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Chapter 1

Weak Convergence of Probability
Measures.

1.1 Introduction.

Let (E, E) be a measurable space, and let P(E) be the set of all probabilities on E . In this chapter, we wish
to consider the convergence of sequences of probabilities in P(E).

1.2 Total Variation Measure.

Notation. E will also denote the set of all measurable functions f : E → R̄, and E+ will denotes the set of
all non-negative such functions. Recall that a signed measure µ on E is a countably additive real-valued set
function on E , which takes at most one of the values +∞,−∞. For any x ∈ E, we define the Dirac measure
εx(·) by

εx(A) =

{
1 if x ∈ A,
0 otherwise.

εx is actually a probability measure; if f ∈ E , then
∫

f(y)εx(dy) = f(x).

Total Variation. Let µ be a signed measure on E . Then by the Jordan-Hahn decomposition theorem, the
formulas

µ+(A) = sup
B⊂A,B∈E

µ(B), µ−(A) = − inf
B⊂A,B∈E

µ(B), A ∈ E ,

define measures µ+ and µ− on E (one of which must be finite) such that µ = µ+ − µ− (This is called the
Jordan decomposition of µ). Moreover, it is possible to find at least one set E+ ∈ E such that

µ+(A) = µ(A ∩ E+), µ−(A) = −µ(A ∩ E−), A ∈ E ,

where E− = E \ E+. The partition E = E+ ∪ E− is called the Hahn decomposition of E.
The measure |µ| = µ+ + µ−, defined by

|µ|(A) = µ+(A) + µ−(A), A ∈ E ,

is called the total variation measure corresponding to µ. Observe that |µ(A)| ≤ |µ|(A) for any A ∈ E . A
signed measure µ is called finite if |µ|(E) < ∞.
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6 CHAPTER 1. WEAK CONVERGENCE OF PROBABILITY MEASURES.

Examples.

(1) Suppose E is countable, and that E is the family of all subsets of E. Then µ+({x}) = µ({x})∨µ(∅) =
µ({x}) ∨ 0 and similarly µ−({x}) = −µ({x}) ∧ 0. Hence µ+ and µ− are given by

µ+(A) =
∑
x∈A

µ({x}) ∨ 0, µ−(A) = −
∑
x∈A

µ({x}) ∧ 0, A ∈ E ,

and we can take

E+ = {x ∈ E|µ({x}) ≥ 0}, E− = {x ∈ E|µ({x}) < 0}.

The total variation measure is given by

|µ|(A) =
∑
x∈A

|µ({x})|, A ∈ E .

(2) Suppose µ is of the form

µ(A) =
∫

A

f(x)ν(dx), A ∈ E ,

where ν is a measure and f is quasi-ν-integrable. Then

µ+(A) =
∫

A

f+(x)ν(dx), µ−(A) =
∫

A

f−(x)ν(dx), A ∈ E ,

where f+(x) = f(x) ∨ 0 and f−(x) = −[f(x) ∧ 0] for all x ∈ E. The total variation measure is given
by

|µ|(A) =
∫

A

|f(x)|ν(dx), A ∈ E .

Proposition 1.2.1 Let µ be a signed measure on E such that |µ|(E) < ∞. Then

|µ|(E) = sup
f∈E:|f |≤1

|
∫

f dµ|.

Proof. For such an f as described, we have

|
∫

f dµ| = |
∫

f dµ+ −
∫

f dµ−| ≤
∫
|f | dµ+ +

∫
|f | dµ− =

∫
|f |d|µ| ≤ |µ|(E),

and so we have shown that
|µ|(E) ≥ sup

|f |≤1

|
∫

f dµ|.

Equality is actually achieved, since for f = IE+ − IE− , we have |f | ≤ 1 and∫
f dµ =

∫
IE+ dµ−

∫
IE− dµ = µ+(E) + µ−(E) = |µ|(E).

Definition. The total variation norm of µ is defined to be

‖µ‖ = |µ|(E) = sup
|f |≤1

|
∫

fd µ|. (2.1)
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Remarks.

(1) If µ is a measure, then ‖µ‖ = µ(E).

(2) Let Mb(E) be the set of all signed measures µ on E such that ‖µ‖ < ∞. Then Mb(E) is a vector
space and ‖ · ‖ defines a norm on Mb(E). For we have

‖µ1 + µ2‖ = sup
|f |≤1|

|
∫

fd (µ1 + µ2)| = sup
|f |≤1|

|
∫

fd µ1 +
∫

fd µ2| ≤ ‖µ1‖+ ‖µ2‖

and
‖cµ‖ = sup

|f |≤1|
|
∫

fd (cµ)| = |c| sup
|f |≤1|

|
∫

fd µ| = |c|‖µ‖.

It can be shown that Mb(E) with this norm forms a Banach space. Moreover, the subset P(E)
consisting of probability measures is closed.

(3) If µ is such that µ(E) = 0, then µ+(E) = µ−(E), and so

‖µ‖ = 2 sup
A∈E

µ(A).

In particular, if P1 and P2 are probability measures, then

‖P1 − P2‖ = 2 sup
A∈E

|P1(A)− P2(A)|. (2.2)

(4) The inequality

sup
|f |≤1

|µ(f)− ν(f)| ≤ ‖µ− ν‖ (2.3)

is useful. In particular, if ‖µn − µ‖ → 0 as n →∞, then µn(A) → µ(A) uniformly in A ∈ E .

Exercise. Let A be a subset of E which contains a a subclass B satisfying (i) σ(B) = E , and (ii) B is a
π-system (that is, B is closed under finite intersection). Then

d(µ, ν) = sup
A∈A

|µ(A)− ν(A)|

defines a metric on P(E). In particular, if A = E , then d(µ, ν) = ‖µ− ν‖/2 is the total variation metric on
P(E).

Solution. Certainly d(·, ·) is non-negative and symmetric and the triangle condition is satisfied. If d(µ, ν) =
0, then µ(A) = ν(A) for all A ∈ B. Since B is a π-system which generates E , then µ(A) = ν(A) for all A ∈ E ,
and so µ = ν.

Exercise. If x �= y, show that ‖εx − εy‖ = 2.

Definition. Let {µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E). We say that {µn, n ≥ 1} converges to µ in total
variation if ‖µn − µ‖ → 0 as n →∞.

Suppose that E is a metric space and that {xn, n ≥ 1} ⊂ E and x ∈ E are such that xn �= x for all n,
and xn → x as n →∞. Since ‖εxn

− εx‖ = 2, the corresponding sequence of Dirac measures cannot converge
in total variation to the Dirac measure at x.

Proposition 1.2.2 (Sheffé’s Theorem) Let λ be a measure on a measurable space (E, E), and let f and
{fn, n ≥ 1} be non-negative measurable functions on E such that

∫
f dλ = 1 and

∫
fn dλ = 1 for all n, and

let
µn(A) =

∫
A

fn dλ, µ(A) =
∫

A

f dλ, A ∈ E .

If fn(x) → f(x) for λ-a.e. x ∈ E, then µn → µ in total variation as n →∞.
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Proof. We have ‖µ − µn‖ = 2(µ − µn)+(E) = 2
∫

(f − fn)+ dλ. Since (f − fn)+ → 0 except on a set of
λ-measure 0, and 0 ≤ (f − fn)+ ≤ f for all n, then the result follows by the bounded convergence theorem.

Proposition 1.2.3 Suppose E is a countable set, and that E is the family of all subsets of E. Let {µn, n ≥ 1}
and µ be probability measures on E. Then µn → µ in total variation if and only if µn({x}) → µ({x}) for
every x ∈ E.

Proof. We have
‖µn − µ‖ =

∑
x∈E

|µ({x})− µn({x})| = 2
∑
x∈E

[µ({x})− µn({x})]+.

If µn → µ in total variation, then obviously µn({x}) → µ({x}) for every x. Conversely, if µn({x}) → µ({x})
for every x, then [µ({x})− µn({x})]+ → 0 and [µ({x})− µn({x})]+ ≤ µ({x}) for every x, so ‖µ− µn‖ → 0
by the bounded convergence theorem.

Proposition 1.2.4 Let µ1, ν1 be distributions on (E1, E1), and let µ2, ν2 be distributions on (E2, E2). Then

‖µ1 × µ2 − ν1 × ν2‖ ≤ ‖µ1 − ν1‖+ ‖µ2 − ν2‖.

Proof. Let f(x1, x2) ∈ E1 × E2 be such that |f | ≤ 1. Then

|
∫

f d(µ1 × µ2)−
∫

f d(ν1 × ν2)| ≤ |
∫

f d(µ1 × µ2)−
∫

f d(ν1 × µ2)|

+ |
∫

f d(ν1 × µ2)−
∫

f d(ν1 × ν2)|

= |
∫

µ1(dx1)
∫

f(x1, x2)µ2(dx2)−
∫

ν1(dx1)
∫

f(x1, x2)µ2(dx2)|

+ |
∫

µ2(dx2)
∫

f(x1, x2)ν1(dx1)−
∫

ν2(dx2)
∫

f(x1, x2)ν1(dx1)|

≤ ‖µ1 − ν1‖+ ‖µ2 − ν2‖,

which implies the desired result.

Proposition 1.2.5 Let µ1, ν1, µ2, and ν2 be distributions on (E, E), where E is assumed to be an additive
group, so that convolution is defined. Then

‖µ1 � µ2 − ν1 � ν2‖ ≤ ‖µ1 × µ2 − ν1 × ν2‖.

Proof. We use the fact that if µ and ν are measures on E and if f ∈ E , then µ�ν(f) =
∫

µ(dx)
∫

ν(dy)f(x+y).
Let f ∈ E be such that |f | ≤ 1. Then

|µ1 � µ2(f)− ν1 � ν2(f)| = |
∫

µ1(dx)
∫

µ2(dy)f(x + y)−
∫

ν1(dx)
∫

ν2(dy)f(x + y)| ≤ ‖µ1× µ2− ν1× ν2‖.

1.3 Measures in Metric Spaces.

For the rest of this chapter, we assume that E is a metric space with metric d, and that E is the Borel
σ-algebra, namely the σ-algebra generated by the family of open subsets of E. Let Cb(E) denote the set
of all bounded continuous functions f : E → R. In this section, we are going to establish some needed
properties of probability measures in this setting. We shall need the definition

d(x, A) = inf{d(x, y)|y ∈ A}, x ∈ E, A ⊂ E.
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Proposition 1.3.1 Let A ⊂ E.

(1) |d(x, A)− d(y, A)| ≤ d(x, y), and so d(x, A) is a continuous function of x (in fact a Lipschitz function
of x-see below).

(2) d(x, A) = 0 if and only if x ∈ Ā.

Proof.

(1) From the triangle inequality, we have d(x, z) ≤ d(x, y) + d(y, z). Taking the infimum over all z ∈ A
gives d(x, A) ≤ d(x, y) + d(y, A), so that d(x, A) − d(y, A) ≤ d(x, y). Interchanging x and y gives
d(y, A)− d(x, A) ≤ d(y, x) = d(x, y). We conclude that |d(x, A)− d(y, A)| ≤ d(x, y) for all x, y.

(2) By part (1), the set {x ∈ E|d(x, A) = 0} is closed and contains A, so it contains Ā. Conversely, if
d(x, A) = 0, there is a sequence {xn, n ≥ 1} ⊂ A such that d(x, xn) → 0, and therefore x ∈ Ā.

Definition. Let f : E → R be a measurable function. Then f is said to be Lipschitz continuous if the
number

s(f) = sup
x�=y

x,y∈E

|f(x)− f(y)|
d(x, y)

. (3.1)

is finite. Note then that we have

|f(x)− f(y)| ≤ s(f)d(x, y), x, y ∈ E,

and so f is necessarily uniformly continuous.

Example. For any A ⊂ E, d(x, A) is Lipschitz continuous in x with s(d(·, A)) = 1.

Proposition 1.3.2 If f and g are Lipschitz continuous, then f ∧ g is Lipschitz continuous, with s(f ∧ g) ≤
s(f) ∨ s(g).

Proof. Since
max{|f(x)− f(y)|, |g(x)− g(y)|} ≤ [s(f) ∨ s(g)]d(x, y),

it will be enough to verify that

|f ∧ g(x)− f ∧ g(y)| ≤ max{|f(x)− f(y)|, |g(x)− g(y)|} (3.2)

for all x and y. There are four cases to be examined. In the first case, suppose that x and y are such that
f(x) ≤ g(x) and f(y) ≥ g(y). Then f ∧ g(x)− f ∧ g(y) = f(x)− g(y) and

f(x)− f(y) ≤ f(x)− g(y) ≤ g(x)− g(y),

which leads to (3.2). The other three cases are just as easily checked, so we conclude that (3.2) holds for all
x and y.

Proposition 1.3.3 Let G be an open set and define

fn(x) = min{1, nd(x, E \G)}, x ∈ E, n ≥ 1.

Then fn is Lipschitz continuous for all n and fn ↑ IG as n →∞.

Proof. The fact that fn is Lipschitz continuous follows from the previous proposition. Certainly fn ≤
fn+1 ≤ IG for all n. If x ∈ G, then d(x, E \G) > 0 and we can choose n0 such that n0d(x, E \G) ≥ 1. Then
nd(x, E \G) ≥ 1 and therefore fn(x) = 1 for all n ≥ n0.
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Proposition 1.3.4 Every µ ∈ P(E) is regular; that is, we have

µ(A) = sup{µ(F )|F ⊂ A, F is closed}, µ(A) = inf{µ(G)|A ⊂ G, G is open}

for every A ∈ E.

Proof. Let

A = {A ∈ E|for every ε > 0 there are closed F and open G with F ⊂ A ⊂ G and µ(G \ F ) < ε}.

It suffices to show that A = E . If A is open and ε > 0, we take G = A and define Fn = {x ∈ E|fn(x) = 1},
where fn is as defined in proposition 1.3.3 and n ≥ 1. Fn is closed for all n and since Fn ↑ A, then µ(Fn) ↑
µ(A) as n →∞, so there is an n such that µ(A\Fn) < ε. Thus A contains all open sets. We now show that A
is a σ-algebra. A is obviously closed under complementation. Suppose {An, n ≥ 1} ⊂ A, and let {Fn, n ≥ 1}
and {Gn, n ≥ 1} be closed and open sets respectively such that Fn ⊂ An ⊂ Gn and µ(Gn \ Fn) ≤ ε/2n+1

for each n. Define G = ∪n≥1Gn. Let N be large enough that µ(∪n≥1Fn) − µ(∪n≤NFn) < ε/2, and set
F = ∪N

n=1Fn. Then F is closed, G is open, F ⊂ ∪n≥1An ⊂ G,

µ(G \ F ) = µ(G)− µ(F ) = [µ(G)− µ(∪∞
n=1Fn)] + [µ(∪∞

n=1Fn)− µ(∪n≤NFn)]

≤ µ(G \ ∪∞
n=1Fn) + ε/2 ≤

∞∑
n=1

µ(Gn \ Fn) + ε/2 ≤ ε,

and so ∪n≥1An ∈ A. (We used the fact that ∪∞
n=1Gn \ ∪∞

n=1Fn ⊂ ∪∞
n=1(Gn \ Fn).)

Proposition 1.3.5 Let µ, ν ∈ P(E) be such that∫
f dµ =

∫
f dν

for every f ∈ Cb(E) (or only every Lipschitz function in Cb(E)). Then µ = ν.

Proof. Let G be an open set. Let fn(x) be as in proposition 1.3.3. Then by the monotone convergence
theorem, we have

µ(G) = lim
n→∞

∫
fn dµ = lim

n→∞

∫
fn dν = ν(G).

Hence µ and ν agree on open sets. By regularity, µ and ν agree on E . (Alternatively, since µ and ν agree on
the class C of open sets which is closed under finite intersection and generates E , then µ = ν on E .)

Definition. µ ∈ P(E) is said to be tight if for every ε > 0 there is a compact set K such that µ(K) ≥ 1−ε.

Proposition 1.3.6 If E is either (i) σ-compact (i.e. a countable union of compact sets), or (ii) separable
and complete, then every µ ∈ P(E) is tight.

Proof. Let ε > 0. If E is σ-compact, then E = ∪∞
n=1Kn where each Kn is compact. Let N be such that

µ(∪N
n=1Kn) > 1 − ε. Then K = ∪N

n=1Kn is compact and µ(K) > 1 − ε. Next, suppose E is separable and
complete. Since E is separable, then for each n there is a sequence An1, An2, . . . of open balls of radius 1/n
that cover E. For each n, let in be such that µ(∪in

i=1Ani) > 1− ε/2n. The set A = ∩∞
n=1 ∪in

i=1 Ani is totally
bounded and µ(A) > 1− ε. Let K = Ā. Then K is compact (see Dugundji page 298), and µ(K) > 1− ε.

1.4 Weak convergence.

In this section, E is a metric space with metric d.

Definition. Let {µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E). We say that the sequence {µn, n ≥ 1} converges

weakly to µ, and write µn
w→ µ, if

∫
f dµn →

∫
f dµ for all f ∈ Cb(E).
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Comparison with convergence in total variation. Suppose that {µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E)
are such that µn → µ in total variation. Then for any f ∈ Cb(E), we have

|
∫

fdµn −
∫

fdµ| = |
∫

fd(µn − µ)| = ‖f‖|
∫

(f/‖f‖)d(µn − µ)| ≤ ‖f‖‖µn − µ‖,

and so convergence in total variation norm implies weak convergence. The converse is not true, as the
following example shows.

Example. Suppose {xn, n ≥ 1} ⊂ E and x ∈ E are such that d(xn, x) → 0 as n →∞. Then∫
f dεxn

= f(xn) → f(x) =
∫

f dεx

for all f ∈ Cb(E), and so εxn

w→ εx. But recall that ‖εxn
− εx‖ = 2 if xn �= x.

Example. Suppose that E is countable, and is considered with the metric

d(x, y) =

{
0 if x = y,
1 if x �= y.

The topology generated is the discrete topology in which every subset of E is open. The Borel σ-algebra
E then consists of all subsets of E. Suppose that {µn, n ≥ 1} and µ are probabilities on E , and that
µn

w→ µ. Since each singleton set is both open and closed, the function f = I{x} is continuous and bounded,
so µn({x}) → µ({x}) for every x ∈ E. By the proposition immediately following Sheffé’s theorem in the
previous section, this implies that µn → µ in total variation. Thus weak convergence and convergence in
total variation are equivalent for probability measures on countable state spaces.

Background. There is a strong connection between weak convergence, as just defined, and what is called
weak∗-convergence in normed linear spaces. Specifically, let X be a normed linear space, and let X∗ denote
the set of all continuous linear functionals on X. Recall that X∗ is also a normed linear space with norm

‖x∗‖ = sup
x∈X

‖x‖≤1

|x∗(x)|, x∗ ∈ X∗.

We say that a sequence {x∗
n, n ≥ 1} in X∗ converges in norm to x∗ ∈ X∗ if ‖x∗

n−x∗‖ → 0 as n →∞. We say
that a sequence {x∗

n, n ≥ 1} in X∗ is weak∗-convergent (or converges vaguely) to x∗ ∈ X∗ if x∗
n(x) → x∗(x)

for every x ∈ X. Since
|x∗

n(x)− x∗(x)| ≤ ‖x∗
n − x∗‖‖x‖,

it follows that if x∗
n → x∗ in norm, then x∗

n → x∗ vaguely. Moreover, by Alaoglu’s theorem, the closed unit
ball {x∗ ∈ X∗|‖x∗‖ ≤ 1} is compact in the weak∗ topology.

Now let us get more specific. Suppose E is a compact Hausdorff space, and let X = Cb(E). Then X∗

can be identified by the isometry

x∗(f) =
∫

f dµ, f ∈ X,

with the space Mb(E) of all finite regular signed measures µ on E , the Borel subsets of E. It is obvious
that weak∗ convergence in X∗ here is just weak convergence as has been defined, and it can be shown that
convergence in norm in X∗ is simply convergence in total variation.

If E is a metric space and X = Cb(E), then X∗ can be identified with the space of all finitely additive
regular set functions µ on E , by the same isometry as above, with the same characterizations of weak∗ and
norm convergence.
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Definition. Let µ ∈ P(E). A ∈ E is called a continuity set for µ if µ(∂A) = 0. (Note: ∂A = Ā \Ao.)

The following theorem gives three equivalent definitions of weak convergence.

Theorem 1.4.1 (Portmanteau Theorem) Let {µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E). The following state-
ments are equivalent.

(1) µn
w→ µ,

(2)
∫

f dµn →
∫

f dµ for all f ∈ Cb(E) which are Lipschitz continuous,

(3) lim infn→∞ µn(G) ≥ µ(G) for all open sets G,

(4) lim supn→∞ µn(F ) ≤ µ(F ) for all closed sets F ,

(5) limn→∞ µn(A) = µ(A) for all µ-continuity sets A ∈ E.

Proof.

(1) ⇒ (2). Obvious.

(2) ⇒ (3). Let G be open and let ε > 0. Let fm(x) be as defined in proposition 1.3.3, and let
Fm = {x ∈ E : fm(x) = 1}. Then each Fm is closed and Fm ↑ G. Let m be large enough that
µ(Fm) ≥ µ(G)− ε. Then

lim inf
n→∞

µn(G) ≥ lim
n→∞

∫
fm dµn =

∫
fm dµ ≥ µ(Fm) ≥ µ(G)− ε.

(3) ⇔ (4). This is obvious by taking complements.

(4) ⇒ (5). For any A ∈ E , we have

µ(Ao) ≤ lim inf
n→∞

µn(Ao) ≤ lim inf
n→∞

µn(A) ≤ lim sup
n→∞

µn(A) ≤ lim sup
n→∞

µn(Ā) ≤ µ(Ā).

If A is a continuity set, then µ(Ao) = µ(Ā), so µn(A) → µ(A) and (5) holds.

(5) ⇒ (1). Let f ∈ Cb(E). By scaling and translation, we can assume that 0 < f < 1. The sets
Fy = {x ∈ E|f(x) = y} are pairwise disjoint for different values of y ∈ R, so µ(Fy) > 0 for only
countably many y ∈ R (because {y ∈ R|µ(Fy) > 0} = ∪∞

n=1{y|µ(Fy) > 1/n} and the sets in the union
are finite). It follows that {f > y}, which has boundary in Fy, is a continuity set for all but countably
many y. Hence µn{f > y} → µ{f > y} a.e (dy), and so by the BCT,

∫
fdµn =

∫ ∞
0

µn{f > y}dy →∫ ∞
0

µ{f > y}dy =
∫

fdµ.

Example. Let E = R. Let G = (0,∞) (open) and let F = (−∞, 0] (closed). Let µn = ε1/n, and let µ = ε0,
so that µn

w→ µ. Note that

(1) lim infn→∞ µn(G) = 1, while µ(G) = 0,

(2) lim supn→∞ µn(F ) = 0, while µ(F ) = 1.
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Remark. Yet another equivalent condition is the following:

(6) lim infn→∞
∫

g dµn ≥
∫

g dµ for all bounded lower semicontinuous functions g : E → R.(Note: g is
lower semicontinuous if {g > a} is open for any a ∈ R.)

For if (6) holds then (3) holds since IG is lower semicontinuous whenever G is open. Conversely, if g is
lower semicontinuous and bounded, there is a sequence {fn, n ≥ 1} ⊂ Cb(E) such that fn ↑ g. Since∫

g dµn ≥
∫

fm dµn for every n, then lim infn→∞
∫

g dµn ≥
∫

fm dµ. Letting m →∞ gives (6).

Proposition 1.4.2 Let {µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E). Let U be a subclass of E such that

(1) U is closed under finite intersections,

(2) each open set in E is a countable union of members of U .

If µn(A) → µ(A) for all A ∈ U , then µn
w→ µ.

Proof. Suppose that A1, . . . , Am ∈ U . Then by the inclusion-exclusion principle, we have

µn(∪m
i=1Ai) =

∑
i

µn(Ai)−
∑
i,j

µn(Ai ∩Aj) +
∑
i,j,k

µn(Ai ∩Aj ∩Ak)− . . .

→
∑

i

µ(Ai)−
∑
i,j

µ(Ai ∩Aj) +
∑
i,j,k

µ(Ai ∩Aj ∩Ak)− . . .

= µ(∪m
i=1Ai).

Thus we have µn(A) → µ(A) whenever A is a finite union of members of U . Let G be an open set, and
let ε > 0. Then there is a sequence {Ai, i ≥ 1} ⊂ U such that ∪∞

i=1Ai = G. Let m be large enough that
µ(∪m

i=1Ai) > µ(G)− ε. Then

µ(G)− ε < µ(∪m
i=1Ai) = lim

n→∞
µn(∪m

i=1Ai) ≤ lim inf
n→∞

µn(G).

Since this is true for all ε > 0, we have µ(G) ≤ lim infn→∞ µn(G).

Definition. Let {Fn, n ≥ 1} and F be distribution functions on Rd. We say that Fn converges to F in
distribution, and write Fn

d→ F , if Fn(x) → F (x) at every point x of continuity of F .

Example. Let F be a distribution function, and define Fn(x) = F (x − 1/n). Then Fn(x) → F (x) if and
only if x is a point of continuity of F .

Theorem 1.4.3 (Helly-Bray Theorem) Let µn, n ≥ 1 and µ be laws on Rd with distribution functions
Fn, n ≥ 1 and F respectively. Then µn

w→ µ if and only if Fn
d→ F .

Proof. We give the proof only for d = 1. Suppose first that µn
w→ µ. If x is a point of continuity of F , then

µ({x}) = 0; it follows that (−∞, x] is a continuity set for µ, so Fn(x) = µn(−∞, x] → µ(−∞, x] = F (x).
Conversely, suppose that Fn(x) → F (x) for all x at which F is continuous. Let

U = {(a, b]|a, b are points of continuity of F}.

If (a, b] ∈ U , then µn(a, b] = Fn(b) − Fn(a) → F (b) − F (a) = µ(a, b]. By the previous proposition, we need
only show that U satisfies conditions (1) and (2) there. Certainly U is closed under finite intersection. Since
F can have only countably many discontinuities, then points of continuity of F are dense in R, and it follows
that the second condition on U is satisfied.
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Definition. A family A ⊂ P(E) is said to be uniformly tight (or just tight) if for every ε > 0, there is a
compact set K ⊂ E such that µ(K) > 1− ε for every µ ∈ A.

Theorem 1.4.4 (Helly’s Selection Theorem) Let {Fn, n ≥ 1} be a sequence of distribution functions
on R. Then there exists a subsequence {Fni , i ≥ 1} and a possibly substochastic distribution function F such
that Fni

d→ F as i →∞. If the sequence {Fn, n ≥ 1} is tight, then F is a proper distribution function.

Proof. We shall use the diagonalization procedure. Let {r1, r2, . . . } be an enumeration of the rational
numbers. Since {Fn(r1), n ≥ 1} ⊂ [0, 1], there is a subsequence {n1

i , i ≥ 1} and a number G(r1) such
that Fn1

i
(r1) → G(r1). By the same token, there is a subsequence {n2

i , i ≥ 1} of {n1
i , i ≥ 1} such that

Fn2
i
(r2) → G(r2), and so on. This defines a non-decreasing function G(r), r ∈ Q. Define ni = ni

i, i ≥ 1,
and F (x) = inf{G(r)|r is rational and r > x}, x ∈ R. Then {Fni

, i ≥ 1} and F are as required. Note that
Fni

(r) → G(r) for every rational number r.

(1) F is a distribution function. For certainly F is non-decreasing. Suppose that {xn, n ≥ 1} are real
numbers such that xn ↓ x. Given ε > 0, let r > x be rational such that F (x) > G(r) − ε, and let N
be such that xn < r for all n ≥ N . Then F (x) > G(r) − ε ≥ F (xn) − ε for all n ≥ N , implying that
F (x) ≥ limn→∞ F (xn). Since F is non-decreasing, we certainly have limn→∞ F (xn) ≥ F (x). We have
therefore shown that F is right continuous.

(2) Fni

d→ F . For let x ∈ R be a point of continuity of F . Given ε > 0, let s ∈ Q with x < s be such
that G(s) − ε ≤ F (x) (by def’n of F ). Let r′ ∈ Q be such that r′ < x and F (r′) + ε > F (x) (since
F (x−) = F (x)), and let r ∈ Q be such that r′ < r < x. Then

F (x)−ε ≤ F (r′) ≤ G(r) = lim
i→∞

Fni(r) ≤ lim inf
i→∞

Fni(x) ≤ lim sup
i→∞

Fni(x) ≤ lim
i→∞

Fni(s) = G(s) ≤ F (x)+ε.

Since this is true for all ε > 0, we deduce that limi→∞ Fni
(x) = F (x).

Suppose the sequence {Fn, n ≥ 1} is tight. Let ε > 0. Then there is an interval [a, b] such that Fn[a, b] ≥ 1−ε
for all n ≥ 1. Let x and y be continuity points of F such that x < a and y > b. Then Fni(x, y] ≥ Fni [a, b] ≥
1 − ε for all n. Letting i → ∞ shows that F (x, y] ≥ 1 − ε. Since ε > 0 was arbitrary, we conclude that
F (R) = 1.

Example. Define
Fn(x) = aI{x≥n} + bI{x≥−n} + cG(x), x ∈ R, n ≥ 1,

where G is a distribution function and a, b, c are positive numbers such that a+b+c = 1. Let F (x) = b+cG(x).
Then Fn(x) → F (x) for all x. However, F may not be a proper distribution function, since F (+∞) = b + c
and F (−∞) = b.

Proposition 1.4.5 Let {µn, n ≥ 1} be probability measures on R. If there is a function φ : R→ [0,∞) such
that φ(x) →∞ as |x| → ∞, and such that C = supn

∫
φ(x) dµn < ∞, then {µn, n ≥ 1} is tight.

Proof. We have

C ≥
∫
|x|≥M

φ(x) dµn ≥ inf
|x|≥M

φ(x) · µn{|x| ≥ M},

and so

sup
n

µn{|x| ≥ M} ≤ C

inf |x|≥M φ(x)
.

Now given ε > 0, we can choose M large enough that the right-hand side is less than ε.

Definition. A family A ⊂ P(E) is said to be relatively compact if for every sequence {µn, n ≥ 1} ⊂ A,
there is a subsequence {µni , i ≥ 1} and a µ ∈ P(E) such that µni

w→ µ as i →∞.
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Remark. If {µn, n ≥ 1} is a relatively compact sequence of probability measures, and if every weakly
convergent subsequence has the same limit µ, then µn

w→ µ. For suppose that µn � w→ µ. Then there is
f ∈ Cb(E) such that

∫
f dµn �→

∫
f dµ, and therefore an ε > 0 and a subsequence {ni, i ≥ 1} such that

|
∫

f dµni −
∫

f dµ| > ε for all i ≥ 1. This contradicts the fact that {µni , i ≥ 1} must have a subsequence
converging weakly to µ.

Proposition 1.4.6 Let A ⊂ P(R). Then A is relatively compact if and only if it is uniformly tight.

Proof. Suppose A is uniformly tight. Let {µn, n ≥ 1} ⊂ A, and let {Fn, n ≥ 1} be the corresponding
distribution functions. By the Helly selection theorem, there is a subsequence {Fni

, i ≥ 1} ⊂ {Fn, n ≥ 1}
and a proper (here is where uniform tightness is used) distribution function F such that Fni(x) converges
to F (x) at all points of continuity x of F . Let µ be the probability corresponding to F . Then µni

w→ µ as
i →∞. Thus A is relatively compact.

Suppose A is not tight. Then there is an ε > 0 such that for every compact set K, there is µ ∈ A such that
µ(K) ≤ 1−ε. For this ε, choose for every integer n ≥ 1 a probability µn ∈ A such that µn(−n, n] ≤ 1−ε. If A
were relatively compact, the sequence {µn, n ≥ 1} would have a weakly convergent subsequence {µni

, i ≥ 1},
converging say to µ ∈ P(E). Then for every x ∈ R, (−x, x) ⊂ (−ni, ni] for all large enough i, and so we
would have

µ(−x, x) ≤ lim inf
i→∞

µni
(−x, x) ≤ lim inf

i→∞
µni

(−ni, ni] ≤ 1− ε,

which would imply µ(R) < 1.

Problem. Show that if Fn
d→ F , where F is continuous, then supx∈R |Fn(x)− F (x)| → 0 as n →∞.

In general, the previous proposition is true for any metric space E, as follows.

Theorem 1.4.7 (Prohorov’s Theorem) Let E be a metric space, and let A ⊂ P(E).

(1) If A is uniformly tight, then it is relatively compact.

(2) If A is relatively compact, and if E is separable and complete, then A is uniformly tight.

Proof. See Billingsley, page 37.

Proposition 1.4.8 Let (E, E) and (E′, E ′) be measurable spaces, and let h : E → E′ be a measurable
function. Let µ be a probability on E. Define

µh−1(A) = µ[h−1(A)], A ∈ E ′.

Then µh−1 is a probability on E ′, and for any measurable function f : E′ → R, we have∫
f [h(x)]µ(dx) =

∫
f(x′)µh−1(dx′),

whenever one, and then both, of these integrals exist.

Proof. If f = IA where A ∈ E ′, then
∫

f [h(x)]µ(dx) = µ[h−1(A)] = µh−1(A) =
∫

f(x′)µh−1(dx′), so the
integral equality is true when f is an indicator function. The proof may be completed via the “usual”method.

Theorem 1.4.9 (The Mapping Theorem) Let (E, d) and (E′, d′) be metric spaces, and let h : E → E′

be a measurable function. Let Dh ⊂ E be the set of points in E at which h is discontinuous. Suppose that
{µn, n ≥ 1} ⊂ P(E) and µ ∈ P(E) are such that µn

w→ µ and µ(Dh) = 0. Then µnh−1 w→ µh−1.
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Proof. Define
Aε,δ = ∪ y,z∈E

d′[h(y),h(z)]≥ε

{x ∈ E|d(x, y) < δ} ∩ {x ∈ E|d(x, z) < δ},

where ε > 0 and δ > 0. Then Aε,δ is the union of open sets, and so is open. Moreover, we have

Dh = ∪ε ∩δ Aε,δ,

where the union is over all rational ε > 0 and the intersection over all rational δ > 0. It follows that Dh ∈ E .
Let F be a closed subset of E′. Since h−1(F ) ⊂ Dh ∪ h−1(F ), then µ[h−1(F )] ≤ µ(Dh) + µ[h−1(F )] =

µ[h−1(F )], and so µ[h−1(F )] = µ[h−1(F )]. Hence

lim sup
n→∞

µnh−1(F ) = lim sup
n→∞

µn[h−1(F )] ≤ lim sup
n→∞

µn[h−1(F )] ≤ µ[h−1(F )] = µ[h−1(F )] = µh−1(F ).

Corollary 1.4.10 Suppose that µn
w→ µ and that h : E → R is a bounded measurable function with µ(Dh) =

0. Then
∫

h dµn →
∫

h dµ.

Proof. We apply the above proposition with E′ = R. Suppose that |h| ≤ M , and define

f(x) =


−M if x ≤ −M ,
x if −M ≤ x ≤ M ,
M if x ≥ M .

Then f ∈ Cb(E) and so∫
h dµn =

∫
f [h(x)] dµn =

∫
f(x)dµnh−1 →

∫
f(x)dµh−1 =

∫
f [h(x)] dµ =

∫
h dµ

as n →∞.

1.5 Convergence in Distribution.

Definition. Let {Ω,F , P} be a probability space, and let (E, E) be a measurable space. Let X be a random
variable defined on Ω, and taking values in E. Then the probability measure

PX(A) = PX−1(A) = P{X ∈ A}, A ∈ E ,

is called the distribution or law of X. Observe that for any measurable function f : E → R, we have

Ef(X) =
∫

f(x) dPX ,

whenever one, and therefore both, of the integrals exist.

From now on, (E, d) is a metric space with metric d.

Definition. Let {Xn, n ≥ 1} be a sequence of random variables all taking values in the metric space E
(but not necessarily defined on the same probability space), and let X be a random variable with values in
E. For each n, let µXn denote the distribution of Xn on E, and let µX denote the distribution of X. Then
we say the sequence {Xn, n ≥ 1} converges in distribution to X, and write Xn

d→ X, if µXn

w→ µX . A set
A ∈ E is a continuity set for X if P{X ∈ ∂A} = 0.

The following is a direct translation of the Portmanteau theorem.

Theorem 1.5.1 (Portmanteau Theorem) Let {Xn, n ≥ 1} and X be random variables with values in
E. The following statements are equivalent.
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(1) Xn
d→ X,

(2) Ef(Xn) → Ef(X) for all f ∈ Cb(E) which are Lipschitz continuous,

(3) lim infn→∞ P{Xn ∈ G} ≥ P{X ∈ G} for all open sets G,

(4) lim supn→∞ P{Xn ∈ F} ≤ P{X ∈ F} for all closed sets F ,

(5) limn→∞ P{Xn ∈ A} = P{X ∈ A} for all X-continuity sets A ∈ E.

Definition. Let {Xn, n ≥ 1} and X be random variables defined on the same probability space {Ω,F , P}
and taking values in the metric space E. We say that {Xn, n ≥ 1} converges in probability to X and write
Xn

P→ X, if for every ε > 0, we have

P{d(Xn, X) ≥ ε} → 0 as n →∞.

Proposition 1.5.2 (1) If Xn → X in probability, then Xn
d→ X.

(2) If Xn
d→ a (where a is a constant), then Xn → a in probability.

Proof.

(1) Suppose Xn

d

�→ X. Then there is f ∈ Cb(E) such that
∫

f dµXn �→
∫

f dµX ; that is, there is an ε > 0,
and a sequence {ni, i ≥ 1} such that |Ef(Xni

)− Ef(X)| =
∣∣∫ f dµXni

−
∫

f dµX

∣∣ ≥ ε for all i ≥ 1.
This contradicts the fact that since Xni

→ X in probability, there is a further subsequence {nij
, j ≥ 1}

of {ni, i ≥ 1} such that Xnij
→ X a.e., and therefore Ef(Xnij

) → Ef(X).

(2) Let fk(x) = min{kd(x, a), 1} where k ≥ 1 is an integer. Then fk ∈ Cb(E) and I{d(x,a)≥1/k} ≤ fk(x), so

P{d(Xn, a) ≥ 1/k} = EI{d(Xn,a)≥1/k} ≤ E[fk(Xn)] =
∫

fk(x) dµXn
→

∫
fk(x) dεa = fk(a) = 0

as n →∞.

Proposition 1.5.3 If Xn
d→ X and Yn

P→ 0, then Xn + Yn
d→ X and XnYn

P→ 0.

Example. Suppose that X and Y are i.i.d. and assume the values 0 and 1 with probabilities 1/2 each.

Define Xn = Y, n ≥ 1. Then Xn
d→ X, but Xn

P

�→ X, since P{|Xn −X| > ε} = P{|Y −X| = 1} = 1/2 for
any ε > 0.

The following are consequences of corollary 1.4.10

Proposition 1.5.4 Take E = R. Suppose that Xn
d→ X.

(1) Then E|X| ≤ lim infn→∞ E|Xn|.
(2) If {Xn, n ≥ 1} is uniformly integrable, then E(Xn) → E(X) as n →∞.

Proof. Let D = {x ∈ R|P{|X| = x} = 0} = {points of continuity of F|X|}. D is dense in R.

(1) For a ∈ D, define

h(x) =

{
|x| if |x| ≤ a,
0 if |x| > a.

Then µX(Dh) = P{|X| = a} = 0, so∫
{|X|≤a}

|X|dP = Eh(X) = lim
n→∞

Eh(Xn) = lim inf
n→∞

Eh(Xn) ≤ lim inf
n→∞

E|Xn|.

The proof is completed by letting a →∞ through D.
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(2) Since {Xn, n ≥ 1} is uniformly integrable, then by part (1) E|X| < ∞. For a ∈ D, define

h(x) =

{
x if |x| ≤ a,
0 if |x| > a,

so that Eh(Xn) → Eh(X). Since

|E(Xn)− E(X)| = |Eh(Xn) +
∫
{|Xn|≥a}

Xn dP − Eh(X)−
∫
{|X|≥a}

X dP |

≤ |Eh(Xn)− Eh(X)|+
∫
{|Xn|≥a}

|Xn| dP +
∫
{|X|≥a}

|X| dP,

then
lim sup

n→∞
|E(Xn)− E(X)| ≤ sup

n

∫
{|Xn|≥a}

|Xn| dP +
∫
{|X|≥a}

|X| dP.

Letting a →∞ through D now gives lim supn→∞ |E(Xn)− E(X)| = 0.

Corollary 1.5.5 Take E = R. Suppose that g, h : R→ R are functions such that h is continuous, g is mea-
surable with g(x) ≥ 0 for all x, and |h(x)|/g(x) → 0 as |x| → ∞. If Xn

d→ X, and if lim supn→∞ Eg(Xn) <
∞, then Eh(Xn) → Eh(X) as n →∞.

Proof. Since Xn
d→ X and h is continuous, then h(Xn) d→ h(X). Let N be such that

C
def= sup

n≥N

∫
g(x) dµn < ∞.

Then {h(Xn), n ≥ N} is uniformly integrable. For given ε > 0, let M be large enough that |h(x)|/g(x) < ε/C
for |x| > M , and let α = sup{|h(x)| : |x| ≤ M}. Then if β ≥ α, we have

sup
n≥N

∫
{|h(Xn)|>β}

|h(Xn)|dP = sup
n≥N

∫
{|h(x)|>β}

|h(x)| dµn ≤ sup
n≥N

∫
{|x|>M}

|h(x)| dµn

≤ ε

C
sup
n≥N

∫
{|x|>M}

g(x) dµn ≤ ε.



Chapter 2

Characteristic Functions.

2.1 Properties and Examples.

Definition. Let (E, E) be a measurable space. Let µ be a probability measure, and let f : E → C be
measurable. Then f can be written as f = �(f) + i�(f) where �(f) (the real part of f) and �(f) (the
imaginary part of f) are measurable functions. We say that f is µ-integrable, and we define∫

f dµ =
∫
�(f) dµ + i

∫
�(f) dµ,

if both �(f) and �(f) are integrable. We leave it to the reader to show the following:

(1) if f, g : E → C and if c ∈ C, then
∫

f + g dµ =
∫

f dµ +
∫

g dµ and
∫

cf dµ = c
∫

f dµ.

(2) if fn : E → C, n ≥ 1 and f : E → C, and if fn → f a.s.(µ) and |fn| ≤ g where
∫

g dµ < ∞, then∫
fn dµ →

∫
f dµ.

Proposition 2.1.1 If f : E → C is µ-integrable, then∣∣∣∣∫ f dµ

∣∣∣∣ ≤ ∫
|f | dµ.

Proof. Suppose
∫

f dµ = reiθ. Then
∫

e−iθf dµ = r = |
∫

f dµ|. Writing f(x) = ρ(x)eiφ(x), we have

|
∫

f dµ| =
∫

e−iθf dµ =
∫

ρ(x)ei(φ(x)−θ) dµ =
∫

ρ(x) cos[φ(x)− θ] dµ ≤
∫

ρ(x) dµ =
∫
|f | dµ.

Remark. Let a < b be numbers. We shall frequently use the fact that∣∣∣∣e−ita − e−itb

it

∣∣∣∣ =

∣∣∣∣∣
∫ b

a

e−itx dx

∣∣∣∣∣ ≤
∫ b

a

1 dx = b− a.

Definition. Let µ be a probability measure on R. Then we define the characteristic function φ(t) of µ to
be

φ(t) =
∫ ∞

−∞
eitx dµ(x). (1.1)

Let X be a (real) random variable defined on (Ω,F , P ). Then the characteristic function φX(t) of X is

φ(t) = E(eitX) = E[cos tX] + iE[sin tX], t ∈ R.

Note that if µX is the distribution of X on R, then φ(t) =
∫

eitx dµX . If µX is absolutely continuous with
respect to Lebesgue measure, and has density f , then φ(t) =

∫
eitxf(x) dx, the Fourier transform of f .

19
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Proposition 2.1.2 (Basic Properties) (1) φ(0) = 1,

(2) φ(t) = φ(−t),

(3) |φ(t)| ≤ 1,

(4) φ(t) is uniformly continuous in t,

(5) φaX+b(t) = eibtφX(at),

(6) X has the same distribution as −X if and only if φX(t) is real,

(7) φX+Y (t) = φX(t)φY (t) if X and Y are independent.

Proof. All except (4) are pretty obvious. For (4), we have

|φ(t + h)− φ(t)| = |E[ei(t+h)X ]− E[eitX ]| = |E[eitX [eihX − 1]]| ≤ E|eitX [eihX − 1]| = E|eihX − 1|,

so that limh→0 supt∈R |φ(t + h)−φ(t)| ≤ limh→0 E|eihX − 1| = 0. For (6), note that if φX(t) is real, then by

part (1), φX(t) = φX(−t) = φ−X(t)∀t. Then corollary 2.1.4 below gives X
d= −X.

Theorem 2.1.3 (The Inversion Formula) Let µ be a probability measure on R and let φ(t) be the char-
acteristic function of µ, as defined in (1.1). Let a < b be real numbers. Then

lim
T→∞

1
2π

∫ T

−T

e−ita − e−itb

it
φ(t) dt = µ(a, b) +

1
2
µ{a, b}.

In particular, the integral on the left is real for all T > 0.

Proof. Taking care with the cosine terms,

JT (x)
def=

∫ T

−T

e−ita − e−itb

it
eitx dt =

∫ T

−T

sin t(x− a)
t

dt−
∫ T

−T

sin t(x− b)
t

dt = R(x− a, T )−R(x− b, T ),
(1.2)

where

R(θ, T ) =
∫ T

−T

sin tθ

t
dt =

∫ Tθ

−Tθ

sinw

w
dw = 2sign(θ)

∫ T |θ|

0

sinw

w
dw.

In particular, JT (x) is real. Since
∫ ∞
0

sin w
w dw = π/2, then limT→∞ R(θ, T ) = πsign(θ) (note:sign(0) = 0).

It follows that JT (x) is bounded and

JT (x) →



0 if x < a,
π if x = a,
2π if a < x < b,
π if x = b,
0 if x > b,

= 2πI(a,b) + πI{a,b}.

Consequently, by Fubini’s theorem and then the BCT, we have∫ T

−T

e−ita − e−itb

it
φ(t) dt =

∫ T

−T

e−ita − e−itb

it

∫
eitx dµ dt =

∫
JT (x)dµ → 2πµ(a, b) + πµ{a, b}.

Corollary 2.1.4 Let µ1 and µ2 be probability measures with characteristic functions φ1(t) and φ2(t). If
φ1 = φ2, then µ1 = µ2.
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Proof. The sets of point masses (i.e. atoms) for µ1 and µ2 must each be countable. Hence there is a dense
set D ⊂ R such that if x ∈ D, then µ1{x} = µ2{x} = 0. Consider the family

U = {(a, b)|a, b ∈ D, a < b}.

By the above theorem, µ1 and µ2 coincide on U . Since U is closed under finite intersection and generates
the Borel σ-algebra, then µ1 and µ2 coincide on B(R).

Theorem 2.1.5 Let φ(t) be the characteristic function of the probability measure µ. If
∫
|φ(t)| dt < ∞, then

µ is absolutely continuous with respect to Lebesgue measure, with bounded continuous density function

f(x) =
1
2π

∫ ∞

−∞
e−itxφ(t) dt, x ∈ R.

Proof. Note first that f(x) = 1
2π

∫
eitxφ(−t) dt = f(x), so f is a real-valued function.

Suppose b > a. Since
∣∣∣ e−ita−e−itb

it φ(t)
∣∣∣ ≤ |b − a||φ(t)|, the BCT implies that the result of the previous

theorem can be written as

µ(a, b) +
1
2
µ{a, b} =

1
2π

∫ +∞

−∞

e−ita − e−itb

it
φ(t) dt. (1.3)

Fix a ∈ R, and suppose b > a. Then

µ(a, b) +
1
2
µ{a} ≤ µ(a, b) +

1
2
µ{a, b} =

1
2π

∣∣∣∣∫ e−ita − e−itb

it
φ(t) dt

∣∣∣∣ ≤ 1
2π

∫ ∣∣∣∣e−ita − e−itb

it
φ(t)

∣∣∣∣ dt

≤ b− a

2π

∫
|φ(t)| dt.

By taking b very close to a, we see that µ{a} = 0. Hence µ has no point masses and for a < b, (1.3) becomes

µ(a, b) =
1
2π

∫
e−ita − e−itb

it
φ(t) dt =

1
2π

[∫ ∫ b

a

e−itx dx

]
φ(t) dt =

∫ b

a

[
1
2π

∫
e−itxφ(t) dt

]
dx =

∫ b

a

f(x) dx.

Since this is true for all such open intervals (a, b), it follows that µ(A) =
∫

A
f(x) dx for all A ∈ E .

Proposition 2.1.6 Let φ be the characteristic function of the random variable X, and suppose that E(|X|n) <
∞. Then φ(t) has a continuous derivative of order n given by

φ(n)(t) =
∫ ∞

−∞
(ix)neitx dµ(x). (1.4)

Proof. The proposition is certainly true for n = 0. Suppose it is true for n = k, and that X is a random
variable with E|Xk+1| < ∞. Then also E|Xk| < ∞, so (1.4) holds with n = k, and then

φ(k)(t + h)− φ(k)(t)
h

=
∫

(ix)keitx eihx − 1
h

dµ(x).

Now |(eihx − 1)/h| is bounded by |x| and (eihx − 1)/h → ix as h → 0. Letting h → 0, it follows from the
bounded convergence theorem that φ(k+1)(t) exists and is given by (1.4) with n = k + 1.

Finally, a simple demonstration using the bounded convergence theorem shows that the right-hand side
of (1.4) is a continuous function of t.
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Example: The Normal Distribution. Suppose that X ∼ N(0, 1). That is, X has density function

f(x) =
e−x2/2

√
2π

, x ∈ R.

Then

φ(t) =
∫ ∞

−∞
eitx e−x2/2

√
2π

dx.

By the previous proposition, φ′(t) exists and is continuous and

φ′(t) =
∫ ∞

−∞
ixeitx e−x2/2

√
2π

dx = −2
∫ ∞

0

x sin tx
e−x2/2

√
2π

dx.

Integrating by parts the last integral gives

φ′(t) = −2t

∫ ∞

0

cos tx
e−x2/2

√
2π

dx = −tφ(t).

This means that
[φ(t)et2/2]′ = φ′(t)et2/2 + φ(t)tet2/2 = [φ′(t) + tφ(t)]et2/2 = 0,

so φ(t)et2/2 = c (a contant). Since φ(0) = 1, then c = 1. Hence

φ(t) = e−t2/2.

The Cauchy Distribution. A random variable X with density function

f(x) =
1

π(1 + x2)
, x ∈ R,

is said to have the Cauchy distribution on R. The characteristic function is

φ(t) =
∫ ∞

−∞
eitx · 1

π(1 + x2)
dx, t ∈ R.

We shall evaluate this integral using the residue theorem. First assume t > 0, and let C be the closed curve
shown below.

R-R

i

C1

C2

Then ∮
C

eitz

π(1 + z2)
dz =

1
π

∮
eitz

(z + i)(z − i)
dz =

1
π
· 2πi{sum of residues} = 2i{e−t

2i
} = e−t.

Since for z ∈ C1 we have

(1) |1 + z2| ≥ 1−R2, and

(2) |eitz| = |eit(x+iy)| = |e−tyeitx| ≤ e−ty ≤ 1 (here is where t > 0 is used),
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then

lim
R→∞

∣∣∣∣∫
C1

eitz

π(1 + z2)
dz

∣∣∣∣ =
∣∣∣∣ lim
R→∞

∫ π

0

eitz

π(1 + z2)
Reiθ dθ

∣∣∣∣ ≤ 1
π

lim
R→∞

∫ π

0

|eitz|
|1 + z2|R dθ

≤ 1
π

lim
R→∞

∫ π

0

R

|R2 − 1| dθ = 0.

Hence

e−t = lim
R→∞

∮
C

eitz

π(1 + z2)
dz = lim

R→∞

∫
C1

eitz

π(1 + z2)
dz + lim

R→∞

∫
C2

eitz

π(1 + z2)
dz = 0 + φ(t),

and so φ(t) = e−t for t > 0. Finally, since X
d= −X, then φX is real, so φX(t) = φX(−t). Hence for t < 0,

we have φX(t) = et. Consequently, we conclude that

φ(t) = e−|t|, t ∈ R.

Lemma 2.1.7 Let φ be the characteristic function of the distribution µ. Then

µ{x : |x| > 2/u} ≤ 1
u

∫ u

−u

[1− φ(t)] dt, u > 0. (1.5)

(Part of the result is that the right-hand side here is real.)

Proof. For any u > 0, we have∫ u

−u

1− eitx dt = 2u−
∫ u

−u

(cos tx + i sin tx) dt = 2u− 2 sinux

x
,

where we note in particular that the left-hand side is real. Dividing both sides by u and integrating with
respect to µ gives

1
u

∫ u

−u

[1− φ(t)] dt = 2
∫

1− sinux

ux
dµ ≥ 2

∫
{|x|≥2/u}

1− sinux

ux
dµ

≥ 2
∫
{|x|≥2/u}

1− 1
|ux| dµ ≥ µ{x : |x| > 2/u},

where in the first inequality we used the fact that | sin y/y| ≤ 1 for all y ∈ R.

Theorem 2.1.8 (Continuity Theorem) Let {µn, n ≥ 1} be probability measures with corresponding char-
acteristic functions {φn, n ≥ 1}.

(1) Suppose that µ is a probability measure with characteristic function φ and that µn
w→ µ. Then φn(t) →

φ(t) for all t ∈ R.

(2) Suppose that φn(t) → φ(t) for all t ∈ R, where φ is a function such that φ(t) → 1 as t → 0. Then
{µn, n ≥ 1} is uniformly tight and converges weakly to a probability µ with characteristic function φ.

Proof.

(1) Since cos tx and sin tx are bounded continuous functions of x, then

φn(t) =
∫

cos tx dµn + i

∫
sin tx dµn →

∫
cos tx dµ + i

∫
sin tx dµ = φ(t), t ∈ R.
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(2) Let us show that the sequence {µn, n ≥ 1} is tight. For any u > 0, we have from the above lemma that

µn{x : |x| > 2/u} ≤ 1
u

∫ u

−u

[1− φn(t)] dt → 1
u

∫ u

−u

1− φ(t) dt as n →∞,

by the BCT, implying that u−1
∫ u

−u
1− φ(t) dt is real and non-negative. Let ε > 0. Since φ(t) → 1 as

t → 0, then
1
u

∫ u

−u

1− φ(t) dt → 0 as u → 0.

Let u′ be such that the left-hand side here is < ε. By the BCT, we have

1
u′

∫ u′

−u′
[1− φn(t)] dt → 1

u′

∫ u′

−u′
[1− φ(t)] dt < ε,

so there is N such that

µn{x : |x| > 2/u′} ≤ 1
u′

∫ u′

−u′
[1− φn(t)] dt < ε

for all n ≥ N . This means that the sequence {µn, n ≥ 1} is tight, and therefore relatively compact. This
means that every subsequence of {µn, n ≥ 1} has a further subsequence which converges weakly to some
probability measure. Because of part (1), the characteristic functions of these limiting probabilities
must all coincide with φ (implying that φ itself is a characteristic function), and therefore all these
limiting probabilities in fact are the same, say µ. It is now easy to verify that the entire sequence
{µn, n ≥ 1} converges weakly to µ (see the remark preceding Prohorov’s theorem).

Lemma 2.1.9 For any n ≥ 1, we have

eix =
n∑

m=0

(ix)m

m!
+ R(x), (1.6)

where

|R(x)| ≤ min
[ |x|n+1

(n + 1)!
,
2|x|n
n!

]
. (1.7)

Proof. An easy integration by parts gives∫ x

0

(x− s)neis ds =
xn+1

n + 1
+

i

n + 1

∫ x

0

(x− s)n+1eis ds, n ≥ 0. (1.8)

Using this with n = 0 gives

eix − 1
i

=
∫ x

0

eis ds = x + i

∫ x

0

(x− s)eis ds,

which after a slight rearrangment is

eix = 1 + ix + i2
∫ x

0

(x− s)eis ds.

Now we apply (1.8) (with n = 1) to this, and iterate, getting

eix = 1 + ix + i2
[
x2

2
+

i

2

∫ x

0

(x− s)2eis ds

]
= 1 + ix +

(ix)2

2
+

i3

2

∫ x

0

(x− s)2eis ds

= 1 + ix +
(ix)2

2!
+

i3

2!

[
x3

3
+

i

3

∫ x

0

(x− s)3eis ds

]
= 1 + ix +

(ix)2

2!
+

(ix)3

3!
+

i4

3!

∫ x

0

(x− s)3eis ds

=
...

=
n∑

m=0

(ix)m

m!
+ R(x),
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where

R(x) =
in+1

n!

∫ x

0

(x− s)neis ds.

Now we show that R(x) satisfies (1.7). An easy calculation gives

|R(x)| ≤ |x|n+1

(n + 1)!
.

On the other hand, since
∫ x

0
(x− s)n−1 ds = xn/n, we have (by an integration by parts)

R(x) =
in

(n− 1)!

[
i

n

∫ x

0

(x− s)neis ds

]
=

in

(n− 1)!

[
−xn

n
+

∫ x

0

(x− s)n−1eis ds

]
=

in

(n− 1)!

∫ x

0

(x− s)n−1(eis − 1) ds,

and for this last expression, we have∣∣∣∣ in

(n− 1)!

∫ x

0

(x− s)n−1(eis − 1) ds

∣∣∣∣ ≤ 2|x|n
n!

.

Proposition 2.1.10 Let φ be the characteristic function of the random variable X, and suppose that
E|X|n < ∞. Then

φ(t) =
n∑

m=0

(it)mE(Xm)
m!

+ ρn(t), (1.9)

where

|ρn(t)| ≤ E min
[ |tX|n+1

(n + 1)!
,
2|tX|n

n!

]
, (1.10)

and therefore ρn(t) = o(tn).

Proof. By substituting tX for x in (1.6), and then taking expected values, we find that

E(eitX) =
n∑

m=0

(it)mE(Xm)
m!

+ ER(tX).

Letting ρn(t) = ER(tX), we have

|ρn(t)| ≤ E|R(tX)| ≤ E min
[ |tX|n+1

(n + 1)!
,
2|tX|n

n!

]
,

as required. Next, we have |ρn(t)|/tn ≤ E(Yt), where

Yt = min
[
t|X|n+1

(n + 1)!
,
2|X|n

n!

]
.

Since Yt is less than 2|X|n/n! and tends to 0 as t → 0, then E(Yt) → 0 as t → 0.

Proposition 2.1.11 (The Hamburger Moment Problem) Let {mn, n ≥ 0} be a sequence of numbers
satisfying

r
def= lim sup

n→∞

m
1/2n
2n

2n
< ∞. (1.11)

Then there is at most one distribution µ (but there may be none) such that
∫

xn dµ = mn, n ≥ 0.



26 CHAPTER 2. CHARACTERISTIC FUNCTIONS.

Proof. Let µ be any distribution with moments mn, n ≥ 0, and let νn =
∫
|x|n dµ, n ≥ 0. By the Cauchy-

Schwartz inequality,

ν2
2n+1 =

(∫
|x|n|x|n+1 dµ

)2

≤
(∫

|x|2n dµ

) (∫
|x|2(n+1) dµ

)
= ν2nν2(n+1) = m2nm2(n+1).

so that

ν
1/(2n+1)
2n+1

2n + 1
≤

(
m

1/(2n+1)
2n

2n + 1

)1/2

·

m
1/(2n+1)
2(n+1)

2n + 1

1/2

.

Using this and (1.11), we can show that

lim sup
n→∞

ν
1/(2n+1)
2n+1

2n + 1
≤ r,

and therefore, together with (1.11) and the fact that ν2n = m2n, that

lim sup
n→∞

ν
1/n
n

n
= r, (1.12)

Replace x by sx in (1.6), and multiply the result by eitx, to get

eix(t+s) =
n−1∑
m=0

(isx)m

m!
eitx + eitxR(sx).

Integrate both sides with respect to µ and use proposition 2.1.6 to find that

φ(t + s) =
n−1∑
m=0

sm

m!
φ(m)(t) +

∫
eitxR(sx) dµ,

where

|
∫

eitxR(sx) dµ| ≤
∫
|R(sx)| dµ ≤

∫ |sx|n
n!

dµ =
|s|n
n!

νn.

Since e−n/n! ≤ n−n, it follows that if |s| ≤ e−1/r′, where r′ > r, then

|
∫

eitxR(sx) dµ| ≤ |s|n
n!

νn ≤
e−n

rnn!
νn ≤

νn

(r′n)n
→ 0,

because of (1.12). (For we can choose N so that ν
1/n
n /n < r′′ < r′, and therefore νn < (nr′′)n for all n ≥ N .)

Hence for any t, we have the Taylor series expansion

φ(t + s) =
∞∑

m=0

sm

m!
φ(m)(t), |s| < 1

er
. (1.13)

Now suppose that ν is another probability measure with the same moments as µ, and suppose that ν has
characteristic function ψ. Because φ and ψ have the same moments, then φ(m)(0) = ψ(m)(0) for every m ≥ 0.
From (1.13) with t = 0, we have

φ(s) =
∞∑

m=0

sm

m!
φ(m)(0) =

∞∑
m=0

sm

m!
ψ(m)(0) = ψ(s), |s| ≤ 1

er
.

We can now use (1.13) to extend this equality to the whole line, and thereby conclude that φ = ψ, and
therefore µ = ν.
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Remark. It can be shown that if the sequence {mn, n ≥ 1} satisfies Carleman’s condition

∞∑
n=1

1

m
1/2n
2n

= ∞,

which is weaker that the condition in (1.11), then the same conclusion holds.

Example. We shall give an example of a probability measure which is not determined by its moments.
Suppose that Z ∼ N(0, 1), and define X = eZ . Then X has density function given by

f0(x) =
e−(log x)2/2

x
√

2π
, x > 0.

A random variable with this density function is said to have the lognormal distribution. Note that since
the MGF of Z is EetZ = et2/2, the moments of X are E(Xn) = E(enZ) = en2/2, n ≥ 0. Now let a be any
number with |a| ≤ 1, and define

f(x) =

{
f0(x)[1 + a sin(2π log x)], if x > 0,
0 otherwise.

To show that f is a density function and that f has the same moments as f0, it suffices to observe that for
any integer r ≥ 0, ∫ ∞

0

xrf0(x) sin(2π log x) dx =
∫ ∞

−∞
er(s+r) e

−(s+r)2/2

√
2π

sin(2π(s + r)) ds

(where we made the substitution x = es+r and used the fact that sin(θ + 2πr) = sin θ,)

=
1√
2π

er2/2

∫ ∞

−∞
e−s2/2 sin(2πs) ds

= 0,

since the integrand is an odd function of s.

Proposition 2.1.12 (Method of Moments) Let {µn, n ≥ 1} be probability measures on R, and suppose
that

mk
def= lim

n→∞

∫
xk dµn

exists and is finite for all integers k ≥ 0. If the numbers {mk, k ≥ 0} satisfy (1.11), there is a probability
measure µ having moments {mk, k ≥ 0} such that µn

w→ µ.

Proof. By applying proposition 1.4.5 with φ(x) = x2, we see that {µn, n ≥ 1} is uniformly tight and
therefore relatively compact. By applying corollary 1.5.5 with h(x) = xk and g(x) = |x|r where k < r, we
see that for any convergent subsequence {µni , i ≥ 1} with limit µ, we have∫

xk dµ = lim
n→∞

∫
xk dµni

= mk.

Since this is true for every k, and since the numbers {mk, k ≥ 1} satisfy (1.11), then every convergent
subsequence of {µn, n ≥ 1} has the same limit, namely µ. It follows that µn

w→ µ.
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2.2 More Properties of Characteristic Functions.

Definition. A random variable X is said to have a lattice distribution if there are constants b and h �= 0
such that

P{X ∈ b + hZ} = 1. (2.1)

Note that we can always take h > 0. A characteristic function φ(t) is periodic if there are numbers b and
λ �= 0 with

φ(t + nλ) = eibnλφ(t) for all t ∈ R and n ∈ Z. (2.2)

Proposition 2.2.1 Let X be a random variable with characteristic function φ(t). Let b and λ be numbers
with λ �= 0. Then the following statements are equivalent.

(1) φ(λ) = eibλ.

(2) P{X ∈ b + (2π/λ)Z} = 1 (that is, X has a lattice distribution).

(3) φ(t + nλ) = eibnλφ(t) for all t ∈ R and n ∈ Z (that is, φ is periodic).

Proof. By passing to the random variable X− b, it suffices to prove the proposition in the case where b = 0.
If (1) holds, then E[1 − cos λX − i sinλX] = 0. This implies that E[1 − cos λX] = 0 and therefore that
P{λX ∈ 2πZ} = 1, so that (2) holds. Next, if (2) holds, then

φ(t + nλ) = E(ei(t+nλ)X) =
∑
m∈Z

ei(t+nλ)2πm/λP{X = 2πm/λ} =
∑
m∈Z

eit2πm/λP{X = 2πm/λ} = φ(t),

so (3) holds. Finally, (3) with t = 0 and n = 1 obviously implies (1).

Remarks.

(1) The h in (2.1) and the λ in (2.2) are related by h = 2π/λ. The largest h > 0 for which (2.1) holds is
called the span of the distribution. The smallest λ > 0 for which (2.2) holds is called the period of φ.
We thus have span=2π/period.

(2) Two real numbers h0 and h1 are called incommensurate if h0Z∩h1Z = {0} (i.e. if neither is a non-zero
rational multiple of the other.) Suppose that h0 and h1 are incommensurate and

P{X ∈ b0 + h0Z} = 1, P{X ∈ b1 + h1Z} = 1.

Let A0 = b0 +h0Z and A1 = b1 +h1Z. Then P (X ∈ A0 ∩A1) = 1. In particular, A0 ∩A1 is not empty.
If there were two members, say x and y of A0 ∩ A1, we would have b0 + h0m0 = x = b1 + h1m1 and
b0+h0n0 = y = b1+h1n1. Then h1m1−h0m0 = b0−b1 = h1n1−h0n0, and so h1(m1−n1) = h0(m0−n0).
Since h0 and h1 are incommensurate, then m1 = n1 and m0 = n0 and so x = y. Thus A0 ∩A1 consists
of precisely one member c, and therefore X is degenerate; that is, P{X = c} = 1.

Proposition 2.2.2 Let φ(t) be the characteristic function of a random variable X.

(1) X has a lattice distribution if and only if |φ(λ)| = 1 for some λ �= 0.

(2) If |φ(λ0)| = 1 and |φ(λ1)| = 1, where λ0 and λ1 are non-zero incommensurate numbers, then X is
degenerate.

Proof.

(1) This follows from the previous proposition and the fact that if |φ(λ)| = 1 for some λ �= 0, then
φ(λ) = eiθ for some θ, so there must be a number b = θ/λ such that φ(λ) = eibλ. Note that (for the
purpose of the proof of the next proposition) θ can be chosen to be in the interval (−π, π], and so
b ∈ (−π

λ , π
λ ].
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(2) By the above proposition, we would have

P{X ∈ b0 +
2π

λ0
Z} = 1, P{X ∈ b1 +

2π

λ1
Z} = 1.

Since 2π/λ0 and 2π/λ1 are incommensurate, then by remark (2), X is degenerate.

Proposition 2.2.3 Let φ(t) be the characteristic function of a random variable X. Then there are only
three possibilities:

(1) |φ(t)| < 1 for all t �= 0 (then X is called nonlattice).

(2) there is a λ > 0 so that |φ(λ)| = 1 and |φ(t)| < 1 for 0 < t < λ (then X has a lattice distribution with
span h = 2π/λ).

(3) |φ(t)| = 1 for all t (then X is degenerate).

Proof. Suppose (1) does not hold. Then the set A = {s > 0||φ(s)| = 1} is non-empty (note that if u �= 0
and |φ(u)| = 1, then |φ(−u)| = 1 as well). Let λ = inf{s|s ∈ A}. Then |φ(λ)| = 1 by the continuity of φ. If
λ > 0, then |φ(t)| < 1 for all 0 < t < λ, and thus (2) holds. Otherwise, we have λ = 0, and so there exists a
sequence {λn, n ≥ 1} of strictly positive numbers such that λn → 0 and |φ(λn)| = 1 for all n. As noted in
part (1) of the proof of proposition 2.2.2, there are bn’s such that φ(λn) = eibnλn , and therefore

P{X ∈ bn +
2π

λn
Z} = 1. (2.3)

Furthermore, for each n, we can choose bn ∈ (− π
λn

, π
λn

]. Define An = bn + (2π/λn)[Z \ {0}], n ≥ 1. Then
An ⊂ (− π

λn
, π

λn
]c, so P{X ∈ An} → 0 as n →∞. Since P{X ∈ An}+ P{X = bn} ≥ P [X ∈ {bn} ∪An] = 1,

then P{X = bn} ≥ 1 − P{X ∈ An} → 1 as n → ∞. Choose N so large that P{X = bn} > 1/2 for all
n ≥ N . Then we must have bn = b for all n ≥ N , and then P{X = b} = 1.

Remark. The Riemann-Lebesgue lemma is sometimes useful: if g : R→ R is integrable, then

lim
|t|→∞

∫
e−itxg(x) dx = 0.

Thus, for the characteristic function φ(t) of an absolutely continuous distribution, we have lim|t|→∞ φ(t) =
0.

2.3 The Multidimensional Case.

If x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd, then 〈x, y〉 =
∑d

j=1 xjyj denotes their inner product.

Definition. Let X = (X1, . . . , Xd) : Ω → Rd be a random vector with distribution µ(A) = P{X ∈
A}, A ∈ B(Rd). The characteristic function of X (or of µ) is

φ(t) = Eei〈t,X〉 =
∫

ei〈t,x〉dµ(x), t ∈ Rd.

Theorem 2.3.1 (Inversion Formula) Let A = [a1, b1]×· · ·× [ad, bd] ⊂ Rd, and suppose µ(∂A) = 0. Then

µ(A) = lim
T→∞

1
(2π)d

∫
[−T,T ]d

[
Πd

j=1

e−itjaj − e−itjbj

itj

]
φ(t)dt.
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Proof. We have already proved this when d = 1. In that proof, we showed that∫ T

−T

e−ita − e−itb

it
eitx dt → π[I(a,b)(x) + I[a,b](x)].

By Fubini’s theorem, and then the BCT, we then have∫
[−T,T ]d

∫ [
Πd

j=1

e−itjaj − e−itjbj

itj

]
eitjxj µ(dx)dt =

∫ [
Πd

j=1

∫ T

−T

e−itjaj − e−itjbj

itj
eitjxj dtj

]
µ(dx)

→
∫ [

Πd
j=1π[I(aj ,bj)(xj) + I[aj ,bj ](xj)]

]
µ(dx)

= (2π)d

∫
Πd

j=1I(aj ,bj)(xj)µ(dx)

= (2π)dµ[(a1, b1)× · · · × (ad, bd)] = (2π)dµ(A),

where we used µ(∂A) = 0 in the last two lines.

Corollary 2.3.2 Let µ1 and µ2 be probability measures on Rd with characteristic functions φ1(t) and φ2(t).
If φ1 = φ2, then µ1 = µ2.

Proof. Exactly the same proof works. Let F1 and F2 be the distribution functions corresponding to µ1 and
µ2. For each j with 1 ≤ j ≤ d, the functions F1(∞, . . . ,∞, xj ,∞, . . . ,∞) and F2(∞, . . . ,∞, xj ,∞, . . . ,∞)
can each have only countably many discontinuities, so there is a set Dj dense in R such that Dj contains
no discontinuities of these two functions. This means that the hyperplane xj = c has µ1-measure 0 and
µ2-measure 0 if c ∈ Dj . Let D = ∪d

j=1Dj . Then D is dense in R. A box Πd
j=1(aj , bj) such that aj , bj ∈ D

for all j will have its faces contained in such hyperplanes, and so will have µ1- and µ2- measure 0. Hence let
U be the set of all such open boxes. Then U is closed under finite intersection and generates B(Rd), and µ1

and µ2 agree on U by the previous theorem.

Corollary 2.3.3 Let X = (X1, X2, . . . , Xd) be a random vector and let φj(t) denote the c.f. of Xj , j =
1, . . . , d. Then X1, X2, . . . , Xd are independent if and only if

Eei〈t,X〉 = Πd
j=1φj(tj), ∀t ∈ Rd.

Proof. The “only if”part follows from the easily checked fact that if X and Y are independent r.v.’s and if
f, g : R→ C, then Ef(X)g(Y ) = Ef(X)Eg(Y ) (subject to integrability conditions). Conversely, suppose the
condition holds. The LHS is

∫
Rd ei〈t,x〉dµX(x), where µX is the law of X. The RHS is Πd

j=1

∫
eitjxj dµj(xj) =∫

· · ·
∫

Πd
j=1e

itjxj dµ1(x1) · · · dµd(xd) =
∫
Rd ei〈t,x〉dν(x), where µj is the law of Xj and ν is the product

probability µ1 ⊗ · · · ⊗ µd. By the previous corollary, we have µX = µ1 ⊗ · · · ⊗ µd so that X1, . . . , Xd are
independent.

Theorem 2.3.4 (Continuity Theorem) Let {µn, n ≥ 1} ⊂ P(Rd) be probability measures with corre-
sponding characteristic functions {φn, n ≥ 1}, and let µ ∈ P(Rd) have characteristic function φ. Then
µn

w→ µ if and only if φn(t) → φ(t) for all t ∈ Rd.

Proof. If µn
w→ µ, then trivially φn → φ. Hence assume that φn → φ. We will show the sequence {µn, n ≥ 1}

is tight. Let Xn and X be random vectors with distributions µn and µ, and let θ ∈ Rd be fixed. φn(sθ)
(where s ∈ R) is the c.f. of 〈θ, Xn〉 and φ(sθ) is the c.f. of 〈θ, X〉. Since φn(sθ) → φ(sθ) for all s, then
〈θ, Xn〉 d→ 〈θ, X〉. It follows that the distributions of the r.v.’s 〈θ, Xn〉 are uniformly tight. Let ε > 0. By
taking θ to be the jth unit vector in Rd, there is a closed interval [−cj , cj ] such that P{X(j)

n /∈ [−cj , cj ]} < ε/d

for all n ≥ 1 (Here, X
(j)
n is the jth component of Xn). Then P{Xn /∈ [−c1, c1] × · · · × [−cd, cd]} ≤∑d

j=1 P{X(j)
n /∈ [−cj , cj ]} < ε for all n ≥ 1. Hence we have tightness. The rest of the proof is the same as

before.
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Corollary 2.3.5 (The Cramer-Wold Device) Let {Xn, n ≥ 1} and X be d-dimensional random vectors.
If 〈θ, Xn〉 d→ 〈θ, X〉 for all θ ∈ Rd, then Xn

d→ X.

Proof. If 〈θ, Xn〉 d→ 〈θ, X〉 for all θ ∈ Rd, then φXn
(θ) = Eei〈θ,Xn〉 → Eei〈θ,X〉 = φX(θ) for all θ ∈ Rd, so

Xn
d→ X by the theorem.

Proposition 2.3.6 Suppose that (Xn, Yn) d→ (X, Y ) as n → ∞, and that Xn ⊥ Yn for each n. Then
X ⊥ Y .

Proof. First note that Xn
d→ X and Yn

d→ Y . We have φXn
(at)φYn

(bt) = φaXn+bYn
(t) → φaX+bY (t) for

all a, b, t and φXn
(at)φYn

(bt) → φX(at)φY (bt) for all a, b, t. Hence φaX+bY (t) = φX(at)φY (bt) for all a, b, t,
implying that X ⊥ Y .

Problem. Suppose X is a d dimensional random vector, that C is an r × d matrix, and that b is an r × 1
vector. Let Y = CX + b. Show that φY (t) = ei〈t,b〉φX(CT t), t ∈ Rr.

Solution. Follows from fact that 〈t, CX + b〉 = 〈t, b〉+ 〈t, CX〉 = 〈t, b〉+ 〈CT t, X〉.

Definition. A random vector X is said to have the distribution N(0,Γ) if X has c.f.

φ(t) = e−
1
2 tT Γt = e

− 1
2

∑d

i=1

∑d

j=1
Γijtitj , t ∈ Rd,

where Γ is a symmetric non-negative definite d-dimensional matrix.
If X ∼ N(0,Γ), and if Y = CX where C is an r × d matrix, then φY (t) = φX(CT t) = e−

1
2 (CT t)T ΓCT t =

e−
1
2 tT (CΓCT )t, so Y ∼ N(0, CΓCT ). (Note that CΓCT is also symmetric and non-negative definite.)
Now let Γ be a given symmetric non-negative definite matrix. Let U be an orthogonal matrix (i.e.

UT U = I) such that Γ = UT DU , where D ≥ 0 is a diagonal matrix. Let X ∼ N(0, D), and let Y = UT X.
Then Y ∼ N(0, UT DU) = N(0,Γ). This shows that random vectors “exist”with distribution N(0,Γ). Also,
Cov(Y ) = EY Y T = EUT XXT U = UT E(XXT )U = UT DU = Γ, which identifies Γ as the covariance
matrix of Y .



32 CHAPTER 2. CHARACTERISTIC FUNCTIONS.



Chapter 3

The Central Limit Theorem.

3.1 The Central Limit Theorem.

Lemma 3.1.1 (1) Let z1, . . . , zn and w1, . . . , wn be complex numbers all of modulus ≤ 1. Then

|Πn
m=1zm −Πn

m=1wm| ≤
n∑

m=1

|zm − wm|.

(2) If b is a complex number with |b| < 1, then

|e−b − (1− b)| ≤ |b|2.

(3) Let {an,m, 1 ≤ m ≤ rn < ∞} be non-negative real numbers such that
∑rn

m=1 an,m → a and∑rn

m=1 |an,m|2 → 0 as n →∞. Then

Πrn
m=1(1− an,m) → e−a.

Proof.

(1) The result is obvious when n = 1. Suppose it has been shown to be true when n = k − 1. Then∣∣Πk
m=1zm −Πk

m=1wm

∣∣ ≤ ∣∣zkΠk−1
m=1zm − zkΠk−1

m=1wm

∣∣ +
∣∣zkΠk−1

m=1wm − wkΠk−1
m=1wm

∣∣
≤

∣∣Πk−1
m=1zm −Πk−1

m=1wm

∣∣ + |zk − wk|

≤
k∑

m=1

|zm − wm|.

(2) We have

e−b − (1− b) =
b2

2!
− b3

3!
+

b4

4!
− . . . = b2

[
1
2
− b

3!
+

b2

4!
− . . .

]
,

so

|e−b − (1− b)| ≤ |b|2
[
1
2

+
1
3!

+
1
4!

+ . . .

]
= |b|2(e− 2) ≤ |b|2.

(3) Let zn,m = 1− an,m and wn,m = e−an,m . Then∣∣Πrn
m=1(1− an,m)− e−a

∣∣ ≤ ∣∣Πrn
m=1(1− an,m)−Πrn

m=1e
−an,m

∣∣ +
∣∣∣e−∑rn

m=1
an,m − e−a

∣∣∣
≤

rn∑
m=1

|1− an,m − e−an,m |+
∣∣∣e−∑rn

m=1
an,m − e−a

∣∣∣
≤

rn∑
m=1

|an,m|2 +
∣∣∣e−∑rn

m=1
an,m − e−a

∣∣∣ → 0

as n →∞.

33
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Remarks.

(1) When zm = z and wm = w for all m, part (1) of this lemma becomes simply

|zn − wn| ≤ n|z − w|. (1.1)

(2) If we take rn = n, an,m = cn/n, and a = c in part(3), we obtain the well-known fact that if cn → c,
then

(1− cn

n
)n → e−c as n →∞.

Theorem 3.1.2 (The Lindeberg-Lévy or “Classical”Central Limit Theorem) Let {Xn, n ≥ 1} be
i.i.d. random variables with finite mean µ and finite variance σ2. Define Sn =

∑n
i=1 Xi, n ≥ 1. Then

Sn − nµ

σ
√

n

d→ N(0, 1) as n →∞.

Proof. First assume that µ = 0 and σ2 = 1. Then φSn/
√

n(t) = φn
X(t/

√
n) where from proposition 2.1.10,

we have φX(t) = 1− t2/2 + o(t2). Using (1.1), we can write

|φSn/
√

n(t)− e−t2/2| ≤ |φn
X(

t√
n

)− [1− t2

2n
]n|+ |[1− t2

2n
]n − e−t2/2|

≤ n|φX(
t√
n

)− [1− t2

2n
]|+ |[[1− t2

2n
]n − e−t2/2|

= n|o( t2

n
)|+ |[[1− t2

2n
]n − e−t2/2| → 0

as n → ∞. The required result then follows from the continuity theorem. To finish the proof, we observe
that

Sn − nµ

σ
√

n
=

∑n
i=1

Xi−µ
σ√

n

d→ N(0, 1).

Corollary 3.1.3 (Multivariate Version of CLT) Let {Xn, n ≥ 1} be a sequence of i.i.d. random vectors
with values in Rd, with finite mean vector µ = E(X) and finite covariance matrix Σ = E(X − µ)(X − µ)T .
Let Sn = X1 + · · ·+ Xn, n ≥ 1. Then

Sn − nµ√
n

d→ N(0,Σ)

as n →∞.

Proof. We will use the Cramer-Wold device. Let θ ∈ Rd. Let Yn = 〈θ, Xn−µ〉 = θT (Xn−µ). Then the Yn’s
are i.i.d random variables with mean zero and variance Var(Y ) = E(Y Y T ) = E(θT (X−µ)(X−µ)T θ) = θT Σθ,
and by the univariate CLT,

〈θ, Sn − nµ√
n

〉 =
1√
n

n∑
i=1

Yi
d→ N(0, θT Σθ) d= 〈θ, W 〉,

where W ∼ N(0,Σ).

Theorem 3.1.4 (The Lindeberg-Feller Theorem) For each n ≥ 1, let Xn,m be independent (but not
necessarily identically distributed) random variables with E(Xn,m) = 0 for all 1 ≤ m ≤ rn, and define
Sn =

∑rn

m=1 Xn,m. Assume that

(1)
∑rn

m=1 E(X2
n,m) → σ2 > 0 as n →∞,

(2) for all ε > 0,
∑rn

m=1

∫
{|Xn,m|>ε} X2

n,m dP → 0 as n →∞.
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(These two conditions imply that rn →∞ as n →∞.) Then Sn/σ
d→ N(0, 1) as n →∞.

Proof. By dividing all the Xn,m’s by σ, we can assume that σ = 1. First, note that for any ε > 0, we have

E(X2
n,m) =

∫
{|Xn,m|≤ε}

X2
n,m dP +

∫
{|Xn,m|>ε}

X2
n,m dP ≤ ε2 +

rn∑
m=1

∫
{|Xn,m|>ε}

X2
n,m dP,

implying that

sup
1≤m≤rn

E(X2
n,m) → 0 as n →∞. (1.2)

Let an,m = t2E(X2
n,m)/2 and a = t2/2. Then by (1), we have

∑rn

m=1 an,m → a, and by (1.2) and (2) we
have

rn∑
m=1

a2
n,m =

t4

4

rn∑
m=1

[E(X2
n,m)]2 ≤ t4

4
sup

1≤m≤rn

E(X2
n,m)

rn∑
m=1

E(X2
n,m) → 0 as n →∞.

Let φn,m(t) be the characteristic function of Xn,m, so that φSn
(t) = Πrn

m=1φn,m(t). Since∣∣∣φSn
(t)− e−t2/2

∣∣∣ ≤ |Πrn
m=1φn,m(t)−Πrn

m=1(1− an,m)|+
∣∣Πrn

m=1(1− an,m)− e−a
∣∣ ,

and since by part (3) of lemma 3.1.1, the second term on the right tends to 0, we only have to show that

|Πrn
m=1φn,m(t)−Πrn

m=1(1− an,m)| → 0 as n →∞. (1.3)

To do this, suppose that ε > 0. Then by part (1) of lemma 3.1.1,

|Πrn
m=1φn,m(t)−Πrn

m=1(1− an,m)| ≤
rn∑

m=1

|φn,m(t)− (1− an,m)| ≤
rn∑

m=1

E[min{ |tXn,m|3
3!

,
2|tXn,m|2

2!
}]

≤
rn∑

m=1

[∫
{|Xn,m|≤ε}

|tXn,m|3
6

dP +
∫
{|Xn,m|>ε}

|tXn,m|2 dP

]

≤ ε|t|3
6

rn∑
m=1

∫
{|Xn,m|≤ε}

X2
n,m dP + t2

rn∑
m=1

∫
{|Xn,m|>ε}

X2
n,m dP

≤ ε|t|3
6

rn∑
m=1

EX2
n,m + t2

rn∑
m=1

∫
{|Xn,m|>ε}

X2
n,m dP

so that

lim sup
n→∞

|Πrn
m=1φn,m(t)−Πrn

m=1(1− an,m)| ≤ ε|t|3
6

.

Since ε is arbitrary, this proves (1.3).

Remark. We show why conditions (1) and (2) imply that rn → ∞ as n → ∞. By assumption (1),
rn · sup1≤m≤rn

EX2
n,m ≥

∑rn

m=1 EX2
n,m ≥ σ2

2 ∀n ≥ N , and then (1.2) implies rn →∞.

The following is a non-triangular version of the Lindeberg-Feller theorem.

Theorem 3.1.5 Let {Xn, n ≥ 1} be a sequence of independent (but not necessarily identically distributed)
random variables with finite means µn = E(Xn) and finite variances σ2

n = Var(Xn) for all n. Define
Sn =

∑n
m=1 Xm and s2

n = Var(Sn) =
∑n

m=1 σ2
m. Assume that for all ε > 0,

1
s2

n

n∑
m=1

∫
{|Xm−µm|>εsn}

(Xm − µm)2 dP → 0 as n →∞. (1.4)

Then
Sn − E(Sn)√

Var(Sn)
d→ N(0, 1) as n →∞. (1.5)
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Proof. In the Lindeberg-Feller theorem, take rn = n, Xn,m = (Xm − µm)/sn. Then for condition (1) in the
Lindeberg-Feller theorem, we have

rn∑
m=1

E(X2
n,m) =

n∑
m=1

E(Xm − µm)2

s2
n

= 1,

and so is obviously satisfied, and condition (2) there obviously becomes the condition in (1.4) of this theorem.

Applications. We shall consider several cases in which Lindeberg’s condition in (1.4) is satisfied, and
therefore for which the convergence in (1.5) takes place.

(1) Identically Distributed Case. Assume the Xn’s are i.i.d. with finite mean µ and variance σ2. Then
s2

n = nσ2 and for the condition in (1.4), we have

1
s2

n

n∑
m=1

∫
{|Xm−µm|>εsn}

(Xm − µm)2 dP =
1

nσ2

n∑
m=1

∫
{|X1−µ|>εσ

√
n}

(X1 − µ)2 dP

=
1
σ2

∫
{|X1−µ|>εσ

√
n}

(X1 − µ)2 dP → 0 as n →∞.

Consequently, the Lindeberg-Feller theorem contains the “ordinary”central limit theorem as a special
case.

(2) Uniformly Bounded Case. Suppose the Xn’s are independent, that |Xn| ≤ M < ∞ for all n, and that
s2

n →∞ as n →∞. Then by Chebychev,∫
{|Xm−µm|>εsn}

(Xm − µm)2 dP ≤ (2M)2P{|Xm − µm| > εsn} ≤
(2M)2σ2

m

ε2s2
n

,

so for the condition in (1.4), we have

1
s2

n

n∑
m=1

∫
{|Xm−µm|>εsn}

(Xm − µm)2 dP ≤ (2M)2

ε2s2
n

→ 0 as n →∞.

(3) Lyapunov’s Condition. Suppose the Xn’s are independent and that there is a δ > 0 such that

1
s2+δ

n

n∑
m=1

E|Xm − µm|2+δ → 0 as n →∞.

Then

E|Xm − µm|2+δ ≥
∫
{|Xm−µm|≥εsn}

|Xm − µm|δ|Xm − µm|2 dP ≥ εδsδ
n

∫
{|Xm−µm|≥εsn}

(Xm − µm)2 dP,

so for the condition in (1.4), we have

1
s2

n

n∑
m=1

∫
{|Xm−µm|>εsn}

(Xm − µm)2 dP ≤ 1
s2

n

n∑
m=1

E|Xm − µm|2+δ

εδsδ
n

→ 0 as n →∞.

(4) The DeMoivre-Laplace Limit Theorem. Suppose that X is a binomial random variable with parameters
n and p. Since X can be written as X = X1 + · · · + Xn, where the Xi’s are independent Bernoulli
random variables taking values 0 and 1 with probabilities q and p respectively, then

X − np√
npq

d→ N(0, 1) as n →∞.
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Example. Suppose X ∼ binomial with n = 100 and p = 1/2. Then

P{48 < X ≤ 51} ≈ P{48.5 < X ≤ 51.5} = P{48.5− 50
5

<
X − np√

npq
≤ 51.5− 50

5
} = P{−.3 < Z ≤ .3}

= 0.2358( from tables of the normal distribution).

The exact value, as calculated in Mathematica, is 0.235647.

3.2 The Berry-Esseen Theorem.

Remark. For the next lemma, we recall the Riemann-Lebesgue lemma: if g : R→ R is integrable, then

lim
|t|→∞

∫
e−itxg(x) dx = 0.

Lemma 3.2.1 Let F and G be distribution functions with integrable characteristic functions φ and ψ respec-
tively. Suppose there exists an ε > 0 such that

∫
{|t|≤ε}

∣∣∣φ(t)−ψ(t)
t

∣∣∣ dt < ∞ (this would be true, for example, if
the means of F and G both exist). Then

F (x)−G(x) =
1
2π

∫ −e−itx

it
[φ(t)− ψ(t)] dt.

Proof. Recall that F has a bounded density given by f(x) = 1
2π

∫
e−itxφ(t) dt. It follows from Fubini’s

theorem that

F (x)− F (a) =
∫ x

a

f(w) dw =
∫ x

a

1
2π

∫
e−itwφ(t) dt dw =

1
2π

∫ ∞

−∞

e−ita − e−itx

it
φ(t) dt.

A similar identity holds for G. Hence we can write

[F (x)−G(x)]− [F (a)−G(a)] =
1
2π

∫ ∞

−∞

e−ita − e−itx

it
[φ(t)− ψ(t)] dt.

Letting a → −∞ and using the Riemann-Lebesgue lemma with g(t) = [φ(t) − ψ(t)]/t, we get the required
result. Note that

∫
|g(t)| dt < ∞ since we can write∫
|g(t)| dt ≤

∫
{|t|≤ε}

∣∣∣∣φ(t)− ψ(t)
t

∣∣∣∣ dt +
∫
{|t|>ε}

∣∣∣∣φ(t)− ψ(t)
t

∣∣∣∣ dt

≤
∫
{|t|≤ε}

∣∣∣∣φ(t)− ψ(t)
t

∣∣∣∣ dt +
1
ε

[∫
|φ(t)|dt +

∫
|ψ(t)|dt

]
.

Also note that
∫
{|t|≤ε}

∣∣∣φ(t)−ψ(t)
t

∣∣∣ dt ≤
∫
{|t|≤ε}

∣∣∣φ(t)−1
t

∣∣∣ dt +
∫
{|t|≤ε}

∣∣∣ 1−ψ(t)
t

∣∣∣ dt, so that if the means of F and
G exist, then such an ε does exist.

Definition. Let L > 0.
hL(x) =

1
π

1− cos Lx

Lx2
, x ∈ R,

is called Polya’s density function. It has characteristic function

wL(t) =

{
1− |t|

L if |t| ≤ L,
0 if |t| > L.

Let HL be the distribution function corresponding to hL. Note that if φ(t) is any characteristic function,
then φ(t)wL(t) is an integrable characteristic function. This is the main purpose of Polya’s density function.
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Lemma 3.2.2 Let F and G be distribution functions, and suppose that G is differentiable with G′(x) ≤ λ <
∞ for all x.

(1) Let
∆(x) = F (x)−G(x), η = sup

x
|∆(x)|, ∆L = ∆ � HL, ηL = sup

x
|∆L(x)|.

Then

η ≤ 2ηL +
24λ

πL
∀L > 0. (2.1)

(2) Suppose that F and G have finite means. Let φ and ψ be the characteristic functions of F and G.
Then

sup
x
|F (x)−G(x)| ≤ 1

π

∫ L

−L

∣∣∣∣φ(t)− ψ(t)
t

∣∣∣∣ dt +
24λ

πL
∀L > 0. (2.2)

Proof. Let {xn, n ≥ 1} be such that |∆(xn)| ↑ η. Since ∆(x) → 0 as x → ±∞, we can assume that the xn’s
belong to some compact interval. Hence there exists a convergent subsequence {xni

, i ≥ 1}, converging say
to x0. Then we have |∆(xni

)| ↑ η and xni
→ x0 as i →∞. Let us show that either

∆(x0) = η or ∆(x−
0 ) = −η. (2.3)

First, if F is continuous at x0, then |∆(x0)| = η, so that (2.3) holds. Hence suppose that F is not continuous
at x0, and that ∆(x0) �= η. If infinitely many of the xni ’s lie at or above x0, then there is a subsequence
of {xni

, i ≥ 1} tending to x0 from above, so |∆(x0)| = η by right continuity of F . This would mean
∆(x0) = −η, so that F (x−

0 )−G(x0) < ∆(x0) = −η, contradicting the definition of η. Hence, except for at
most finitely many terms, the sequence {xni , i ≥ 1} lies below x0. This means that |F (x−

0 )−G(x0)| = η. If
F (x−

0 )−G(x0) = η, then we would have F (x0)−G(x0) > η; hence we can only have F (x−
0 )−G(x0) = −η.

Thus the statement in (2.3) is proved.
Assume that ∆(x0) = η. Since G′(x) ≤ λ and F is non-decreasing, then for x1 > x0,

∆(x1) = F (x1)−
[
G(x0) +

∫ x1

x0

G′(x) dx

]
≥ F (x0)−G(x0)− λ(x1 − x0) = η − λ(x1 − x0).

Letting δ = η/2λ and t = x0 + δ, we have (taking x1 = t− x in the above equation)

∆(t− x) ≥
{

η − λ(t− x− x0) = η − λ(δ − x) = η
2 + λx, if |x| ≤ δ.

−η otherwise.

Since also ∫
|x|>δ

hL(x) dx = 2
∫ ∞

δ

hL(x) dx ≤ 2
∫ ∞

δ

2
πLx2

dx =
4

πLδ
,

then

ηL ≥ ∆L(t) =
∫

∆(t− x)hL(x) dx =
∫
|x|≤δ

∆(t− x)hL(x) dx +
∫
|x|>δ

∆(t− x)hL(x) dx

≥
∫
|x|≤δ

[η

2
+ λx

]
hL(x) dx− η

∫
|x|>δ

hL(x) dx =
η

2

∫
|x|≤δ

hL(x) dx− η

∫
|x|>δ

hL(x) dx

=
η

2

[
1−

∫
|x|>δ

hL(x) dx

]
− η

∫
|x|>δ

hL(x) dx ≥ η

2

[
1− 4

πLδ

]
− η

4
πLδ

=
η

2
− 12λ

πL
,

which is equivalent to (2.1).
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Next, suppose that ∆(x−
0 ) = −η. Let X and Y be random variables with distribution functions F and

G. Define X∗ = −X and Y ∗ = −Y , and let F ∗ and G∗ be the corresponding distribution functions. Then

F ∗(x) = P{−X ≤ x} = P{X ≥ −x} = 1− P{X < −x} = 1− F ((−x)−), G∗(x) = 1−G(−x),

and so ∆∗(x) = F ∗(x) − G∗(x) = G(−x) − F ((−x)−). Observe that |∆∗(x)| ≤ η for all x and ∆∗(−x0) =
G(x0)− F ((x0)−) = η. Hence we have the scenerio of the previous paragraph with η∗ = η, and so we have

η∗
L ≥

η

2
− 12λ

πL
.

Finally, ∆∗(x) = −∆(−x) except at discontinuities of F , so

∆∗
L(x) =

∫ ∞

−∞
∆∗(x− y)hL(y) dy = −

∫ ∞

−∞
∆(y − x)hL(y) dy = −

∫ ∞

−∞
∆(−x− w)hL(w) dw = −∆L(−x),

and so η∗
L = ηL. This finishes the proof of part (1).

For part (2), we apply part (1) and use the previous lemma to find that

sup
x
|F (x)−G(x)| ≤ 2 sup

x
|F ∗HL(x)−G ∗HL(x)|+ 24λ

πL

=
1
π

sup
x

∣∣∣∣∫ ∞

−∞

−e−itx

it
[φ(t)− ψ(t)]wL(t) dt

∣∣∣∣ +
24λ

πL

≤ 1
π

sup
x

∫ ∞

−∞

∣∣∣∣φ(t)− ψ(t)
t

∣∣∣∣ wL(t) dt +
24λ

πL
,

and therefore the required result. Notice that the requirements of the lemma are satisfied because φ(t)wL(t)
and ψ(t)wL(t) are integrable, and

∫
{|t|≤ε}

∣∣∣φ(t)wL(t)−ψ(t)wL(t)
t

∣∣∣ dt =
∫
{|t|≤ε}

∣∣∣φ(t)−ψ(t)
t

∣∣∣ |wL(t)| dt < ∞.

Theorem 3.2.3 (The Berry-Esseen Theorem) Let {Xn, n ≥ 1} be i.i.d. random variables with mean 0
and variance σ2, and assume that E|X|3 = ρ < ∞. Let Fn be the distribution function of Sn/σ

√
n and let

Φ be the standard normal distribution function. Then

sup
x
|Fn(x)− Φ(x)| ≤ 3ρ

σ3
√

n
, n ≥ 1. (2.4)

(Note: Since ρ1/3 ≥ σ, the smallest the RHS can be is 3/
√

n.)

Proof. By considering the random variables X ′ = X/σ, we can assume σ = 1. Then ρ ≥ 1 and the right-
hand side of (2.4) is ≥ 1 for n ≤ 9. Hence in the remainder of this proof, we can assume n ≥ 10. By applying
part (2) of the preceding lemma, we obtain

sup
x
|Fn(x)− Φ(x)| ≤ 1

π

∫ L

−L

∣∣∣∣∣φn(t/
√

n)− e−t2/2

t

∣∣∣∣∣ dt +
24λ

πL
, (2.5)

where φ is the characteristic function of X. The rest of the proof is to show that the right-hand side in (2.5)
is majorized by the right-hand side of (2.4).

We will require the following two facts:

Fact 1: |φ(t)− 1 + t2/2| ≤ ρ|t|3/6 (from (1.10) of chapter 2), and

Fact 2: if α and β are complex numbers and γ is a positive number such that |α|, |β| ≤ γ, then

|αn − βn| = |α− β||αn−1 + αn−2β + · · ·+ αβn−2 + βn−1| ≤ nγn−1|α− β|.
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We will take L = 4
√

n/3ρ in the rest of the proof. We are going to apply fact 2 to the integrand of the
integral on the right-hand side of (2.5) with

α = φ(
θ√
n

), β = e−θ2/2n, γ = e−5θ2/18n,

where |θ| ≤ L, and therefore θ2/2n ≤ L/2n = 8/(9ρ2) ≤ 1. This is justified because obviously β ≤ γ, and
by fact 1 we have

|α| ≤
∣∣∣∣φ(

θ√
n

)− 1 +
θ2

2n

∣∣∣∣+∣∣∣∣1− θ2

2n

∣∣∣∣ ≤ ρ|θ|3
6n3/2

+1− θ2

2n
=

ρ|θ|√
n
· |θ|

2

6n
+1− θ2

2n
≤ 4

3
· |θ|

2

6n
+1− θ2

2n
= 1− 5θ2

18n
≤ γ,

where we used the facts that ρ|θ|/√n ≤ ρL/
√

n ≤ 4/3 and 1−x ≤ e−x for x ≥ 0. We will also need to know
that since n ≥ 10, then 5(n−1)

18n ≥ 1
4 , so γn−1 ≤ e−θ2/4. Thus, applying fact 2, we have∣∣∣∣φn(

θ√
n

)− e−θ2/2

∣∣∣∣ = |αn − βn| ≤ ne−θ2/4|α− β| ≤ ne−θ2/4

[∣∣∣∣φ(
θ√
n

)− 1 +
θ2

2n

∣∣∣∣ +
∣∣∣∣1− θ2

2n
− e−θ2/2n

∣∣∣∣]
≤ ne−θ2/4

[
ρ|θ|3
6n3/2

+
θ4

8n2

]
where we used the fact that |1− x− e−x| ≤ x2/2 for |x| ≤ 1. Then for the integrand in (2.5), we have∣∣∣∣∣∣

φn( θ√
n
)− e−θ2/2

θ

∣∣∣∣∣∣ ≤ ne−θ2/4

|θ|

[
ρ|θ|3
6n3/2

+
θ4

8n2

]
= e−θ2/4

[
ρ|θ|2
6n1/2

+
|θ|3
8n

]
≤ 1

L
e−θ2/4

[
2|θ|2

9
+
|θ|3
18

]
,

where we used the facts that ρ/
√

n = 4/3L and 1/n = 1/
√

n · 1/
√

n ≤ 4/3L · 1/3. Since∫ ∞

−∞
x2e−x2/2a2

dx = a3
√

2π,

∫ ∞

−∞
|x|3e−x2/2a2

dx = 4a4,

and 24λ = 24 supx G′(x) = 24/
√

2π < 9.6, then the right-hand side of (2.5) is

1
π

∫ L

−L

∣∣∣∣∣∣
φn( θ√

n
)− e−θ2/2

θ

∣∣∣∣∣∣ dθ +
24λ

πL
≤ 1

π

∫ L

−L

1
L

e−θ2/4

[
2|θ|2

9
+
|θ|3
18

]
dθ +

9.6
πL

≤ 1
πL

∫ ∞

−∞
e−θ2/4

[
2|θ|2

9
+
|θ|3
18

]
dθ +

9.6
πL

=
1

πL

[
2
9
2
√

4π +
16
18

+ 9.6
]

=
1
π

3
4

[
2
9
2
√

4π +
16
18

+ 9.6
]

ρ√
n

≤ 3ρ√
n

,

as required.

Remark. Consider the situation of the Demoivre-Laplace limit theorem, where Xi ∼ bernoulli for every
i. Then ρ = E|Xi− p|3 = q| − p|3 + p(1− p)3 = pq(p2 + q2). Since σ =

√
pq, then the Berry-Esseen bound is

3ρ

σ3
√

n
=

3(p2 + q2)√
npq

.

For p = q = 1/2, this is 3/
√

n.
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3.3 Martingale Central Limit Theorem.

Reference: Hall, P. and Heyde, C.C. (1980). Martingale Limit Theory and its Application. Academic
Press, New York.

Notation. Let {Sni,Fni, 1 ≤ i ≤ kn} be a zero-mean, square-integrable martingale for each fixed n ≥ 1,
and let Xni = Sn,i − Sn,i−1 (where Sn0=0) denote the martingale differences. We assume that kn ↑ +∞ as
n →∞. The double sequence {Sni,Fni, 1 ≤ i ≤ kn, n ≥ 1} is called a martingale array.

Martingale arrays are frequently derived from ordinary zero-mean martingales {Si,Fi, i ≥ 1} as follows:
define kn = n, Fni = Fi, and Sni = Si/sn, 1 ≤ i ≤ n, where s2

n = Var(Sn).

Theorem 3.3.1 Let {Sni,Fni, 1 ≤ i ≤ kn, n ≥ 1} be a zero-mean, square-integrable martingale array with
differences Xni. Suppose that

max
i
|Xni| P→ 0, (3.1)

kn∑
i=1

X2
ni

P→ η2, (3.2)

where η2 is an a.s. finite r.v.,

E
(
max

i
|Xni|2

)
is bounded in n, (3.3)

and the σ-fields are nested, that is

Fn,i ⊂ Fn+1,i, 1 ≤ i ≤ kn, n ≥ 1. (3.4)

Then Snkn =
∑kn

i=1 Xni
d→ Z, where Z has c.f. φ(t) = Ee−η2t2/2.

Corollary 3.3.2 If (3.1) and (3.3) are replaced by the conditional Lindeberg condition

kn∑
i=1

E[X2
niI{|Xni|>ε}|Fn,i−1]

P→ 0 as n →∞, for all ε > 0, (3.5)

if (3.2) is replaced by an analogous condition on the conditional variance:

V 2
nkn

def=
kn∑
i=1

E(X2
ni|Fn,i−1)

P→ η2 as n →∞, (3.6)

and if (3.4) holds, then the conclusion of the theorem remains true.

If the martingale differences are independent, this corollary obviously reduces to the Lindeberg-Feller
CLT.

3.4 Poisson Convergence.

Definition. A random variable Z has the Poisson distribution with mean λ > 0 if

P{Z = z} =
λze−λ

z!
, z = 0, 1, 2, . . . .
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Remarks.

(1) The characteristic function of Z is ψ(t) = eλ(eit−1).

(2) Suppose {Zn, n ≥ 1} are Poisson random variables with means λn, and that λn → λ, where λ > 0.
Then

eλn(eit−1) → eλ(eit−1),

so that Zn
d→ Z, where Z has a Poisson distribution with mean λ.

Theorem 3.4.1 For each n ≥ 1, let Xn,m, 1 ≤ m ≤ rn be independent random variables such that

P{Xn,m = 1} = pn,m, P{Xn,m = 0} = 1− pn,m,

where

(1)
∑rn

m=1 pn,m → λ > 0,

(2) max1≤m≤rn pn,m → 0 as n →∞.

Let Sn =
∑rn

m=1 Xn,m for n ≥ 1. Then Sn
d→ Z, where Z has a Poisson distribution with parameter λ.

Remarks.

(1) This is the same triangular scheme as in the Lindeberg-Feller theorem. Assumption (1) here is the
same as assumption (1) there, since EX2

nm = pnm. But assumption (2) is different.

(2) Once again, we observe that assumptions (1) and (2) imply that rn → ∞ as n → ∞. For suppose
there is a subsequence {ni, i ≥ 1} such that rni ≤ r < ∞ for all i ≥ 1. Then assuming (2) holds, we
would have

rni∑
m=1

pni,m ≤
rni∑

m=1

max
1≤m≤rni

pni,m ≤ r max
1≤m≤rni

pni,m → 0,

contradicting (1).

(3) Because of assumptions (1) and (2), we have

rn∑
m=1

p2
n,m ≤

(
max

1≤m≤rn

pn,m

)
·

rn∑
m=1

pn,m → 0 as n →∞.

Proof 1. Let φn,m(t) and φn(t) be the characteristic functions of Xn,m and Sn, so that

φn,m(t) = (1− pn,m) + pn,meit, φn(t) = Πrn
m=1[(1− pn,m) + pn,meit].

Let λn =
∑rn

m=1 pn,m. Let ψn(t) be the characteristic function of a Poisson distribution with mean λn, and
let ψ be the characteristic function of a Poisson with mean λ. Then by lemma 3.1.1, we have

|φn(t)− ψn(t)| = |Πrn
m=1[1 + pn,m(eit − 1)]−Πrn

m=1e
pn,m(eit−1)|

≤
rn∑

m=1

|1 + pn,m(eit − 1)− epn,m(eit−1)|

(by part (2) of lemma 3.1.1 with b = pn,m(1 − eit). Note that by assumption (2), n may be chosen large
enough that |b| < 1.)

≤
rn∑

m=1

p2
n,m|eit − 1|2 ≤ 4

rn∑
m=1

p2
n,m → 0

as n →∞. Since by a remark above, we also have ψn → ψ, then by the triangle inequality φn → ψ.
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Remarks. For the second proof, we require the following facts:

(1) if µ1, . . . , µn and ν1, . . . , νn are distributions, then by propositions 1.2.4 and 1.2.5,

‖µ1 � · · · � µn − ν1 � · · · � νn‖ ≤
n∑

m=1

‖µm − νm‖.

(2) Let µ be the measure with µ(0) = 1− p and µ(1) = p, and let ν be the Poisson measure with mean p.
Then using the fact that 1− x ≤ e−x ≤ 1 for x ≥ 0, we have

‖µ− ν‖ =
∞∑

n=0

|µ(n)− ν(n)| = |µ(0)− ν(0)|+ |µ(1)− ν(1)|+
∞∑

n=2

ν(n)

= |1− p− e−p|+ |p− pe−p|+ 1− e−p − pe−p = [e−p + p− 1] + [p− pe−p] + 1− e−p − pe−p

= 2p(1− e−p) ≤ 2p2.

Proof 2. Let µn,m be the distribution of Xn,m, and let µn be the distribution of Sn. Let νn,m, νn, and ν
be Poisson distributions with means pn,m, λn =

∑rn

m=1 pn,m, and λ, respectively. Since µn = µn,1 � · · ·�µn,rn

and νn = νn,1 � · · · � νn,rn , then by remarks (1) and (2),

‖µn − νn‖ ≤
rn∑

m=1

‖µn,m − νn,m‖ ≤ 2
rn∑

m=1

p2
n,m → 0 as n →∞.

As noted at the beginning of this section, we also have ‖νn − ν‖ → 0 as n → ∞. Hence ‖µn − ν‖ ≤
‖µn − νn‖+ ‖νn − ν‖ → 0.

Example. Let {pn, n ≥ 1} be numbers in [0, 1] such that pn → 0 in such a way that λn =def npn → λ > 0.
In the above theorem, take rn = n and pn,m = pn. Then Sn has the binomial distribution with parameters

n and pn, and Sn
d→ Poisson(λ).

3.5 Infinite Divisibility.

Question. For each n ≥ 1, let Xn
1 , . . . , Xn

n be i.i.d., and put

Sn = Xn
1 + · · ·+ Xn

n . (5.1)

What distributions (other than the Normal or the Poisson) can appear as limits in distribution of the Sn’s?

Definition. An r.v. X is infinitely divisible if for every n ≥ 1, there are i.i.d. r.v.’s Xn
1 , . . . , Xn

n such that
X

d= Xn
1 + · · ·+ Xn

n .

Proposition 3.5.1 Let X be a r.v. with c.f. φ(t). Then X is infinitely divisible if and only if for each
n ≥ 1, there is a c.f. φn(t) such that φ(t) = (φn(t))n.

Proof. ⇐ Let Xn
1 , . . . , Xn

n be i.i.d. each with c.f. φn(t). Then Xn
1 + · · ·+ Xn

n has c.f. φ(t), so equals X in
distribution.

Proposition 3.5.2 Answer to above question: X is the limit in distribution of sums as in (5.1) if and only
if X is infinitely divisible.

Proof. If X is infinitely divisible, this is obvious. Hence suppose X is such that Sn
d→ X. Write S2n =

Yn + Y ′
n, where Yn = X2n

1 + · · · + X2n
n and Y ′

n = X2n
n+1 + · · · + X2n

2n . Then Yn
d= Y ′

n and P{Yn > y}2 =
P{Yn > y, Y ′

n > y} ≤ P{S2n > 2y} → P{X > 2y} and similarly P{Yn < −y}2 = P{Yn < −y, Y ′
n < −y} ≤
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P{S2n < −2y} → P{X < −2y}, from which it follows that the sequence {Yn, n ≥ 1} is tight. Hence ∃ a
subsequence {Yni

, i ≥ 1} which is convergent in distribution, say to Y . Then also Y ′
ni

d→ Y ′, where Y ′ d= Y ,

and is independent of Y . Then Yni + Y ′
ni

d→ Y + Y ′, so X
d= Y + Y ′ where Y and Y ′ are i.i.d. Thus the

definition of infinite divisibility holds with n = 2. The same proof can be extended to the case n > 2.

Lemma 3.5.3 Let φ(t) be a c.f. Then

1−�(φ(2t)) ≤ 4[1−�(φ(t))], t ∈ R.

Proof. Since cos 2θ = 2 cos2 θ − 1, then

1−�(φ(2t)) = E[1−cos 2Xt] = 2E[1−cos2 tX] = 2E(1−cos tX)(1+cos tX) ≤ 4E(1−cos tX) = 4[1−�(φ(t))].

Proposition 3.5.4 An infinitely divisible c.f. φ(t) never vanishes.

Proof. Since |φ(t)|2 is also an infinitely divisible c.f. (|φ(t)|2 = φ(t)φ(−t) is the c.f. of X +X ′ where X
d= X ′

and X and X ′ are independent) and vanishes if and only if φ(t) vanishes, we can assume φ(t) is real and
non-negative. Since φ(0) = 1, then φ is strictly positive on some interval (−b, b) where b > 0. Hence we need
only prove that if a > 0 is such that r =def inft∈(−a,a) φ(t) > 0, then inft∈(−2a,2a) φ(t) > 0.

Let 0 < ε < 1/4, and let n be so large that 1 − r1/n < ε. Then 1 − φn(t) = 1 − φ(t)1/n < ε for all
t ∈ (−a, a), and so 1− φn(2t) ≤ 4[1− φn(t)] < 4ε for all t ∈ (−a, a). Then φ(2t) = φn(2t)n ≥ (1− 4ε)n for
all t ∈ (−a, a).

Theorem 3.5.5 (Lévy-Khintchine, 1934) Let φ(t) be a c.f. Then φ(t) is infinitely divisible if and only
if

log φ(t) = iγt− σ2t2

2
+

∫ [
eitx − 1− itx

1 + x2

]
1 + x2

x2
µ(dx),

where γ ∈ R, σ2 > 0, and µ is a finite measure on R such that µ{0} = 0. This representation is unique in
terms of γ, σ2, and µ.

Examples.

(1) N(γ, σ2). Here µ(dx) = 0.

(2) Poisson(λ). Take γ = λ/2, σ2 = 0, and let µ({1}) = λ/2 and µ(R \ {1}) = 0. Then

iγt− σ2t2

2
+

∫ [
eitx − 1− itx

1 + x2

]
1 + x2

x2
µ(dx) =

iλt

2
+

[
eit − 1− it

2

]
λ = λ(eit − 1).

(3) Gamma, Cauchy. (Note: we say X ∼ Cauchy(a, b) where a > 0 if X has density function f(x) =
a
π

1
a2+(x−b)2 for x ∈ R or if X has c.f. φ(t) = eitb−a|t|).

3.6 The Convergence of Types Theorem.

Problem. Suppose that Un
d→ U and that {αn, n ≥ 1} and {βn, n ≥ 1} are real numbers with αn → α and

βn → β, where α and β are finite. Then αnUn + βn
d→ αU + β.

Solution This follows from proposition 1.5.3. Since αn − α → 0, then (αn − α)Un
P→ 0. Since αUn

d→ αU ,
then αnUn = (αn − α)Un + αUn

d→ αU . Then αnUn + (βn − β) d→ αU , so αnUn + βn
d→ αU + β.
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Remark. In particular, if φn and φ are the characteristic functions of Un and U , then φn(αnt) → φ(αt)
for every t. We will use this frequently in the proof of the next theorem.

Theorem 3.6.1 (Convergence of Types Theorem) Suppose that

(1) Un
d→ U , where U is non-degenerate,

(2) ∃ numbers αn, βn with αn > 0 such that αnUn + βn
d→ V , where V is non-degenerate.

Then the limits α = limn→∞ αn and β = limn→∞ βn exist (and are finite) with α > 0, and V
d= αU + β.

Proof. Let Vn
d= αnUn + βn. Let φn(t), ψn(t), φ(t), and ψ(t) be the characteristic functions of Un, Vn, U ,

and V respectively. Then

φn(t) → φ(t), ψn(t) = eiβntφn(αnt) → ψ(t). (6.1)

Let {αni
, i ≥ 1} be a subsequence which converges to say α ∈ [0,∞]. (Note that such a subsequence always

exists. Either we can find a subsequence which tends to ∞, or the αn’s all belong to a compact set.) If
α were 0, we would have φni(αnit) → 1 (since αniUni

d→ 0) and therefore |ψni(t)| → 1 as i → ∞, so that
|ψ(t)| = 1 for all t, implying that V is degenerate. Hence we have shown α > 0. If α were ∞, then since

φn(u) = e−iuβn/αnψn(u/αn), u ∈ R,

we would have |φni
(u)| → 1 as i → ∞, so that |φ(t)| = 1 for all t. Thus we have shown that α < ∞.

Finally, observe that |ψni(t)| → |φ(αt)| as i →∞, so that |ψ(t)| = |φ(αt)| for all t. If there were two distinct
subsequential limits, say α′ < α, then |φ(αt)| = |ψ(t)| = |φ(α′t)|, so that |φ(u)| = |φ(uα′/α)| for all u.
Iterating this, we find that for every u, |φ(u)| = |φ(u(α′/α)m)| for every m ≥ 1. Letting m →∞ shows that
|φ(u)| = 1 for all u, so U is degenerate. Hence we conclude that every convergent subsequence of the αn’s
converges to the same limit. This means that the sequence {αn, n ≥ 1} converges to α > 0 as stated.

Now we turn to the βn’s. Let δ > 0 be such that |φ(αt)| > 0 for |t| ≤ δ. Then

eiβnt =
ψn(t)

φn(αnt)
→ ψ(t)

φ(αt)
, |t| ≤ δ.

Next, since ψ(t)/φ(αt) → 1 as t → 0, then

1
u

∫ u

−u

1− ψ(t)
φ(αt)

dt → 0 as u → 0.

Let u′ < δ be such that the left-hand side here is < 1/2. Since |1 − e−iβnt| ≤ 2, then by (1.5) of chapter 2
and the BCT, we have

εβn
{x : |x| > 2/u′} ≤ 1

u′

∫ u′

−u′
[1− eiβnt] dt → 1

u′

∫ u′

−u′
[1− ψ(t)

φ(αt)
] dt <

1
2
,

so there is N such that εβn{x : |x| > 2/u′} < 1 (and is therefore zero) for all n ≥ N . This means that
|βn| ≤ 2

u′ ∀n ≥ N and therefore the sequence {βn, n ≥ 1} is bounded. If βni is a convergent subsequence
which converges say to β, then eiβt = ψ(t)/φ(αt), |t| ≤ δ. So if β and β′ were two subsequential limits, we
would have eiβt = eiβ′t for all |t| ≤ δ, implying that β = β′. Thus every convergent subsequence has the
same limit, so the sequence {βn, n ≥ 1} is itself convergent as claimed. By letting n → ∞ in the equality
ψn(t) = eiβntφn(αnt), we get ψ(t) = eiβtφ(αt), implying that V

d= αU + β.

Corollary 3.6.2 Suppose that {Sn, n ≥ 1} are random variables and that there exist sequences of numbers

(1) {an, n ≥ 1} and {bn, n ≥ 1} with an > 0 for all n such that

Sn − bn

an

d→ U

where U is nondegenerate,
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(2) {a′
n, n ≥ 1} and {b′n, n ≥ 1} with a′

n > 0 for all n such that

Sn − b′n
a′

n

d→ V

where V is nondegenerate.

Then U and V are of the same type. If U is normal, then so is V .

Proof. Let Un = (Sn − bn)/an, Vn = (Sn − b′n)/a′
n, αn = an/a′

n, and βn = (bn − b′n)/a′
n. Then

Vn =
Sn − b′n

a′
n

=
an

a′
n

· Sn − bn

an
+

bn − b′n
a′

n

= αnUn + βn, n ≥ 1.

By the convergence of types theorem, we have V
d= αU + β.

3.7 Stable Laws.

Definition. R.v.’s X and Y are said to be of the same type if there are a > 0 and b such that Y
d= X−b

a .
That is, if X and Y have the same distribution except for scale and location parameters.

Definition. A non-degenerate r.v. Y is said to have a stable law if for every k ≥ 1, Y is of the same type as
Y1 + · · ·+Yk where Y1, Y2, . . . , Yk are i.i.d with the same distribution as Y . That is, if ∃ constants ak > 0, bk

so that
Y

d=
Y1 + · · ·+ Yk − bk

ak
.

Y is said to have a strictly stable law if the bk’s can be chosen to be zero.

Problem. Show that stable laws are infinitely divisible.

Solution. Suppose X has a stable law, so that X
d= X1+...+Xn−bn

an
for every n. Let

Xn
m =

Xm − bn

n

an
.

Then Xn
1 , . . . , Xn

n are i.i.d. and Xn
1 + · · ·+ Xn

n
d= X for every n.

However, the family of stable laws is strictly contained in the family of infinitely divisible laws, since
stable laws are absolutely continuous (a problem) and the Poisson law is discrete.

Proposition 3.7.1 Y is the limit in distribution of X1+···+Xk−Bk

Ak
for some i.i.d. sequence {Xi, i ≥ 1},

some sequence Ak > 0, and some sequence Bk if and only if Y has a stable law. (Note: the Ak’s and Bk’s
are not necessarily the same as the ak’s and bk’s in the above definition of a stable law.)

Proof. If Y has a stable law, we can take X1, X2 . . . to be i.i.d. with the same distribution as Y . Conversely,
fix k and let Zk = X1+···+Xk−Bk

Ak
and Sj

n = X(j−1)n+1 + · · ·+ Xjn for j, n ≥ 1. Then

Znk =
S1

n + · · ·+ Sk
n −Bnk

Ank
,

AnkZnk = (S1
n −Bn) + · · ·+ (Sk

n −Bn) + (kBn −Bnk),

AnkZnk

An
=

S1
n −Bn

An
+ · · ·+ Sk

n −Bn

An
+

kBn −Bnk

An
.

The first k terms on the RHS of the last identity tend in distribution to Y1 + · · · + Yk as n → ∞, where
Y1, . . . , Yk are i.i.d with the same distribution as Y . On the left hand side, Znk converges in distribution to
Y . It now follows from the convergence of types theorem that ∃ α > 0 and β such that αY

d= Y1+· · ·+Yk−β.



3.7. STABLE LAWS. 47

Lemma 3.7.2 Suppose {an, n ≥ 1} is an increasing sequence of strictly positive numbers such that a2 > 1
and amn = aman for all m, n ≥ 1. Then ∃β > 0 such that an = nβ∀n ≥ 1.

Proof. Define β by a2 = 2β . Since amn = aman, it follows that amr = ar
m∀m, r ≥ 1. In particular, if n is of

the form 2r, then an = a2r = ar
2 = 2rβ = nβ . Define mn,q =

[
q log n
log 2

]
(where [x] denotes the integer part of

x) for all q ≥ 1, so that mn,q ≤ q log n
log 2 < mn,q + 1, and therefore mn,q log 2 ≤ log nq < (mn,q + 1) log 2, so

2mn,q ≤ nq < 2(mn,q+1). Since an is increasing, then (2mn,q )β = a2mn,q ≤ anq ≤ a2(mn,q+1) = (2(mn,q+1))β .
Now anq = aq

n, so (2mn,q )β ≤ aq
n ≤ (2(mn,q+1))β , and taking logs and then dividing by q log 2 gives us

βmn,q

q ≤ log an

log 2 ≤ β(mn,q+1)
q . Now letting q →∞, and using the fact that limq→∞

[qx]
q = x, both endpoints of

this double inequality tend to β log n
log 2 , so log an

log 2 = β log n
log 2 , and therefore log an = log nβ∀n ≥ 1.

Remark. If Y = U + V where U and V are independent, then

FY (y) =
∫ +∞

−∞
FU (y − v)dFV (v) ≤

∫
(−∞,0]

dFV (v) +
∫

(0,+∞)

FU (y)dFV (v) = FV (0) + FU (y)[1− FV (0)].

Proposition 3.7.3 Suppose Y has a stable law. Then the normalizing constants are given by an = n1/α for
all n ≥ 1, where 0 < α ≤ 2. (α is called the index.)

Proof. Let φ(t) be the c.f. of Y . It is a little easier to work with β = 1/α. Define W
d= Y − Y ′, where Y ′ is

independent of Y and has the same distribution. If W1, . . . , Wk are independent copies of W , then

W1 + · · ·+ Wk

ak

d=
Y1 + · · ·+ Yk − bk

ak
− Y ′

1 + · · ·+ Y ′
k − bk

ak

d= Y − Y ′ d= W.

Thus W , which is symmetric, is stable with location constants zero and the same normalizing constants ak

as Y . Note also that φW (t) is real and strictly positive, the latter since W is infinitely divisible.
Hence we can assume that Y is symmetric. Since Y1+ · · ·+Ym+n = (Y1+ · · ·+Ym)+(Ym+1+ · · ·+Ym+n),

we see that

am+nY
d= amY ′ + anY ”, (7.1)

where Y ′ and Y ” are independent and have the same distribution as Y . If one takes m = n, then one obtains
a2nY

d= an(Y ′ + Y ”) d= ana2Y
′′′, so a2n = a2an. A simple extension of the argument leading to (7.1) then

tells us that amn = aman, and then that ark = ak
r for all r, k ≥ 1.

From (7.1), Y
d= am

am+n
Y ′ + an

am+n
Y ”, so by the remark preceding this proposition, with U = am

am+n
Y ′ and

V = an

am+n
Y ”, and using the fact that FU (y) = FY (am+n

am
y) and FV (0) = FY (0), we have

FY (y) ≤ FY (0) + FY (
am+n

am
y)[1− FY (0)].

If there are sequences {mi, i ≥ 1} and {nj , j ≥ 1} such that
ami+nj

ami
↓ 0, then FY (y) ≤ FY (0) + FY (0)[1 −

FY (0)] for all y > 0, which would in turn imply that 1 ≤ FY (0) + FY (0)[1− FY (0)], so that FY (0) = 1, and
then P{Y = 0} = 1 (since Y is symmetric). It follows that the numbers { am

am+n
: m, n ≥ 1} are bounded,

say by M . If we take m = kr and m + n = (k + 1)r, we have
(

ak

ak+1

)r

= am

am+n
≤ M for all r. If there were

k so that ak

ak+1
> 1, then taking r large enough would contradict the validity of the bound M . Hence the

sequence {an, n ≥ 1} is non-decreasing. The fact that a2 = a2a1 implies that a1 = 1. If a2 were 1, then
Y1 + Y2

d= Y , implying that φ(t)2 = φ(t), and therefore that φ(t) = 1, so Y is degenerate at 0. This means
a2 > 1, and then by the lemma, that an = nβ∀n.

Lastly, we prove that α ≤ 2. Suppose to the contrary that b = 2β < 1. Since Y1 + · · ·+ Yn
d= nβY , then

φ(t)n = φ(nβt), so φ(n−β) = φ(1)1/n. Recall that φ(t) is real and strictly positive. By putting t = n−β and
s = 1/n, we have

lim inf
t→0

1− φ(t)
t2

≤ lim
n→∞

1− φ(n−β)
n−2β

= lim
n→∞

1− φ(1)1/n

n−2β
= lim

s→0

1− φ(1)s

sb
= 0,
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where the last equality is a result of l’Hopital’s rule and the fact that b < 1. Again by l’Hopital’s rule
we have limt→0

1−cos tx
t2 = x2

2 , and so by the Fatou-Lebesgue lemma, EY 2 = E
[
2 limt→0

1−cos tY
t2

]
≤

2 lim inft→0
1−φ(t)

t2 = 0. This implies that Y is degenerate, a contradiction.

Proposition 3.7.4 Y has a stable law if and only if its c.f. φ(t) has the form φ(t) = eg(t), where

g(t) = itc− b|t|α [1 + iκsign(t)wα(t)] , (7.2)

where b > 0, c ∈ R (c is just a centering constant), −1 ≤ κ ≤ 1 and

wα(t) =

{
tan(πα

2 ) if 0 < α ≤ 2, α �= 1,
2
π log |t| if α = 1.

Proof. Suppose φ(t) has the given form. Let β = 1/α. Then

wα(nβt) =

{
wα(t) if 0 < α ≤ 2 and α �= 1,
wα(t) + 2

π log n if α = 1,

so

g(nβt) = inβtc− bn|t|α
[
1 + iκsign(t)wα(nβt)

]
=

{
ng(t)− itcn + itcnβ if 0 < α ≤ 2 and α �= 1,
ng(t)− ibtκ 2

π n log n if α = 1,

= ng(t)− itbn,

where bn =

{
c(n− nβ) if 0 < α ≤ 2 and α �= 1
2bκ
π n log n if α = 1

. Hence φ(t)n = eng(t) = eg(ant)+itbn = φ(ant)eitbn where

an = nβ , which implies that φ is the c.f. of a stable law.

Remark. We will denote the distribution whose c.f. is given in the above proposition by Stabα(b, c, κ).

Examples.

(1) α = 2. Then g(t) = itc− bt2 and so Y ∼ N(c, b).

(2) α = 1, κ = 0. Then g(t) = itc− b|t|, so Y −c
b has the Cauchy distribution with density 1

π(1+x2) , x ∈ R.

(3) α = 1/2, κ = 1. Then g(t) = itc− b|t|1/2[1 + isign(t)]. Then Y −c
b2 has the inverse Gaussian distribution

with density (2πx3)−1/2e−1/2x, x > 0.

These are the only cases where the density is known in closed form. Hoffmann-Jorgensen (Probability with
a View Toward Statistics, Volume I, p. 409) gives the densities in terms of hypergeometric functions in all
other cases except when α = 1, κ �= 0.

Theorem 3.7.5 (The Stable Central Limit Theorem) Let X1, X2, . . . be i.i.d. r.v.’s such that

lim
x→∞

xαP{X1 > x} = u, lim
x→∞

xαP{X1 < −x} = v

where 0 < α < 2 and u, v ∈ [0,∞) are such that u + v > 0. Set

mn =


0 if 0 < α < 1,
nE sin(X1

n ) if α = 1,
EX1 if 1 < α < 2,

and
b = α(u + v)C(α), κ =

v − u

v + u
,
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where

C(α) =

{
Γ(2−α) cos απ

2
α(1−α) if 0 < α < 2, α �= 1,

π
2 if α = 1.

Let Un = 1
n1/α

∑n
j=1(Xj −mj) for n ≥ 1. Then Un

d→ Stabα(b, 0, κ) as n →∞.

Problem. Show that Y has a symmetric stable law iff φY (t) = e−b|t|α where b > 0 and 0 < α ≤ 2.

Problem. Prove that the stable distributions are all absolutely continuous with bounded continuous density
functions.

Remarks.

(1) If X is stable with index 0 < α < 2, then E|X|p < ∞ for 0 ≤ p < α and E|X|p = +∞ for p ≥ α.

(2) Let X and Y be independent strictly stable r.v.’s with indices α and β. If Y ≥ 0 (so that β < 1), then
XY 1/α is stable with index αβ (Feller Vol. II, page 176).

(3) If X ∼ Stabα(b, 0, κ) with 0 < α < 1, then −X ∼ Stabα(b, 0,−κ). X ∼ Stab(0, b, α,−1) with
0 < α < 1, the support of X is (−∞, 0).

(4) Suppose 0 < α < 1. If X ∼ Stabα(b, 0, κ), the support of X is

Supp(X) =


(−∞, 0) if κ = −1,
(−∞,+∞) if −1 < κ < 1,
(0,+∞) if κ = 1.

Reference: Samorodnitsky, G. and M. S. Taqqu (1994). Stable Non-Gaussian Random Processes. Chap-
man and Hall, Boca Raton.
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Chapter 4

Weak Convergence in C[0, 1] and
Weiner Measure.

4.1 Relative Compactness in C[0, 1].

Notation. C = C[0, 1] will be the set of all continuous functions x : [0, 1] → R. If x, y ∈ C, we define
d(x, y) = supt∈[0,1] |x(t) − y(t)|. With this metric, C is a separable complete metric space. Let C be the
σ-algebra of Borel subsets of C. Given x ∈ C, we define the modulus of continuity of x to be wx(δ) =
sup|s−t|<δ |x(s)− x(t)|, 0 < δ < 1.

Notation. Given 0 ≤ t1 < t2 · · · < tk ≤ 1, we denote by πt1,··· ,tk
: C → Rk the projection operator

defined by πt1,··· ,tk
(x) = (x(t1), . . . , x(tk)). Sets of the form π−1

t1,··· ,tk
(A), where A ∈ B(Rk), are called (finite

dimensional) cylinder sets. Let Cf denote the family of all cylinder sets. Then Cf ⊂ C since the projections
πt1,··· ,tk

are continuous and therefore measurable. If P ∈ P(C), the distribution Pπ−1
t1,··· ,tk

on B(Rk) defined
by Pπ−1

t1,··· ,tk
(A) = P [π−1

t1,··· ,tk
(A)] is called a finite dimensional distribution of P .

Proposition 4.1.1 Cf is closed under finite intersection, and σ(Cf ) = C.

Proof. Suppose that U ∈ Cf is of the form U = π−1
s,u(A), where A ∈ B(R2). Let t be such that s <

t < u, and let p : R3 → R2 denote the projection defined by p(a, b, c) = (a, c). Then πs,u = p ◦ πs,t,u,
so U = π−1

s,t,up−1(A) = π−1
s,t,u(D) where D = p−1(A) ∈ R3. By embellishing this argument, one can show

that if U, V ∈ Cf , there is a common set 0 ≤ t1 < t2 · · · < tk ≤ 1 of indices and A, B ∈ B(Rk) such that
U = π−1

t1,··· ,tk
(A) and V = π−1

t1,··· ,tk
(B). Then U∩V = π−1

t1,··· ,tk
(A∩B), so Cf is closed under finite intersection.

Next, for any x ∈ C and ε > 0, {y ∈ C : d(x, y) ≤ ε} = ∩r∈Q∩[0,1]|{y : |x(r) − y(r)| ≤ ε} =
∩r∈Q∩[0,1]π

−1
r [x(r) − ε, x(r) + ε] ∈ σ(Cf ). That is, every closed ball, and therefore every open ball, be-

longs to σ(Cf ). By separability, all the open sets in C belong to σ(Cf ), so C ⊂ σ(Cf ). We noted above that
Cf ⊂ C and hence σ(Cf ) ⊂ C.

Theorem 4.1.2 Let {Pn, n ≥ 1} ⊂ P(C), and let P ∈ P(C). If

(1) {Pn, n ≥ 1} is tight, and

(2) the finite dimensional distributions of Pn converge weakly to those of P ,

then Pn
w→ P .

Proof. Let {Pni , i ≥ 1} be a weakly convergent subsequence of {Pn, n ≥ 1}, and suppose Q ∈ P(C) is such
that Pni

w→ Q. By the mapping theorem, the finite dimensional distributions of Pni converge weakly to
those of Q. Since they must also converge to those of P , then P and Q have the same finite dimensional
distributions, so P = Q on Cf , so P = Q.
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Theorem 4.1.3 (Arzela-Ascoli) A subset A of C[0, 1] has compact closure if and only if

(1) supx∈A |x(0)| < ∞, and

(2) limδ→0 supx∈A wx(δ) = 0 (i.e. A is equicontinuous).

Proposition 4.1.4 Let {Pn, n ≥ 1} be probability measures on C[0, 1]. Then {Pn, n ≥ 1} is tight if and
only if

(1) for each η > 0, ∃a > 0 and n0 ≥ 1 such that Pn{x : |x(0)| > a} ≤ η ∀n ≥ n0, and

(2) for each ε > 0, η > 0, ∃0 < δ < 1 and n0 ≥ 1 such that Pn{x : wx(δ) ≥ ε} ≤ η ∀n ≥ n0.

Proof. Suppose {Pn} is tight. Given η, choose K compact  Pn(K) > 1 − η∀n. By the A-A theorem,
a =def supx∈K |x(0)| < ∞ is such that K ⊂ {x : |x(0)| ≤ a} (so (1) holds), and given ε > 0, ∃δ > 0  
supx∈K wx(δ) < ε or equivalently K ⊂ {x : wx(δ) < ε} (so (2) holds), with n0 = 1 in each case (which is
important for the converse).

Conversely, suppose conditions (1) and (2) hold, and let η > 0. Since C is separable and complete, the
finite family {Pn, 1 ≤ n ≤ n0} is tight, and so by the previous paragraph ∃a  Pn{x : |x(0)| ≥ a} ≤ η∀1 ≤
n ≤ n0, and for each ε > 0,∃0 < δ < 1  Pn{x : wx(δ) ≥ ε} ≤ η∀1 ≤ n ≤ n0. The point is that we can
assume (1) and (2) hold with n0 = 1. Thus, given η > 0, let a be such that Pn{x : |x(0)| ≥ a} ≤ η/2∀n ≥ 1,
and choose a sequence δk ↓ 0 such that Pn{x : wx(δk) ≥ 1/k} ≤ η/2k+1∀n ≥ 1. Let D = {x : |x(0)| ≥
a} ∪∞

k=1 {x : wx(δk) ≥ 1/k}. Then by subadditivity, Pn(D) ≤ η∀n ≥ 1. Since Dc satisfies conditions (1) and
(2) in the A-A theorem, then K = Dc is compact. Since Pn(K) ≥ Pn(Dc) ≥ 1− η∀n ≥ 1, we are finished.

Lemma 4.1.5 Suppose that 0 = t0 < t1 < · · · < tm = 1 and min1<i<m(ti − ti−1) ≥ δ. Then for any x ∈ C,

wx(δ) ≤ 3 max
1≤i≤m

sup
ti−1≤s≤ti

|x(s)− x(ti−1)|. (1.1)

For any P ∈ P(C),

P{x|wx(δ) ≥ 3ε} ≤
m∑

i=1

P{x : sup
ti−1≤s≤ti

|x(s)− x(ti−1)| ≥ ε}. (1.2)

Proof. Let M be the maximum on the RHS of (1.1), and let Ii = [ti−1, ti], 1 ≤ i ≤ m. If |s − t| ≤ δ,
then either s and t must lie in the same interval, say Ii, in which case |x(s) − x(t)| ≤ |x(s) − x(ti−1)| +
|x(t) − x(ti−1)| ≤ 2M , or s and t must lie in adjacent intervals, say Ii and Ii+1 respectively, in which case
|x(s)− x(t)| ≤ |x(s)− x(ti−1)|+ |x(ti)− x(ti−1)|+ |x(t)− x(ti)| ≤ 3M . Hence (1.1). Finally,

{x|wx(δ) ≥ 3ε} ⊂ {x| max
1≤i≤m

sup
ti−1≤s≤ti

|x(s)− x(ti−1)| ≥ ε} = ∪m
i=1{x : sup

ti−1≤s≤ti

|x(s)− x(ti−1)| ≥ ε},

from which the last statement follows by subadditivity of P .

Proposition 4.1.6 Condition (2) of proposition 4.1.4 holds if for each 0 < ε, η < 1, ∃ 0 < δ < 1 and n0 ≥ 1
such that

1
δ
Pn{ sup

t≤s≤t+δ
|x(s)− x(t)| ≥ ε} ≤ η ∀n ≥ n0,

for every t ∈ [0, 1].

Proof. In the lemma, take ti = iδ for 1 ≤ i < m = [1/δ]. Then Pn{x : wx(δ) ≥ 3ε} ≤
∑m

i=1 Pn{x :
supti−1≤s≤ti

|x(s)− x(ti−1)| ≥ ε} ≤ mδη ∀n ≥ n0.
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4.2 Random Elements with Values in C[0, 1].

Notation. Let ξ1, ξ2, . . . be a sequence of r.v.’s on some probability space, let Sn = ξ1 + · · ·+ ξn for all n,
and define

Xn(t) =
1

σ
√

n
S[nt] + (nt− [nt])

1
σ
√

n
ξ[nt]+1, 0 ≤ t ≤ 1, n ≥ 1, (2.1)

where σ > 0. Here, [nt] denotes the integer part of the number nt. In particular, Xn(i/n) = 1
σ
√

n
Si for

points i/n ∈ [0, 1] where i is an integer; Xn(t) is just the function of t obtained by linear interpolation of the
values Xn(i/n), and so Xn(t) is a continuous function of t.

Proposition 4.2.1 Suppose that for each ε > 0, ∃λ > 1 and n0 ≥ 1 such that if n ≥ n0, then

P{max
i≤n

|Sk+i − Sk| ≥ λσ
√

n} ≤ ε

λ2
∀k ≥ 1.

Then ∀0 < ε, η < 1, ∃0 < δ < 1 and n0 ≥ 1 such that

1
δ
P{ sup

t≤s≤t+δ
|Xn(s)−Xn(t)| ≥ ε} ≤ η, n ≥ n0,

for every t ∈ [0, 1].

Proof. By hypothesis, ∃λ > 1 and m0 such that P{maxi≤m |Sk+i−Sk| ≥ λσ
√

m} ≤ ηε2

λ2 ∀m ≥ m0, k ≥ 1.
Let δ = ε2/λ2 and let n0 be an integer larger than m0/δ. For all n, we have [nδ] ≤ nδ = nε2/λ2, and so
λ
√

[nδ] ≤ ε
√

n. Suppose n ≥ n0. Then [nδ] ≥ [n0δ] ≥ m0, and so

P{max
i≤[nδ]

1
σ
√

n
|Sk+i − Sk| ≥ ε} = P{max

i≤[nδ]
|Sk+i − Sk| ≥ σε

√
n} ≤ P{max

i≤[nδ]
|Sk+i − Sk| ≥ λσ

√
[nδ]}

≤ ηε2

λ2
= δη. (2.2)

Next, for a given pair s, t with t ≤ s ≤ t + δ, let 0 ≤ k < j be integers such that

k

n
≤ t <

k + 1
n

,
j − 1

n
≤ t +

δ

2
<

j

n
. (2.3)

Because of the polygonal character of Xn(t), we have (draw a picture) |Xn(u)−Xn( k
n )| ≤ max0≤i≤j−k |Xn(k+i

n )−
Xn( k

n )| ∀u with k
n ≤ u ≤ j

n . Writing |Xn(s)−Xn(t)| ≤ |Xn(s)−Xn( k
n )|+ |Xn(t)−Xn( k

n )|, we obtain

sup
t≤s≤t+ δ

2

|Xn(s)−Xn(t)| ≤ 2 max
0≤i≤j−k

1
σ
√

n
|Sk+i − Sk|.

An easy calculation from (2.3) gives j − k < δn
2 + 2. If n ≥ 4

δ , then 2 ≤ nδ
2 , so j − k < nδ, and then

sup
t≤s≤t+ δ

2

|Xn(s)−Xn(t)| ≤ 2 max
0≤i≤[nδ]

1
σ
√

n
|Sk+i − Sk|.

Combining this with (2.2) gives

P{ sup
t≤s≤t+ δ

2

|Xn(s)−Xn(t)| > ε} ≤ P{ max
0≤i≤[nδ]

1
σ
√

n
|Sk+i−Sk| >

ε

2
} ≤ ηε2

4λ2
=

δη

4
, n ≥ n0

def=
max{m0, 4}

δ
,

and therefore 2
δ P{supt≤s≤t+ δ

2
|Xn(s)−Xn(t)| > ε} ≤ η

2 , which is equivalent to the required result.
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Proposition 4.2.2 Let ξ1, ξ2, . . . , ξn be independent random variables with mean 0 and finite variances
σ2

1 , σ2
2 , . . . , σ2

n. Let Sn = ξ1 + · · ·+ ξn and s2
n = σ2

1 + · · ·+ σ2
n. Then

P{max
i≤n

|Si| ≥ λsn} ≤ 2P{|Sn| ≥ (λ−
√

2)sn}.

Proof. We can assume λ >
√

2 since otherwise the result is trivial. Define Ei = {maxj<i |Sj | < λsn ≤
|Si|}, i = 1, . . . , n− 1. Then

P{max
i≤n

|Si| ≥ λsn} = P{max
i≤n

|Si| ≥ λsn, |Sn| ≥ (λ−
√

2)sn}+ P{max
i≤n

|Si| ≥ λsn, |Sn| < (λ−
√

2)sn}

≤ P{|Sn| ≥ (λ−
√

2)sn}+
n−1∑
i=1

P [Ei ∩ {|Sn| < (λ−
√

2)sn}]

On the set Ei ∩{|Sn| < (λ−
√

2)sn}, we have |Si| − |Sn| ≥ λsn− (λ−
√

2)sn =
√

2sn, and hence |Sn−Si| ≥
||Sn| − |Si|| ≥

√
2sn. This gives P [Ei ∩{|Sn| < (λ−

√
2)sn}] ≤ P [Ei ∩{|Sn−Si| ≥

√
2sn}] = P (Ei)P{|Sn−

Si| ≥
√

2sn}] ≤ P (Ei)
∑n

k=i+1
σ2

k

2s2
n

≤ P (Ei)
2 , where we used independence and then Chebychev’s inequality.

Since
∑n−1

i=1 P (Ei) = P{maxi≤n−1 |Si| ≥ λsn}, we then have

P{max
i≤n

|Si| ≥ λsn} ≤ P{|Sn| ≥ (λ−
√

2)sn}+
1
2

n−1∑
i=1

P (Ei) ≤ P{|Sn| ≥ (λ−
√

2)sn}+
1
2
P{max

i≤n
|Si| ≥ λsn}.

Corollary 4.2.3 Suppose that ξ1, ξ2, . . . are i.i.d. random variables with mean 0 and finite variance σ2.
Then for any ε > 0, ∃λ > 1 and n0 ≥ 1 such that P{maxi≤n |Si| ≥ λσ

√
n} ≤ ε

λ2 ∀n ≥ n0.

Proof. In this case, sn = σ
√

n. Let λ > 2
√

2 (so that λ − λ
2 >

√
2, so that λ −

√
2 > λ

2 ) be such that
32

√
2

λ
√

π
≤ ε

2 . Then

2P{|Sn| ≥ (λ−
√

2)σ
√

n} ≤ 2P{|Sn| ≥
λσ
√

n

2
} = 2P{ |Sn|

σ
√

n
≥ λ

2
}

→ 2P{|N | ≥ λ

2
} ≤ 16E|N3|

λ3
=

32
√

2
λ3
√

π
≤ ε

2λ2
.

by the CLT, where N ∼ N(0, 1) and we used the fact that E|N |3 = 2
√

2
π .

4.3 Weiner Measure and the Invariance Principle.

Definition. A probability measure W on (C = C(0, 1), C) such that

(1) W{x : x(0) = 0} = 1,

(2) for each t > 0, x(t) ∼ N(0, t) under W ,

(3) for any 0 ≤ t0 < t1 < · · · < tk ≤ 1, x(t1) − x(t0), x(t2) − x(t1), . . . , x(tk) − x(tk−1) are independent
under W ,

is called Weiner measure. Note that, if s < t, then x(t) = x(s)+[x(t)−x(s)] independent, so φ[x(t)−x(s)](u) =

φx(t)(u)/φx(s)(u) = etu2/2/esu2/2 = e(t−s)u2/2, so x(t) − x(s) d= N(0, t − s) under W . Hence (x(t1), x(t2) −
x(t1), . . . , x(tk) − x(tk−1))

d= (
√

t1N1,
√

t2 − t1N2, . . . ,
√

tk − tk−1Nk), where N1, . . . , Nk are independent
N(0, 1) r.v.’s.
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Suppose that the r.v.’s ξ1, ξ2, . . . in the definition of Xn in (2.1) are i.i.d. with mean 0 and variance σ2.
If 0 ≤ s < t ≤ 1, then

Xn(t)−Xn(s) =
S[nt] − S[ns]

σ
√

n
+ ψn(t)− ψn(s),

where ψn(t) = (nt− [nt]) 1
σ
√

n
ξ[nt]+1. Firstly, by the Lindeberg-Lévy theorem,

S[nt] − S[ns]

σ
√

n
=

S[nt] − S[ns]

σ
√

[nt]− [ns]
·
√

[nt]
n

− [ns]
n

d→
√

t− sN,

where N ∼ N(0, 1) and we used the fact that [nt]
n → t as n →∞. Next, by Chebychev,

P{|ψn(t)| > ε} ≤ (nt− [nt])2Var(ξ[nt]+1)
nσ2ε2

=
(nt− [nt])2

nε2
≤ 1

nε2
→ 0,

so ψn(t) P→ 0 as n →∞. Consequently, by proposition 1.5.3, Xn(t)−Xn(s) d→
√

t− sN . Next, if Un
d→ U and

Vn
d→ V , and if Un and Vn are independent r.v.’s for each n, then it is easy to see that (Un, Vn) d→ (U, V ) where

U and V are independent. It follows from the k-dimensional version of this fact that if 0 < t1 < · · · < tk ≤ 1,
then

(Xn(t1), Xn(t2)−Xn(t1), . . . , Xn(tk)−Xn(tk−1))
d→ (

√
t1N1,

√
t2 − t1N2, . . . ,

√
tk − tk−1Nk)

= the W -distribution of (x(t1), x(t2)− x(t1), . . . , x(tk)− x(tk−1)).

By the mapping theorem, with h(x) = Ax, where

A =


1 0 0 0 · · · 0
1 1 0 0 · · · 0
1 1 1 0 · · · 0
...

...
...

... · · · 0
1 1 1 1 · · · 1


we then have (Xn(t1), Xn(t2), . . . , Xn(tk)) d→the W -distribution of (x(t1), x(t2), . . . , x(tk)). Consequently,
the finite dimensional distributions of Xn converge weakly to those of W .

For each n, let Pn be the distribution of Xn on C. By combining corollary 4.2.3 with proposition
4.2.1 and proposition 4.1.6, we see that condition (2) of proposition 4.1.4 holds. Since Xn(0) = 0, then
Pn{|x(0)| = 0} = 1∀n, so condition (1) of proposition 4.1.4 also holds. Hence the sequence {Pn, n ≥ 1} is
tight.

Theorem 4.3.1 Weiner measure exists.

Proof. Since {Pn, n ≥ 1} is tight, ∃Q ∈ P(C) and a subsequence {Pni
, i ≥ 1}  Pni

w→ Q as i → ∞.
Since the finite dimensional distributions of Pni

converge weakly to those of Q, and also (by the preceding
paragraphs) to those of the postulated measure W , then Q has the same finite dimensional distributions as
for the intended W . Since Q is uniquely determined by its finite dimensional distributions, then Q must be
Weiner measure.

Theorem 4.3.2 (Donsker’s Invariance Principle) Let ξ1, ξ2, . . . be a sequence of i.i.d. r.v.’s on some
probability space, each having finite variance σ2. For each n, let Pn be the distribution of Xn, as defined in
(2.1), on C[0, 1]. Then Pn

w→ W .

Proof. This follows directly from theorem 4.1.2 and the two paragraphs before the preceding theorem.

Remark. Taking t = 1 gives Xn(1) = Sn

σ
√

n
, so Donsker’s IP contains the classical CLT.
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Chapter 5

Brownian Motion

5.1 Definition and Properties.

Definition. A stochastic process {Wt, t ≥ 0} defined on a probability space (Ω,F , P ) and taking values in
R is a Brownian Motion on R if

(1) W0 ≡ 0,

(2) given “times”0 ≤ t0 < t1 < t2 < · · · < tn < ∞, the “increments”Wt1−Wt0 , Wt2−Wt1 , . . . , Wtn−Wtn−1

are independent,

(3) Wt −Ws ∼ N(0, t− s) whenever 0 ≤ s < t,

(4) for P -a.s. ω ∈ Ω, the path Wt(ω) is continuous in t.

Remark. Properties (2) and (3) are equivalent to

(5) {Wt, t ≥ 0} is a Gaussian process (i.e. for any 0 < t1 < t2 < · · · < tn < ∞, the joint distribution of
Wt1 , . . . , Wtn is Gaussian) with mean 0 (i.e. EWt = 0∀t ≥ 0) and covariance function Cov(Ws, Wt) =
min{s, t}∀s, t > 0.

For if (2) and (3) hold, then {Wt, t ≥ 0} is obviously Gaussian with mean zero, and if 0 < s < t, we have
EWsWt = EWs(Wt − Ws) + EW 2

s = EW 2
s = s. Conversely, if (5) holds, and if 0 ≤ s < t ≤ u < v, then

Cov(Wv −Wu, Wt −Ws) = Cov(Wv, Wt)−Cov(Wv, Ws)−Cov(Wu, Wt) + Cov(Wu, Ws) = t− s− t + s = 0.
It follows from this that the increments in (2), which must be jointly Gaussian, are independent. Finally, we
have Var(Wt −Ws) = Var(Wt)− 2Cov(Wt, Ws) + Var(Ws) = t− 2s + s = t− s, finishing (3).

Existence. Consider the probability space (C[0, 1], C, W ) of the previous section, and the coordinate func-
tions x(t), t ∈ [0, 1]. Define Ut = tx(1/t), t ≥ 1 and Wt = Ut+1 − U1, t ≥ 0. Then {Wt, t ≥ 0} is a Brownian
motion.

(1) Clearly W0 = 0.

(5) Since the finite dimensional distributions of the x-process are multivariate Gaussian, then so are those
of the U -process, and therefore those of {Wt, t ≥ 0}. So {Wt, t ≥ 0} is a Gaussian process. Obviously
EWt = 0∀t ≥ 0. If 1 ≤ u ≤ v, then Cov(Uu, Uv) = uvCov[x(1/u), x(1/v)] = uv min{1/u, 1/v} = u.
Suppose 0 ≤ s ≤ t. Then EWsWt = E(Us+1−U1)(Ut+1−U1) = EUs+1Ut+1−EUs+1U1−EU1Ut+1 +
EU2

1 = (s + 1)− 1− 1 + 1 = s. Hence Cov(Ws, Wt) = min{s, t}.

(4) Obvious.

Proposition 5.1.1 (Simple Properties of Brownian Motion) Suppose {Wt, t ≥ 0} is Brownian mo-
tion on R.
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(1) Then so also are

(a) {Wt+s −Ws, t ≥ 0} (change of origin),

(b) { 1
cWc2t, t ≥ 0}, where c �= 0 (scale change),

(c) {Bt, t ≥ 0}, where Bt =

{
tW (1/t) if t > 0,
0 if t = 0,

(time inversion),

(d) {Wτ −Wτ−t, 0 ≤ t ≤ τ} where τ > 0 is fixed (time reversal).

(2) {Wt, t ≥ 0} is a martingale,

(3) {Wt, t ≥ 0} is a Markov process.

Proof.

(1) All four processes are Gaussian and have mean zero. One needs only to check the covariance functions.

(2) Let Ft = σ(Ws, 0 ≤ s ≤ t) = σ(Wv − Wu, 0 ≤ u ≤ v ≤ t). Then E[Wt|Fs] = E[Wt − Ws|Fs] +
E[Ws|Fs] = 0 + Ws = Ws a.s.

(3) Also because of independent increments.

Definition. A function f : [a, b] → R is of bounded variation if there is M > 0 such that
∑n

i=1 |f(ti) −
f(ti−1)| ≤ M < ∞ for all partitions a = t0 < t1 < · · · < tn = b of [a, b].

Proposition 5.1.2 Let {Wt, t ≥ 0} be a Brownian motion defined on a probability space (Ω,F , P ), and let
[a, b] be a finite subinterval of R. Then almost every path Wt(ω) is not of bounded variation on [a, b].

Proof. It suffices to prove this for [0, 1]. Define vn(ω) =
∑2n

i=1 |W ( i
2n ) − W ( i−1

2n )|, and v(ω) = limn→∞ ↑
vn(ω). We will show that v = +∞ for a.s. ω. Since E|N(0, 1)| = b =

√
2
π and Var(|N |) = c = 1 − 2

π , and

since W ( i
2n )−W ( i−1

2n ) ∼ N(0, 1
2n ) ∼ 1

2n/2 N(0, 1), then Evn = 2n/2b and Var(vn) = c. Then

P{vn > α} ≥ P{|vn − Evn| ≤ Evn − α} ≥ 1− Var(vn)
(Evn − α)2

= 1− c

(2n/2b− α)2
→ 1 (1.1)

as n →∞. Then P{v > α} = limn→∞ P{vn > α} = 1 for all α > 0.

Note: In the first inequality in (1.1), we used the fact that if |x− y| ≤ y − α, then x ≥ α.

Proposition 5.1.3 Almost every path Wt(ω) is nowhere differentiable on [0,+∞).

Proof.



Chapter 6

The Kolmogorov Extension Theorem.

Notation. Let T be a set (called the index set), and for each t ∈ T , let (Ωt,Ft) be a measurable space.
Let Πt∈T Ωt denote the set of all functions ω : T → ∪t∈T Ωt such that ω(t) ∈ Ωt for all t ∈ T . Πt∈T Ωt is
called the product space.

If T is a finite set, we already know how to define the product σ-algebra ⊗t∈TFt of subsets of Πt∈T Ωt.
We now wish to do the same when T is infinite.

Let S be a subset of T . A subset of Πt∈T Ωt of the form C = A×Πt∈T\SΩt, where A ∈ ⊗t∈SFt, is called
a cylinder set with base A. If S is finite, C is called a finite-dimensional cylinder set. Let FS denote the
family of all cylinder sets with bases in ⊗t∈SFt. Since a cylinder set with base A can be identified with A,
we can identify FS with ⊗t∈SFt.

Proposition 6.0.4 Let Cf = ∪{FS : S is a finite subset of T} be the family of all finite dimensional cylin-
der sets. Then Cf is an algebra of subsets of Πt∈T Ωt.

Proof. First note that if S1 and S2 are finite subsets of T with S1 ⊂ S2, and if C = A1 × Πt∈T\S1Ωt is
a cylinder set with base A1 ∈ ⊗t∈S1Ft, then C can also be represented as C = A2 × Πt∈T\S2Ωt where
A2 = A1 × Πt∈S2\S1Ωt ∈ ⊗t∈S2Ft. This means that any two cylinder sets can be represented with respect
to the same finite subset of T . Thus, if C1 and C2 are two cylinder sets, we can write C1 = A1 ×Πt∈T\SΩt

and C2 = A2×Πt∈T\SΩt where A1, A2 ∈ ⊗t∈SFt, and then C1 ∪C2 = (A1 ∪A2)×Πt∈T\SΩt and C1 ∩C2 =
(A1 ∩A2)×Πt∈T\SΩt are cylinder sets as well.

If C = A×Πt∈T\SΩt is a cylinder set, then Cc = Ac ×Πt∈T\SΩt is also a cylinder set. Finally, Πt∈T Ωt

is itself a cylinder set since Πt∈T Ωt = A×Πt∈T\SΩt with A = Πt∈SΩt for any finite subset S of T .

Definition. We take the product σ-algebra ⊗t∈TFt to be the σ-algebra of subsets of Πt∈T Ωt generated by
the algebra Cf of finite dimensional cylinder sets.

Notation. For brevity, we let Ω = Πt∈T Ωt and F = ⊗t∈TFt. For each s ∈ T , let Xs : Ω → Ωs denote the
sth coordinate mapping defined by Xs(ω) = ω(s). Note that Xs is measurable with respect to F and Fs.
In fact, F is the smallest σ-algebra which makes all the coordinate mappings measurable.

Proposition 6.0.5 For each finite subset S of T , let PS be a probability defined on ⊗t∈SFt. Suppose the
PS’s satisfy the consistency condition: if S1 ⊂ S2, then PS2 restricted to ⊗t∈S1Ft coincides with PS1 (that
is, if A ∈ ⊗t∈S1Ft, then PS2 [A×Πt∈S2\S1Ωt] = PS1(A). Then there exists an additive set function P on Cf

such that P (Ω) = 1 and which coincides with PS on every FS.

Proof. If B ∈ Cf , then B ∈ FS for some finite S; define P (B) = PS(B). If B ∈ FS1 and B ∈ FS2 where
S1 and S2 are finite, then PS1(B) = PS2(B) because of the consistency condition. Thus P is unambiguously
defined. If A, B ∈ Cf , and A ∩ B = ∅, there is a finite S so that A, B ∈ FS . Then A ∪ B ∈ FS and
P (A ∪B) = PS(A ∪B) = PS(A) + PS(B) = P (A) + P (B).

In order that P be σ-additive on Cf , we need additional conditions on the sets Ωt.
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Definition. A class C of subsets of a set E is said to be compact if for every sequence {Cn, n ≥ 1} in C
such that ∩∞

n=1Cn = ∅, there is an integer N such that ∩N
n=1Cn = ∅. A probability space (E, E , µ) is said

to satisfy a compactness condition if there is a compact subclass C of E such that µ(A) = sup{µ(C) : C ∈
C, C ⊂ A}∀A ∈ E .

Remark. If E is a Polish space (i.e. a complete separable metric space), E is the Borel σ-algebra, and µ
is any probability on E , then (E, E , µ) satisfies a compactness condition. Note that Rn and any countable
set are examples of Polish spaces.

Theorem 6.0.6 (Kolmogorov’s Extension Theorem) For each finite subset S of T , let PS be a proba-
bility defined on ⊗t∈SFt. Suppose the PS’s satisfy the consistency condition of the preceding proposition and
that, for each t ∈ T , (Ωt,Ft, P{t}) satisfies a compactness condition. Then there exists a unique probability
P on the product σ-algebra F which extends all the PS’s. Stated another way, there exists a probability
space (Ω,F , P ) and on it a stochastic process {Xt, t ∈ T} (the coordinate mappings) having the PS’s as its
finite-dimensional distributions (i.e. P{(Xt1 , . . . , Xtn) ∈ A} = P{t1,... ,tn}(A) for all A ∈ ⊗n

i=1Fti and finite
subsets {t1, . . . , tn} of T ).

Example. Take T = N = {1, 2, 3, . . . }, Ωt = R, Ft = B(R) for all t ∈ T . Then Ω = RN. For each
n ≥ 1, let Pn be a probability on the Borel subsets of Rn such that Pn+1 restricted to Rn coincides with
Pn (i.e. Pn+1(A × R) = Pn(A) for all Borel subsets A of Rn). Then there exists a unique probability P
on the product σ-algebra F which extends each of the Pn’s. Stated another way, there exists a probability
space (Ω,F , P ) and on it a stochastic process {Xn, n ≥ 1} (the coordinate mappings) having the Pn’s as its
finite-dimensional distributions (i.e. P{(X1, . . . , Xn) ∈ A} = Pn(A) for all Borel subsets A of Rn and all
n ≥ 1.

In particular, if Fn, n ≥ 1 are distribution functions on R, and if for every n ≥ 1, Pn is product probability
dF1 × · · · × dFn, there exists a probability space (Ω,F , P ) and on it a sequence {Xn, n ≥ 1} (the coordinate
mappings) of independent random variables such that Xn ∼ Fn for every n ≥ 1.

Example. Let T be any set, Ωt = R, Ft = B(R) for all t ∈ T . Then Ω = RT . Let Γ(s, t) : T ×T → [0,+∞)
be symmetric (Γ(s, t) = Γ(t, s) and non-negative definite (

∑n
i=1

∑n
j=1 cicjΓ(Ti, tj) ≥ 0 for all finite subsets

{t1, . . . , tn} of T ). For each finite subset {t1, . . . , tn} of T , let P{t1,... ,tn} be the distribution of a Gaussian
random vector (Yt1 , . . . , Ytn) with mean vector zero and covariance matrix [Γ(ti, tj)]i,j=1,... ,n. Then there
exists a probability space (Ω,F , P ) and on it a stochastic process {Xt, tT} (the coordinate mappings) having
the P{t1,... ,tn}’s as its finite-dimensional distributions. {Xt, t ∈ T} is called a Gaussian family.

If T = [0,+∞), {Xt, t ≥ 0} is called a Gaussian process. In particular, if Γ(s, t) = min{s, t}, then
{Xt, t ≥ 0} is called a Brownian motion.

Remark. Let Cc be the family of all cylinder sets C = A × Πt∈T\SΩt, where A ∈ ⊗t∈SFt and S is a
countable subset of T . Then Cc is a σ-algebra of subsets of Πt∈T Ωt and it is easy to show that Cc coincides
with ⊗t∈TFt. This means that every member of F depends on only countably many values from T .

Theorem 6.0.7 Suppose that T = [0,+∞), Ωt = R, Ft = B(R) for all t ∈ T . Let {Xt, t ≥ 0} be the process
constructed on (Ω,F , P ) in Kolmogorov’s Extension Theorem. Suppose there exist constants a, b, c > 0 such
that

E|Xt −Xs|a ≤ c|t− s|b+1 ∀s, t ≥ 0. (0.1)

Let Ωc = C[0,+∞) =all continuous functions [0,+∞) → R, let Cf denote the family of finite dimensional
cylinder subsets of Ωc, and let Fc be the σ-algebra of subsets of Ωc generated by Cf . Then there exists a
probability Pc on Fc such that

Pc(B) = P (A) ∀B ∈ Fc such that B = A ∩ Ωc for some A ∈ F .

(Ref: Hida, T. and M. Hitsuda.(1991). Gaussian Processes. AMS.



61

Note that if A = Ω, then B = Ωc, and we see that Pc(Ωc) = 1. Moreover, the coordinate process
{Xt, t ≥ 0} restricted to Ωc has the same finite dimensional distributions under Pc as it had under P . Hence
we have constructed a process {Xt, t ≥ 0} on a probability space (Ωc,Fc, Pc) which has the required finite
dimensional distributions, and which has continuous sample paths.

For a Brownian motion process, the condition in (0.1) is satisfied with a = 4, b = 1, c = 3.


