taking the infimum over all z € A
gives d(z,A) < d(x,y) + d(y, A), so that d(z, A) — d(y,A) < d(z,y). Interchanging x and y gives
d(y, A) —d(z, A) < d(y,x) = d(z,y). We conclude that |d(z, A) — d(y, A)| < d(z,y) for all z,y.

(2) By part (1), the set {z € E|d(z, A) = 0} is closed and contains A, so it contains A. Conversely, if
d(xz, A) = 0, there is a sequence {x,,n > 1} C A such that d(x,x,) — 0, and therefore z € A.

Definition. Let f : E — R be a measurable function. Then f is said to be Lipschitz continuous if the
number

— o @) ()]
S(f)f;ﬁ; iy (3.1)

is finite. Note then that we have

‘f(x)_f(yﬂ Ss(f)d(xvy)v SC,:Z/EE,

and so f is necessarily uniformly continuous.

Ezample. For any A C E, d(z, A) is Lipschitz continuous in = with s(d(-, 4)) = 1.

Proposition 1.3.2 If f and g are Lipschitz continuous, then f A g is Lipschitz continuous, with s(f A g) <
s(f)V s(g).

Proof. Since
max{|f(z) = f()],lg(z) — g()[} < [s(f) V s(g))d(,y),
it will be enough to verify that
lf A gla) = A gy)] < max{[f(z) = f(y)],|9(x) — g(y)[} (3.2)

for all z and y. There are four cases to be examined. In the first case, suppose that z and y are such that
f(z) < g(x) and f(y) > g(y). Then f Ag(x) — f Ag(y) = f(z) — g(y) and

flx) = fly) < f(z) —g(y) < g(x) - g(y),

which leads to (3.2). The other three cases are just as easily checked, so we conclude that (3.2) holds for all
x and y. [

Proposition 1.3.3 Let G be an open set and define
fo(x) =min{l,nd(x, E\ G)}, z€ E,n>1.
Then f, is Lipschitz continuous for alln and f, T Ig as n — oo.

Proof. The fact that f, is Lipschitz continuous follows from the previous proposition. Certainly f, <
frnt1 < Ig for all n. If z € G, then d(x, E\ G) > 0 and we can choose ng such that nod(z, E\ G) > 1. Then
nd(xz, E'\ G) > 1 and therefore f,(xz) =1 for all n > ny. (]
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Proposition 1.3.4 Every pn € P(E) is regular; that is, we have
w(A) = sup{u(F)|F C A, F is closed}, p(A)=inf{u(G)|A C G,G is open}
for every A € £.
Proof. Let
A = {A € E|for every € > 0 there are closed F' and open G with ' C A C G and pu(G \ F) < €}.

It suffices to show that A = &. If A is open and € > 0, we take G = A and define F,, = {z € E|f,(z) = 1},
where f,, is as defined in proposition 1.3.3 and n > 1. F, is closed for all n and since F,, 1 A, then u(F,) 1
u(A) as n — oo, so there is an n such that u(A\ F,) < e. Thus A contains all open sets. We now show that A
is a o-algebra. A is obviously closed under complementation. Suppose {A,,n > 1} C A, and let {F,,,n > 1}
and {G,,n > 1} be closed and open sets respectively such that F,, C A, C G, and u(G, \ F,,) < ¢/2"1
for each n. Define G = U,>1G,. Let N be large enough that p(U,>1F,) — p(Un<nFy) < €/2, and set
F =UN_,F,. Then F is closed, G is open, F C Up>14, C G,

WG\ F) = p(G) = p(F) = [(G) = p(UpZy Fo)l + [(UnZ Fr) — p(Un<n Fr)
w(G\ U, Fy) +¢/2 < Z (Gu\ Fy) +¢/2 <,
and so Up>14,, € A. (We used the fact that US2 G, \ USZ F,, CUSL (G, \ F).) ]

Proposition 1.3.5 Let p,v € P(E) be such that

[au= [ rav

for every f € Cp(E) (or only every Lipschitz function in Cp(E)). Then p=v.

Proof. Let G be an open set. Let f,(z) be as in proposition 1.3.3. Then by the monotone convergence
theorem, we have

w(G) = lim [ f,du= hm fndv =v(Q).

Hence p and v agree on open sets. By regularity, u and v agree on £. (Alternatively, since u and v agree on
the class C of open sets which is closed under finite intersection and generates &, then = v on £.) [

Definition. p € P(E) is said to be tight if for every € > 0 there is a compact set K such that u(K) > 1—e.

Proposition 1.3.6 If E is either (i) o-compact (i.e. a countable union of compact sets), or (ii) separable
and complete, then every u € P(E) is tight.

Proof. Let ¢ > 0. If F is o- compact then ' = U2 K,, where each K,, is compact. Let N be such that
w(UN_K,) >1—¢ Then K = UY_ K, is compact and pu(K) > 1 — . Next, suppose E is separable and
complete. Since E is separable, then for each n there is a sequence A1, Apna, ... of open balls of radius 1/n
that cover E. For each n, let i,, be such that M(UE;AM) >1—¢€/2™. The set A =N, U1 1 Api is totally
bounded and p(A) > 1 —e¢. Let K = A. Then K is compact (see Dugundji page 298) and p(K)>1—e€. 1

1.4 Weak convergence.

In this section, F' is a metric space with metric d.

Definition. Let {y,,n > 1} C P(E) and p € P(E). We say that the sequence {u,,n > 1} converges
weakly to p, and write p,, — i, if [ fdp, — [ fdp for all f € Cy(E).
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Comparison with convergence in total variation. Suppose that {u,,n > 1} C P(F) and p € P(E)
are such that p, — p in total variation. Then for any f € Cy(E), we have

| / Felpn / fu) = | / Fd(yin — ) = I/ / /DA — 1)) < e — ],

and so convergence in total variation norm implies weak convergence. The converse is not true, as the
following example shows.

Ezample. Suppose {z,,n > 1} C E and x € E are such that d(z,,z) — 0 as n — co. Then

for all f € Cp(E), and 50 €, — ¢,. But recall that |le,, — e,| = 2 if 2, # 2.

Ezample. Suppose that E is countable, and is considered with the metric

d(z,y) 0 ifx=y,
xT =
RN BT

The topology generated is the discrete topology in which every subset of E is open. The Borel o-algebra
£ then consists of all subsets of E. Suppose that {u,,n > 1} and p are probabilities on &, and that
n — 1. Since each singleton set is both open and closed, the function f = I {z} is continuous and bounded,
so pn({z}) — p({z}) for every x € E. By the proposition immediately following Sheffé’s theorem in the
previous section, this implies that p, — p in total variation. Thus weak convergence and convergence in
total variation are equivalent for probability measures on countable state spaces.

Background. There is a strong connection between weak convergence, as just defined, and what is called
weak*-convergence in normed linear spaces. Specifically, let X be a normed linear space, and let X* denote
the set of all continuous linear functionals on X. Recall that X* is also a normed linear space with norm

|z*|| = sup |z*(z)|, =" € X*.
xzeX

llzll<1

We say that a sequence {x},n > 1} in X* converges in norm to «* € X* if ||z} —z*|| — 0 as n — oo. We say
that a sequence {z},n > 1} in X* is weak*-convergent (or converges vaguely) to z* € X* if 2 () — z*(z)
for every z € X. Since

| () — 2™ ()] < [, — 2™ |[[|]],

it follows that if 2}, — 2* in norm, then z} — z* vaguely. Moreover, by Alaoglu’s theorem, the closed unit
ball {z* € X*|||z*|| < 1} is compact in the weak™ topology.

Now let us get more specific. Suppose E is a compact Hausdorff space, and let X = Cp(E). Then X*
can be identified by the isometry

() =/fdu, fex.

with the space My (F) of all finite regular signed measures p on &, the Borel subsets of E. It is obvious
that weak™ convergence in X* here is just weak convergence as has been defined, and it can be shown that
convergence in norm in X* is simply convergence in total variation.

If F is a metric space and X = Cy(E), then X* can be identified with the space of all finitely additive
regular set functions p on &£, by the same isometry as above, with the same characterizations of weak™ and
norm convergence.
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Definition. Let u € P(E). A € € is called a continuity set for u if u(0A) = 0. (Note: 94 = A\ A°.)

The following theorem gives three equivalent definitions of weak convergence.

Theorem 1.4.1 (Portmanteau Theorem) Let {y,,n > 1} C P(E) and p € P(E). The following state-
ments are equivalent.

(1) pn = 1,
(2) [ fdp, — [ fdu for all f € Cy(E) which are Lipschitz continuous,
(8) liminf, o pun(G) > u(Q) for all open sets G,
(4) limsup,, . pn(F) < p(F) for all closed sets F,
(5) limy,— oo n(A) = p(A) for all p-continuity sets A € £.
Proof.
(1) = (2). Obvious.
(2) = (3). Let G be open and let € > 0. Let f,,(z) be as defined in proposition 1.3.3, and let
= {x

F,, {r € E: fn(x) = 1}. Then each F,, is closed and F,, T G. Let m be large enough that
w(Fp) > p(G) —e. Then

~—

liminf p, (G) > lim /fm dpy, = /fm dp > u(Fy) > p(G) —e.

n—oo

(3) & (4). This is obvious by taking complements.
(4) = (5). For any A € &, we have

w(A°) < liminf u, (A°) < liminf p,(A) < limsup p,(A) < limsup p,(A) < p(A).

If A is a continuity set, then p(A°) = p(A), so u,(A) — u(A) and (5) holds.

(5) = (1). Let f € Cp(E). By scaling and translation, we can assume that 0 < f < 1. The sets
Fy, = {z € E|f(z) = y} are pairwise disjoint for different values of y € R, so u(F,) > 0 for only
countably many y € R (because {y € R|u(F,) > 0} = UsZ  {y|u(F,) > 1/n} and the sets in the union
are finite). It follows that {f > y}, which has boundary in F), is a continuity set for all but countably

many y. Hence pun,{f >y} — p{f > y} a.e (dy), and so by the BCT, [ fdu, = [;° pn{f > y}dy —
IS wlf > yrdy = [ fdu.

Ezample. Let E =R. Let G = (0,00) (open) and let F' = (—o00,0] (closed). Let j,, = €1y, and let u = €,
so that s, — . Note that

(1) liminf, . pn(G) = 1, while u(G) = 0,

(2) limsup,,_,o pn(F') = 0, while p(F) = 1.
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Remark. Yet another equivalent condition is the following:

(6) liminf, .o [gdu, > [ gdp for all bounded lower semicontinuous functions g : E — R.(Note: g is
lower semicontinuous if {g > a} is open for any a € R.)

For if (6) holds then (3) holds since I is lower semicontinuous whenever G is open. Conversely, if g is
lower semicontinuous and bounded, there is a sequence {f,,n > 1} C Cy(E) such that f, 7 g. Since
[ gdun > [ fm dps, for every n, then liminf, oo [ gdu, > [ fn du. Letting m — oo gives (6).

Proposition 1.4.2 Let {p,,n > 1} C P(E) and p € P(E). Let U be a subclass of € such that
(1) U is closed under finite intersections,
(2) each open set in & is a countable union of members of U.

If pn(A) — u(A) for all A €U, then p, ~ pu.

Proof. Suppose that Ay,..., A, € U. Then by the inclusion-exclusion principle, we have

pn(UiZy Ai) = ZMH(AZ') - Zﬂn(Ai NA4;) + Zﬂn(Ai NA; NAg) — ...
i i, i,k
=Y p(A) =) (AN A+ (AN AN Ay) —
i ij ijk
= (U2, 4i).
Thus we have p,(A) — u(A) whenever A is a finite union of members of U. Let G be an open set, and

let € > 0. Then there is a sequence {4;,7 > 1} C U such that U2, A; = G. Let m be large enough that
w(U, A;) > pu(G) —e. Then

w(G) —e < (U2, A;) = lim pp (U, A4;) < liminf u, (G).

n—oo

Since this is true for all € > 0, we have p(G) < liminf,, o pn(G). (]

Definition. Let {F,,,n > 1} and F be distribution functions on R?. We say that F,, converges to F in
distribution, and write F,, - F, if F,(x) — F(z) at every point = of continuity of F'.

Ezample. Let F be a distribution function, and define F, (x) = F(x — 1/n). Then F,(z) — F(z) if and
only if x is a point of continuity of F.

Theorem 1.4.3 (Helly-Bray Theorem) Let p,,n > 1 and p be laws on R? with distribution functions
F,,n > 1 and F respectively. Then p, — p if and only if F, 4P

Proof. We give the proof only for d = 1. Suppose first that p, — . If z is a point of continuity of F, then
u({x}) = 0; it follows that (—oo, z] is a continuity set for u, so Fy,(x) = p,(—00, 2] — p(—o0, 2] = F(z).
Conversely, suppose that F,,(z) — F(x) for all z at which F' is continuous. Let

U = {(a,b]|a,b are points of continuity of F'}.

If (a,b] € U, then pp(a,b] = F,,(b) — F,(a) — F(b) — F(a) = u(a,b]. By the previous proposition, we need
only show that U satisfies conditions (1) and (2) there. Certainly U is closed under finite intersection. Since
F' can have only countably many discontinuities, then points of continuity of F' are dense in R, and it follows
that the second condition on U is satisfied. (]
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Definition. A family A C P(FE) is said to be uniformly tight (or just tight) if for every e > 0, there is a
compact set K C E such that pu(K) > 1 — e for every pu € A.

Theorem 1.4.4 (Helly’s Selection Theorem) Let {F,,,n > 1} be a sequence of distribution functions
on R. Then there exists a subsequence {Fy,,i > 1} and a possibly substochastic distribution function F such

that F,,, LR oasi— 0. If the sequence {F,,n > 1} is tight, then F is a proper distribution function.

Proof. We shall use the diagonalization procedure. Let {ri,r2,...} be an enumeration of the rational
numbers. Since {F,(r1),n > 1} C [0,1], there is a subsequence {n},i > 1} and a number G(r;) such
that F,1(r1) — G(r1). By the same token, there is a subsequence {n},i > 1} of {nj,i > 1} such that
F,z2(r2) — G(r2), and so on. This defines a non-decreasing function G(r),r € Q. Define n; = nii > 1,
and F(z) = inf{G(r)|r is rational and r > =}, € R. Then {F,,,i > 1} and F' are as required. Note that
F,,(r) — G(r) for every rational number r.

(1) F is a distribution function. For certainly F' is non-decreasing. Suppose that {z,,n > 1} are real
numbers such that z, | z. Given € > 0, let r > z be rational such that F'(z) > G(r) — ¢, and let N
be such that =, < r for all n > N. Then F(z) > G(r) — € > F(x,) — € for all n > N, implying that
F(z) > limy, 00 F'(xy,). Since F' is non-decreasing, we certainly have lim,,_, o F'(z,) > F(z). We have
therefore shown that F' is right continuous.

(2) Fy, L F. Forlet z € R be a point of continuity of F'. Given € > 0, let s € Q with < s be such
that G(s) —e < F(x) (by def'n of F). Let ' € @ be such that v < z and F(r') + ¢ > F(z) (since
F(z~) = F(x)), and let r € @ be such that ' < r < 2. Then

F(z)—e < F(r') < G(r) = lim F,,(r) <liminf F,, (z) < limsup F,, (z) < lim F,,(s) = G(s) < F(x)+e.

11— 00 11— 00 71— 00 11— 00
Since this is true for all € > 0, we deduce that lim;_, o Fp, (z) = F(x).

Suppose the sequence {F,,,n > 1} is tight. Let € > 0. Then there is an interval [a, b] such that F,[a,b] > 1—¢
for all n > 1. Let z and y be continuity points of F' such that * < a and y > b. Then F,,,(z,y] > F,,|[a,b] >
1 — € for all n. Letting i — oo shows that F(x,y] > 1 —e. Since € > 0 was arbitrary, we conclude that
F(R) =1. ]

Ezample. Define
Fo(z) = alz>ny +blp>_py +cG(z), xR n>1,

where G is a distribution function and a, b, ¢ are positive numbers such that a+b+c = 1. Let F(x) = b+cG(x).
Then F,,(z) — F(x) for all x. However, F' may not be a proper distribution function, since F(4+00) =b+ ¢
and F(—o0) = b.

Proposition 1.4.5 Let {j,,n > 1} be probability measures on R. If there is a function ¢ : R — [0, 00) such
that ¢(x) — oo as |x| — oo, and such that C = sup,, [ ¢(x)dp, < 0o, then {un,n > 1} is tight.

Proof. We have

Oz [ o)z it o) -pnla] 2 M),

and so o
sup pp{lz| > M} < ———m—.
n Ul J 1nf\z|2M ¢(x)
Now given € > 0, we can choose M large enough that the right-hand side is less than e. (]

Definition. A family A C P(E) is said to be relatively compact if for every sequence {p,,n > 1} C A,
there is a subsequence {/i,,,4 > 1} and a u € P(E) such that p,, — p as i — oo.
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Remark. If {u,,n > 1} is a relatively compact sequence of probability measures, and if every weakly
convergent subsequence has the same limit p, then pu, — p. For suppose that pu, 7 p. Then there is
[ € Cy(E) such that [ fdu, # [ fdu, and therefore an € > 0 and a subsequence {n;,i > 1} such that
| [ fdun, — [ fdu| > € for all i > 1. This contradicts the fact that {s,,,i > 1} must have a subsequence
converging weakly to u.

Proposition 1.4.6 Let A C P(R). Then A is relatively compact if and only if it is uniformly tight.

Proof. Suppose A is uniformly tight. Let {u,,n > 1} C A, and let {F,,n > 1} be the corresponding
distribution functions. By the Helly selection theorem, there is a subsequence {F,,,i > 1} C {F,,n > 1}
and a proper (here is where uniform tightness is used) distribution function F' such that F,, (z) converges
to F(x) at all points of continuity x of F. Let p be the probability corresponding to F. Then g, 2w as
i — oo. Thus A is relatively compact.

Suppose A is not tight. Then there is an ¢ > 0 such that for every compact set K, there is p € A such that
u(K) < 1—e. For this €, choose for every integer n > 1 a probability u, € A such that p,(—n,n] <1—e If A
were relatively compact, the sequence {j,,n > 1} would have a weakly convergent subsequence {p,,,% > 1},
converging say to u € P(E). Then for every z € R, (—z,2) C (—n;,n;] for all large enough 4, and so we
would have

p(—z,z) <liminf p,, (—z,2) < Uminf p,, (—n;,n;] <1 —k,

11— 00

which would imply p(R) < 1. ]

Problem. Show that if F,, % F, where F is continuous, then sup, R |[Fn(z) — F(z)] — 0 as n — oo.

In general, the previous proposition is true for any metric space F, as follows.
Theorem 1.4.7 (Prohorov’s Theorem) Let E be a metric space, and let A C P(E).
(1) If A is uniformly tight, then it is relatively compact.
(2) If A is relatively compact, and if E is separable and complete, then A is uniformly tight.

Proof. See Billingsley, page 37.

Proposition 1.4.8 Let (E,&) and (E',E") be measurable spaces, and let h : E — E' be a measurable
function. Let p be a probability on €. Define

ph=H(A) = p[n~H(A)], Aeg’.

Then puh~"' is a probability on £, and for any measurable function f : E' — R, we have

[ fin@ntdn) = [ e yun @),
whenever one, and then both, of these integrals exist.

Proof. If f = I4 where A € &', then [ f[h(x)u(dz) = plh~'(A)] = ph=*(A) = [ f(a")ph~1(dz’), so the
integral equality is true when f is an indicator function. The proof may be completed via the “usual” method.
|

Theorem 1.4.9 (The Mapping Theorem) Let (E,d) and (E’',d’) be metric spaces, and let h : E — E’
be a measurable function. Let D, C E be the set of points in E at which h is discontinuous. Suppose that
{tgn,n > 1} C P(E) and p € P(E) are such that p, — pu and pu(Dy) = 0. Then p,h=' 5 ph=1.
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Proof. Define
Acs=U  yeer  {x € Eld(z,y) <d}n{x € Eld(z,2) < d},

d’'[h(y),h(2)]>e

where € > 0 and 6 > 0. Then A, s is the union of open sets, and so is open. Moreover, we have
Dh = U Ns Ae,§7

where the union is over all rational € > 0 and the intersection over all rational § > 0. It follows that Dj, € £.
Let F be a closed subset of E’. Since h=1(F) C D, Uh~Y(F), then u[h=1(F)] < u(Dp) + plh1(F)] =
ulh=Y(F)], and so p[h=1(F)] = u[h=(F)]. Hence

lim sup i, h = (F) = limsup p, [h~H(F)] < limsup pn, [h=1(F)] < p[h=1(F)] = plh~(F)] = ph™*(F).

|

Corollary 1.4.10 Suppose that i, — p and that h : E — R is a bounded measurable function with u(Dy) =
0. Then [ hdu, — [ hdpu.
Proof. We apply the above proposition with £’ = R. Suppose that |h| < M, and define

M ifr<—M,

fley=<=z if —M <xz<M,

M ife > M.

Then f € Cp(E) and so
[ = [ sl din = [ @t~ [ f@dan = [ i) do= [ na

as n — oo. [

1.5 Convergence in Distribution.

Definition. Let {2, F, P} be a probability space, and let (E, £) be a measurable space. Let X be a random
variable defined on €, and taking values in E. Then the probability measure

Px(A)=PX Y(A)=P{X c A}, Ac¢g,

is called the distribution or law of X. Observe that for any measurable function f : F — R, we have

Ef(X) = / f(x)dPy,

whenever one, and therefore both, of the integrals exist.

From now on, (E,d) is a metric space with metric d.

Definition. Let {X,,n > 1} be a sequence of random variables all taking values in the metric space E
(but not necessarily defined on the same probability space), and let X be a random variable with values in
E. For each n, let px,, denote the distribution of X,, on E, and let p1x denote the distribution of X. Then

we say the sequence {X,,,n > 1} converges in distribution to X, and write X, 4, X, if ux, Zoux. A set
A € £ is a continuity set for X if P{X € 04} = 0.

The following is a direct translation of the Portmanteau theorem.

Theorem 1.5.1 (Portmanteau Theorem) Let {X,,n > 1} and X be random variables with values in
E. The following statements are equivalent.
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(1) X, % X,

(2) Ef(X,) — Ef(X) for all f € Cp(E) which are Lipschitz continuous,
(3) liminf, . P{X, € G} > P{X € G} for all open sets G,

(4) limsup,,_,., P{X, € F} < P{X € F} for all closed sets F,

(5) lim,, oo P{X, € A} = P{X € A} for all X-continuity sets A € £.

Definition. Let {X,,n > 1} and X be random variables defined on the same probability space {2, F, P}
and taking values in the metric space E. We say that {X,,n > 1} converges in probability to X and write

X, LA X, if for every € > 0, we have
P{d(X,,X) > €} - 0asn— 0.
Proposition 1.5.2 (1) If X,, — X in probability, then X, 4 x.
(2) If X,, La (where a is a constant), then X, — a in probability.
Proof.

(1) Suppose X, 72 X. Then there is f € Cy(E) such that [ fdux, # [ fdux; that is, there is an € > 0,
and a sequence {n;,i > 1} such that |Ef(X,,) — Ef(X)| = |[ fdux,, — [ fdux| > € for all i > 1.
This contradicts the fact that since X,,, — X in probability, there is a further subsequence {n;,,j > 1}
of {ni,i > 1} such that Xy, — X a.e., and therefore Ef(X;, ) — Ef(X).

(2) Let fr(x) = min{kd(z,a),1} where k > 1 is an integer. Then f}, € Cy(E) and Ijgqez,a)>1/6} < fr(2), s0

P{d(X,,a) > 1/k} = Elpax,ao1 /) < ELfu(Xa)] = / fuolx) dux, — / felz) dea = fila) =0

as n — OQ.

Proposition 1.5.3 If X,, % X and Y, — 0, then Xn + Y, % X and X,.Y,, — 0.

Ezample. Suppose that X and Y are i.i.d. and assume the values 0 and 1 with probabilities 1/2 each.

P
Define X,, =Y,n > 1. Then X, iX, but X,, A~ X, since P{|X,, — X| > ¢} = P{]Y — X| =1} =1/2 for
any € > 0.

The following are consequences of corollary 1.4.10
Proposition 1.5.4 Take E = R. Suppose that X, 24X,
(1) Then E|X| <liminf, . F|X,]|.
(2) If {X,,n > 1} is uniformly integrable, then E(X,) — E(X) asn — oo.
Proof. Let D = {x € R|P{|X| =z} = 0} = {points of continuity of F|x|}. D is dense in R.

(1) For a € D, define
if |z| <
N
0 if |z| > a.
Then px (Dy) = P{|X| =a} =0, so

n—oo n—oo n—oo

/ |X|dP = Eh(X) = lim Eh(X,) = liminf Eh(X,,) < liminf E|X,|.
{IX|<a}

The proof is completed by letting a — oo through D.
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(2) Since {X,,,n > 1} is uniformly integrable, then by part (1) E|X| < co. For a € D, define

i <
h(z) = {x if |z| < a,

0 if |z| > a,

so that Eh(X,) — Eh(X). Since

[B(X) — BC0)| = |ER(X) +

X, dP — Eh(X) — / X dP|
{1Xn|>a} {1X|>a}

< |Eh(Xn)—Eh(X)|+/ \XnIdP+/ | X|dP,
{‘anza} {‘Xlza}
then
limsup |E(X,) — BE(X)| SSup/ \Xn|dP+/ | X|dP.
n—oo n (| Xn|>a} {1X|>a}

Letting a — oo through D now gives limsup,,_, ., |E(X,) — E(X)| = 0.

Corollary 1.5.5 Take E = R. Suppose that g, h : R — R are functions such that h is continuous, g is mea-

surable with g(x) > 0 for all z, and |h(z)|/g(x) — 0 as |z] — co. If X, L X, and if limsup,,_, Fg(X,) <
00, then Eh(X,) — Eh(X) asn — oo.

d

Proof. Since X,, -5 X and h is continuous, then h(X,) = h(X). Let N be such that

c¥ sup /g(x) dpy, < 00.
n>N

Then {h(X,),n > N} is uniformly integrable. For given € > 0, let M be large enough that |h(z)|/g(z) < €/C
for |x| > M, and let o = sup{|h(z)| : |x| < M}. Then if 8 > «, we have

Sup/ |h(X,)|dP = sup/ |h(z)| dpn < sup/ |h(x)] dpern
n2N J{|h(Xn)|>p} n2N J{|h(z)|>B} n2N J{|z|>M}

< A sup / g(x) duy, <e.
C n>N J{je> M3

N



Chapter 2

Characteristic Functions.

2.1 Properties and Examples.

Definition. Let (E,£) be a measurable space. Let p be a probability measure, and let f : E — C be
measurable. Then f can be written as f = R(f) + i3(f) where R(f) (the real part of f) and J(f) (the
imaginary part of f) are measurable functions. We say that f is p-integrable, and we define

[ au=[R)du+i [30)dn
if both R(f) and J(f) are integrable. We leave it to the reader to show the following:
(1) if f,g: E—CandifceC, then [ f+gdu=[fdu+ [gdpand [cfdp=c[ fdpu.

2)iffp: E—-Cmn>1land f: F— C, and if f, — f as.(u) and |f,| < g where [gdu < oo, then
[ frdp— [ fdp.
Proposition 2.1.1 If f: E — C is p-integrable, then

‘/fdu‘ S/\fldu~

Proof. Suppose [ fdu=re?. Then [efdu=r=|[ fdu|. Writing f(z) = p(z)e’*®), we have

[t = [ dn= [ o) @ = [ o) coslote)  )du < [ pla) = [ 1171dn

Remark. Let a < b be numbers. We shall frequently use the fact that

b b
/e*”md:r §/ lde =b—a.

Definition. Let p be a probability measure on R. Then we define the characteristic function ¢(t) of p to
be

p—ita _ p—itb

1t

o0 = [ e duto) (L1)

Let X be a (real) random variable defined on (€, F, P). Then the characteristic function ¢x(t) of X is
o(t) = E(e'X) = ElcostX]| 4+ iE[sintX], tecR.

Note that if px is the distribution of X on R, then ¢(t) = [e"*dux. If ux is absolutely continuous with

respect to Lebesgue measure, and has density f, then ¢(t) = [ '™ f(x) dz, the Fourier transform of f.

19



20 CHAPTER 2. CHARACTERISTIC FUNCTIONS.

Proposition 2.1.2 (Basic Properties) (1) ¢(0) =1,

(2) o(t) = ¢(=1),

(3) le(@®) <1,

(4) ¢(t) is uniformly continuous in t,

(5) dax+s(t) = e dx(at),

(6) X has the same distribution as —X if and only if ¢x (t) is real,

(7) ¢x+v(t) = dx )y (t) if X and Y are independent.
Proof. All except (4) are pretty obvious. For (4), we have

[6(t+ h) — 6(8)] = |BeXHHX] - B[] = | B X 1] < Bl [ — 1]| = Bl — 1],

so that limy, o sup, g |¢(t +h) — ¢(t)| < limp,_o Ele" ¥ —1| = 0. For (6), note that if ¢x (t) is real, then by
part (1), ¢x(t) = ¢px(—t) = ¢_x(t)Vt. Then corollary 2.1.4 below gives X 24 _X. (]

Theorem 2.1.3 (The Inversion Formula) Let p be a probability measure on R and let ¢(t) be the char-
acteristic function of p, as defined in (1.1). Let a < b be real numbers. Then

T e—ita _ efztb

1
— t)dt = p(a,b) + =p{a,b}.
Ao ) m o(t) p(a,b) + 5 pia, b}

In particular, the integral on the left is real for all T > 0.

Proof. Taking care with the cosine terms,

T _—ita —ith T o T o
e — . t(x — t(xr —b
JT@d:f/ #emdt:/ Mdt_/ ST =) o (e — a,T) — R(z— b, T),
-T 1t -T t -T t (1.2)

T TO 76|
R(0,T) = / sintl / S dw = 2sign(0) / S
0

-T Y w

In particular, Jr(z) is real. Since [;° ®2% dw = 7/2, then limy_. R(#,T) = 7sign(d) (note:sign(0) = 0).
It follows that Jr(z) is bounded and

0 ifzx<a,
n  if x = a,
Jr(z) — <21 ifa<x<b, =2ml(qp) + Tliap)-
if z =0,
0 ifxz>0,

Consequently, by Fubini’s theorem and then the BCT, we have
T e—ita _ efitb T e—ita _ o—itb )
/ — () dt = / _— /em dpdt = /JT(x)d,u — 2mp(a,b) + mp{a, b}.
T 1t _r it

Corollary 2.1.4 Let py and po be probability measures with characteristic functions ¢1(t) and ¢o(t). If
¢1 = @2, then py = pa.
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Proof. The sets of point masses (i.e. atoms) for y; and pe must each be countable. Hence there is a dense
set D C R such that if z € D, then p;{x} = pa{x} = 0. Consider the family

U ={(a,b)|a,b e D,a < b}.

By the above theorem, p; and pg coincide on U. Since U is closed under finite intersection and generates
the Borel o-algebra, then py and ps coincide on B(R). ]

Theorem 2.1.5 Let ¢(t) be the characteristic function of the probability measure pu. If [|p(t)| dt < oo, then
w is absolutely continuous with respect to Lebesgue measure, with bounded continuous density function

f(z) = L /Oo e Tt dt, = €R.

2T

Proof. Note first that f(z) = 5= [ € ¢(—t)dt = f(x), so f is a real-valued function.

Suppose b > a. Since ‘% o(t )’ < |b — al|¢(t)|, the BCT implies that the result of the previous

theorem can be written as

1 1 +oo e—ita _ e—itb

b) + = by = — ——(t) dt. 1.3
e+ gutab} = 5 [ o) (13)
Fix a € R, and suppose b > a. Then

e—ita _ e—itb

T it

—ita __ ,—itb
pla,b) + gpfa) < pla,d) + gufa,b) = o | / ) dt] < o / ¢<t>] dt

t)| dt.

By taking b very close to a, we see that u{a} = 0. Hence u has no point masses and for a < b, (1.3) becomes

pla,b) = 2;/#¢(t) dt = % V/abem dx] B(t) dt = /ab [%/emgb(t) dt] dr = /abf(:v) dx

Since this is true for all such open intervals (a,b), it follows that p(A f 4 f(x)dz for all A€ €. (]

Proposition 2.1.6 Let ¢ be the characteristic function of the random variable X, and suppose that E(|X|") <
00. Then ¢(t) has a continuous derivative of order n given by

60 (1) = / (i) e dp(a). (1.4)

Proof. The proposition is certainly true for n = 0. Suppose it is true for n = k, and that X is a random
variable with E|X**1| < co. Then also E|X*| < oo, so (1.4) holds with n = k, and then

(k) h) — (k) ) ihz_l
d) (t+ ]1 ¢ (t) :/(ix)keztxe ; d‘LL(ZL’)

Now |(e*® —1)/h| is bounded by |z| and (e*** — 1)/h — iz as h — 0. Letting h — 0, it follows from the
bounded convergence theorem that ¢(*1)(t) exists and is given by (1.4) with n = k + 1.

Finally, a simple demonstration using the bounded convergence theorem shows that the right-hand side
of (1.4) is a continuous function of . 1



22 CHAPTER 2. CHARACTERISTIC FUNCTIONS.

Ezample: The Normal Distribution. Suppose that X ~ N(0,1). That is, X has density function

—z2/2

Then

By the previous proposition, ¢’(t) exists and is continuous and

o0 —xz oo —:Ez
P'(t) = / izeite & " dx = —2/ zsintzS " dz.
— 0 vV 2T 0 vV 2

Integrating by parts the last integral gives

—z%/2

V2r

o(t) = —2t /Ooo costrS— da = —t(t).

This means that
[B(t)e” 2] = ¢/ ()e! /2 + pt)te” /2 = ¢ (1) + to(t)]e" /> = 0,

so ¢(t)et”/2 = ¢ (a contant). Since ¢(0) = 1, then ¢ = 1. Hence

p(t) = e /2.

The Cauchy Distribution. A random variable X with density function

1

- R
7(1+22)’ e

f(x)

is said to have the Cauchy distribution on R. The characteristic function is

_ ite
¢(t)—[me —77(1+x2)dx’ teR.

We shall evaluate this integral using the residue theorem. First assume ¢ > 0, and let C be the closed curve
shown below.

C1

Then

—t

j{ e d 1?{ e d Ly {sum of residues} = 2i{ =} = ¢~
———dz2 == ————dz = — m of resi =2i{—}=e"".
L1+ T T Griz—g) " T g e b Nt =°

Since for z € Cy we have
(1) [1+2%>1-R? and

(2) |e?*] = |e@H+W)| = |~ Wit < e~ < 1 (here is where ¢t > 0 is used),
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then
itz ™ itz . 1 ™ itz
lim / — x| = lim/ — R do| <~ lim Tl Rao
R—o0 Clﬂ'(l—i-z) R—oo J 7T(1—|—Z) T R—oo J ‘1+Z|
1 g R
<=1 ——df = 0.
=T Rbe ), [RZ—1 0
Hence
. itz itz eztz
-t — | - dz=1i —d li ————dz=0 t
¢ Rgnoo]{CW(l—l—z?) S ey B sy R N A +o0t),

and so ¢(t) = e~ for t > 0. Finally, since X £ _X, then ¢x is real, so ¢px(t) = ¢x(—t). Hence for t < 0,
we have ¢x(t) = e!. Consequently, we conclude that

p(t)=e7" teR.

Lemma 2.1.7 Let ¢ be the characteristic function of the distribution pu. Then
1 u
s o > 2/u) < 5/ - o@]dt, u>0. (1.5)

—u

(Part of the result is that the right-hand side here is real.)

Proof. For any u > 0, we have

/ 1— e dt =2u — / (costx +isintz) dt = 2u — i uac’
x

—Uu —Uu

where we note in particular that the left-hand side is real. Dividing both sides by u and integrating with

respect to p gives
1 e . .
_/ [17¢(f)]dt:2/17Slnuxd/LZQ/ 1ismua:d'u
WJ—u ur {lz]>2/u} ur

1
22/ 1— —du > pf{x: |z| > 2/u},
(lel2/uy  [uz]

where in the first inequality we used the fact that |siny/y| <1 for all y € R.

Theorem 2.1.8 (Continuity Theorem) Let {{,,n > 1} be probability measures with corresponding char-
acteristic functions {¢n,n > 1}.

(1) Suppose that p is a probability measure with characteristic function ¢ and that i, — . Then ¢n(t) —
@(t) for allt € R.

(2) Suppose that ¢n(t) — ¢(t) for all t € R, where ¢ is a function such that ¢(t) — 1 ast — 0. Then
{ttn,n > 1} is uniformly tight and converges weakly to a probability p with characteristic function ¢.

Proof.

(1) Since costz and sintz are bounded continuous functions of x, then

Dn(t) :/costxd,un—i—i/sintxd,un—>/costmdu—l—i/sinmdu:qﬁ(t), teR.
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(2) Let us show that the sequence {p,,n > 1} is tight. For any u > 0, we have from the above lemma that

1 [ 1 [
pnd{z :|z) > 2/u} < —/ [1—,(t)]dt — — 1—9¢(t)dt asn — oo,
u J_, uJ_,
by the BCT, implying that u= [* 1 — ¢(t)dt is real and non-negative. Let € > 0. Since ¢(t) — 1 as
t — 0, then
1 u
—/ 1—¢(t)dt — 0asu— 0.
U —Uu
Let «’ be such that the left-hand side here is < e. By the BCT, we have
1 1 v
v | /[1 — ¢n(t)] dt — v ,[1 — ¢(t)] dt < e,
so there is N such that )
1 u
il o] > 20} < J/ [ — g (t)] dt < e
for all n > N. This means that the sequence {p,,,n > 1} is tight, and therefore relatively compact. This
means that every subsequence of {y,,,n > 1} has a further subsequence which converges weakly to some
probability measure. Because of part (1), the characteristic functions of these limiting probabilities
must all coincide with ¢ (implying that ¢ itself is a characteristic function), and therefore all these
limiting probabilities in fact are the same, say u. It is now easy to verify that the entire sequence
{ftn,n > 1} converges weakly to p (see the remark preceding Prohorov’s theorem).

Lemma 2.1.9 For anyn > 1, we have

e = Z (i)™ + R(x), (1.6)

m!

m=0
where
[ =" 2
|R(z)| < min {(n 0T (1.7)
Proof. An easy integration by parts gives
x ) R 1 v 414
—s)"e¥ds = ——+ —— —s)"T e d > 0. 1.8
/O(x s)"e* ds n+1—|—n+1/0(x s)" e ds, n> (1.8)
Using this with n = 0 gives
ir 1 T x .
e :/ e“ds:x—l—i/(x—s)e”ds,
v 0 0
which after a slight rearrangment is
e =14z +i? / (z — s5)e™ ds.
0
Now we apply (1.8) (with n = 1) to this, and iterate, getting
2 oz N2 3
=1 4 g 4 i x——i—i/ (x —s)%e®ds| =14ix + (i) + Z—/ (x — s5)%e™ ds
2 "2, 2 T2,
_ . (O N AN 3 is _ ; (ix)* | (ix)* it " 3 is
=1+ix+ 51 +5 3—&—5 ; (x —s8)°e* ds —1—|—m—|—T+ 30 +§ ; (x —s)°e* ds

-y (ig,m + R(x),
m=0 :
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where

in-&-l T )
R(z) = / (x —s)"e ds.
0

n!
Now we show that R(x) satisfies (1.7). An easy calculation gives
‘x|n+1

|R(z)| < m

On the other hand, since [ (z — s)"~'ds = 2" /n, we have (by an integration by parts)

R(z) =

and for this last expression, we have
;N

m/o (x—s)"" (" —1)ds

2|z|"
n!

<

Proposition 2.1.10 Let ¢ be the characteristic function of the random wvariable X, and suppose that
E|X|™ < co. Then

n .
)" E(X™
oy = 3 WEETD ), (1.9
m=0 ’
where
_[lex|n Tt 2pex |
()| < E , , 1.10
onlt) < Bmin | 2L 2 (1.10)
and therefore p,,(t) = o(t™).
Proof. By substituting ¢tX for = in (1.6), and then taking expected values, we find that
n .
; HMmE(X™)
By = 3 WEET) | prax).
(@)= 32 FENE  BRG)
Letting p,,(t) = ER(tX), we have
(X 2 x|
n(t)| < E|R(IX)| < E ; )
onlt) < EIRG)| < Bmin | £ 20
as required. Next, we have |p,(t)|/t" < E(Y;), where
V- mi t|X|n+1 2|X|n
! (n+1)!" nl
Since Y; is less than 2|X|"/n! and tends to 0 as ¢t — 0, then E(Y;) — 0 as ¢ — 0. 1

Proposition 2.1.11 (The Hamburger Moment Problem) Let {m,,n > 0} be a sequence of numbers
satisfying

dof m1/2n
r = limsup —22— < oo. (1.11)
n—oo 2n

Then there is at most one distribution p (but there may be none) such that [ ™ dp =m,,n > 0.
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Proof. Let x be any distribution with moments m,,n > 0, and let v, = [ |z|" du,n > 0. By the Cauchy-
Schwartz inequality,

2
s = ( [ faljap du) < ( & du) ( [ fape du) a1y = MMt

so that Lo
1/(2n+1 1/(2n+1) \ 1/2 1/(2n+1)
VQ’I’/LEFI ) mh P [ M2(nt1)
2n+1 — 2n +1 2n+1
Using this and (1.11), we can show that
1/(2n+1)
lim sup Yon+1 T,
n—o0o 2n+1 —
and therefore, together with (1.11) and the fact that va, = ma,, that
A
limsup — =, (1.12)
n—oo n

Replace = by sz in (1.6), and multiply the result by %, to get

x(t+s) _ ztw “"”R(sx).

m=0
Integrate both sides with respect to p and use proposition 2.1.6 to find that

n—1 .

ot+5)= Y S0+ [ Risa) d

m=0

\/ " R(sx du|</|R sx|d,u</| 8|' Vp.

Since e~"/n! < n~", it follows that if |s| < e~!/r’, where 7’ > r, then

V)

where

” e
|/ e R(sw) dpl < _.Vng r"n!yn - W

because of (1.12). (For we can choose N so that Vyll/n/n < 1" < r', and therefore v,, < (nr”)" for alln > N.)
Hence for any t, we have the Taylor series expansion

oo

Pt +5) = Z %m!qﬁ(m)(t), |s| < % (1.13)

m=0

Now suppose that v is another probability measure with the same moments as u, and suppose that v has
characteristic function ¥. Because ¢ and 1 have the same moments, then ¢(™ (0) = (") (0) for every m > 0.
From (1.13) with ¢ = 0, we have

o0 o0

o) = 32 1300 = 32 S0 = vl bl

er
m= 0 m=0

We can now use (1.13) to extend this equality to the whole line, and thereby conclude that ¢ = v, and
therefore p = v. [
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Remark. It can be shown that if the sequence {m,,,n > 1} satisfies Carleman’s condition

o0

1
> i =00

n=1 2n

which is weaker that the condition in (1.11), then the same conclusion holds.

Ezxample. We shall give an example of a probability measure which is not determined by its moments.
Suppose that Z ~ N(0,1), and define X = e¢#. Then X has density function given by

e—(logm)2/2
)= s>

TV 2m

A random variable with thi2s density function is said to have the lognormal instribution. Note that since
the MGF of Z is Eet? = e*' /2, the moments of X are E(X") = E(e"?) = e"/2,n > 0. Now let a be any
number with |a| < 1, and define

f(z) = {go(m)[l + asin(27 log x)], ioft}xlejw(z;e'

To show that f is a density function and that f has the same moments as fy, it suffices to observe that for
any integer r > 0,

o' 7(s+r)2/2

/ 2" fo(x) sin(2w log x) do = / (s €
0

- i sin(2m(s+r)) ds

(where we made the substitution x = e*7" and used the fact that sin(@ + 27r) = sin#,)

1 2 o0 2

_ /2 —5°/2

= ——c¢ e sin(27s) ds
V2T /_Oo ( )

= O’
since the integrand is an odd function of s.

Proposition 2.1.12 (Method of Moments) Let {y,,n > 1} be probability measures on R, and suppose
that

mp, def lim aF diy,

n—oo

exists and is finite for all integers k > 0. If the numbers {my,k > 0} satisfy (1.11), there is a probability
measure j having moments {my, k > 0} such that i, — .
Proof. By applying proposition 1.4.5 with ¢(x) = 22, we see that {u,,n > 1} is uniformly tight and
therefore relatively compact. By applying corollary 1.5.5 with h(z) = x* and g(x) = |z|” where k < r, we
see that for any convergent subsequence {,,,4 > 1} with limit p, we have

Since this is true for every k, and since the numbers {my,k > 1} satisfy (1.11), then every convergent
subsequence of {ji,,n > 1} has the same limit, namely p. It follows that i, — . ]
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2.2 More Properties of Characteristic Functions.

Definition. A random variable X is said to have a lattice distribution if there are constants b and h # 0
such that

P{X eb+hZ} =1. (2.1)

Note that we can always take h > 0. A characteristic function ¢(t) is periodic if there are numbers b and
A # 0 with

Pt 4+ nX) = " ¢(t) for all t € R and n € Z. (2.2)

Proposition 2.2.1 Let X be a random variable with characteristic function ¢(t). Let b and \ be numbers
with A # 0. Then the following statements are equivalent.

(1) $(X) = €.

(2) P{X €b+ (2n/N)Z} =1 (that is, X has a lattice distribution).

(3) ¢(t +n)) = e ¢(t) for allt €R and n € Z (that is, ¢ is periodic).
Proof. By passing to the random variable X — b, it suffices to prove the proposition in the case where b = 0.
If (1) holds, then E[1 — cos AX — isin AX] = 0. This implies that F[1 — cos AX]| = 0 and therefore that
P{AX € 27Z} =1, so that (2) holds. Next, if (2) holds, then

¢(t+n)\) _ E(ei(t+nA)X) — Z ei(t+’n)\)27rm/)\P{X — 27rm/)\} — Z eitQﬂ'm/)\P{X — 27Tm/>\} — (b(t)’
mEZ mEZ

so (3) holds. Finally, (3) with ¢ =0 and n = 1 obviously implies (1). (]

Remarks.

(1) The hin (2.1) and the X in (2.2) are related by h = 27/A. The largest h > 0 for which (2.1) holds is
called the span of the distribution. The smallest A > 0 for which (2.2) holds is called the period of ¢.
We thus have span=27/period.

(2) Two real numbers hg and h; are called incommensurate if hoZ Nh1Z = {0} (i.e. if neither is a non-zero
rational multiple of the other.) Suppose that hg and h; are incommensurate and

P{X€b0+hoz}:1, P{Xeb1+h12}:1.

Let AO = b() + hQZ and A1 = b1 + hll Then P(X S AO ﬂAl) =1.In particular, Ao ﬂAl is not empty.
If there were two members, say x and y of Ag N A1, we would have by + hgmo = = by + hymy and
b0+h0n0 =Yy = b1—|—h1n1. Then hlml—homo = bo—b1 = hlnl—hono, and so hl(ml—nl) = ho(mo—no).
Since hg and h; are incommensurate, then m; = n; and mg = ng and so x = y. Thus Ag N Ay consists
of precisely one member ¢, and therefore X is degenerate; that is, P{X = ¢} = 1.

Proposition 2.2.2 Let ¢(t) be the characteristic function of a random variable X .
(1) X has a lattice distribution if and only if |p(A)| = 1 for some X # 0.

(2) If |p(Xo)| = 1 and |p(A1)] = 1, where Ao and A1 are non-zero incommensurate numbers, then X is
degenerate.

Proof.

(1) This follows from the previous proposition and the fact that if |[¢(\)] = 1 for some A # 0, then
#(A) = €' for some 6, so there must be a number b = /) such that ¢()\) = e®**. Note that (for the
purpose of the proof of the next proposition) 6 can be chosen to be in the interval (—m, 7], and so
be (_§7 E]'
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(2) By the above proposition, we would have
27 21
P{X€b0+/\—Z}:1, P{X€b1+)\—Z}:1.
0 1

Since 2m/A¢ and 27/A; are incommensurate, then by remark (2), X is degenerate.

Proposition 2.2.3 Let ¢(t) be the characteristic function of a random variable X. Then there are only
three possibilities:

(1) |¢(t)] <1 for allt # 0 (then X is called nonlattice).

(2) there is a X > 0 so that |p(N)] =1 and |p(t)] < 1 for 0 <t < X (then X has a lattice distribution with
span h =2m/\).

(3) |p(t)| =1 for allt (then X is degenerate).

Proof. Suppose (1) does not hold. Then the set A = {s > 0||¢(s)| = 1} is non-empty (note that if u # 0
and |¢(u)| = 1, then |¢p(—u)| =1 as well). Let A = inf{s|s € A}. Then |¢(\)| = 1 by the continuity of ¢. If
A > 0, then |¢(t)] < 1 for all 0 < ¢ < A, and thus (2) holds. Otherwise, we have A = 0, and so there exists a
sequence {\,,n > 1} of strictly positive numbers such that A, — 0 and |#(\,)| = 1 for all n. As noted in
part (1) of the proof of proposition 2.2.2, there are b,,’s such that ¢(),) = e®®»*» and therefore

2T

P{X €b,
{ bW

7} =1. (2.3)

Furthermore, for each n, we can choose b, € (=5, 5-|. Define A, = b, + (27/\,)[Z \ {0}], n > 1. Then

Ay C (=&, £1° 50 P{X € Ay} — 0 as n — oo. Since P{X € A,} + P{X =b,} > P[X € {b,} UA,] =1,

then P{X =b,} >1—-P{X € A,} — 1asn — oco. Choose N so large that P{X = b,} > 1/2 for all
n > N. Then we must have b,, = b for all n > N, and then P{X =b} = 1. ]

Remark. The Riemann-Lebesgue lemma is sometimes useful: if g : R — R is integrable, then
lim [ e “g(x)dr = 0.
|t]— o0

Thus, for the characteristic function ¢(t) of an absolutely continuous distribution, we have lim;| o ¢(t) =
0.

2.3 The Multidimensional Case.
Ifex=(x1,...,24),y = (Y1,... ,Yd) € R?, then (x,y) = Z?Zl x;y; denotes their inner product.

Definition. Let X = (X,...,X,) : Q@ — R? be a random vector with distribution u(4) = P{X €
A}, A€ B(R?). The characteristic function of X (or of p) is

o(t) = EeitX) — /ei<t’x>du(x), t € RY.

Theorem 2.3.1 (Inversion Formula) Let A = [a1,b1] X - - - x [aq, bg] C R?, and suppose u(DA) = 0. Then

(A) i 1 / I e~ itja; _ p—it;b; ¢(t)dt
= lim —— o .
H T—00 (27T)d [-T,T]4 J=t itj
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Proof. We have already proved this when d = 1. In that proof, we showed that

T gmite _ g-ith
/ et mlT iy (2) + ()]
T

By Fubini’s theorem, and then the BCT, we then have
T —itja; _ ,—it;b; .
L, [ S ey | (o)

—itja; _ ,—it;b; .
/ {Hg‘i:l%} Gthzjﬂ(dz)dt:/
[-T.T)d it; T it}

[ 00,1 0) + T )] )

— (2! / I Lo, o) (2 )pi(d)

= (2m)%ul(ar,b1) x -+ x (aq, ba)] = (2m)u(A),

where we used p(0A) = 0 in the last two lines. ]

Corollary 2.3.2 Let i and py be probability measures on R with characteristic functions ¢1(t) and ¢o(t).
If g1 = ¢2, then py = pa.

Proof. Exactly the same proof works. Let F; and F5 be the distribution functions corresponding to p; and
po. For each j with 1 < j < d, the functions F (oo, ... ,00,2;,00,...,00) and Fy(co,... ,00,Z;,00,... ,00)
can each have only countably many discontinuities, so there is a set D; dense in R such that D; contains
no discontinuities of these two functions. This means that the hyperplane z; = ¢ has p;-measure 0 and
po-measure 0 if ¢ € D;. Let D = U;llej. Then D is dense in R. A box H;l:l(aj, b;) such that a;,b; € D
for all j will have its faces contained in such hyperplanes, and so will have p1- and po- measure 0. Hence let
U be the set of all such open boxes. Then U is closed under finite intersection and generates B(R?), and 1,
and po agree on U by the previous theorem. (]

Corollary 2.3.3 Let X = (X1, Xa,...,Xq) be a random vector and let ¢;(t) denote the c.f. of X;, j =
1,...,d. Then X1, Xo,..., X, are independent if and only if

B0 Z T, 6,(1,), Ve € R

Proof. The “only if” part follows from the easily checked fact that if X and Y are independent r.v.’s and if
frg:R—C,then Ef(X)g(Y) = Ef(X)Eg(Y) (subject to integrability conditions). Conversely, suppose the
condition holds. The LHS is [pa €' dpux (x), where pux is the law of X. The RHS is TT{_, [ €% dp;(x;) =
[ J e dpy (1) - - dpa(za) = [ga €57 dv(z), where p; is the law of X; and v is the product
probability p1 ® -+ ® pug. By the previous corollary, we have px = 1 ® -+ ® pg so that Xy,..., Xy are
independent. [

Theorem 2.3.4 (Continuity Theorem) Let {{,,n > 1} C P(R?) be probability measures with corre-
sponding characteristic functions {¢n,n > 1}, and let p € P(Rd) have characteristic function ¢. Then
n — o if and only if ¢n(t) — H(t) for all t € R

Proof. If j1,, > j, then trivially ¢,, — ¢. Hence assume that ¢,, — ¢. We will show the sequence {j,,,n > 1}
is tight. Let X, and X be random vectors with distributions u, and w, and let 6 € RY be fixed. On(s0)
(where s € R) is the c.f. of (8, X,) and ¢(s0) is the cf. of (#,X). Since ¢,(s) — ¢(s6) for all s, then
0, X,) <, (0, X). Tt follows that the distributions of the r.v.’s (6, X,,) are uniformly tight. Let ¢ > 0. By
taking 6 to be the jth unit vector in R?, there is a closed interval [—c;, ¢;] such that P{X,(Lj) ¢ [—cj, ¢} <e/d
for all n > 1 (Here, X is the jth component of X,,). Then P{X, ¢ [—ci,c1] X -+ X [—¢q,cq]} <
ijl P{X,(Lj) ¢ [—cj,cj]} < efor all n > 1. Hence we have tightness. The rest of the proof is the same as
before. (]
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Corollary 2.3.5 (The Cramer-Wold Device) Let {X,,n > 1} and X be d-dimensional random vectors.
If (0, X,) 5 (0, X) for all € RY, then X, % X.

Proof. If (0, X,,) % (9, X) for all 0 € R?, then ¢x, (0) = Eei0Xn) — Eei0:X) = 4 (9) for all 6 € R?, so
X, 4 x by the theorem. [

Proposition 2.3.6 Suppose that (X,,Y,) <, (X,Y) as n — oo, and that X,, L Y, for each n. Then
X1lY.

Proof. First note that X,, % X and Y,, > Y. We have ox, (at)py, (bt) = Pax, by, (t) = Paxtby (t) for
all a,b,t and ¢x, (at)dy, (bt) — ¢x(at)py (bt) for all a,b,t. Hence ¢pox vy (t) = dx(at)py (bt) for all a, b, ¢,
implying that X 1 Y. [

Problem. Suppose X is a d dimensional random vector, that C' is an r X d matrix, and that b is an r x 1
vector. Let Y = CX +b. Show that ¢y (t) = eX*"Ppx (CTt), t € R".

Solution. Follows from fact that (t, CX +b) = (t,b) + (t,CX) = (t,b) + (CTt, X).
Definition. A random vector X is said to have the distribution N(0,T) if X has c.f.
qﬁ(t) = e_%tTFt = 6_% Zj:l Z;‘l:1 F”titj7 tc Rd7

where I' is a symmetric non-negative definite d-dimensional matrix.

If X ~ N(0,T), and if ¥ = CX where C is an r x d matrix, then ¢y (t) = ¢px (CTt) = ¢~ 3(C DT —
e~ 2t (CTCN 6 Y ~ N(0,CTCT). (Note that CTCT is also symmetric and non-negative definite.)

Now let T" be a given symmetric non-negative definite matrix. Let U be an orthogonal matrix (i.e.
UTU = I) such that T' = UT DU, where D > 0 is a diagonal matrix. Let X ~ N(0,D), and let Y = UT X.
Then Y ~ N(0,UTDU) = N(0,T'). This shows that random vectors “exist”with distribution N(0,T'). Also,
Cov(Y) = EYYT = EUTXXTU = UTE(XXT)U = UTDU = T, which identifies I as the covariance
matrix of Y.
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Chapter 3

The Central Limit Theorem.

3.1 The Central Limit Theorem.

Lemma 3.1.1 (1) Let z1,... ,z, and wy,... ,w, be complex numbers all of modulus < 1. Then

n

L =1 2m — Iy wm | < Z |Zm, — Wi |-

m=1
(2) If b is a complex number with |b| < 1, then
™" — (1= 0)| < pf*.
(3) Let {anm,1 < m < r, < oo} be non-negative real numbers such that > \"_ an, — a and
S anml* — 0 as n — oco. Then

I (1= apm) — e

Proof.
(1) The result is obvious when n = 1. Suppose it has been shown to be true when n =k — 1. Then
mF 2 — 1F _ W] < |zka Vim — 21 wm| + |zka (W — w0y,

|Hm 1%m — an 1wm| + |Zk: - wk‘

m=1

(2) We have
~ b2 b bl L1 b b2
B A R T TR b{ii*] ]
SO

|e-b—<1—b>s|b|2[ . }=|b|2<e—2>s|b|2.

3!

(3) Let zpm =1 — ap,m and wy, p, = e ™. Then

’H:ﬁlzl(l = Qpm) — e_a‘ < ‘H:ﬁlﬂ(l — pm) — 15 e

™o,
e E me1 dm _ o0

Tn
|em Zmma e e

Tn

S Z ‘1 _an,m —e

<Z‘anm| +‘ ey Gmm _ o—a

as 1 — OQ.

33



34 CHAPTER 3. THE CENTRAL LIMIT THEOREM.

Remarks.

(1) When z,, = z and w,, = w for all m, part (1) of this lemma becomes simply

|z —w"| < nlz —w|. (1.1)

(2) If we take rp, = n, apm = cp/n, and a = ¢ in part(3), we obtain the well-known fact that if ¢, — ¢,
then c
(1- )" —e “asn — oo.
n
Theorem 3.1.2 (The Lindeberg-Lévy or “Classical” Central Limit Theorem) Let {X,,,n > 1} be
i.i.d. random variables with finite mean p and finite variance o*. Define S, = > | X;, n>1. Then

Sn—np d
—F — N(0,1 .
o — N(0,1) asn— oo

Proof. First assume that 4 = 0 and 0® = 1. Then ¢g_, 5 (t) = ¢ (t/y/n) where from proposition 2.1.10,
we have ¢x (t) =1 —t2/2 + o(t?). Using (1.1), we can write

—t2/2 n t t? n t? n —t2/2

95, /ym(t) —e | < |¢X(_\/ﬁ)_[1_%] |+|[1—%] —e |
t t2 Ry
§n|¢x(—\/ﬁ)—[1—%]|+|[[ —%] —e |

2 t?

= nlo()|+ |1 = 5" = e =0

n
as n — 00. The required result then follows from the continuity theorem. To finish the proof, we observe

that .
STL — Ny _ ZiZI lo' k
ov/n Vvn

< N(0,1).

Corollary 3.1.3 (Multivariate Version of CLT) Let {X,,n > 1} be a sequence of i.i.d. random vectors

with values in R, with finite mean vector i = E(X) and finite covariance matriz ¥ = E(X — pu)(X — p)7T.
Let S, = X1+ -+ X,,n>1. Then

Sp—np 4

P T4 )y

A N,

as n — oQ.

Proof. We will use the Cramer-Wold device. Let § € R?. Let Y,, = (0, X,, — ) = 7 (X,, — 1). Then the Y},’s
are i.i.d random variables with mean zero and variance Var(Y) = E(YYT) = E(0T (X —p)(X—p)T0) = 6730,
and by the univariate CLT,

Sn —np
Vn

where W ~ N(0,X). ]

(o, ) = % Zzy < N(0,07%0) £ (9, W),

Theorem 3.1.4 (The Lindeberg-Feller Theorem) For each n > 1, let X,, ,, be independent (but not
necessarily identically distributed) random variables with E(Xpm) = 0 for all 1 < m < r,, and define
Sp =" Xpm. Assume that

(1) Y BX2,,) — 0% >0 asn — o,

(2) foralle>0,> " f{IXn >} X2, dP —0 asn — oco.

m=1
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(These two conditions imply that v, — 0o as n — o0.) Then S, /o <, N(0,1) as n — oo.

Proof. By dividing all the X, ,,,’s by o, we can assume that o = 1. First, note that for any € > 0, we have

Tn

E(X2,)= / X}, dP + / X2, dP<ée&+ ) / X2, . dP,
{‘Xn,'mlge} {‘Xn,7n|>5} m=1 {|X7l~77l‘>€}
implying that
sup E(X],)—0asn— . (1.2)
1<m<r,
Let an,m = t*E(X},,)/2 and a = t*/2. Then by (1), we have Y_/"_| anm — a, and by (1.2) and (2) we
have
S - 2 2o b 2 S 2
’ 4 ’ 4 1<m<ry, ’ ’

m=1 m=1 m=1

Let @y, m(t) be the characteristic function of X, ,,,, so that ¢g, (t) =", dp m(t). Since

)

2 T T T —a
65, (5) = e7/2] < My G (1) = Ty (1= )| + [Ty (1= anm) =

and since by part (3) of lemma 3.1.1, the second term on the right tends to 0, we only have to show that
I G () — I (1 = apom)| — 0 as n — oo. (1.3)

To do this, suppose that € > 0. Then by part (1) of lemma 3.1.1,

Tn Tn

Tn Tn . |tXn7m|3 2|tXn7m|2
731G (t) = T (1= )] < 3 10nm(6) — (1= a)] < 3 Blming s HEnnly
m=1 m=1 : '
- t X m|?
<> l/ gd}%/ |t X |* dP
m=1 {1 Xn,m|<e} 6 {|Xn,m|>€}
€|t‘3 - / 2 2 = / 2
< — X2, dP+1t X: .. dP
6 mZ::l (Xnml<ey mZ::l (Xnml>e)
<ﬂiEX2 —|—t2§:/ X2 dp
6 = st Xl >er
so that
: - - et
lim sup |Hm:1¢n7m(t) - Hm:l(l - an,m)‘ < 6
n—oo
Since € is arbitrary, this proves (1.3). ]

Remark. We show why conditions (1) and (2) imply that r, — oo as n — oo. By assumption (1),
Tr - SUD < ey, BXZ > 5" | EXZ, > ”;Vn > N, and then (1.2) implies 7, — oo.

m

The following is a non-triangular version of the Lindeberg-Feller theorem.

Theorem 3.1.5 Let {X,,,n > 1} be a sequence of independent (but not necessarily identically distributed)

random variables with finite means p, = FE(X,) and finite variances o2 = Var(X,) for all n. Define
Sp=>"_ 1 Xpm and s2 = Var(S,) =Y 1 _, 02,. Assume that for all € > 0,
1 n
— (X — ptm)*dP — 0 asn — oo. (1.4)
8727 7772::1 /{\Xm‘um>€sn}
Then

TS (0,1) asn — oco. (1.5)
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Proof. In the Lindeberg-Feller theorem, take r, = n, X, m = (X — tm)/8n. Then for condition (1) in the
Lindeberg-Feller theorem, we have

- . ‘E(*va_,um)2
EX2 == —:1
mE:jl (X7 ) m§:‘l ) ,

and so is obviously satisfied, and condition (2) there obviously becomes the condition in (1.4) of this theorem.
|

Applications. We shall consider several cases in which Lindeberg’s condition in (1.4) is satisfied, and
therefore for which the convergence in (1.5) takes place.

(1) Identically Distributed Case. Assume the X,,’s are i.i.d. with finite mean p and variance o2. Then

52 = no? and for the condition in (1.4), we have

(Xom — pim)? dP = / (X, — p)?dP
82 Z/|Xm_ﬂm|>55n} naQ Z {|X1—p|>ecv/n}

" m=1
1

== (X1 —p)>dP — 0 asn — oo.
{IX1—p|>ecov/n}

Consequently, the Lindeberg-Feller theorem contains the “ordinary”central limit theorem as a special
case.

(2) Uniformly Bounded Case. Suppose the X,,’s are independent, that |X,| < M < oo for all n, and that
52 — 00 as n — 00. Then by Chebychev,

oM 2 2
/ (X — pn)? AP < (2M)*P{| X, — pim| > €55} < (Q#a
{‘Xm Hm‘>55n} € Sn
so for the condition in (1.4), we have
1< / 5 (2M)?
— (X — pm)“dP < — 0 asn— oo
: mz WXy €,

(3) Lyapunov’s Condition. Suppose the X,,’s are independent and that there is a ¢ > 0 such that
1 n
=5 Y, Bl X — i [*T? = 0 as n — o0,
n

Then

E|Xm - ,Um‘2+5 > / |Xm - ,Um‘5|Xm - ﬂm|2 dP > 665;2/ (Xm - Hm)Q de
{

[Xm—tm|>esn} {IXm—pm|>esn}

so for the condition in (1.4), we have

1< 1 N BEIX,, — |2
QZ/ (Xm_ﬂm)2dpé_zz%—>0 as n — oo.
Sn m=1 {le_Mm‘>€5n} Sn m=1 € Sn

(4) The DeMoivre-Laplace Limit Theorem. Suppose that X is a binomial random variable with parameters
n and p. Since X can be written as X = X; + --- + X,,, where the X;’s are independent Bernoulli
random variables taking values 0 and 1 with probabilities ¢ and p respectively, then

X —np 4
— N(0,1) as n — oo.
" (0,1)
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Ezample. Suppose X ~ binomial with n = 100 and p = 1/2. Then
485—-50 X —mnp _51.5-50
< <
5 N 5

= 0.2358( from tables of the normal distribution).

P{48 < X <51} ~ P{48.5 < X < 51.5} = P{ }=P{-3<Z<.3}

The exact value, as calculated in Mathematica, is 0.235647.

3.2 The Berry-Esseen Theorem.

Remark. For the next lemma, we recall the Riemann-Lebesgue lemma: if g : R — R is integrable, then

lim [ e ®g(z)dx = 0.

[t| =00

Lemma 3.2.1 Let F and G be distribution functions with integrable characteristic functions ¢ and i respec-

d(t) = (1)
t

tively. Suppose there exists an € > 0 such that f{lt\<6} ‘ dt < oo (this would be true, for example, if

the means of F and G both exist). Then

F(z) - G(z) 1t/énﬁﬂﬂ—¢Gﬂﬁ-

:ﬂ 1t

Proof. Recall that F has a bounded density given by f(z) = 5= [e "*¢(t)dt. It follows from Fubini’s
theorem that

F(z) - F(a) = /z Fw) dw = /x%/e—“%(zﬁ) dt dw = %/_OO e_im%_mqﬁ(t) dt.

A similar identity holds for G. Hence we can write

F(x) - G(e)] - [F(a) - Gla)] = 5 /OO M[W) —¢(t)] dt.

:ﬂ oo it

Letting a — —oo and using the Riemann-Lebesgue lemma with ¢(t) = [¢p(t) — ¥ (t)]/t, we get the required
result. Note that [ |g(t)|dt < oo since we can write

/|g(t)|dt</{t|ge} M‘ dt+/{|t|>€} ;
<A%dﬂﬁ;&4ﬁ+ngww+/w@w]

Also note that f{\t|§e} d’(t)?p(t)‘ dt < f{\t|§e} ’%‘ dt + f{mge} 1—711;(0‘ dt, so that if the means of F' and

G exist, then such an e does exist. [

dt

o(t) — ¢ (1) ‘

Definition. Let L > 0.
ho(z) = ll—cosLx
N = o a2

is called Polya’s density function. It has characteristic function

11— <L
t) = L -
wi () {o if [t > L.

r €R,

Let Hj, be the distribution function corresponding to hy. Note that if ¢(¢) is any characteristic function,
then ¢(t)wy (t) is an integrable characteristic function. This is the main purpose of Polya’s density function.
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Lemma 3.2.2 Let F and G be distribution functions, and suppose that G is differentiable with G'(z) <\ <
oo for all .

(1) Let
A(z) = F(z) — G(z), n=sup|A(z)|, Ap=AxHp, np=sup|AL(z)
Then
24\
< —_— . .
N2+ VL>0 (2.1)
(2) Suppose that F and G have finite means. Let ¢ and v be the characteristic functions of F and G.
Then
1 (L) —w(t 24\
sup |F(z) — G(z)] < —/ M‘ dt + =2 vL>o. (2.2)
T ™J_L t L

Proof. Let {z,,n > 1} be such that |[A(z,)| T 7. Since A(x) — 0 as x — o0, we can assume that the x,’s
belong to some compact interval. Hence there exists a convergent subsequence {z,,,7 > 1}, converging say
to zg. Then we have |A(x,,)| T n and z,, — 2 as i — oo. Let us show that either

A(wo) = or Alxg) = —. (2.3)

First, if F is continuous at g, then |A(zg)| = 1, so that (2.3) holds. Hence suppose that F' is not continuous
at zo, and that A(zg) # n. If infinitely many of the z,,’s lie at or above z, then there is a subsequence
of {zn,,i > 1} tending to zo from above, so |A(zg)| = n by right continuity of F. This would mean
A(xg) = —n, so that F(xzy) — G(zo) < A(zg) = —n, contradicting the definition of 7. Hence, except for at
most finitely many terms, the sequence {x,,,,7 > 1} lies below xg. This means that |F(z,) — G(zo)| = n. If
F(zq) — G(zo) = 1, then we would have F'(zg) — G(zo) > n; hence we can only have F(x,) — G(zo) = —n.
Thus the statement in (2.3) is proved.
Assume that A(zg) = 7. Since G'(x) < A and F is non-decreasing, then for z; > xo,

A(zy) = F(zq) — [G(mo) + /QE1 G () dw} > F(zo) — G(zg) — M1 — 20) = 1 — M1 — 30)-

Letting 6 = n/2\ and t = x¢ + 0, we have (taking 1 = ¢ — z in the above equation)

Mt -1 — =n— —z)=1 i < 4.
Alt— ) > {n AMt—z—z0)=n—A0—2)=73 + A, if|z] 7'6
-n otherwise.
Since also - o o A
—2 <o I dr=___
/|x>5 hr(x)dz /5 hp(x)dr < /5 gy dx 15
then
nr, zAL(t):/A(t—x)hL(x)dx:/ A(t —z)hp(x)dx + At —x)hp(x)dz
lz|<o |z|>0
> P + A } h — _ —
> x| hp(x)dx —n hp(z)dx = hp(z)dx —n hr(x)dx
zj<s L2 |2|>3 2 Jjal<s 2|5
1 / n 4 4
=—=11- hr(x)dx —77/ h xdxz—[l——}—n—
2 [ |z|>6 L( ) ] |z|>6 L( ) 2 wLé wLé
n_ 122
2 wL’

which is equivalent to (2.1).
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Next, suppose that A(x,) = —n. Let X and Y be random variables with distribution functions F' and
G. Define X* = —X and Y* = —Y, and let F”* and G™ be the corresponding distribution functions. Then

F(z)=P{-X<z}=P{X>-z}=1-P{X<-2}=1-F((-2)7), G'(x)=1-G(—x),

and so A*(z) = F*(z) — G*(z) = G(—z) — F((—x)~). Observe that |A*(x)| < n for all x and A*(—xzy) =
G(z9) — F((x0)~) = n. Hence we have the scenerio of the previous paragraph with n* =7, and so we have

prs 1122
L=9 gaL’

Finally, A*(z) = —A(—z) except at discontinuities of F', so
oo oo (oo}
— [ Ne-pmdi=- [ Ay-oh@dy=- [ Ao whi)de = -Ay(-a),
—c0 —00 -0
and so n} = nr. This finishes the proof of part (1).

For part (2), we apply part (1) and use the previous lemma to find that

Sup | F(2) = Gl)] < 25up | F = iy (a) — G s Hp(a)| + 2

7ztw
- —sup‘/ 610) - v(Ous(0) | + 22
<L [ \‘1’7)|wm>dt+f—j,

and therefore the required result. Notice that the requirements of the lemma are satisfied because ¢(t)wy, (t)
¢(t)wL(t);¢(t)wL(t) ¢(t);¢(t) lwi ()] dt < 0. i

and ¢ (t)wr (t) are integrable, and f{lt\<e} dt = f{|t|<6}
Theorem 3.2.3 (The Berry-Esseen Theorem) Let {X,,,n > 1} be i.i.d. random variables with mean 0
and variance 02, and assume that E|X|3 = p < co. Let F,, be the distribution function of S,/o+/n and let
P be the standard normal distribution function. Then

3p
F,(z) — ®(x)| < ,
sup |Fa(e) = B(2)] < 0=

(Note: Since p*/3 > o, the smallest the RHS can be is 3/v/n.)

n > 1. (2.4)

Proof. By considering the random variables X' = X/o, we can assume o = 1. Then p > 1 and the right-
hand side of (2.4) is > 1 for n < 9. Hence in the remainder of this proof, we can assume n > 10. By applying
part (2) of the preceding lemma, we obtain

24
dt + —- 2.
+ (2.5)

/) e 2

wlm@) - o<t [0

where ¢ is the characteristic function of X. The rest of the proof is to show that the right-hand side in (2.5)
is majorized by the right-hand side of (2.4).
We will require the following two facts:

Fact 1: |p(t) — 1 +t2/2| < p|t|3/6 (from (1.10) of chapter 2), and
Fact 2: if @ and § are complex numbers and ~ is a positive number such that ||, |5] < v, then

o = 8" = la = Blla" " +a" P04+ a2+ T <y a - B
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We will take L = 44/n/3p in the rest of the proof. We are going to apply fact 2 to the integrand of the
integral on the right-hand side of (2.5) with

0
a = d)(%)v B=e 0/ = 507 /18n
where |0| < L, and therefore 02/2n < L/2n = 8/(9p%) < 1. This is justified because obviously 8 < v, and
by fact 1 we have
02
2n

0 62
<p(—=) =1+ —
M_W )—1+

Vn

where we used the facts that p|6|/v/n < pL/\/n <4/3 and 1 —x < e~ for z > 0. We will also need to know

03 62 0] 102 0% 4 |92 62 62
< POV Ly OO 7 AR 5
6n3/2 2n /n 6n 2n = 3 6n 2n 18n

+1-

that since n > 10, then 5(1"8;1) > i, so vl < e=0/4, Thus, applying fact 2, we have
0 62 62
0 () = = o = 87 < e B < e H‘“ I '1 TR }

3
—p2ya | PIO]° 0%
= ne [6713/2 8n?

where we used the fact that |1 —z — e~*| < 22/2 for |z| < 1. Then for the integrand in (2.5), we have

n( 60\ __ 702/2 _p2
) T e Tl 0] g [lOF L 1OP] L e [P JOP
0 ] 6n3/2  8n? 6n'/2  8n |~ L 9 18

where we used the facts that p//n=4/3L and 1/n=1/y/n-1/y/n <4/3L-1/3. Since
/ 1,26712/2(12 dr = a3 /_271_’ / |x\36*x2/2a2 de — 4(14,

and 24\ = 24sup, G'(x) = 24/v2m < 9.6, then the right-hand side of (2.5) is

l/L o (L) —e )2 g+ 2 1/L L o [2|9|2 Iﬂ do + 2%

T J_ 1 0 oL —m L 9 18 L
21012 163 9.6
< — —0°/4 w1 70
< / [ + 13 d0+7TL
1
= — |=2V4r + — + 9.6
L {9 + + ]
13 p
=——1=2 — 4+9.6| —
i [ ron]
3p
_\/—
as required. i

Remark. Consider the situation of the Demoivre-Laplace limit theorem, where X; ~ bernoulli for every
i. Then p = E|X; —p|> = q| — p|> + p(1 — p)? = pg(p? + ¢*). Since 0 = ,/pq, then the Berry-Esseen bound is
3p _30°+d%)

o/n  \/apq

For p = ¢ = 1/2, this is 3/y/n.
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3.3 Martingale Central Limit Theorem.

Reference: Hall, P. and Heyde, C.C. (1980). Martingale Limit Theory and its Application. Academic
Press, New York.

Notation. Let {S,;, Fni,1 < i < k,} be a zero-mean, square-integrable martingale for each fixed n > 1,
and let X,; = Sp; — Sni—1 (where Spo=o) denote the martingale differences. We assume that k, T +oo as
n — oo. The double sequence {Sy;, Fni,1 <i < ky,n > 1} is called a martingale array.

Martingale arrays are frequently derived from ordinary zero-mean martingales {.S;, F;,7 > 1} as follows:
define k,, = n, Fni = F;, and Sy,; = Si/spn, 1 <i < n, where s2 = Var(S,,).

Theorem 3.3.1 Let {S,;, Fni,1 < i < kn,n > 1} be a zero-mean, square-integrable martingale array with
differences X,;. Suppose that

max | X, 20, (3.1)
kn
Zszn‘ o %, (32)
i=1
where n% is an a.s. finite r.v.,
E (max |Xm-|2) is bounded in n, (3.3)
and the o-fields are nested, that is
fmi C]:n+1,i,1§i§kmn2 1 (34)

Then Sy, = Zf;l Xpi % Z, where Z has c.f. (1) = Ee—mt/2,
Corollary 3.3.2 If (3.1) and (3.3) are replaced by the conditional Lindeberg condition

k’!l
S EIX2 x5 | Fair] 20 asn— oo, for all e > 0, (3.5)
=1

if (3.2) is replaced by an analogous condition on the conditional variance:
def o
e P
Vi, = D B(X0i|Faica) = 0* asn — oo, (3.6)
i=1
and if (3.4) holds, then the conclusion of the theorem remains true.

If the martingale differences are independent, this corollary obviously reduces to the Lindeberg-Feller
CLT.

3.4 Poisson Convergence.

Definition. A random variable Z has the Poisson distribution with mean A > 0 if

Ae A

2!

P{Z==z}= , 2=0,1,2,....
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Remarks.
(1) The characteristic function of Z is ¢(t) = eMe" =1,

(2) Suppose {Z,,n > 1} are Poisson random variables with means \,, and that A, — A, where A > 0.

Then

it it
6)\n(e 1 _, 6)\(6 1)’

so that Z, 4z , where Z has a Poisson distribution with mean .
Theorem 3.4.1 For eachn > 1, let X,, p,,1 <m <1, be independent random variables such that
P{Xnm =1} =pom, P{Xnm=0}=1—Dnm,
where
(1) Z:;:1 Pnom — A >0,
(2) maxi<m<r, Pn,m — 0 as n — oco.

Let S, =>"""_  Xpm forn > 1. Then S, 4, Z, where Z has a Poisson distribution with parameter X.

m=1

Remarks.

(1) This is the same triangular scheme as in the Lindeberg-Feller theorem. Assumption (1) here is the
same as assumption (1) there, since EX2, = p,,. But assumption (2) is different.

(2) Once again, we observe that assumptions (1) and (2) imply that r, — oo as n — oo. For suppose
there is a subsequence {n;,¢ > 1} such that r,, < r < oo for all ¢ > 1. Then assuming (2) holds, we
would have

Tng; T,
) < ) < )
D P S Y AX Pum ST MAX Py = 0,
m=1 m=1 N °
contradicting (1).
(3) Because of assumptions (1) and (2), we have

Tn Tn
Z Pam < (1§r£1nagxm Pn,m) . Z Pnm — 0 as n — oo.
m=1 m=1

Proof 1. Let ¢, ., (t) and ¢,(t) be the characteristic functions of X, ,,, and S,,, so that

(bn,m(t) = (1 - pn,m) +pn7meita ¢n(t) = HZ;L:I[(I - pn,m) +pn,meit]-

Let A\, = Z;”;Zl Dn.m- Let ¢y (t) be the characteristic function of a Poisson distribution with mean A,,, and
let 1) be the characteristic function of a Poisson with mean A. Then by lemma 3.1.1, we have

|60 (t) = b ()] = Ty [1+ ppm (e = 1)] = Ty ePrm (=)
<L+ pam(et = 1) — e D)
m=1

(by part (2) of lemma 3.1.1 with b = p,, ,,,(1 — €’). Note that by assumption (2), n may be chosen large
enough that |b] < 1.)

Tn Tn
< phalet =12 <4y pl, =0
m=1

m=1

as n — 00. Since by a remark above, we also have 1, — v, then by the triangle inequality ¢,, — . (]
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Remarks. For the second proof, we require the following facts:

(1) if p1,..., pn and vy, ... , v, are distributions, then by propositions 1.2.4 and 1.2.5,

n

i x g = vax 5l € 3 i = v

m=1

(2) Let p be the measure with (0) =1 —p and p(1) = p, and let v be the Poisson measure with mean p.
Then using the fact that 1 —x < e™® <1 for x > 0, we have

= vl = 3 () = v(m)] = |u(0) = v(O)] + (1) — (V)] + 3 v(n)

=l-p—eP|l+lp—pe?|+1l-eP—peP=leP+p-1]+p—pe?]+1—-e? —pe”
=2p(1 —e™P) < 2p*.

Proof 2. Let py, m be the distribution of X, ,,, and let ;,, be the distribution of S,,. Let vy m, vy, and v

be Poisson distributions with means py, 1, A, = Z;;‘:l Dn,m, and A, respectively. Since fiy, = fin, 1% * finr,

and vy, = Uy, 1 * -+ % Uy ., then by remarks (1) and (2),

Tn Tn
”.un - Vn” < Z H,Udn,m - Vn,m” <2 Z pi,m — 0asn — oo.
m=1 m=1
As noted at the beginning of this section, we also have |, — v|| — 0 as n — oo. Hence ||y, — V| <
ltn = vl + [vn = v[| — 0. |

Ezample. Let {p,,n > 1} be numbers in [0, 1] such that p, — 0 in such a way that \,, = np, — X\ > 0.
In the above theorem, take r,, = n and p, ,, = p,. Then S,, has the binomial distribution with parameters

n and p,, and S, % Poisson ().

3.5 Infinite Divisibility.
Question. For each n > 1, let X7',... , X beii.d., and put
S, =X7"+-+X]. (5.1)

What distributions (other than the Normal or the Poisson) can appear as limits in distribution of the S,,’s?

Definition. An r.v. X is infinitely divisible if for every n > 1, there are i.i.d. r.v.’s X7,..., X} such that
XL X044 XN

Proposition 3.5.1 Let X be a r.v. with c.f. ¢(t). Then X is infinitely divisible if and only if for each
n > 1, there is a c.f. ¢, (t) such that ¢(t) = (¢n(t))™.

Proof. <« Let X}',... , X" be i.i.d. each with c.f. ¢,(t). Then X" +--- 4+ X has c.f. ¢(t), so equals X in
distribution.

Proposition 3.5.2 Answer to above question: X is the limit in distribution of sums as in (5.1) if and only
if X is infinitely divisible.

Proof. If X is infinitely divisible, this is obvious. Hence suppose X is such that S, X, Write Son =
Y, +Y,, where Y, = X" + .-+ X2" and Y, = X2%, 4+ --- + X3". Then Y, 4 Y, and P{Y, > y}?
P{Y, > y,Y) >y} < P{S2, > 2y} — P{X > 2y} and similarly P{Y,, < —y}? = P{Y,, < —y,Y, < —y}

IA
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P{Ss, < =2y} — P{X < —2y}, from which it follows that the sequence {Y;,,n > 1} is tight. Hence 3 a
subsequence {Y;,,,i > 1} which is convergent in distribution, say to Y. Then also Y, Ay , where Y’ 2 Y,

and is independent of Y. Then Y,,, + Y Ly 4 Y’ so X 2y + Y’ where Y and Y’ are i.i.d. Thus the
definition of infinite divisibility holds with n = 2. The same proof can be extended to the case n > 2. [

Lemma 3.5.3 Let ¢(t) be a c.f. Then
1-R(p(2t)) <41 - R(¢(1))], teR.
Proof. Since cos20 = 2cos? § — 1, then
1-R(p(2t)) = E[1—cos 2Xt] = 2E[1—cos? tX] = 2E(1—cos t X )(14costX) < 4F(1—costX) = 4[1-R(¢(1))].
|

Proposition 3.5.4 An infinitely divisible c.f. ¢(t) never vanishes.

Proof. Since |¢(t)|? is also an infinitely divisible c.f. (|¢(t)|? = ¢(t)p(—t) is the c.f. of X + X’ where X 4 x
and X and X’ are independent) and vanishes if and only if ¢(¢) vanishes, we can assume ¢(t) is real and
non-negative. Since ¢(0) = 1, then ¢ is strictly positive on some interval (—b, b) where b > 0. Hence we need
only prove that if @ > 0 is such that r =d¢f infyc(_a,q) @(t) > 0, then inf,c(_2q,2q) ¢(t) > 0.

Let 0 < e < 1/4, and let n be so large that 1 — r'/® < e¢. Then 1 — ¢, (t) = 1 — ¢(t)*/" < e for all
t € (—a,a), and so 1 — ¢, (2t) < 4[1 — ¢, (t)] < 4e for all t € (—a,a). Then ¢(2t) = ¢, (2t)" > (1 — 4e)™ for
all t € (—a,a). ]

Theorem 3.5.5 (Lévy-Khintchine, 1934) Let ¢(t) be a c.f. Then ¢(t) is infinitely divisible if and only
if

) o?t? it itr ] 1+ 22

where v € R, 02 > 0, and p is a finite measure on R such that u{0} = 0. This representation is unique in
terms of v, o2, and p.

Examples.
(1) N(v,0?). Here p(dz) = 0.

(2) Poisson(\). Take v = A/2, 02 =0, and let u({1}) = A\/2 and (R \ {1}) = 0. Then

, o?t? it ite ] 14 2? it ; it ;

(3) Gamma, Cauchy. (Note: we say X ~ Cauchy(a,b) where a > 0 if X has density function f(z) =

%m for z € R or if X has c.f. ¢(t) = e?0=altl),

3.6 The Convergence of Types Theorem.

Problem. Suppose that U, % U and that {an,n > 1} and {B,,n > 1} are real numbers with o, — « and
B, — B3, where a and 3 are finite. Then a,U,, + 3, QU+ 8.

Solution This follows from proposition 1.5.3. Since «,, — a — 0, then (o, — @)U, 0. Since alU, < aU,
then a, U, = (a, — &)Uy, + U, 2 QU. Then anUpn + (Bn — ) A aU, so a,U, + Bn U + s.
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Remark. In particular, if ¢, and ¢ are the characteristic functions of U,, and U, then ¢, (a,t) — ¢(at)
for every t. We will use this frequently in the proof of the next theorem.

Theorem 3.6.1 (Convergence of Types Theorem) Suppose that
(1) U, L U, where U is non-degenerate,
(2) 3 numbers am, By with o, > 0 such that a, U, + B LA V', where V is non-degenerate.
Then the limits a = lim,, oo a, and 8 = lim, o B, exist (and are finite) with o > 0, and V 20U + 0.

Proof. Let V, 2 anUn + Br. Let ¢, (t), ¥ (t), ¢(t), and ¥(t) be the characteristic functions of U,,,V,,,U,
and V respectively. Then

Su(t) — 6(t),  Un(t) = P dn(ant) — V(). (6.1)

Let {ap,,? > 1} be a subsequence which converges to say a € [0,00]. (Note that such a subsequence always
exists. Either we can find a subsequence which tends to oo, or the a;,’s all belong to a compact set.) If
a were 0, we would have ¢, (an,t) — 1 (since oy, Uy, <, 0) and therefore |1, (t)] — 1 as i — oo, so that
|(t)] = 1 for all ¢, implying that V is degenerate. Hence we have shown « > 0. If a were oo, then since

n(u) = e_i”ﬂ”/a"wn(u/an), u € R,

we would have |¢,,(u)] — 1 as i — oo, so that |¢(¢)] = 1 for all £. Thus we have shown that o < oo.
Finally, observe that |¢,, (t)| — |¢(at)| as i — oo, so that |i)(t)| = |p(at)| for all ¢. If there were two distinct
subsequential limits, say o' < «, then |¢(at)| = |¥(t)| = |p(a't)], so that |p(u)| = |p(ua’/a)] for all w.
Tterating this, we find that for every u, |¢(u)| = |p(u(a’/a)™)| for every m > 1. Letting m — oo shows that
|o(w)] = 1 for all u, so U is degenerate. Hence we conclude that every convergent subsequence of the a;,’s
converges to the same limit. This means that the sequence {a,,n > 1} converges to « > 0 as stated.

Now we turn to the 8,’s. Let § > 0 be such that |¢(at)| > 0 for |¢| < . Then

e al) ()
Onant)  Plat)’
Next, since ¥ (t)/¢(at) — 1 as t — 0, then
L Y(t)

Let u/ < & be such that the left-hand side here is < 1/2. Since |1 — e~#»*| < 2, then by (1.5) of chapter 2
and the BCT, we have

It < a.

1 [ . 1 [ t 1

e, {z:|z| >2/u'} < o /ﬂ/[l — Pt dt — E/,u/[l - %}dt < 3

so there is N such that eg, {z : |z| > 2/u'} < 1 (and is therefore zero) for all n > N. This means that
|Bn| < %Vn > N and therefore the sequence {3,,n > 1} is bounded. If j3,,, is a convergent subsequence
which converges say to 3, then e = 4(t)/¢(at), |t| < 6. So if 3 and B’ were two subsequential limits, we
would have et = ¢t for all [t| < 6, implying that 8 = . Thus every convergent subsequence has the
same limit, so the sequence {f,,n > 1} is itself convergent as claimed. By letting n — oo in the equality

U (t) = ePntp, (ant), we get h(t) = et ¢(at), implying that V Lol + 8. ]
Corollary 3.6.2 Suppose that {S,,,n > 1} are random variables and that there exist sequences of numbers
(1) {an,n > 1} and {b,,n > 1} with a, > 0 for all n such that

Sn*bn d
_—
Qp

U

where U is nondegenerate,
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(2) {al,,n>1} and {b],,n > 1} with al, > 0 for all n such that
S”a—;b% Ly
where V' is nondegenerate.
Then U and V' are of the same type. If U is normal, then so is V.
Proof. Let U,, = (S, — bn)/an, Vo, = (S, = b)) /al,, o, = an/al,, and B, = (b, —b),)/al,. Then
e Sn = by by, — bl

Vo=—7—"=— + =anUn+ Bn, n=1

! !
aj, a an, .

i
n

By the convergence of types theorem, we have V 2 aU + G. [

3.7 Stable Laws.

Definition. R.v.’s X and Y are said to be of the same type if there are a > 0 and b such that Y’ 4 %.
That is, if X and Y have the same distribution except for scale and location parameters.

Definition. A non-degenerate r.v. Y is said to have a stable law if for every k > 1, Y is of the same type as
Y1+ -+ Y, where Y1,Y5, ..., Y, are i.i.d with the same distribution as Y. That is, if 3 constants a; > 0, by

so that
Yin*F"“FYk*bk

ag
Y is said to have a strictly stable law if the bx’s can be chosen to be zero.

Problem. Show that stable laws are infinitely divisible.

Solution. Suppose X has a stable law, so that X 4 % for every n. Let
bn
xn = Xm =
m an

Then X7,..., X" are iid. and XP + - + X7 £ X for every n.
However, the family of stable laws is strictly contained in the family of infinitely divisible laws, since
stable laws are absolutely continuous (a problem) and the Poisson law is discrete.

Proposition 3.7.1 Y is the limit in distribution of X1++ka—Bk for some i.i.d. sequence {X;,i > 1},

some sequence A > 0, and some sequence By, if and only if Y has a stable law. (Note: the Ay’s and By’s
are not necessarily the same as the ap’s and by ’s in the above definition of a stable law.)

Proof. If Y has a stable law, we can take X7, X5 ... to bei.i.d. with the same distribution as Y. Conversely,
fix k and let Zj, = 2144 X=Be and §) = X(; 1)1 + -+ + Xy for j,n > 1. Then

Sl .+ Sk B

an =

Ank ’
Ak Znr S —B, Sk — B,  kB,— Bu
= +-+ + .
An An An An
The first k£ terms on the RHS of the last identity tend in distribution to Y7 + -+ 4+ Y} as n — oo, where
Yi1,...,Y; are i.i.d with the same distribution as Y. On the left hand side, Z,; converges in distribution to

Y. It now follows from the convergence of types theorem that 3 @ > 0 and § such that aY’ 4 Yi+- - -+Y, 0.
|
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Lemma 3.7.2 Suppose {a,,n > 1} is an increasing sequence of strictly positive numbers such that ag > 1
and Gy = aman for all m,n > 1. Then 33 > 0 such that a,, = n®Yn > 1.

Proof. Define 3 by as = 2°. Since aypp = man, it follows that a,,» = a, ¥Ym,r > 1. In particular, if n is of

qlogn
log 2

the form 2" then a,, = asr = ag = 976 = nB. Define Mp,qg = |: ] (where [{L‘] denotes the integer part of

x) for all ¢ > 1, so that m,, 4 < qlg’gg; < My q + 1, and therefore m,, 4log2 < logn? < (my, 4 + 1)log?2, so

2mna < pd < 20mnatl) | Since a, is increasing, then (2™m4)8 = gomng < ape < Qoy(mn,q+1) = (20mn.at 18,
Now ana = al, so (2mma)f < qf < (20mnatD))8 and taking logs and then dividing by glog2 gives us

no

Brmng < l‘fg = < Blmnatl)  Now letting ¢ — oo, and using the fact that lim,_, laz] — 2 both endpoints of
q og q q
this double inequality tend to ﬁlé‘;gzn, S0 l?fg"; = ﬁliZanv and therefore log a,, = logn®vn > 1. ]

Remark. If Y =U +V where U and V are independent, then

Fy(y) = /+OO Fy(y —v)dFy(v) < /

—00 (—00,0]

dmw+AH)m@Mwm=m@+mwm—n@y

Proposition 3.7.3 Suppose Y has a stable law. Then the normalizing constants are given by a, = n*/® for
alln > 1, where 0 < a < 2. (« is called the index.)

Proof. Let ¢(t) be the c.f. of Y. It is a little easier to work with 3 = 1/a. Define W LY —Y’, where Y’ is

independent of Y and has the same distribution. If W7,... , W} are independent copies of W, then
Wi+ 4+ Wy d i+ +Ye by Y+ +Y b dy _yrdw
ak ag Qg

Thus W, which is symmetric, is stable with location constants zero and the same normalizing constants ay,
as Y. Note also that ¢y (¢) is real and strictly positive, the latter since W is infinitely divisible.

Hence we can assume that Y is symmetric. Since Y1+ -+ Y4n = Y14+ + Y )+ Yos1+ -+ Yign),
we see that

AmanY L0, Y + a,Y”, (7.1)

where Y/ and Y” are independent and have the same distribution as Y. If one takes m = n, then one obtains
asnY 4 an, (Y +Y7) 4 anasY"' so as, = asa,. A simple extension of the argument leading to (7.1) then
tells us that @, = aman,, and then that a,» = aff for all r, k > 1.

From (7.1), Y L —am_ Y —Gn_V" 50 by the remark preceding this proposition, with U = —*=—Y" and

m+4n m-+4n m+n

V = —2_Y” and using the fact that Fi;(y) = Fy (“22y) and Fy(0) = Fy(0), we have

Am+n Am

Fy(y) < Fy (0) + Fy (X2 )[1 — Fy (0)].

m

If there are sequences {m;,i > 1} and {n;,j > 1} such that % 1 0, then Fy (y) < Fy(0) + Fy (0)[1 —
Fy (0)] for all y > 0, which would in turn imply that 1 < Fy(0) + Fy (0)[1 — Fy (0)], so that Fy(0) =1, and
then P{Y = 0} = 1 (since Y is symmetric). It follows that the numbers {aiﬁ :m,n > 1} are bounded,

say by M. If we take m = k" and m +n = (k + 1)", we have ( L )T = %m_ < M for all r. If there were

Ap41 Am+n

k so that -2~ > 1, then taking r large enough would contradict the validity of the bound M. Hence the

Ak+1

sequence {an,n > 1} is non-decreasing. The fact that as = asa; implies that a; = 1. If ay were 1, then
Y1+ Y, 4 Y, implying that ¢(t)? = ¢(t), and therefore that ¢(t) = 1, so Y is degenerate at 0. This means
as > 1, and then by the lemma, that a,, = n’Vn.

Lastly, we prove that a < 2. Suppose to the contrary that b =28 < 1. Since Y1 +---+ Y, 4 nPY, then
o)™ = ¢p(nPt), so ¢(n=P) = #(1)*/™. Recall that ¢(t) is real and strictly positive. By putting ¢t = n~? and
s =1/n, we have

_ _ -8 . /n o s
h?i%lfltiqw < lim 1-9¢(n") — lim ﬂ — lim 1-9001)° — 0,

2 T n—oo n—20 n— 00 n—26 s—0 sb
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where the last equality is a result of I'Hopital’s rule and the fact that b < 1. Again by I’'Hopital’s rule
2
we have lim, o 1533 = Z_ and so by the Fatou-Lebesgue lemma, EY? = E [2lim; o =53] <

t2
2liminf; 1%‘;(“ = 0. This implies that Y is degenerate, a contradiction. [

Proposition 3.7.4 Y has a stable law if and only if its c.f. ¢(t) has the form ¢(t) = e9®), where
g(t) = itc — bJt|“ [1 + iksign(t)wq (t)], (7.2)

where b >0, c € R (c is just a centering constant), —1 <k <1 and

) tan(%r) if0<a<2,a#1,
w =
“ 2loglt|] ifa=1.

Proof. Suppose ¢(t) has the given form. Let 8 = 1/a. Then
We (t f0<a<2and a+#1,
wa(n’at) _ ( ) ) ' 7&
we(t)+ 2logn  ifa=1,

SO

ng(t) —iten +iten®  if0<a<2and a # 1,

A1) = inPte — bn|t|™ [1 + insign(t)w, (n°t)] =
g(n”t) = in"tc — bn|t|* [1 + irsign(t)wa (nt)] ng(t) — ibtr2nlogn  if o =1,

= ng(t) — itby,

obr . . Hence ¢(t)" = e™9(t) = eglant)+itbn — 4(q #)e?bn where
nlogn ifa=1

T

_nB i <
Wherebn:{c(n n’) f0<a<2anda#1
a, = n?, which implies that ¢ is the c.f. of a stable law. [
Remark. We will denote the distribution whose c.f. is given in the above proposition by Stab, (b, ¢, k).

Examples.

(1) a =2. Then g(t) = itc — bt?> and so Y ~ N(c,b).

(2) a =1,k =0. Then g(t) = itc — bt|, so Y=< has the Cauchy distribution with density x eR.

1
w(14+z2)"

(3) @ =1/2,5 = 1. Then g(t) = itc — b|t|*/[1 +isign(t)]. Then Yz has the inverse Gaussian distribution
with density (2723)~1/2e=1/2 2 > 0.

These are the only cases where the density is known in closed form. Hoffmann-Jorgensen (Probability with
a View Toward Statistics, Volume I, p. 409) gives the densities in terms of hypergeometric functions in all
other cases except when o =1,k #£ 0.

Theorem 3.7.5 (The Stable Central Limit Theorem) Let X1, X5,... be i.i.d. r.v.’s such that
lim zP{X; >z} =wu, lim 2°P{X; < —-a}=v

where 0 < o < 2 and u,v € [0,00) are such that w+v > 0. Set

0 fo<a<l,
my, = nEsin(<) ifa=1,
EX, ifl<a<?,
and
v—u

b= —
a(u+v)C(a), K o
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where o
—a) cos &F .
Cla) = ~al-a) ff0<a<2,a¢1,
% Zfa: 1.

Let Uy, = ﬁ Z;’L:l(Xj —my) forn>1. Then Uy, <, Stabe(b,0, k) as n — oo.
Problem. Show that Y has a symmetric stable law iff ¢y (t) = e 1" where b > 0 and 0 < o < 2.

Problem. Prove that the stable distributions are all absolutely continuous with bounded continuous density
functions.

Remarks.
(1) If X is stable with index 0 < a < 2, then F|X|P < oo for 0 < p < a and E|X|P = 400 for p > a.

(2) Let X and Y be independent strictly stable r.v.’s with indices & and 8. If Y > 0 (so that 8 < 1), then
XY/ is stable with index af (Feller Vol. II, page 176).

(3) If X ~ Stab,(b,0,k) with 0 < a < 1, then —X ~ Stab,(b,0,—k). X ~ Stab(0,b,a, —1) with
0 < a < 1, the support of X is (—o0,0).

(4) Suppose 0 < a < 1. If X ~ Stab,(b,0, k), the support of X is
(—00,0) if Kk =—1,

Supp(X) = (—o0,+00) if -1 <k <1,
(0, 4+00) if Kk =1.

Reference: Samorodnitsky, G. and M. S. Taqqu (1994). Stable Non-Gaussian Random Processes. Chap-
man and Hall, Boca Raton.
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Chapter 4

Weak Convergence in C0, 1] and
Weiner Measure.

4.1 Relative Compactness in C[0, 1].

Notation. C = C[0,1] will be the set of all continuous functions z : [0,1] — R. If z,y € C, we define
d(z,y) = sup,ejoq) |2(t) — y(t)|. With this metric, C' is a separable complete metric space. Let C be the
o-algebra of Borel subsets of C. Given = € C, we define the modulus of continuity of x to be w,(d) =
SUP|s—t|<s |$(S) - .Ii(t)|, 0<d<1.

Notation. Given 0 < ¢; < ty--- < t, < 1, we denote by m, ..., : C — R* the projection operator
defined by m, ... 4, (z) = (z(t1), ... ,x(tg)). Sets of the form 7; o e (A) where A € B(R"), are called (finite
dimensional) cyhnder sets. Let C £ denote the family of all cyhnder sets. Then C; C C since the prOJeCthDb
Ty, 1, are continuous and therefore measurable. If P € P(C'), the distribution P7Tt1,-.. +, on B(R *) defined
by P7rt_11 th (4) = P[wil e (A)] is called a finite dimensional distribution of P.

Proposition 4.1.1 Cy is closed under finite intersection, and o(Cy) = C.

Proof. Suppose that U € Cy is of the form U = 7, (A), where A € B(R?*). Let t be such that s <
t < u, and let p : R* — R? denote the projection defined by p(a,b,¢) = (a,c). Then Tsu = DO Ms tous
soU = w;tl,upfl(A) = w;,}u(D) where D = p~1(A) € R®. By embellishing this argument, one can show
that if U,V € Cy, there is a common set 0 < t1 <ty -+ <t <1 of indices and A, B € B(Rk) such that
U= 7rt_11 L(A)and V = 7rt1 t,(B). Then UNV = wgl 1 (ANB), s0 Cy is closed under finite intersection.

Next, for any v € C and ¢ > 0, {y € C :dx,y) < e} = ﬁreQm[0}1]|{y sa(r) —y(r)] < € =
ﬁreQm[o,l]ﬂfl[Z(T) —¢€,2(r) + € € o(Cs). That is, every closed ball, and therefore every open ball, be-
longs to o(Cy). By separability, all the open sets in C' belong to o(Cy), so C C o(Cy). We noted above that
Cy C C and hence o(Cy) C C. ]

Theorem 4.1.2 Let {P,,n > 1} C P(C), and let P € P(C). If
(1) {P,,n > 1} is tight, and
(2) the finite dimensional distributions of P, converge weakly to those of P,

then P, = P.

Proof. Let {P,,,7 > 1} be a weakly convergent subsequence of {P,,,n > 1}, and suppose @ € P(C) is such
that P, % Q. By the mapping theorem, the finite dimensional distributions of P,,, converge weakly to
those of (). Since they must also converge to those of P, then P and @ have the same finite dimensional
distributions, so P = @ on Cf, so P = Q. [

51
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Theorem 4.1.3 (Arzela-Ascoli) A subset A of C[0,1] has compact closure if and only if
(1) sup,c4 |z(0)] < 00, and
(2) lims_gsup,c s wz(0) =0 (i.e. A is equicontinuous).

Proposition 4.1.4 Let {P,,n > 1} be probability measures on C[0,1]. Then {P,,n > 1} is tight if and
only if

(1) for each n >0, Ja > 0 and ng > 1 such that P,{z : |z(0)| > a} < n VYn > ng, and

(2) for each e >0, > 0,30 < <1 and ng > 1 such that P, {x : w;(8) > e} < n Vn > ng.

Proof. Suppose {P,} is tight. Given 7, choose K compact > P,(K) > 1 — nVn. By the A-A theorem,
a =9 sup, ., [7(0)] < oo is such that K C {z : |2(0)] < a} (so (1) holds), and given ¢ > 0, 3§ > 0 >
SUp,c i Wx(6) < € or equivalently K C {x : w;(6) < €} (so (2) holds), with ng = 1 in each case (which is
important for the converse).

Conversely, suppose conditions (1) and (2) hold, and let > 0. Since C is separable and complete, the
finite family {P,,1 < n < ng} is tight, and so by the previous paragraph Ja > P, {z : |x(0)] > a} < nV1 <
n < ng, and for each € > 0,30 < 6 < 13 P {x : w,(§) > ¢} < vl < n < ng. The point is that we can
assume (1) and (2) hold with ng = 1. Thus, given n > 0, let a be such that P,{z : |x(0)| > a} < n/2Vn > 1,
and choose a sequence & | 0 such that P,{z : w,(6x) > 1/k} < n/2¥*vn > 1. Let D = {z : |z(0)| >
a} U2 {z: wy(0x) > 1/k}. Then by subadditivity, P, (D) < nV¥n > 1. Since D¢ satisfies conditions (1) and
(2) in the A-A theorem, then K = D¢ is compact. Since P,(K) > P,(D¢) > 1 —n¥n > 1, we are finished. g

Lemma 4.1.5 Suppose that 0 =ty <t1 < -+ <ty =1 and minyc;em(t; —t;—1) > 5. Then for any x € C,

wy(0) <3 max  sup |x(s) — z(t;i—1)| (1.1)

Isism g,y <s<t;

For any P € P(C),

Plajw,(0) 2 3¢ < S Pla:  sup  fo(s) — (tioy) = e}, (1.2)
i=1

ti—1<s<t;

Proof. Let M be the maximum on the RHS of (1.1), and let I; = [t;—1,%;], 1 < i < m. If |[s — t] < 4,
then either s and ¢ must lie in the same interval, say I;, in which case |z(s) — z(t)| < |z(s) — z(t;—1)| +
|x(t) — x(ti—1)] < 2M, or s and ¢t must lie in adjacent intervals, say I; and I;11 respectively, in which case
|z(s) —x(t)| < |x(s) — x(tiz1)| + |2(t:) — x(tiz1)| + |z (t) — x(t;)| < 3M. Hence (1.1). Finally,

{alun(®) 2 36} € {o] max  sup fo(s) —alti)| 2 e} = Uy {o: sup Ja(s) — altin)] > e}
I<ismyg, | <s<t; ti—1<s<t;

from which the last statement follows by subadditivity of P. ]

Proposition 4.1.6 Condition (2) of proposition 4.1.4 holds if for each 0 < e,;n <1,30<d <1 andng >1
such that

1
—P,{ sup |z(s) —x(t)| > €} <nV¥n > nyg,
0 " i<s<tts

for every t € [0,1].

Proof. In the lemma, take t; = i§ for 1 < i < m = [1/8]. Then P,{z : w,(0) > 3¢} < Y0", P.{x :
Supy, | <s<t, [7(8) —z(ti—1)| = €} < mdn Vn > ny. [
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4.2 Random Elements with Values in C|0, 1].

Notation. Let £1,&5,... be a sequence of r.v.’s on some probability space, let S, =& +---+ &, for all n,
and define

1

1
ovn
where ¢ > 0. Here, [nt] denotes the integer part of the number nt. In particular, X, (i/n) = ﬁSi for

points i/n € [0, 1] where 7 is an integer; X,,(¢) is just the function of ¢ obtained by linear interpolation of the
values X, (i/n), and so X, (t) is a continuous function of ¢.

Proposition 4.2.1 Suppose that for each € > 0, IXA > 1 and ng > 1 such that if n > ng, then
P{m<aX\Sk+i — Sk| = Xov/n} < % Vk > 1.
Then V0 < e,n < 1,30 < § <1 and ng > 1 such that

1
<P{ sup |X,(s) = Xn(t)| > €} <m, n>ny,
0 t<s<t+d

for every t € [0,1].

Proof. By hypothesis, 3\ > 1 and mq such that P{max;<y, [Sk+: —Sk| > Aoy/m} < 1’)\%2 Ym > mg, k> 1.
Let 6 = €2/A? and let ny be an integer larger than mg/§. For all n, we have [nd] < nd = ne?/A\?, and so
A/ [nd] < ey/n. Suppose n > ng. Then [nd] > [ngd] > mg, and so

P{ ril[aug] \/_|Sk+z — Skl > €} = P{ max |Sk1i — Sk| > oey/n} < P{ max |Sk+i — Sk| > Ao/ [nd]}
i<[nd| O
ne

Next, for a given pair s,t with t < s <t 49, let 0 < k < j be integers such that

k E+1 j—1 o
L P A A A (2.3)
n n n 2 n
Because of the polygonal character of X, (t), we have (drawapicture) | X (u)—X, ( )| < maxo<i<j—k | Xn( n‘)f
Xn(%)\ Vu with % <u< % Writing | X,,(s) — X, (¢)| < | Xn(s) — (%)| + | Xn(t) — Xn(n)|, we obtain
su X,(s) — X,(t)] €2 max ——|Sk4s — Skl
5 PXls) = Xal0] <2, s = i

An easy calculation from (2.3) gives j — k <49 Ifn> 4 , then 2 < 22/ s0 j — k < nd, and then

sup | X,(s) — X, <2 max A Sl.
5 X = X (0] <2 e oS = S
Combining this with (2.2) gives
e 0
n def max{mg,4}
P X, (s) — >et <P i —Si| > = > ter max{mo, 4}
{tS§2f+%| (S) ( )| 6} {0<I?<a[}25] 0\/_| k+i k| } = 4)\2 4 n =z no 5

and therefore %P{suptSSSH% | Xn(s) = Xn(t)| > €} < 2, which is equivalent to the required result. ]
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Proposition 4.2.2 Let &,&,...,&, be independent random wvariables with mean 0 and finite variances
02,0%,...,02. Let S, =& + -+ &, and 82 = 0% + -+ 02. Then

n

P{m<ax|5i\ > As,} < 2P{|S,] > (A — V2)s,}.

Proof. We can assume A > /2 since otherwise the result is trivial. Define E; = {max;;|S;| < As,
|Si}, i=1,...,n—1. Then

IN

P{max |Si| > Asy} = P{max|Si| > Asp, |Sn| = (A = V2)s, )} + P{max |Si| > Asy, [ Sn] < (A - V2)s,}

< P{ISa] > (A= V2)sn} + ni: PE; N {[Sa] < (A = V2)sn}]

\%

On the set E; N {|S,| < (A —+v/2)s,}, we have |S;| — |S,| > Asp, — (A —V/2)s,, = /25, and hence |S,, — S;| >
[1Sn] = 1Sil| 2 V28 This gives P[Ei N {]Sa] < (A= \/_)sn}] < PIE;N{[S, — Si| = v2s,}] = P(E;)P{|Sn
Si| > V2s,}] < P(E;) o 17k < P(QE 'i), where we used independence and then Chebychev’s inequality.
Since 7' P(E;) = P{max;n_l |S;| > Asp}, we then have

P{maX|S|>)\sn} < P{|Sn]| > (A= V2)s,} + = an ) < P{|Sn] = (A — V2)s,} + P{maX|S | > Asn ).

=1

Corollary 4.2.3 Suppose that &1,&s,... are i.i.d. random variables with mean 0 and finite variance o2.

Then for any € >0, 3X > 1 and ng > 1 such that P{max;<y |Si| > Aoy/n} < 55 Vn > ny.

Proof. In this case, s, = oy/n. Let A > 2v/2 (so that A\ — % > \/5, so that A — /2 > %) be such that
322 < ¢ Then

MWr =2t
2P{|Su| 2 (A - f)af}<2P{\S|>A"f}_ {|Sf'—§
16E|N3| 32\/_ K

by the CLT, where N ~ N(0,1) and we used the fact that F|N[* =2,/2.

4.3 Weiner Measure and the Invariance Principle.

Definition. A probability measure W on (C = C(0,1),C) such that
(1) W{z:z(0) =0} =1,
(2) for each t > 0, z(t) ~ N(0,¢) under W,

(3) forany 0 <t < t1 < -+ < tx <1, x(t1) — x(to), z(t2) — x(t1),... ,x(tx) — x(tx—1) are independent
under W,

is called Weiner measure. Note that, if s < ¢, then x(t) = 2(s) +[2z(t) — x(s)] independent, s0 ¢[5(1)—a(s)) (u) =

Gu(t) (W) Pu(s)(u) = etu’/2 fesu?/2 = o(t=5)u"/2 g5 3(t) — z(s) £ N(0,¢ — s) under W. Hence (2(t1), z(t2) —

x(t1), ..., x(tg) — (tg—1)) 4 (VE1N1,\ts —t1Na, ... , /T — tk—1Nk), where Ny,..., Ny are independent
N(0,1) r.v.’s.
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Suppose that the r.v.’s £1,&s, ... in the definition of X,, in (2.1) are i.i.d. with mean 0 and variance o2.

If0<s<t<1, then

Snt] = Stns)

b () — Y (s),
o + Y (t) — Pn(s)

where ¢, (t) = (nt — [nt])ﬁg[m]_‘_l. Firstly, by the Lindeberg-Lévy theorem,

Xn(t) — Xn(s) =

ovn ot —[ns) ¥V n n
where N ~ N(0,1) and we used the fact that @ — t as n — oo. Next, by Chebychev,

P{ln(t)] > €} < (nt — [ntgz;/;r(g[nt]-i-l) _ (nt ;e[glt])Q < i =0,

S0 Uy, (t) L 0asn — oo. Consequently, by proposition 1.5.3, X,,(¢t)—X,,(s) 4, vt —sN. Next, if U, 4 U and

Va 4 V', and if U,, and V}, are independent r.v.’s for each n, then it is easy to see that (Uy,, V;,) 4, (U, V) where
U and V are independent. It follows from the k-dimensional version of this fact that if 0 < t; < --- <t <1,
then

(Xn(t1), Xn(t2) — Xn(t1), ., Xa(ts) — Xn(tie1)) = (VENL, V2 — N2, ... /te — tho1Ny)
= the W-distribution of (z(t1), z(t2) — x(t1), ..., z(tg) — (tg—1)).

By the mapping theorem, with h(z) = Az, where

1 0 0 0 0
1 1 00 0
A=|1 1 1.0 0
R 0
1 1 1 1 1

we then have (X, (t1), Xy (t2),... , Xn(tx)) Lthe W-distribution of (x(t1), xz(t2), ... ,z(tr)). Consequently,
the finite dimensional distributions of X,, converge weakly to those of W.

For each n, let P, be the distribution of X,, on C. By combining corollary 4.2.3 with proposition
4.2.1 and proposition 4.1.6, we see that condition (2) of proposition 4.1.4 holds. Since X, (0) = 0, then
P,{|z(0)] = 0} = 1V¥n, so condition (1) of proposition 4.1.4 also holds. Hence the sequence {P,,n > 1} is
tight.

Theorem 4.3.1 Weiner measure exists.

Proof. Since {P,,n > 1} is tight, 3Q € P(C) and a subsequence {P,,,i > 1} > P,, © Q as i — oc.
Since the finite dimensional distributions of P,, converge weakly to those of @), and also (by the preceding
paragraphs) to those of the postulated measure W, then @ has the same finite dimensional distributions as
for the intended W. Since @ is uniquely determined by its finite dimensional distributions, then ¢ must be
Weiner measure. [

Theorem 4.3.2 (Donsker’s Invariance Principle) Let £1,82,... be a sequence of i.i.d. r.v.’s on some

probability space, each having finite variance 0. For each n, let P, be the distribution of X,, as defined in
(2.1), on C[0,1]. Then P, = W.

Proof. This follows directly from theorem 4.1.2 and the two paragraphs before the preceding theorem. g

Remark. Taking ¢t =1 gives X, (1) = 05:%, so Donsker’s TP contains the classical CLT.
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Chapter 5

Brownian Motion

5.1 Definition and Properties.

Definition. A stochastic process {W,¢ > 0} defined on a probability space (2, F, P) and taking values in
R is a Brownian Motion on R if

(1) WQ = 0,

(2) given “times”0 <ty < t1 <ty < -+ < t, < 00, the “increments” Wy, —W, Wy, =Wy, ,... Wy =W, |
are independent,

(3) Wy — W5 ~ N(0,t — s) whenever 0 < s < t,

(4) for P-a.s. w € Q, the path Wi(w) is continuous in ¢.

Remark. Properties (2) and (3) are equivalent to

(5) {W¢,t > 0} is a Gaussian process (i.e. for any 0 < t; < to < -+ < ¢, < 00, the joint distribution of
Wi, ..., Wy, is Gaussian) with mean 0 (i.e. EW; = 0¥t > 0) and covariance function Cov(Wy, Wy) =
min{s, t}Vs, ¢t > 0.

For if (2) and (3) hold, then {W;,t > 0} is obviously Gaussian with mean zero, and if 0 < s < ¢, we have
EW W, = EW (W, — W,) + EW2 = EW?2 = s. Conversely, if (5) holds, and if 0 < s < t < u < v, then
Cov(W, — Wy, W, — Wy) = Cov(W,, W) — Cov(W,,, W) — Cov(W,,, W) + Cov(W,,,Ws) =t —s—t+s=0.
It follows from this that the increments in (2), which must be jointly Gaussian, are independent. Finally, we
have Var(W; — W) = Var(W;) — 2Cov(Wy, Ws) + Var(Wy) =t — 2s + s = ¢ — s, finishing (3).

Existence. Consider the probability space (C[0,1],C, W) of the previous section, and the coordinate func-
tions z(t),t € [0,1]. Define U; = tx(1/t), t > 1 and Wy = Uzyq — Uy, t > 0. Then {W;,t > 0} is a Brownian
motion.

(1) Clearly Wy = 0.

(5) Since the finite dimensional distributions of the z-process are multivariate Gaussian, then so are those
of the U-process, and therefore those of {W;,t > 0}. So {Wy,t > 0} is a Gaussian process. Obviously
EW; =0vt > 0. If 1 < u < v, then Cov(U,,U,) = wvCov[z(1l/u),z(1/v)] = vomin{l/u,1/v} = u.
Suppose 0 S S S t. Then EWth = E(Us+1 — Ul)(Ut+1 — U1) = EUS+1UH_1 — EUS+1U1 — EU1Ut+1 +
EU? = (s+1)—1—1+1=s. Hence Cov(Ws, W;) = min{s, ¢}.

(4) Obvious.

Proposition 5.1.1 (Simple Properties of Brownian Motion) Suppose {W,t > 0} is Brownian mo-
tion on R.
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(1) Then so also are

(a) {Wiyrs — Ws,t >0} (change of origin),

(b) {1W2y,t > 0}, where ¢ # 0 (scale change),
tW(L/E) ift >0,
0 ift =0,
(d) {W, —W,_,,0 <t <7} where T >0 is fired (time reversal).

(¢) {B,t > 0}, where By = { (time inversion,),

(2) {Wi,t >0} is a martingale,
(8) {Wy,t >0} is a Markov process.
Proof.

(1) All four processes are Gaussian and have mean zero. One needs only to check the covariance functions.

(2) Let 7t = o(W5,0 < s <t) = (W, —W,,0 < u < v <t). Then E[W|Fs] = E[W; — Wi|Fs] +
E[W4|Fs] =0+ W, = W as.

(3) Also because of independent increments.

Definition. A function f : [a,b] — R is of bounded variation if there is M > 0 such that > ., |f(¢;) —
f(ti—1)] € M < oo for all partitions a = tg < t1 < -+ < t, = b of [a,]].

Proposition 5.1.2 Let {W;,t > 0} be a Brownian motion defined on a probability space (2, F, P), and let
[a,b] be a finite subinterval of R. Then almost every path Wi(w) is not of bounded variation on [a,b].

Proof. It suffices to prove this for [0,1]. Define v,(w) = Zf; W (k) — W(52)], and v(w) = lim,—.o0 1
vp(w). We will show that v = 400 for a.s. w. Since E|N(0,1)] =b = \/g and Var(I[N|) =c=1- 2, and
since W () — W (L) ~ N(0, o) ~ 545 N(0,1), then Ev, = 2"/2b and Var(v,) = c. Then

27 2n ) on on/2
Var(v,) c
as n — oco. Then P{v > a} = lim,_ P{v, > a} =1 for all @ > 0. ]

Note: In the first inequality in (1.1), we used the fact that if |z — y| <y — «, then x > .
Proposition 5.1.3 Almost every path Wi(w) is nowhere differentiable on [0, +00).

Proof.



Chapter 6

The Kolmogorov Extension Theorem.

Notation. Let T be a set (called the index set), and for each t € T, let (94, F) be a measurable space.
Let I, denote the set of all functions w : T — Uy such that w(t) € Q for all t € T. IierQy is
called the product space.

If T is a finite set, we already know how to define the product o-algebra ®.;c7F; of subsets of Il;c782;.
We now wish to do the same when T is infinite.

Let S be a subset of T'. A subset of II;e7); of the form C' = A x ;e\ 582, where A € ®4e5F, is called
a cylinder set with base A. If S is finite, C' is called a finite-dimensional cylinder set. Let Fg denote the
family of all cylinder sets with bases in ®;cgF;. Since a cylinder set with base A can be identified with A,
we can identify Fg with ®;cgF;.

Proposition 6.0.4 Let C; = U{Fs : S is a finite subset of T} be the family of all finite dimensional cylin-
der sets. Then Cy is an algebra of subsets of Il;e7 (2.

Proof. First note that if S; and Sy are finite subsets of T with S; C Sz, and if C' = Ay x Il;ep\s, €2 is
a cylinder set with base A; € ®es,Ft, then C' can also be represented as C = A X Il;ep\s,{% where
Ay = Ay x e\ 5,% € ®@tes, Fr- This means that any two cylinder sets can be represented with respect
to the same finite subset of T'. Thus, if C1 and Cy are two cylinder sets, we can write C1 = Ay X e\ s$k
and Co = Ag x e\ s where Ay, Ay € ®@¢csFy, and then C1 UCy = (A1 U Az) X Ileqp\ €2 and C1NCy =
(A1 N Az) x Iyer\ g8 are cylinder sets as well.

If C = A xIer\s82 is a cylinder set, then C° = A° x Il;cq\ 582 is also a cylinder set. Finally, ;e (2
is itself a cylinder set since 7§y = A X Il;ep\ 582 with A = Il;c5€; for any finite subset S of T'. [

Definition. We take the product o-algebra ®.c7F; to be the o-algebra of subsets of Il;c1€2; generated by
the algebra Cy of finite dimensional cylinder sets.

Notation. For brevity, we let Q = II;c7Q; and F = Qe Fy. For each s € T, let X, : Q — Qg denote the
sth coordinate mapping defined by X(w) = w(s). Note that X, is measurable with respect to F and Fs.
In fact, F is the smallest o-algebra which makes all the coordinate mappings measurable.

Proposition 6.0.5 For each finite subset S of T, let Ps be a probability defined on QicsFi. Suppose the
Ps’s satisfy the consistency condition: if S1 C Sa, then Ps, restricted to ®ieg, F¢ coincides with Ps, (that
is, if A € ®es,Fi, then Ps,[A x Ieg,\s,%] = Ps,(A). Then there exists an additive set function P on Cy
such that P(Q) = 1 and which coincides with Ps on every Fg.

Proof. If B € Cy, then B € Fg for some finite S; define P(B) = Ps(B). If B € Fs, and B € Fg, where

Sy and Sy are finite, then Pg, (B) = Ps,(B) because of the consistency condition. Thus P is unambiguously

defined. If A,B € Cy, and AN B = (), there is a finite S so that A,B € Fg. Then AU B € Fg and

P(AUB) = Ps(AUB) = Ps(A) + Ps(B) = P(A) + P(B). ]
In order that P be o-additive on C¢, we need additional conditions on the sets €2;.

59



60 CHAPTER 6. THE KOLMOGOROV EXTENSION THEOREM.

Definition. A class C of subsets of a set E is said to be compact if for every sequence {Cy,,n > 1} in C
such that N, C,, = (), there is an integer N such that N)_,C,, = (). A probability space (F, &, u) is said
to satisfy a compactness condition if there is a compact subclass C of £ such that pu(A) = sup{p(C) : C €
C, CC AIVAe&.

Remark. If F is a Polish space (i.e. a complete separable metric space), £ is the Borel o-algebra, and u
is any probability on &, then (F, &, u) satisfies a compactness condition. Note that R™ and any countable
set are examples of Polish spaces.

Theorem 6.0.6 (Kolmogorov’s Extension Theorem) For each finite subset S of T, let Ps be a proba-
bility defined on ®icsFi. Suppose the Ps’s satisfy the consistency condition of the preceding proposition and
that, for each t € T, (Qq, Ft, P{t}) satisfies a compactness condition. Then there exists a unique probability
P on the product o-algebra F which extends all the Ps’s. Stated another way, there exists a probability
space (Q, F, P) and on it a stochastic process {Xy,t € T} (the coordinate mappings) having the Ps’s as its
finite-dimensional distributions (i.e. P{(X,,...,Xy,) € A} = Ppy, .. +,3(A) for all A € @7, F, and finite
subsets {t1,... ,tn} of T).

Example. Take T = N = {1,2,3,...}, Oy = R, 7 = B(R) for all ¢t € T. Then Q = RN. For each
n > 1, let P, be a probability on the Borel subsets of R" such that P,y restricted to R" coincides with
P, (ie. Pyy1(A xR) = P,(A) for all Borel subsets A of R™). Then there exists a unique probability P
on the product o-algebra F which extends each of the P,’s. Stated another way, there exists a probability
space (2, F, P) and on it a stochastic process {X,,,n > 1} (the coordinate mappings) having the P,’s as its
finite-dimensional distributions (i.e. P{(Xi,...,X,) € A} = P,(A) for all Borel subsets A of R" and all
n > 1.

In particular, if F,,,n > 1 are distribution functions on R, and if for every n > 1, P, is product probability
dF; x --- x dF,, there exists a probability space (2, F, P) and on it a sequence {X,,n > 1} (the coordinate
mappings) of independent random variables such that X,, ~ F), for every n > 1.

Example. Let T be any set, Q; = R, F; = B(R) for all t € T. Then Q = R Let T'(s,t) : T x T — [0, +00)
be symmetric (I'(s, ) = ['(t, s) and non-negative definite (3°;_, >>"_; cic;I'(T3,t;) > 0 for all finite subsets
{t1,... ,tn} of T). For each finite subset {t1,...,t,} of T, let Pp, . ;.1 be the distribution of a Gaussian
random vector (Yz,,...,Y;, ) with mean vector zero and covariance matrix [I'(¢;,%;)]; j=1,... »n- Then there
exists a probability space (2, F, P) and on it a stochastic process { X, tT'} (the coordinate mappings) having
the Ppy, . ;.3's as its finite-dimensional distributions. {X;,t € T'} is called a Gaussian family.

If T = [0,+00), {X¢,t > 0} is called a Gaussian process. In particular, if T'(s,t) = min{s,t}, then
{X,,t > 0} is called a Brownian motion.

Remark. Let C. be the family of all cylinder sets C' = A x Il;eq\s€2, where A € ®iesF; and S is a
countable subset of T' . Then C, is a o-algebra of subsets of II;c1{2; and it is easy to show that C. coincides
with ®;erF;. This means that every member of F depends on only countably many values from 7.

Theorem 6.0.7 Suppose that T = [0,+00), Qi =R, Fr = B(R) for allt € T. Let {X;,t > 0} be the process
constructed on (Q, F, P) in Kolmogorov’s Extension Theorem. Suppose there exist constants a,b,c > 0 such
that

E|X, — X,|* < |t —s|*Tt Vs, t>0. (0.1)

Let Q. = C[0,400) =all continuous functions [0,4+00) — R, let Cy denote the family of finite dimensional
cylinder subsets of €., and let F. be the o-algebra of subsets of Q. generated by Cy. Then there exists a
probability P, on F. such that

P.(B) = P(A) VB € F. such that B= ANQ, for some A€ F.

(Ref: Hida, T. and M. Hitsuda.(1991). Gaussian Processes. AMS.



61

Note that if A = Q, then B = Q,, and we see that P.(£2.) = 1. Moreover, the coordinate process
{X},t > 0} restricted to €. has the same finite dimensional distributions under P, as it had under P. Hence
we have constructed a process {X;,t > 0} on a probability space (Qe, F., P.) which has the required finite
dimensional distributions, and which has continuous sample paths.

For a Brownian motion process, the condition in (0.1) is satisfied with a =4,b=1,¢ = 3.



