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PREFACE

The category of finite dimensional vector spaces over a field K has
many interesting properties: It is a symmetric closed monoidal (hereafter
known as autonomous) category which has an object K, with the property that
the functor (-,K), internal Hom into K, induces an equivalence with its
opposite category. Similar remarks apply to the category of finite
dimensional (real or complex) banach spaces. We call such a category *—autonomous,
Almost the same thing happens with finite abelian groups, except the "dualizing
object", R /Z or @/Z , is not an object of the category. In no case is the
category involved complete, nor is there an obvious way of extending both the
closed structure and the duality to any of the completions. In studying these
phenomena, I came on a fairly general construction which allows you to begin
with one of the above categories (and some similar ones) to embed it fully into
a complete and cocomplete category which admits an autonomous structure and
which, using the original dualizing object, is *-autonomous.

In an appendix, my student Po-Hsiang Chu describes a construction which
embeds any autconomous category into a *-autonomous category. The embedding
described is not, however, full and is completely formal.

The work described here was carried out during a sabbatical leave from
McGill University, academic year 1975-76 mostly at the Forschungsinstitut fgr
Mathematik der Eidgenossische Technische Hochschule, Zurich. For shorter periods
I was at Universitetet i Aarhus as well as 1'Universite Catholique de Louvain
(Louvain-la-Neuve) and I would like to thank all these institutions. I was
partially supported during that year by a leave fellowship from the Canada Council
and received research grants from the National Research Council and the Ministare
de 1'Education du Québec.

Preliminary versions of part of this material has been published in the
five papers by me listed in the bibliography. The current version was presented

in a series of lectures at McGill in the Winter Term, 1976.
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CHAPTER I. PRELIMINARIES

1. Symmetric Closed Monoidal Categories.

(1.1) A symmetric closed monoidal category V consists of the following data.

’

i) A category YO ;

ii) A functor (tensor) _®—:YOXYO > YO ;
s . _ _y.y Op N )
iii) A functor (internal hom) V(-, ).yo XYO YO‘
i An object I of V_
v) n cbje of Vv,
v) Natural Equivalences
r =rv : V98I -+ V
L =RV « I®V -+ V
i=1iv : (I,V) >~V ;
vi) Natural Equivalences
a = a(v,v',v") : (Vev")ev" - ve(v'ev")
p = p(v,v',v") : (vev', v} = (v, (V' AVAD D

vii) Natural equivalences

s(V,V') : VvevV' - V'sV \
t

£(V,V',V") o (V,(V',V")) > (V' (V, VM) ;
viii) A natural transformation
=9V I+ (V,V) ;

ix) Natural transformations
c =c(V,V',Vv") : (V' ,v)8(v,Vv') » (v,V")
4 =d4w,v',v") « (V' ,v") > ((v,V'), (Vrvn)‘)

e = e(v,v',v") : (Vv,Vv') = ((V', V"), (V,V"))
(1.2) These data are subject to a great many axioms. The most important of these re-
quires that Hom({(V,V')= Hom(I, (V,V') in such a way that JjV corresponds to the iden-
tity on VvV and that the diagram

Hom({I, (V',V")x Hom(I,(V,V'))ZFHom(Vv',Vv") x Hom(V,V")

l

Hom (V,V")

l:

Hom (I®I, (V',V")®(V,V')) ——— > Hom(I, {V,V"))

commutes. Here the left hand arrow is just an instance of the functoriality of & ,
the bottom arrow uses rI (which, one of the coherence rules states, = 2I) and in-
ternal composition while the upper arrow on the right is external compesition.

The remaining axioms are of two kinds. Some express the fact there is a great

deal of redundancy among the data. For example <p> is an isomorphism



Hom(Vvev',v"}) - Hom(V,(V',V")) and one law says that

<p(V',v"), (V,V'), (V, V"))>o (c(V,V', V")) = 4(V,V',V") . BAnother expresses d
similarly by means of p, ¢ and s . Another expresses a in terms of p :
((vev*yev",-) = (vev' (v",-)) = (v, (V', (V",-))) = (v, (V'eV",-)) = (ve(vev"),-) .

The other kind of axioms are the coherence axioms examplified by MacLane's fa-

mous pentagonal axiom which expresses the commutativity of

Ve (V'e(V"ev'')) - (VeV' )@ (V'eV"') -+ ((VeV')ev")ev"'

Vo ((V'ev")av™) -+ (Ve (V'ev")ev"!

(1.3) A category A 1is enriched over V if there is a functor !(—,—):éép

XA > V
such that Hom(I,v(A,B)) is naturally equivalent to Hom{(A,B) . Also required is a

composition map
v{B,C)®V(A,B) + V(A,QC)

lying above the compositicon of morphisms in A as well as many coherence axioms which
are tabulated in I.5 of [ Eilenberg, Kelly]. A tensor

—-®—:VxA -+ A

is a functor such that -®A:V -~ A is, for each AeA , left adjoint to VI(A,-):A >V .

Provided A has, and V(A,-) commutes with limits, this can usually be shown to exist

by the adjoint functor theorem. BAnalogously it frequently happens that !(-,A):é?P

P

-V
has a right adjoint, dencted [—,A]:y? - A (note the switch in variance) which deter-

mines a bifunctor

op

["IA] :2 X 5 >

[

called a cotenscr. We have

1
e

Hom({V,V(A,B)) = Hom(V®A,B) = Hom(a,[V,B])

(1.4) Let S be a set and n be a cardinal number. An n-ary operation on $ is
a function S§" -+ S . If Q= {Qn} is a class graded by the cardinals n of sets
Qn a model of or algebra for @ 1is a set S equipped with an n-ary operation
ws:s" > S for each weﬂn . A morphism £:5 > T of models of Q 1is a function

such that for all n , all weﬂn , the square

n_ wS
=

45}

Hh
=]
PR,

n

[ R S—
F

wT
———

=

commutes.

(1.5) among the elements in Qn are assumed to be certain Fi , ien where realization



in any algebra is the projection to the ith coordinate. If (wi), ien 1is an m, -ary
operation and w is an n-ary operation, then there is an m-ary operation, m = Emi r

whose value on any algebra is the composite

m ~ m (wi) n w
= HiS i s s .

S

(1.6) The category of algebras and morphisms is called a variety. This notion can
most readily be formalized by building a category whose objects are cardinals, whose
maps include all the functions and such that

Hom{(m,m) = Q m
n

In particular m is the sum of that many copies of 1. An algebra is a contravariant
product preserving set valued functor and a morphism of algebras is a natural trans-

formation between such functors. Details may be found in [ Lawvere] and [Linton] .

(1.7) A full subcategory of a variety which is closed under subalgebras, products and
guotients is again a variety. The category of a torsion free abelian groups is an
example of a non-varietal full subcategory clesed under subalgebras and products but
not guotients. We define a guasi-variety tc be a full subcategory of a variety closed
under inverse limits. Notice that we are not requiring merely that it have these limits
but that they be the limits in the variety. We define a semi-variety to be a full sub-
category of a varieﬁy closed under products and equalizers and which contains the free

algebras in the variety.

(1.8) If ¥V 1is a quasi-variety in a variety W we may consider W' the closure of

V under quotients. It is a standard argument that a product of quotients is a quotient
of the product and a subobject of a gquotient is a quotient of a subobject so that W'

is itself a variety. If FeW' is free in W' , it is a quotient of a VeV . Since

F 1is free, the quotient map V —> F splits and hence F 1is a subocbject of V and
hence FeV . Thus V is a semi-variety in E}v. Actually W' is unique since every
object in W' is a guotient of an cbject in V . The same argument would show that

the variety in which a semi-variety is embedded is also unique. Henceforth we will

understand V to be a semi-variety, W a containing variety and that V contains

the free algebras of W

(1.9) Now suppose that the theory § is commutative. That means that for any n-ary

operation w , m-ary operation ¢ and algebra with underlying set S , the square

XM o~  mX
M > mxn T Sn

> | |

1) w
N S

commutes. The isomorphism in the upper left is most easily described by thinking of
x X -

w and ¢ as acting on row vectors, Sn ™ and Sm n as nxm and mxn matrices

respectively and the isomorphism as transpose. The implication of the commutability

of this square is that ¢ is a homomorphism with respect to w (or vice versa).



If this holds for all w,f the result is that each operation is not merely a function

on the underlying sets but is in fact a morphism in V .

(1.10) Suppose in addition that YO is a variety for a commutative theory. If V'
and V are algebras, (fi), ien a family of morphisms V' — V and w an n-ary

operation, the composite
(fi) w

V' — ¥ — ¥V
is again a morphism. This defines an operation w(V',V) on Hom(V',V) and it is imme-
diate that Hom(V',V) is again an algebra which we call vV (Vv',V) . It is easily seen
that V(V,-) preserves limits and, by the adjoint functor theorem, has an adjoint -®vV .
Finally let I be the free algebra on one generator. Then the required natural trans-
formations and equivalences may easily be constructed to show that we have a symmetric
menoidal closed category. This may be described as the canonical closed structure

corresponding to a commutative theory.

(1.11) Even in case that YO is only a semi-variety - but for a commutative theory -

we can still make it into a closed category. In fact, let W be the category of al-

0
gebbras for the theory. Then EO has the standard structure as above and we will see
that !0 is an exponential ideal. In fact, let Veyo and WEEO . Then W has a

presentation as a coequalizer
FSZZIX FT— W

where FS and FT are the free algebras on the sets S and T respectively, and, as

observed in (1.7), belong to YO . Then there is an egqualizer

WW,vy— W(FT,V) — W(FS,V)

~ o~

wiw,v)— v v

T
But since Veyo and YO is a quasi-variety, V  and Vs and hence W(W,V) all be-

long to V.

(1.12) Whether or not the theory is commutative, it is possible that there is a sym-
metric monoidal closed structure on the semi-variety V which differs from the stan-
dard one. Here is the example which interests us. Let I be a group, K a field

and V be the category of representations of 1 on K-vector spaces, otherwise known
as X 1] -modules. The theory of this variety is commutative according as 1 is, but
regardless there is a closed symmetric monoidal structure. For V(V',V) take the get
of K-linear maps with I action (xf) (v') = xf(k_lv') for xell, £:V'—> V and v'eV*,
For V'8V we take the tensor product over K with x(vev') = xv8xv'. The unit object
I is just K with each group element acting by the identity map. This is not the free
object on one generator which means that the functor Hom(I,-) is not the usual under-
lying set functor.

(1.13) Suppose that V is a semi-variety and also a closed symmetric monoidal category.



The varietal structure gives an underlying functor <-> which is represented by the
free algebra on one generator which we denote J . We wish to describe a coherence

between the internal and external hom which will say that up to natural isomorphism
Hom (V',V) < <v(V',V)> c Hom(<vV'> , «>) .

and that these inclusions cohere with the unitary and associative maps for functions
between sets. The existence of the requisite functions can be shown to follow from

the hypothesis that J be a cocommutative coalgebra object in V . The first map is

an injection provided the counit map is an epimorphism. Wwhat additional hypothesis is
needed to force the second to be an injection is not clear. Nor does the question seem
worth pursuing at this stage in the theory. The main point to keep in mind is that
these objects come provided with underlying sets that are very much part of their struc-
ture and that both the external hom and the elements of the internal hom are func-
tions between those underlying sets and compare the way functions do. For later use, we

call an element of <V (V',V) > a pseudomap from v't— VvV .

(1.14} The fact that we are supposing that Hom(v,v') and <V(V,V') > are contained
in Hom({<V>, <'>) - and for future reference V(A,B) < Hom(<[A[>, <|B|>) - makes for
vast simplifications in our theory. Specifically, we will in the future, say things
like,"There is a canonical map v{a,(B,E})) — V(B,(A,E))."” What this means will of
course depend on the exact statement. But in all cases it means that at the underlying
set level it comes down to a well-known canonical map, in this case the transposition
between a map <|Al>—> Hom(<|B|>, <|E|>) and a map <|B> — Hom(<|A|>, <|El>) .
In these notes, this will be understood without further mention. The alternative is to
make the statements - not to mention the proofs - of most of the propositions unbearably
awkward. An added advantage is that all coherence questions vanish. This is not the
reason for adopting a rigid grounding functor (that is basically to be able to apply
(2.5) below and to make sense of the idea of a convergence uniformity) but as long as

we seem to be stuck with one, we may as well take advantage of it.

(1.15) Example. Here is the example which we will continue throughout the chapters
devoted to the theory. Let K be a (commutative) field and V denote the category

of vector spaces over K. Then V is already a variety. It has the nullary O, unary
and binary operations and equations required to define an abelian group as well as a
unary operation, multiplication by X , for each AeK . It is well known to be a closed
category. In fact, the theory is commutative. If V and V' are vector spaces and
f,g : V- V' are maps, f+f' : V— V' is defined by (£f+£')(v) = £(v)+£f'(v) . Si-
milarly, for AeK , (Af)(v) = Af(v) defines the operation of A on Hom(V,V') . The

unit cbject for this hom is K and the tensor product is the usual one.

2. Uniform Spaces.

(2.1} Let S be a set. Let u = (58) be a cover of &, that is a collecticn of sub-—

sets of S whose union is S . For xeS, let u*(x) = YW ueu |xeu }.Letl£*={gf(x)lxes}.



If u and v are covers, we say that u refines v 1if for =xevev there is a ueu

such that =xeucv . Then a uniform structure on S 1is a collection U of covers such

that uel implies the existence of a veU such that v* refines u . Such a v is

called a star refinement of U. A pair (S,U) consisting of a set S and a uniform

structure U on S will be called a uniform spaee. The covers in U are called uni-

form covers.

If (31'91) and (SZ,QQ) are uniform spaces a map f:Sf——+ 82 is called uniform
if for all 32692 there is 51691 which refines f~l(22) . A uniform structure U

on S 1is called separated if for x#y in S there is a ueU such that no set in u

contains both x and y . From now on we will suppose all uniform spaces are separated.

For a thorough discussion of uniform spaces including the relation between the defini-
tion given here and that given by entourages, see [ Isbell] , especially problem 8 of
chapter I and pp. 28-29 of X = (S,U) is a uniform space, write § = |X| for the

underlying set.

(2.2) If (5,0) is a uniform space, there is associated a topological space (S,T)
with the same point set. Take as a neighbourhood base at x all the sets u*(x) where
uelU . This topology is called the uniform topology. Ewery uniform map induces a con-
tinuous one on the associated topological spaces but not conversely. In particular two
distinct uniform structures may induce the same topology. For instance, as topological
spaces, R = (-1,1) . As uniform spaces they are inequivalent since the former is com—

plete (see below) but the latter is not.

(2.3) If (5,0) 4is a uniform space and S' 1is a subset of §S , there is a natural
uniformity induced on S' . Namely the collection of all unS' for wueueU . The uni-
form topology for the induced uniformity on S' is the same as that induced by the
uniform topology on § .

We say that the uniform space (Sl, Ei) is complete if for every uniform space
(8,U), every topologically dense subset S'cS and every function f£':5'— S which is

1

uniform in the induced uniformity, there is a uniform £:5-— Sl whose restriction to

s' is f'.

(2.4) It is shown in [Isbell] , chapter II how every uniform space can be embedded

(i.e. has the induced uniformity) as a dense subset of a complete space and that this
embedding is unique up to a unique isomorphism. We denote this completion of (S,U)

by (5,0) or just by S if U 1is understood.

(2.5) Lemma. Suppose

fl
(8,,0) = (5,,0)
g h
f

(T, 7)) === (T,.V,)

is a commutative diagram of uniform spaces such that fl is the inclusion of a dense



subset, equipped with the induced uniformity, f is an isomorphism of underlying sets

2

and Yi has a basis consisting of sets whose image under f2 is closed in the uniform

topology of V,_, . Then there is a unique map (SZ,EQ)-—+ (Tl,yl) making both trian-

gles commute. ;
Proof. Although I have tried to make these notes largely self-contained, this argument
requires more than a passing acquaintance with the theory of uniform spaces to be under-
stood. For this I refer to [ Isbell] . Otherwise, it can best be appreciated by ima-

gining the spaces to be metric and replacing Cauchy nets by Cauchy sequences.n

We may suppose without loss of generality that Tl = T2 =T and f2 is the iden-
tity map which means that Yl is a refinement of YQ . Then given that h is uniform
with respect to ZQ we must show it is with respect to Yi . Suppose now that seS2
and {sa} is a Cauchy net in S, which converges to s . Then {hsa} converges to
hs . Since g is uniform, {gsu} is a Cauchy net with respect to V, . Now let Vi€V, -

There is zieyl such that Xi* refines !i and by the hypothesis we may also suppose

that the sets in vi are closed in the uniform topology determined by V There is a

.._.2 -
set Vegi and an index B such that y2B implies ngeV (that is just from the de-
finition of Cauchy net). Now {ng},Yzﬁ is again a Cauchy net in v, and converges,
in the uniform topology of 22 to hs . Since V is closed in that topclogy and every

gser , it follows that hseV as well. Thus VcXi*(hs)- Hence for all Y>Brgsd€Vi*(hS)-

Thus in every Yi

hs and thus converges to hs .

cover of T the net is eventually in one of the neighbourhcods of

This does not quite show that h is uniform to Yi

The map g has a uniform extension to g~:(s2,U2)——+ (T,Vl) constructed by choosing

but we may argue as follows.

for each seS, a Cauchy net {Sa} of elements of S, which converges to it. Then

as above {gsa} is Cauchy in (T,!l) and converges to a unigque point, g (s), of (T,¥,).

But we have just shown that all such points already lie in T .

(2.6) A metric space (M,a) is a uniform space in a natural way. In fact the covers
by e-spheres, >0 determine a uniformity called the metric uniformity. It follows
from [ Isbell] , I.14 that for any uniform space X = (S,U) and any ue¢U there is a
metric space (M,a) and a uniform map £:X— (M,a) such that the inverse image of

the l-spheres refines u . Such an f is called a pseudometric for X . If u ranges
over a basis of U a corresponding collection of f is called a basis of pseudometrics

for X .

{2.7) Suppose ($,U) and (T,V) are uniform spaces and F 1is a set of functions
S— T . We say that F is an equiuniform set if for a411 veV there is a single
uel which refines f_l(z) for all feF . It is easy to see that every finite set of

uniform functions is an equiuniform set.

(2.8) If, on the other hand, S is a set and (T,V) 1is a uniform space, a collection
% of sets of functions §-— T determines a uniformity U on § such that the sets
in ¢ are equiuniform. This is most readily described in terms of a basis 4 of

pseudometrics for V . Let



I'(s,F,d) = {s'|d(fs,fs') <1 for all feF}
for seS,Fe¢,de§_. Then the sets
{T(s,7,qd) Ises}

are a cover of S5 which determine a uniform structure as F and d vary. A basis of
pseudometrics for this structure is given by the functions dJd-F where (&:F)(s,s') =

sup{d(fs,fs') |feF} .

(2.9) We can instead suppose given a collection Z of subsets of S and a set F of
functions S— T . 1In that case we can think of X as a collection of sets of func-
tions F— T . Then the discussion above describes a uniform structure on F . We

will call a uniformity so described a convergence uniformity. A special case is X={s}

in which case F has the uniformity of uniform convergence on all of § that is con-

sidered in [Isbell] , Chapter IIT .

(2.10) If X— ¥ is an injective uniform map we say it is embedding provided that
X is uniformly isomorphic to its image when that image is given the induced uniformity.
We nhote the_obvious fact that the category of uniform spaces has a factorization system
consisting of surjections and embeddings as the epimorphic and monomorphic parts, re-
spectively. In particular, the embeddings possess the usual properties of invariance

under composition and left cancellation (see | Kelly] ).

(2.11) 1If {Xw} is a collection of uniform spaces, every pseudometric on X = X is
majorized by a pseudometric constructed as follows. Let i=1, ... , n be a finite num-
ber of indices and pi:x-—é- Xi be the corresponding projective map. Let di be a
pseudometric in Xi and let

dix,y} = sup(dl(plX.ply).dz(p2X.pzy)----.dn(pnxrpny))

In the sequel we will write 4 = sup{di(pi,pi)} . It is easy to show that the unifor-
mity defined by the pseudometrics so defined is the coarsest for which the projections

are uniform.

{2.12) Proposition. Let {Xw} be a collection of uniform spaces and X have the
discrete uniformity. Then any map wa—~+ X factors through a finite product.

Proof. X has a uniform cover by singletons. The inverse image of that cover is re-
quired to be a uniform cover of the product. A uniform cover of a product is refined

by a cover of the following form. Let 1,...,n be a finite number of indices, Yyreeerdy
be covers in the corresponding space. Then the collection of all sets va where

Vwegm, w=1l,...,n and Vw = Xw otherwise determine; a cover. That f takes every such
set into a single point implies, in particular, that if xw = le except for w=1l,...,n,

then f((xw)) = f((x'w)), or, in other words, that £ factors through HXJ——* Ry %o xK .

(2.13) Notes on uniform spaces. There are really three definitions of uniform spaces.

The first is by the uniform covers, given here. The second is by families of seminorms
and the third by entourages (see [Kelley], Chapter VI). The first is the most intuiti-

vely geometric as well as the most useful for things like topological groups where each



neighborhood of 1 gives rise to the cover gotten by translating that neighborhood all
over the group. This automatically defines a uniformity - the continuity of multipli-
cation is equivalent to the existence of star refinements - called the canonical uni-
formity. A group homomorphism is continuous iff it is uniform. Thus there is no dis-=
tinction in that case between topological and uniform notions. The definition by pseudo-
norms seems the most useful in these notes. The definition by entourages is probably
most useful in connection with compactness arguments. A compact Hausdorff space has a
canonical - and unique - ﬁniformity for which the entourages are all neighborhoods of

the diagonal. Every map to another uniform space is continuous iff it is uniform. At

any rate there is no "best" definition. Tt is important that all three are equivalent.

3. Uniform Space Objects

(3.1) Let V be a semivariety with underlying set functor <>. By a preuniform struc-

ture on an object VeV we mean a uniform structure on <V> such that all the opera-
tions are uniform when the powers of <> are equipped with the product uniformity.
(see [ Isbell] , Chapter II.)

If V is a preuniform object in V let <> denote the underlying uniform space
and N | denote the underlying discrete object of V . Both I[<V>]| and <|V[|> are

the same underlying set of V .

(3.2) If V has a preuniform structure U , we say that V is completable (in V)
provided the uniform completion of V also lies in V . To explain this more clearly,
consider the case that V is a variety. Then V is dense in v (we omit the < >}
and it is readily seen thét for any n , v?  is dense in (V’“)n . For any n-ary ope-
ration ¢ , the map VS oy sy has, then, an extension to a map v oS v .
Any equation required to be satisfied by an algebra of V 1is satisfied when restricted
to the dense subset V . But an equation is satisfied exactly when two maps are equal
and two uniform maps which agree on a dense subset are equal. In the general case,

what is at issue is that V belong to the semi-variety VvV .

(3.3) Now suppose that V is closed (by which we understnad that the situation is
that exposed in section 1, in particular that we have a symmetric monoidal structure).
We say that V is admissible provided for all preuniform objects V', there is a sub-

object UnV(V',V) of V(V',V) such that

<UnV(V',V) >-— Un(«'>, <V>)

l l

<v(N'|,Wl)>— Hom(<|V'|>,|<v>])

is a pullback. Here, of course, Un(<«'>, <V>) is the set of uniform maps between

these sets.

(3.4) 1If the theory of the semi-variety V is the commutative theory Th and ¥
has the induced closed moncidal structure, it is easy to see that UnkV'> <V>)nHom(V'V)

. n R . .
is a Th-algebra. For wV = w:V -+ V is an operation which we have supposed to be
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uniform, then for any collection fi:v'——é V, ien , of uniform morphisms, the compcsite

AJNCS R P R

is also a uniform morphism. But this is w(fi), the Th operation in V(V',V) .
Thus the admissibility of V comes down to whether or not that particular Th-algebra

belongs to V

(3.5) Even when Th is not necessarily commutative and V has some ad hoc closed

monoidal structure, there is at most one candidate for Un v(V',V) . For suppose V

o}
and Vl are two subobjects of an object V2 such that < Vb> = < Vl> as subcbjects
of < V2> . Then both inclusions VOnVl—ﬁ»- VO and Vonvlvvﬁ- Vl become equalities

at the underlying set. Since the underlying set functor reflects isomorphisms it fol-
lows that VO = VOnVl = Vl . Thus the subobject Un V{(V',V) is unique, provided it
exists.

(3.6) We say that V is a uniform cbject if it is a preuniform object, if it is ad-

missible, completable and its completion is adimissible. We let Un V denote the ca-
tegory of uniform V objects, with < Un V(-,-)> as the hom. From the definition it
follows that a morphism is simply one which is both a morphism in V and uniform on

the underlying sets.

(3.7) If V is the category of all the algebras for a commutative theory with the
natural closed monoidal structure thereby induced, then as observed in (3.4) every pre-—
uniform structure is admissible and as observed in {3.2) every preuniform structure is
completable. Thus there is, in that case no distinction between preuniform and uniform.
Even in that case, it is not true, unless the theory is finitary, that every object in
V becomes a uniform object when equipped with the discrete uniformity. In fact, it
follows from 2.12 that a map from a product of discrete spares to a discrete space is

uniform iff it is a function of only finitely many coordinates.

(3.8) ILet {Uw} be a collection of uniform cbjects. Let U = TIU(‘U eguipped with the
product uniformity - the coarsest for which the projections are uniform. I claim that

U is a uniform object. To see this, let V be a preuniform object. Then since

<UnV (V,U }>—— Un(<V>,<U >)

! !

<v (V] o B> — Hom(<|V|>.<lle>)

is a pullback, for each i and both |-| ,<-> and the hom functors commute with

products, so is

<Hy_(V,Uw) > ———> Un{<V>,<I Uw> )

! l

<Xi(rv|l|]-[le)>'_'—'> Hom(<]vl>l <IHUOJE>

which shows that U is admissible. Moreover U(‘J is dense in UQM from which U is
dense in HUw'~ and the latter is complete so that U~ = HUw~ and U is completable.
Bvidently U~ is admissible being a product of admissible objects. It is evident that
U is the preduct of the Um .
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(3.9) Now let U'== U" be two maps of uniform objects and U be their equalizer,
given the structure as a subspace of U'. Exactly the same argument as above suffices
to show that U is admissible. To show that it is completable is, however, another
matter entirely. It is easy to see that U~ is a subobject of U'~ but there does
not seem to be any obvious reason that it is a regular subobject. If we supposed that
V was a quasi-variety - closed under products and subobjects - that would settle it.
But in the one example we have in which V is not a variety - that of Banach spaces
(see IV. 3.) - V is not a quasi-variety either. What happens there is that any closed
subobject of a uniform object is a uniform object. Thus the appropriate hypothesis at

this point is unclear for want of examples and we leave it as an open question.

(3.10) Proposition. The underlying functor | | : Unv—r V c¢reates products. Pro-
vided the completion of an equalizer is an admissible pre-uniform object of V , the
functor creates limits. If W is the category of all algebras, this condition is sa-
tisfied provided V is closed in W wunder all subobjects or at least if the W ob-
ject underlying a closed UnW subcbject of an object in UnV belongs to V .

This last condition means that if UeUnV , and <U'> c <U> is a closed subspace
of the uniform space with |U'| e W, then |U'le vV .

In the sequel, we will simply suppose that the conclusion of this proposition is

automatically satisfied.

(3.11) Let VeV and UeUnV . We let [V, U] denote V(V, !Ul) equipped with the coar-
sest uniformity for which the map evaluation at v: [V,U] — U is uniform for each veV.

Equivalently we require that

<V>

<[v,0] > —> <U>

be a uniform embedding. Then [V,U] is certainly a preuniform object. Now I claim that

A (V,UnY (U',0))> — Un(<U%,<[V,U0]>)

! 1

<!(|U '1 r' [V’U]| ) > — Hom(< TU' |>r<|[VrU]> )
is a pullback. We begin with the fact that

< UnV(U',U)>—> Un{<U'>,<U>)

! !

<vilu|,lul > — Hom(<]U* |>,<|U)
is a pullback in S . Applying Hom(<V>-) we see that

Hom{ <V> ,<UnV(U',U)>) —— Hom(<V> Un(<U'> ,<U>))

! l

Hom(<v> ,<v(|Uu* ,{ul>) ——> Hom(<V>, Hom(<|U'|>,<|U[>))
is as well. DNow since <V> 1is discrete
<>

Hom(<V>, Un(<U'>,<U>)) = Un(<Uu'>, <y  >)

and
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~ < V>
Hom(<V>, Hom{<|U' |>,<] U[>)) = Hom(< |U' |>,<| U >) .
since by

< V(V,UnV(U’,U})> — Hom(<V>,< Un V(U',0)>)

I |

<v,v(lu" Ju|l>—— Hom(<v>v(|Uu"' [ul))
is a pullback, it follows that so is

<V>
< V{V,UnV(U'U})>— Un(<U'><U >)

l l

<V, V(LU > —  Hom(<lu' |, < U ©VC

> )

1

If f£:Vv— Un V(U',U) < V(U',U) is a pseudomap, then fe< v(v,v(u,u))> <V

(U',v(v,0))> so f is a pseudomap U'— V(V,U) = [[v,u]l | . Since it also deter-

<V> ~ < V> . . .
v > = < U>» it gives a uniform pseudomap u!

mines a uniform map < U'> — <U
— [V, Ul. That is, the image of the upper map in the last square lies in Un(<U'>,
<[ v,u] ») . 1In a similar way the image of the lower map lies in Hom(< [U' >, <|[V,U] )

which gives the desired result.

(3.12) This not only shows that [V,U] is admissible but gives the desired adjunction
for a cotensor Un V(U',[Vv,U] ) = V(V,Uun V(U',U)) . However, we still have to show that
[v,U] is completable and that its completion is admissible. First we consider the case
that U 1is complete. Then fbr U' dense in U" , we know (essentially because we have

assumed it} that
Un V(U",U)— Un V(U',U)
is an isomorphism. Applying V(V,-) we see that
V{V,Unv (U",U0)) — V(V,UnV(U',0))
or
Unv(u",[v,U] — Unv(U',[V,U])

is an isomorphism. This implies that [V,U] is complete as well., Now if U is arbi-
trary we use the hypothesis of (3.10) to infer that the closure of [V,U] in [V,U ]is
an admissible preuniform V-object as well. To see that we need only observe that [v,u]

is uniformized as a subobject of [V,UN] . More generally, we have the following

(3.13) Proposition. Let U be embedded in U' . Then [V,U] is embedded in [v,u']
Proof. 1In the square

<>
<[ v,u] > — <u>

l

<V>
< v,u] > — <U"™

the upper and right hand map are embeddings. Thus the composite and therefore the left
hand map is one as well.

(3.14) One more hypothesis will have to be made. When V(I,-) represents the under-
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lying set functor, there is no difference between maps and pseudomaps. The fact that
the operations in the theory are uniform implies that the uniform limit of maps is a
map. More specifically, if Ai—_» A2 is a dense embedding and B is complete, any

map Ai——+ B extends to a map A2——* B . Now we must suppose the same to hold for

pseudomaps. It follows immediately that there is a canonical map A(A,B)——* E(AN,BN).
(3.15) Example. If V is the category of vector spaces, it is a variety with a coﬂ-
mutative theory. Thus the category UnV is simply the category of preuniform objects
in ¥V . Moreover, according to the remarks on gfoups in (2.12) a uniform object is the
same as a topological vecotr space over the discrete field K . This is the same as a
topological group which is simultaneously a vector space such that all scalar multipli-

cations are continuous.

4. *-Autonomous Categories

(4.1) From here on, we revive an old name due to Linton and call a symmetric monoidal
closed category autonomous. By a *-autonomous category is meant
(i) An autonomous category G ;

(ii) A closed functor (-)* : Q_OE«—» G;

{iii) An equivalence d =dG : G—> G** |
This is subject to one axiom, that the diagram
G(G,G')—> GI(G'*,G*)
ca ta) l
G(G**,G'**)

whose horizontal and vertical arrow are the actions of (-)* on the internal hom, com-

mute.

(4.2) An immediate result is: the horizontal arrow is a split mono and the vertical
one a split epi. But the latter is an instance of the former and thus is alsoc a split

monoe which implies that both are isomorphisms.

(4.3) 1In fact, far less data than that is required to have a *-autonomous category.
Suppose we have a monoidal category G with unit I and tensor product ® equipped

P

with a functor §?<——+ G which is full and faithful and such that there is natural

equivalence Hom(GlSG Gg)——* Hom(Gl,(G2®G3)*) . In that case, define G(G',G) = (G'®WG*)*.

'
Let T = I* . Then wzvsee that there is a 1-1 consequence between maps G®G'—> T and
G'— (G®I)* = G* . Since the tensor is symmetric, there is similarly a correspon-
dence between maps G'@G— T and G'—> G* . Putting these together gives a cor-
respondence between G'—> G* and G— G'* , Since (-)* is full and faithful we
have correspondences G — G

G'*—> G*

G — G'**

and by the Yoneda lemma G' T grex



Next define G(G',G) = (G'®G*)* . There is a 1-1 correspondence between maps

G,) = (G2®G§)*

686G, - Gy

G196, Gy

which demonstrates that ngz,—) is left adjoint to —®G2 . It follows from [Eilen-
beryg-Kelly] , II.3 especially the material following proposition 3.1, that G then be-
comes autonomous with this definition of hom. The equivalence of G(G',G} and G(G*,G'¥*)
is immediate. Note that this is independent of whether or not (-)* is a monoidal func-
tor. That seems to be more or less equivalent to I* = I , which holds in all the exam-
ples but one. Thus the data at the beginning of this section suffice to determine a

*-autonomous category.

(4.4) On the other hand suppose that the category G , internal hom functor G(-,-),
unit object I together with required natural transformations and egquivalences constitute
a symmetric closed category. Suppose also that there is a full faithful functor (-)*:
Q?p——* G and an equivalence Hom(Gl,ngZ,Gg)) = Hom(G3,§jG2,Gi)) . As before, let

T = I* , Then there is an equivalence

(il

Hom (G',G(G,T)) = Hom(I,G(G,G'*))

= Hom(G,G'¥*)
Similarly,
Hom (G',G*) = Hom(G',G(I,G*))
= Hom{G,G (I,G'*))
= Hom({G,G'*)
Comparing these, we see that G* = G(G,T) . Also, Hom(G',G%*) = Hom(G,G'*) which to-

~

gether with Hom(G',G) = Hom(G*,G'*) implies that {(-)* is an equivalence. In fact, we
have Hom(G',G) = Hom(G*,G'*) = Hom({(G',G**) while evidently Hom(G*,G'*) = Hom(G'**,6G**)

and by the Yoneda lemma G' = G'**
{4.5) Since G* = G(G,T) the internal composite gives a natural transformation
(G',G) —> {G*,G'*)

which followedby the isomorphism above gives a map (G',G)—> (G',G**) . It follows

from coherence that the diagram

E(G| 'G) —_— E(G*'Gl*)

\ l
G(G',G**)

commutes. Since the vertical and diagonal maps are isomorphisms, so is the horizontal
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one which means that (-)* is internally full and faithful. Now we define G'8G=G(G',G*)*.

We see that there are natural 1-1 correspondences between maps

=] —_—
Gl G2 G3

*Yy*
6(6,,65)* — &,

* *
63 7 &l6,63)

* a%) =
G1 —— ngB,GZ) E(GZ,G3) .
Here we have freely used the equivalence between ¢ and G** . That we have a *-auto-

nonomous category now follows from [ Eilenberg-Kelly ], I.3 .

(4.6) The main purpose in these notes is to begin with a good deal less than a *-auto-
nonomous category and construct one. This leads us to define the notion of a pre-*-auto-

nomous situation. This consists of a category A , two full subcategories C and D ,

an equivalence of categories
(-)* : ¢®— D,

o .
a functor (-,-) : g»P x D— D and an object IeC. These are subject toc the axioms

of a *-autonomous category insofar as they make sense. In particular, we suppose that
~ £

(i) (I,D) = D:

114

(ii) Hom(I, (C,D)) Hom(C,D);

e

(iv) Hom(C*,C') = Hom(C'*,C)

These are subject to certain coherence conditions which will be introduced as needegd.

(4.7) Since (-)}* is an equivalence, it has, up to a natural isomorphism, an inverse

functor which we temporarily denote (—)#:Q?E—+ C . Then (iii) above may be rewritten
(€,d0) = (p¥,c*) which, by (3i) implies that Hom(C,D) = Hom(D¥,c*) . similarly (iv)

~

may be rewritten Hom(D,C) = Hom(C*,D#) - Should it happen that D also belongs to C

we have, since (-)* is an equivalence, that

14

Hom (D, D) Hom(D*,D#)

and

Hom(D#,D*) .

1]

Hom (D, D)

The coherences alluded to above would require that if f }— a(f) describes the map

~

Hom(C,D)———i——é» Hom(D#,C*)

and g }— B(g) describes

A~

Hom(D,C) —— (C*,D#)

then for C —& p—2 ¢!, a(£)B(g) = (gf)* while for D—2—+ ¢ = DI

r

Bl(gla(f) = (fgf# . Thus corresponding to
1 1 1

bp—m/0o/— D——> D — D
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we have

B(1) 4 a()

- 5 B(1)  _#

D* D

and a(1)B(l) = 1* = 1 while 8(1)a(l) = 1# =1 so that D* = D# . Henceforth we can
identify D* and D# by this isomorphism. Thus (-)* and (-)# agree on ¢CnD and
we may think of them as determining a single functor

(=)* : (CuDb)
that interchanges ¢ and D .

(4.8) If we let C2 =1 in (3.6.iii), we get

~

(c . (T,c8)) = (cg, (T,e) .

-~

or, in view of (3.6.i), (Cl,Cg)

* = *) T ox
(C3,C1) . If we let C3 I , we get (Cl,I ) Cl

If we let I* =T , this may be summarized as,

Proposition. For (C,C'eC ,
c* = (C,T)
(c',c*) = (C,C'*)

(4.9) Proposition. Let A,BeCuD. Then
Hom (A,B) = Hom(B*,A*)

Proof. If A,BeC or A,BeD this is just the duality while the other two follow as
observed in 4.7.
The naturality of these morphisms is clear, one of the unstated coherence hypotheses

is that for feHom(A,B),f |- f* : B*— A* is an involution.

(4.10) We wish to discuss a condition under which 4.6(iv) follows from the remaining
hypotheses. Suppose for every object CeC there is a family of maps {mw:c-é D¢} ’

D eD and for every DeD a family {ew :Cw—+ D}, Cwsg_ which collectively have the

v

properties of a factorization system. Namely suppose that every pair of families {fw:

c,~ c} and {g :‘D-é-Dw} such that every diagram

¥

C__._e_m_»g
W
’ fw l mw l g¢
¢ ——— D
(
commutes determines a unique map h:D-—- C such that mwh = gw for all ¢ and h-ew=f“J

for all w.

(4.11) Supposing this to be the case, let a suitable family {c— Dw} be called a
D-representation of C and the dual notion {Cd—+ D} a C-generation of D . If
{c— Dw} is a D-representation so is any larger family. In particular so is the fa-
mily {C— D¢} U{C'—+CZ} , where {Cd—+ C*} is a C-generation. Thus we may suppose
every C has a D-representation which dualizes to a C-generation. Similarly every
DeD has a C-generation which dualizes to a D-representation. Now fixing a map h:D— C,

a D-representation of € and a C-generation of C both assumed to dualize properly
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we begin with the diagram e
Cw___m_,D
I
m

c )
L

_

in which fw is defined as hew and similarly gw = mw.h . Dualizing and using 3.9

we get
m*

1

DY —F— C*

* *
gw l e* l fw
D* ———— C*
w
which then has a unique fill-in which we naturally denote by h* . The naturality of
h b h* and the fact that it is an involution follow readily from the same properties

of the Cm' fw' gw and mw

(4.12) Theorem. Under the hypotheses of 4.6(i), (ii), (iii) and (4.10) we have a duality

Hom (A, B) = Hom (B*,A*) for A,BeCul . Thus we have a pre *-autonomous situation.

(4.13) If we suppose that A 1is a V category, we can ask that (-})* : €+ D bea

V-functor and that the equivalence be that of Yjenriched homs,
v(c',C) = v(ct,C'¥)

In addition, we can suppose that the isomorphism of (4.6.ii) be V-enriched,

~

v(I,(c,p)) = v(C,D) .

In that case, we come to the notion of a V-enriched pre-*rautonomous situation. In that
case the maps used in the C-generation and D-representation in the paragraphs may,if ne-

cessary, be replaced by pseudomaps.

(4.13) The V-enriched versions of (4.8) and (4.9} go through without change. In order
to derive the analogue of (4.12) we must modify (4.10). This is done by again supposing
a family {CQ~+ D} and {C— Dw} . We observe that there is, for all w,y, a commu-

tative square,

v(,C) — VI(D,D,)

! !

V(C,C)—> V(C,,D) -

We may now require that V(D,C) be the simultaneous equalizer of all those squares.

¥

That is, given any object V and commutative squares

v — Vv({D,D)
- ]
| |

v(Cc ,C)- V(C ,D )}
- w — w Y

one for each w,y, there should exist a unique map V — V(D,C) inducing those squares.
Again argumenting the representing and generating families does not change the situa-
tion so we may suppose they are invariant under dualization. Then V(D,D ) = v (D*,D*),

¥ -y
E(Cw,C) = Y}C*rc$) and g}cw,D ) = ij*,c;) implies that V(C*,D*) has the same uni-

v v
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versal mapping property as V(D,C) and hence they are isomorphic.

{4.14) Example. On the category of vector spaces, there are at least two reasonable
pre-*-autonomous situations. The first is to take C =D = finite dimensional vector
spaces with the usual duality. This is, in fact, already a *-autonomous category but
there is no reason not to extend the structure to a larger category. The second is to
take D to be the category V , all spaces considered as having the discrete uniformity.

P

For C-which must be equivalent to 9? - we take the category of linearly compact spaces.

A linearly compact space is a vector space which is, first, topologized linearly. That
means that the open sub (vector) spaces form a topological base at 0 . Since the quo-
tient modulo such a subspace is discrete (when you indentify an open set to a point,
that point becomes open), this is the same as saying it is a subspace of a product of
discrete spaces. A linearly topologized space is linearly compact if every collection
of closed linear subvarities (a linear subvariety in V is a set of the form v + V'
where v is a point and V' a subspace of V) with the finite intersection property
has a non-empty intersection. Lefschetz defined the notion and proved all the elemen-
tary properties. Linearly compact spaces are closed under products, separated quotients
and closed subspaces. A continuous linear transformation from a linearly compact to a
separated space is closed. Lefschetz also showed that every such space is isomorphic
(topologically) to a space of the form Ks for a set S . Here since K is linearly
compact, so is Ks . As well he showed that the continuous linear maps KS > KT are
naturally equivalent to the linear T-K » S-K which is the statement cof the duality.
Here S.K and T:.:K stand for the direct sum of an S-fold, respectively a T-fold of co-
pies of K . See [Lefschetz] pp.78-82 for details. To get the required (—,-):g?pxg +D
simply take the set of continuing linear maps with the usual vector space structure
and, of course, the discrete topology.

One observation that may be helpful in thinking about linearly compact spaces is
that if K is finite then linear compactness is equivalent to ordinary topological com—
pactness. Then linear compactness may be tought of as the transfer of the notion of

compactness from finite fields to arbitrary ones.



CHAPTER II. EXTENSIONS OF STRUCTURE

1. _The Setting.

(1.1} The main goal in these notes is to convert a pre—x-autonomous situation into a

x-autonomous category. That is, given a V-category A equipped with subcategories C
and D which determine an enriched pre-i-autonomous situation, we wish to find a full
subcategory G < A which contains C and D and can be equipped with a x-autonomous

structure extending the given structure on C and D .

(1.2) The right degree of abstraction has probably not been reached here. For the pur-
pose of extending the structure on C and D , I have found it expedient to suppeose
that A is a category of uniform objects in a closed category V which is a semi-
variety.

In this chapter, then, V is such a category, UnV the category of uniform V
objects, C and D are full subcategories eqguipped with a V-enriched duality (—)*:922*2!
an object IeC and a functor (-,—):g?p x D+ D which give a V-enriched pre-*-auto-
nomous situation. We made the following additional hypotheses: That every object of C
and for every VeV, DeD every object of the form [V,D] can be embedded in a product of
objects in D . We now let A denote the full subcategory of UnV consisting of all
uniform V-objects which can be embedded in a product of objects of D . Given A€a ,

a family {A— D } of maps -~ or even of pseudomaps - with each D

v

representation of 2 .

eD 1is called a D-

¥

(1.3) Proposition. The inclusion of A — UnV has a left adjoint.

Proof. It is clear from the definition of A as the full subcategory of objects which
have an embedding into a product in D that A is itself invariant under products and
subobjects and hence under limits. Thus we need only verify the solution set condition.
But if we have UeUnV , BAc¢A and a map U-—— A , the image has cardinality < that of
U and moreover lies in A . Thus all the algebras of A whose cardinality do not
exceed that of U and all possible maps of U to such algebras constitute a solution

set.

(1.4) For AeA consider the diagram

NG
Z(-rA) j

v ——— v

° 4
[—IA] E(_:A)
T

——

T

with o inclusion, & the adjoint above and 1t and Y are the identity. With the

variance exhibited, [-,A] is left adjoint to V(~,A). The adjunction g —4 3 gives

V(U,A) = V(5U,A) which is the commutativity required to apply [Barr,73], Theorem 3 and
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conclude that the image of [-,A] 1lies in A . This is clearly the cotensor. Thus

A is a cotensored V-category.

(L.5) It is easy to see that we get a factorization system on A by taking E to be
the surjections and M the embeddings (with the induced uniformity). Suppose now we

have a surjection A'—— A and an embedding B —*> B'. We want to claim that

V(A,B)—— V(A',B)

l ¢

V(A,B')— V(A',B")

is a pullback. This is so iff for every VeV the functor Hom(V,-) applied to the
above square is a pullback in S . Using the cotensor adjointness, we get a commuta-

tive square

Hom(a,[V,B]) — Hom(A',[V,B})

l l

Hom(A{V,B'l) —— Hom(A',[V,B'])

which we need to know is a pullback. According to (I.3.13) when B 1is a subspace of
B' , [V,B] is a subspace of [V,B'] so that we have a diagonal fill-in in any commuta-

tive square

A' —— A

|

v,s]-—[v,B']

which is exactly what is required. Thus the category A , the subcategories C and

D and the remaining structure fulfill all the conditions of I.4.

(1.6) Example. Let V be the category of vector spaces over the field K . We con-
sider two possibilities for the pair C, D . For the first we take € =D = finite
dimensional vector spaces (with tﬁe discrete topology). Then every CeC is a power
of K and hence has a D-representation. Since the spaces in D have linear topolo-
gies so does anything with a D - representation. Not every linearly topolegized space
has a D-representation however. In fact, if A 1is embedded in HDw and every Dweg
then every open subspace contains a finite intersection of the kernels of maps A— Dw,

that is, the kernel of A— Dw X ... x D . ‘The latter product is finite dimensional,
wn

so that the kernel — and with 1t every open subspace — is cofinite dimensional. In
particular this is not true of any infinite dimensional discrete space and no such space
belongs to A . It is easy to see that a space does have a D-representation iff it has
the following property which is alinear analogue to the property of a uniform space

being totally bounded. Namely, we say that a space A 1is linearly totally bounded iff

for every open subspace BcA, there is a finite number of elements a a, such

17
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that A 1is in the linear span of B and ayr eeepoa@ Of course this is just a re-
wording of the hypothesis that A/B is finite dimensional. The analogy is hightened
by the following fact.
Proposition. A separated linearly topologized space is linearly totally bounded iff
its uniform completion is linearly compact.
Proof. If A is linearly totally bounded, then every open subspace AwCA is cofinite
dimensional. Thus A/Am is finite dimensional. The maps A— A/Aw combine to give
a map A-— HA/Aw which I claim is an embedding. In fact its kernel is nAw = 0 be-
cause A is separated. Any neighborhood of 0 contains an open sub (vector) space AW
which is the inverse image of the subset of HA/Aw consisting of O in the ¢ coordi-
nate and A/Aw in all others. This is evidently open and shows that A is embedded
in the product. The closure of A 1is then a closed subspace of @ product of linearly
compact spaces and hence is linearly ccmpact.

To see the converse first suppose that A is linearly compact. Then for any

open subspace AOCA , A/A is discrete and also linearly compact and hence finite di-

mensional (see [Lefschetz%). Now if BcA any neighborhood U of 0 in B is the
form U = BnV where V 1is a neighborhood of 0 in A , Then V contains an open
subspace AO whence U:B0 = BnAO . This shows that B is linearly topologized and
also that B/B0 is finite dimensional since it maps injectively to A/AO .

The other choice for C and D is to take D to be the discrete spaces and
C the linearly compact ones. Then a space has a D-representation iff it is linearly
topeologized. For as noted earlier that is equivalent to being a subspace of a product
of discrete spaces, i.e. to having a D-representation. Thus in that case A consists

of the linearly topologized spaces.

2. Extension of the puality.

(2.1) The first task is to extend the duality on CUD to all of A or at least to

a large full subcategory. Let AeA. We are trying to define a dual of A , which we
temporarily designate A#. If we have a map C-—+ A there should be one A#~* Cc*

If we wish to have the duality be V-enriched this means E(C,A)a» E(A#,C*) which means
that corresponding to each pseudomap C—+ A we require a pseudomap A#—» C* . More-
over, we will eventually want to extend the internal hom as well in such a way that the
dual of A is its internal hom into T . This requires that h#l = V(A,T) . Accor-
dingly we define A# to be the object V(A,T) equipped with the coarsest uniformity
such that corresponding te each CeC and each element A(C,A), the corresponding ele-
ment of !(LA#|.|C*|) under V(C,A)——— V{V(A,T),V(C,T)) is uniform. BAnother way
to describe this uniformity is to say that we equip VI(A,T) with the coarsest unifor-

mity such that

af— [vie,n,cx)

is uniform for all CeC . Since A# can have only a set of uniform covers, only a
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set of C need be used from any one A . By taking C = I (which may always be in-

cluded among the objects of C used) we get

#
A — {V(I,n),1*] =[1al, T]
among these maps. This map is an injection since the underlying map in V factors as

injections

~

1t = va.m— vallth = ra T .

Thus there is a family {Cw} such that A# is embedded in a product H[y}cw,A),c;] .

(2.2) This means that to map B'—»>A# , we require two things. First, we need a map

|B| — V(A,T) . Second we need B — [vi(c,n),c*] , for each CeC such that

| Bl — V(A,T)
| |

Hv(c,ay,c*]] = v(vic,n),vic,T))

commutes, the right hand map being composition. This is equivalent to maps VI(C,A)

V(B,C*) such that

V(C,A) —— V(B,C*)

N

V(V(A,T),V(C,T))

commutes.

# #

(2.3) Thus to map C*— C for CeC we need first < C*>—— <C'> . But each is
isomorphic to V(C,T) so we can take the composite of the canonical isomorphisms. The
second datum required is a map V(C',C)— V(C*,C'*}) for which we take the duality iso-
morphism. The required coherence is trivial. On the other hand among the candidates

for Cw we may take C itself so that the identity gives a map

ct s (vic,0 0%

. = F
which composed with the unit I-— V(C,C) gives C#~+-C* . Thus C* S C .
(2.4) Now let DeD . We know that there is a C-generating family {C&—* D} such that
#

D* is isomorphic to a sububject of HCZ . Since D'—s 1 [!jcw,D),CZI is a map, we
may follow each with the name I—> Y}Cw,D) of the corresponding maps Cm--—-+ D to

get D#——* HC; , and hence D#——ﬁ-D* . To go the other way, we require for all CeC
V(C,D*)— V(D,C*)

for which we take the duality isomorphism.

We have now established that () # is an extension of () # and will henceforth
#

write A* instead of A" . We now turn to the functionality of this operation.
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(2.5) Proposition. For any CeC , composition of maps gives a map V(C,A)— V(A*,C*}.

Proof. This is the same as a map
a* — [vV(C,n),C*]

which we have.
Corollary. For any A,BeA , composition of maps gives a map V(B,A)—= V(A*, B¥)

Prcof. We require a map
a*— [V(B,R),B*] .
We cgrtainly have a map
V{A,T)— V(V(B,A),V(B,T)) .
Moreover, for any CeC we have

A*~— [V(C,A),C*]
— [V(B,p)eV (C,B),C*]

= [v(B,n),[V(C,B),C*]]

and hence there is the required map A* — [ij,A),B*] . Note that this argument uses

the fact that [V,-] preserves embeddings.

(2.6) This shows that (-)* : A — A is a V-functor. There is nothing tc guarantee
that it is an equivalence and it is in fact unlikely that it is always so.

Since IeC , composition gives a map

A — [\L(IIA)IT]
|al = V(I,A)—> V(a*,T) = [a*+ |

and the best you can usually hope for is that the above map |Al— | A**| be an iso-
morphism. It is always a monomorphism. For there is a D-representation {A-—%-Dw}
which gives {a** — D;* = Dw} . Thus we have |A|—— |A** — I M%I is a monomor-—

phism and hence the first map is.

(2.7) Let AA denote the subobject of A** such that IAAI is the image of |A|
in |Aa** | Dbut such that AA has the induced uniformity. There is no question of
AAeé_ since AACA** . We have | AAI——A- | Al by the inverse of the above inclusion.
Let {A— Dm} be a D-representation of A . Then each A-— D = gives A**——+Q:*; D,
so that we have AA~—+ A is uniform. We say that A is prereflexive if AA——+ A is

an isomorphism, quasireflexive if AA = A** and reflexive if both of these hold.

(2.8) The condition that A be quasireflexive is eguivalent to the assertion that

~

V(I,A) = V(a*,T%) .

or that every pseudomap A*-—> T is represented by evaluation at an element — neces-

sarily unique —of A .
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(2.9) Proposition. Suppose
(1) T is cosmall in A (see proof);
(ii) T is injective in the V-category A with respect to the class of
embeddings;
(iii) C is closed under finite sums and D under finite products and these
have the universal mapping properties for pseudomaps as well as maps.
Then every pseudomap f : A*— T 1is represented by evaluation at an element of A .
Proof. We can find a family of pseudomaps {Cw~+ a} such that the horizontal arrow

in the diagram

is an embedding. Then we have a map f# : HCZ-—+—T which extends £ . The hypothesis

that T be cosmall means that such a map factors through a product of finitely many,
say C* x ... X C; - Since D is closed under finite products this is also their pro-

1

duct in D . Since C; +C, + ... + C eC , that is their sum in C . Since (-}* :

Q?P—~+ D is an equivalence, (Cl + ...+ Cn)* = Ci X ... X C; so we have
A*Y ——— JIC*
T
T «—(C.4+...+C)*
1 n

From duality for C it follows that the lower pseudomap is represented by an

xeCl + ...+ Cn . The image of that element under the pseudomap C1

whose components are the ones given originally is easily seen to represent f .

+ ... + C—r A
n

Further discussion of the duality is postponed till the next section.

(2.10) Example. In the example of vector spaces, the hypotheses of (2.10) are satis~
fied for both possible choices of C and D , in fact for any choice for which the
spaces are linearly topologized. For if B is embedded in A and B —> K is a con-
tinous linear map, its kernel must be an open subspace BO < B . Then as we showed in
1.6, BO = AO NB where Ao is én open subspace in A . Since B/BO——»-A/AO is an iq—
jection and both are discrete, the former is embedded in the latter. Then we have a

diagram

B ~— B/B,— K

Lo

A - A/AO

and then ordinary vector space theory provides the required A/AO——Q-K , continous since

A/AO is discrete.
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3. Extension of the Tnternal ygom

(3.1) As with the duality, we wish to extend the functor (-,-) : c

functor denoted
A--) AP xpoa

Although we are for convenience using notation suggesting this is an internal hom, it
is not in general. It is not generally symmetric, does not always have an adjoint and
when it does, the tensor is not always associative. Chapter ITI is devoted to finding

a nice subcategory on which it is well-behaved.

(3.2) To begin with we require [A(A,8)] = V(a,B), the V-valued hom. Second we will
give it the coarsest uniformity such that the pseudomap A(A,B) » (C,D) 1is uniform
for every pseudomap C > A and every pseudomap B > D . More abstractly, we require
that A(A,B) have the weak uniformity determined by all CeC, DeD and é}A,B)—ﬂ+
[V(C,A)® V(B,D),(C,D)] . This makes sense for the underlying map in V is

V(a,B)— V(V(C,A)eV(B,D)},V(C,D))
which is the transpose under adjunction to composition

V(C,A)8V(A,B)8V(B,D)— V(C,D) .
Since there is an epimorphic family {fm : Cw—4 A} and a monomorphic family {ng B~
D.} , there is a monomorphism

b

V{A,B)— Ilvic , D) .
— — w ‘P

This map factors

v(a,B)— Ilv(v(C ,A)®V(B,D,),V(C ,D ))}— IV(I®I,V (C ,D. }) =7qvI(C ,D)
- - W - - w - - W - w

1 P ¥ ("

where the second map is induced by the names of the fw and g, . Thus the first map

¥

is an injection as well. Hence for some (not necessarily the same) families {Cw} and

{Dw} of objects of C and D respectively, A(A,B) 1is embedded in

Tfv(c, ,a)ev(8,D )'(cw'le)] .

¥

(3.3) Proposition. If CeC and DeD , A(C,D} is canonically isomorphic to (c,p) .

Proof. Since (-,-) : g?p x D~ D is assumed to be a v-functor, there is for each

DeD, a natural map
vic',c) » v((c,Dp) (C,\D))

which expresses the fact that (-,D) is a V-functor. Similarly, there is for each

CeC , a map
v{p,D") » Vv(c,D), (D)) .

Each of these maps lies alone ordinary composition of functions. Putting these together

and replacing C by C' in the second we get a map
v(c',c)sV (D,D') » V({(C,D),(C",D))®V((C',D),(C",D")) ~ v({{c,p), (€',D")) ,

the second map being composition. By the cotensor adjunction, this gives a map,
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(c,D) = [V{C',C)eV(D,D'), (C',D'}]

for any C'eC , D'eD . This implies that (c,p)-— A(C,D) is uniform. To go the other

way we observe that
A(c,D)— [V(c,C)ev(D,D), (C,D)}

must be uniform. We may compose this with the map induced by names of the identity
maps of C and D respectively to get A(C,D) ~ [IeI,(CcD)]= (C,D), the latter isomor-
phism coming from

o~

v(a,[1,B]) = V(I,V(a,B)) = V(A,B)

from which [I,B] = B by the Yoneda lemma. This implies that A(C,D)— (C,D) 1is
uniform. It is easy to see that both of these maps lie over the identity map on

v(c,D)

Oop

(3.4) Proposition. The bifunctor A(-,-) : A7 x A > A is (or lifts to) a V-functor.

Proocf. We must show that there are natural maps
V(A',A)— V(A(A,B),A{A',B})
V(B,B')— V(A(A,B),A(A,B"))

for all A,A',A,B'¢éA . We do the first, the second being similar. Then we require a

map
A(A,B)— [V(a',A),A(d",B)]
which means first a map V(A,B)— v{v({a',pn),v(a',B)) and second for all CeC, DeD ,
A(R,B)— [v@a',n),[v(C,A)8V(B,D), {C,D)]]
by (I.3.13). The first is just composition and the second comes from

A(A,B)— [V(C,A)8V(B,D), (C,D)]
— [v(a",n)®V(C,A" )8V (B,D), (C,D)]
=[var,n,tvic,ar)ev(s,D),(C,D)]]
(3.5) Proposition. Suppose A(A,B) is embedded in the product H[yﬁCM,A)®YjB,Dw) ,
(Cw'Dw)] . Then there is a commutative diagram

A(A,B) —— ll[v(c ,n), (c ,B)]
- w — &) w

|

)] — H[y(cw,A)W(B,Dw» (€ .0l

I[v{B,D
V= @, P

), (B,D

v 12

The upper map and left hand map are embeddings.

Proocf. From (3.4) we have a map for all w,
!}Cw.A)—* Y}éﬂA;B).é}Cw,B))

which transposes to
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A(a,B)— [V(C ,2) A ,B)]
and is the « component of a map

a(a,B)— Qv ,ay,a(, B} .
Similarly, there are maps for all w,y

V(8D )— V(A(C ,B),(C ,D })
- - W @

y v

which transpose to

A(C ,B) = [V(B,D)),C D]

¥

Cotensoring X(Cw,A) and using the fact that the cotensor is a V-functor, we get

(v a),a(C ,B)]— [l(%'A’@!(B'Dw"(Cw'%”
This is the | component of a map to %[!(CM,A)QD\_I_(B,DUJ), (Cw’D\b)] . Finally the pro-
duct over all w givesa map
Ifv(, ,a) A ,B)] _’wr,tw[v (€ RISV (B,D ), (Cw'DIb)]

This gives the one factorization and the other is analogous. The last property follows
from cancellation properties of factorization systems.

Corollary 1. If CeC , A(C,B) is embedded in a product H[K(B,Dq}), (C,Dw)] ; if DeD,
A(A,D) is embedded in a product H[E(CM,A), (Cw'D)]

~

Corollary 2. For any AecA , A* = A(A,T)

Corollary 3. There is a canonical isomorphism A(I,A) = A .
Proof. By hypothesis, |A|l = V{I,A) ¥ |(I,A)]| . For some family {Dq)} of objects of

D , A is canonically embedded in H[Z(A,Dw), DLP] while (I,A) is canonically em-

bedded in the isomorphic HI[v(a,D ), (I'D\P)] .

Y
Corollary 4. There is a canonical map

a@,B) — [ |al, B

Proof. We have, from (3.4), the canonical map

~

|al = V(I,A) > V(A(A,B),A(I,B)) = V(A(A,B),B)

which has the transpose
A(a,B) — [ |a]l ,B]

i~

(3.6) Proposition. Suppose A and B are reflexive. Then A(A,B) A (B*,A%*)
}

Proof. Since (-)* is a V-functor, we have !(A,B)'—*K(B*,A*)—-* V(a** Bx* an equiva-
lence. The first is thus a split mono and the second a split epi. The second is an
instance of the first and hence is also a split mono from which it follows that both
are isomorphisms. Thus V(A,B) ¥ V(B*,A*) . In particular we have VI(C,A) = V(a*,C*)

~

and A(B,D) = A(D*,B*) for CeC and DeD . Thus we have

A(B*,A*) — [V (D*,B*)8V (A*,C*), (D*,C*}]

n?

[v(c,n)ev(B,D), (C,D)]

so we have A(B*,A*)— A(A,B) and similarly in the other direction. Note that (-)*
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is not in general an A functor., 1In fact if B isquasi-reflexive and not reflexive,

the map
B = A(I,B) ~~ A(B*,T) = B**
is not uniform.
(3.7) Let CeC, DeD , S a subset of C and d a pseudometric on D . Then (d,S)

is the pseudometric defined on V(C,D) by
(d,8) {f,q) = sup {d(fx,gx) | xesS} .

If ¢ = %(C) 1is a collection of subsets of ¢ then the collection of pseudometrics
(4,5), Se¢, d a pseudometric on D , defines a pre-(i.e. not necessarily separated)

uniformity on C , that of uniform convergence on the sets in ¢ . If the union of the

sets in ¢ is dense in C (e.g, if ¢ includes all singletons) then this structure
is separated. For if £ # g there is an element of the dense union, hence an element
xeS€® such that fx # gx . Since D is separated there is a pseudometric d for
which d(fx,gx) # 0 . We say that the uniform structure on the values of the functor

o . : . : . .
(-,-) = Q_p x D+ D 1is a convergence uniformity if there is given for each CeC a

family &(C) of subsets of C such that (C,D) has the structure of uniform conver-
gence on the sets in &(C) and if, moreover, for every pseudomap f : C > C' and
Sed(C) there is an S'¢®(C') such that f{S)eS' . In practice, @(C) wusually con-
sists of something like all compact sets or all finite sets or the like. The second

requirement amounts to supposing that there is a natural transformation

W(c,c') | — Hom(%(C),®(C'))

which is something like a V-enrichment. At any rate it is enough to guarantee that

there is a canonical
v(c,c')y-— v((c',D}), (cC,D))
for any DeD . The similar
v(,D') ~— V((C,D), (C,D"))
for any CeC exists because the inverse image of a pseudometric is a pseudometric.

(3.8) We now let ¢(a) denote the family of all subsets of A of the form SfJ...
Usn where for each 1 =1,...,n, Si is the image under same pseudomap Ci~+-A of a
set in @(C;) . If a set {Cd_» A} of pseudomaps with C,€C is sufficient to ge-
nerate ¢(A) in this manner, we say that the family {Cd‘+ Al generates A .

Dually if {B +Dw} is a collection of pseudomaps such that B 1is embedded in

HDw , then we say that the product represents B .

(3.9) Proposition. Let A,B¢A . Then A(A,B) has the uniformity of uniform conver-
gence on & () . If {Cw—+ A} generates A and {B - Dw} represents B then
{EXA.B)"—+ (Cw, Dw)} represents (A,B) .

Proof. Let, momentarily, é#(A,B) denote V(A,B) equipped with the uniformity of

uniform convergence on ®{A) . Then a basis of pseudometrics on A#(A,B) consists of
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(4,8) , 4 a pseudometric on A , Se?(A) (see 3.7). Let S = Slu...USn , Si (in)
(T), Tie®(C,), £.ev(C,,a) . Also let d = sup{dj (gj,gj)} , gjeg(s,nj) , 3 =1,...,m .
Then it is easily seen that (d4,8) = sup{(dj(gjfi,gjfi),Ti)} ,i=1,...,n, 3 =1,...,

m. But this is just the pseudometric induced bv the composite function

A%#(A,B) > H(Ci,Dj) . Thus A#(A,B) is embedded in

H(Cw’Dw) . But the uniformity on A(A,B) is such that any pseudomap A(A,B) - H(CM,D )

¥
is uniform when it is induced by elements of !(Cw,A) and Y}B,Dw) . Thus it follows
that the map A(A,B) - A#(A,B) is uniform.
To go the other way, let 4 be a pseudometric on (A,B) . Then there is
a finite set of pseudomaps,say fi : Ci > A, 9, B+ Di' i=1,...,n , sets Tie@(Ai)
: < R
and pseudometrics di on Di such that d < sup{(di(gifi,gifi),Ti)}, i l,...,n .

But U¢(fi)Tie¢(A) and is thus already realized by a finite number of elements of the

sets Y}CM,A) and sets from @(Cm) . Similarly, the pseudometric sup(di(gi,gi)) on
B must be majorized by the sup of pseudometrics arising frgm a finite number of
pseudomaps B - Dw'. Thus every pseudometricon A(A,B) is a pseudometric on A#(A,B)

and so A#(A,B) - A(A,B) is uniform.

(3.10) We say that a map A'— A is dominating provided ?(A') maps onto ¢n)y . It
is clear that this is dual to an embedding. A family {Cwﬂ* A} generates A iff

Ecw > A dominates just as {B - Dw} represents B iff B -+ HDlp is an embedding.

Proposition. Suppose A'— A 1is dominating and B - B' is an embedding. Then each

map in the square

A(AIB) I é(A' rB)

l |

A(A,B')—> A(A',B")

is an embedding.
Proof. Just repeat the previous argument. ©No special property of C or D was used
in that argument.
Corollary. Suppose {Aw~—+ A} and {B — Bw} are families such that

ZACU-—-> A is dominating and B - HBw is an embedding. Then each map in the square

A(a,B)— IA(A ,B)

J J

la(a,B))— TA(A ,B))

v v

is an embedding.

(3.11) Proposition. Let {Cw——* A} and {Cw——* B} dominate A and B , respectively,

and {E — DE} represent E . Then A(A,A(B,E)) is embedded in I(C . (Cy/D.)) -
Proof. We know from (3.9) that A(B,E) is embedded in H(Cw'DE) so that {Q}B,E)~*

<C¢'DE)} represents it. A second application of (3.9) yields the result.

We note that this implies that A(A,A(B,E)) 1is embedded in

H[g_(cw,A)ag(cw,B)@yE,Dg) P (Ce (CWDE))]
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By symmetry so is A(B,A(A,E)) . This does not imply that they are isomorphic but it
does imply that any inclusion between yjA,g}B,E)) and y}B,éfA,E)) (each considered
as a subobject of V(|ak |B|,|E|) under the isomorphism with V(/Bl&|A|,[E[)) auto-
matically lifts to an inclusion between A(A,A(B,E)) and A(B,A(R,E)) . The best we
can do now is (3.13). When we introduce completeness hypotheses in the next chapter,

we will have better results.

(3.12) Proposition. Suppose A,B,B'¢eA and B —* B' 1is an embedding. Then there is

a canonical pullback

V(A,B) - -— V(A,B')
{
+ \
vialep- = v(alLiz'h

Proof. An element of the pullback is a pseudomap A -— B' for which there is a fac-
torization |A| — |B| — |B'| . Since B is embedded in B' , the map |A| ~ [B]
underlies a uniform A-— B .

Corollary 1. There is a canonical pullback

A(a,B) — A(A,B')

!
+ 4
A

[la]l,B]—— [ |al,B"]

Proof. The diagram in V which underlies this is a pullback so the actual pullback
has the same underlying V-object as A(A,B) with, possibly, a coarser uniformity. But
it cannot be coarser than that induced by A(A,B') , else the induced map would not be
uniform. But that means that the uniformity on the pullback is the same as that of
A(A,B) and so they are isomorphic.

Corollary 2. If {B ~ Bw} is a family such that B - HBm is an embedding, then

v(a,B) —— Iv(a,B )

¥ ¥

viaLlel) — vdal,lB |)

is a pullback.
We may put these together to conclude,

Corcllary 3. Under the hypotheses of Corollary 2, there is a canonical pullback,

A(A,B) — H_A_(A,Bw)
’ i
4 +
. [lA:IB] i ind H[ lAlth] .

(3.13) Proposition. Let A,BeA , CeC . Then there is a canonical inclusion
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A(A,A(C,B) < A(C,A(A,B)) .
Proof. As noted in (3.11) it is sufficient to show that there is a canonical inclusion
V(a,a(C,B)) < v(C,A(A,B)) .

Let {Cw + A} and {B > D¢} dominate A and represent B , respectively. Then we
know from 3.9 that the family {aA(a,B}—> (Cm’Dw)} represents A(A,B) . Then from

Corollary 2 above there is a canonical pullback

S

vilcl,a@,8)) — ly(c|, b))

v

and it is thus sufficient to find canonical maps yjA,éjC,B))~—*'!(C,(Cm,Dw)) for all
w,y and V(A,A(C,B))— V(Ic|l, A(B,B)) . The fact that they are canonical implies

the commutation of the square. The first is the composite

v ¥

and the second the composite

v(a,A(C,B))— V(a,[lcl,B] = (c|,V(a,B))
where the first map comes from Corollary 4 of (3.5) and the second is the cotensor ad-

junction.

Corollary. A map A - A(C,B) exchanges to a map C —~ A{aA,B) .

(3.14) Example. We again consider the category of topological vector spaces over the
discrete field K . For both possible choices of C and D , the topology on a (C,D)
is discrete which is that of uniform convergence on all of C . Thus ®(C) consists
of all subsets of C . When C =D = finite dimensional spaces, it will follow from
the later development that the functor A(-,-) described in this section already gives
a *-autonomous structure. What we will do here is to show that when C = linearly com—
pact and D = discrete spaces, we do not get a closed category. For A fixed the func-
tor V(A,-) = RA(A,-)| commutes with limits., Thus to show that A(A,-) commutes with
limits, it is sufficient to show it has the right topology. But this follows from (3.9)
It is now an easy application of the special adjoint functor thecrem to show that

A(A,-) has an adjoint which we will designate -~®A . Since A(A,-) 1is a V-functor,

the adjunction is strong which means there is a natural equivalence Y}A@B,E) = V(a,
(B,E)) and if A(~,-) is to be a closed category structure this will hawe to 1lift to

a natural equivalence

~

A(A®B,E) = A(a, (B,E)) .

~

Let us now suppose that this equivalence were valid. Then for E = K , we get {A®B)* =
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T ~
A(A,B*) . Let A=K and B =K with S and T infinite sets. Then (A,B*) =

T ~ SXT , . , \ . ,
A(K",5°K) = (Tx8)-K so that (A®B)}** = K . This implies, since every space is gquasi-

, ~ SXT
reflexive, that |asB| = K

[. Looking ahead, we will see in the next chapter the
topology on A®B 1is coarser than that of (A®B)**, i.e. that (A®B)** — AGB is con-
tinuous (= uniform). Since every map from a linearly compact space is closed, this is
an isomorphism and so A®B = KSXT . The algebraic tensor product of [A| and |B
consists of those functions SxXT — K which have the form (s,t) F—*-iglfi(s)gi(t) '

T . . X
fieKS, gieK which, when S and T are infinite, is not all of KS T . Now let E be
. . . SXT . .
the algebraic tensor product equipped with the topology induced by K . The identity

map

S T
K’|® |k | ——= |E|

transposes to a map

K® | — v(IK|,IE) .

On the other hand, the isomocrphism

T xT
KSQK e KS

constructed above on the hypothesis that A was a closed category transposes to a ca-

nonical map S T SXT

which gives

From (3.12) we get a map

T
K% — V(K ,E) .

SXT SxT

. T ) .
Since A(K ,E) is embedded in é}KT, K™ ") the above map Ko éjKT, K™ 7) factors

as a map

K5 —r éjKT, E)

which transposes to

KSQKT-—> E .

S

. ~ 8% ~
Since K @KT = T = SxT

K this implies that E K which is, as noted above, false. Thus

A(~,-) does not give an internal hom.

(3.15)} The counterexample suggests its own resolution. The problem arises out of the
necessity of the tensor product of two cbjects of C to lie in C . This suggests at
first that we stick to the full subcategory of A consisting of complete objects. For
in that case we would be forced to use a completed tensor product. Since, as is more-
or-less obvious, the E constructed above is the actual tensor product, its completion
is KSXTEQ_ as required. However, this leads to another diffficulty. We cannot be
sure that the dual of a complete object is complete. It could be completed only by
discontinuous (or non-uniform) maps which is obviously undesirable and would cause
other difficulties as well. This problem is solved by using a modified notion of com-

pleteness which does not get in the way as much with the duality.



CHAPTER 1 CATEGORY G.

1. Completeness.

(1.1) We suppose henceforth that the objects of C as well as these of D are complete

in their uniformity. From this it follows that if A is embedded in 1D then the

’
closure of A in that embedding is also complete and is, in fact, the uniﬁorm completion
A of A . The hypotheses of I.3.10 suffice to guarantee that A is admissible so it
belongs to UnV and then evidently to A .

In addition we suppose that if AeA is a proper closed subobject of & CeC then
the induced map C*—-— A* (or equivalently VI(C,T)— V(A,T)) is not injective.
(1.2) Since a completeable object is densely embedded in its completion, it is guffi-

cient, in deciding whether every diagram

in which Bi——+ B2 is a dense embedding can be completed to a commutative diagram by a

map Bé‘-+»A . To see this take B1 = A, 82 = A and the map between them the inclu-

sion. Take the identity for the vertical map. If there is a retraction A-— A which
is the identity on A , the maps Af—~+ A — A and the identity on A agree on. A .
Since A is dense in A , they are equal and the inclusion of A—> A is an isomor-
phism,

Later in these notes we will have occasion to consider weaker notions of complete-
ness gotten by restricting the class of Bl~—+ 82 for which a fill-in is required. Let
us suppose that p is a class of dense embeddings. We say that an object A is u =
complete if for every pseudomap m : Bl~-+-B2 in u and every f : BI——»»A . there is

a g : BZ-——--> A (necessarily unique since the embedding is den;e) such that gm = £ .

The main point of this generality follows.

(1.3} Proposition. Suppose A 1is u - complete and AA has a convergence uniformity
(see (II.3.7)). Then AA is W - complete.

Proof. We have that | AA|—~+|A| is an isomorphism in V . We may thus identify the
elements of AL as these of A . The obvious thing to do here is to use (I.2.5). To

do that we have tc show that there is a basis of uniform covers of AL by sets closed

. . . . ) A
in A . If 4 1is the set of pseudometrics on T , then a basic uniform cover of A 1is
{l'(a,d,s) | aen }

where Sed (A*), ded , acA and T(a,d,5) = {b | d(ga,gb) <1 for all 9eS} . This

is refined by the uniform cover
{F#(a,d,s) | acA} , where

I‘#(a,d,s) {b | dlpa,ob) < % , for all geS}

It

M
bes {b ] d(ga,¢b) < %}
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which is an intersection of closed sets and therefore closed. To see that observe that
{b | d(ga,sb) < %} is the inverse image of [0, %] under the map
_lya,Id) d

A——E»» T - TXT ——— R .

Moreover F#(a,d,S) is refined by T (a,2d4,S) and is thus a uniform cover.

{1.4) Given a class p of dense embeddings and an object hehA , let uA denote the
intersection of all u - complete subobjects of A which contain A . We wish to show
that a map (respectiyely pseudomap) f : A-— B induces a map (respectively pseudomap)
MA— uB . It does induce such a function A—— B so that we have a commutative

square
A—‘a»uA——%»KV
! ~
f& lf
B—— A -—— B~

and what we need is a fill-in the middle. For this it is clearly sufficient to show

that fw -l(uB) is a u-complete subobject of A~ for it certainly contains A and
hence 1A . So let Ei——+ E2 belong to u and g : Ei——+ f~ —1(uB) be a map. First
observe that g possesses a unique extension h : Eé~—+ A since A is complete and
El is denf?ly embedded in E2 . In addition there is a pseudomap E}: Eim~+uB zhich
extends £ g . Restricted to the dense subset El both k and f k extend f g and

~

hence are equal everywhere. Since k takes values on UB, so does f h which means

~

the image of h 1lies in £ _l(pB) . Thus we have proved,
(1.5) Proposition. The object function A |— WA extends to a V-functor on A& .

(1.6) We let u A denote the full subcategory which is the image of u. The inclusion
MA—= A has a left adjoint which we find convenient to also denote by u . The inclu-
sion is V-full and faithful and hence the adjointness is V-enriched. If AecuA , then

by the same argument used in (II.1.4), [V,Aa] ebh for any VeV .

(1.7) We now suppose that ¢ is a given class of dense embeddings. Unless there is
speéific mention to the contrary, £ 1is taken to be the class of dense embeddings
A— C for which CeC . 1In one example, however (see (IV.4)ff.) this class does not
satisfy hypothesis v) below. We suppose the following

i) Every dense embedding A—— C with CeC belongs to T ;

ii) If A— B belongs to Z , then B is embedded in an object of C ;
iii) If A-— B belongs to [ , then B* is complete;

iv) If A-— B belongs to Z , then B is prereflexive;

v) Every ¢-complete object is quasi-reflexive.

We note that should C be stable under the formation of closed subobjects - it
usually is - then g-completeness for any class { satisfying the above is equivalent
to E#—completeness for the class C# of dense embeddings A-—— C with CeC. For if
A >B €z and B 1is embedded in CeC, then the closure of A in C is its uniform

completion A . The possibility of extending a map defined on A +to all of A cer-
tainly implies the possibility of extending it to B .
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*
(1.8) We say that A is g-x—-complete provided A is G-complete.

(1.9) Proggsition. Let A Dbe [-complete. Then &A = (ZA*)* is r[-complete, [-x-—
complete and reflexive. Moreover therxe is a canonical bijection &§A-— A , meaning that
6A has the same underlying V-object with a possibly finer uniformity.

Proof. The inclusion A*— [A* induces &A = (fA*)*— A** | Since A*— A* 1is a
dense inclusion and TeD is complete, the induced map V (CZA*,T)-— V(A*,T) is an iso-
morphism. That is, [SA|-=— [a**|., Since A is z-complete, it is by hypothesis quasi-
reflexive which means that A** = AA and so A**—— A exists and is bijective. Thus
there is a canonical bijection &A — A . Now let B — B2 belong to ¢ and Bl—+6A
be given., We get, by composition

since A 1is g-complete,
A* — B*
2
TA* — B
since B; is assumed complete,

B2 -— 8A

since B2 is assumed prereflexive meaning there is a canonical map Bz——» B;* . It is

easy to check that the restriction to Bl is the given map Bl——»-GA . This shows that
SA* is Z-complete. Since fA* is r-complete, it is evidently quasi-reflexive. Thus

(GA)* = (pA¥*)** = (CA*)A"—~9-§A* which upon dualizing gives the canonical map
§A — (6A)**

and shows that dJ&A is pre-reflexive. As it also is C[-complete, hence quasi-reflexive
it is reflexive. Finally, £A* is g-complete, hence so is (EA*)A = (gA*)*% = (A)*

so that J&A is r-x-complete.

(1.10) Proposition. Let u be a class of dense inclusions and B be M- complete.
Then for any CeC , A(C,B) is u-complete.
Proof. Let {B— Dw} be a D-representation of B . Then {A(C,B)—— (C'Dw)} is a D-

representation of é}C,B) (see II.3.10, Corollary). For any EeA the diagram

|

vEILIC,B] )— v E,[]c,b D .

is a pullback (see II.3.12,Corollary 1 and apply V(E,-)). If El——+ E2 belongs to 1,
it induces isomorphisms YjEZAC,Dw))——+ Y}El,(C,Dw)) .

= v(lc|vE,B) =vE [lcy) ,
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e

V([ Icl,p 1) = v(c|,V(E,D,))

(14

z(ICI,z(El,Dw));z(El,[ICI.Dw)) '

since (C'Dw)’ B and D are all VU - complete. But then three of the four vertices
are the same whether E = El or E = E2 and hence so is the fourth (the pullback).
Coroliary. Let A be reflexive and ({-x-complete. Then for any DeD , A(A,D) is ¢-
complete.

Proocf., Dualize and use (II.3.6).

(1.11) Theorem. Let A be reflexive and ({-x-complete and B r-complete. Then A
(A,B) is r-complete,
Proof. Proceed exactly as in the proof of (1.10) except replace C by A . The pull-

back is

V(E,A(,B)) ——> IV(E,A(R,D ))

l 1

V([ Ial,B] y—— IV(E.[ [A],D ])
with the above corcllary providing the necessary {-completeness of E}A,Dw).

(1.12) Example, We returnonce more to the example of vector spaces. When C and D
are the finite dimensional spaces, topologized discretely, then the spaces are certain-
ly complete. The definition of r-completeness requires that we begin with a subspace
of a space in C - necessarily finite dimensional - and a dense subspace - necessarily
the whole thing. Thus the required map extension property is trivially satisfied and
every space is [-complete. As well, then, is every space g-x-complete. The situa-
tion is quite different when D consists of discrete, and C of linearly compact spa-
ces. Those of D are evidently complete as are those of C which are products of dis-
crete spaces. Not every space is ([-complete. Any dense proper subspace of a linearly
compact space cannot be [-complete. For example the subspace of KS , S infinite,
consisting of the elements of the S-fold direct sum is not g-complete. If we call

that space V , we have
S
S$.XK— VvV— K

with the first map bijective and the second a dense embedding. Dualization gives

S«K-— V‘*——»KS .

The first map being the dual of a dense embedding is a bijection and the second is evi-
dently dense. We know it is dense as soon as we know that V does not contain any in-
finite dimensional linear compact subspaces. For then all the C— V are with C dis-
crete and factor through S+-K , whence (5:K)* and V* are embedded in the sum space.
This is presumably always true but certainly is if S and K are both countably in-
finite. For any infinite dimensional linearly compact space, being a power of K , is
uncountable while S-:K is countable. Thus in that case V* £V and so V** =V . The

former isomorphism is induced by the standard inner product and hence the latter one is
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induced by the canonical map. This shows that V is not {-«-complete either, but that
V is reflexive. If V is closed in W , W/V 1is a separated linearly topologized space
and hence has continuous functionals. Thus there are non-zero functionals on W which

vanish on V , confirming the hypothesis made in (1.1).

2. Definition and Elementary Properties of G .

(2.1) It will be a standing hypothesis in this chapter that g-complete ob-

jects are quasireflexive. The demonstrations of this fact in the various examples seem

quite different - save for the cases in which (IT.2.8) is satisfied - and do not seem to
have any common generalization. It is clear that the hypotheses of (II.2.8) are not al-

ways satisfied.

(2.2} We let G denote the full subcategory of A consisting of objects which are re-
flexive, {-complete and z-x-complete. It follows from hypotheses we have made that
both C and D are subcategories of G . Alsc G 1is complete and cocomplete. In
fact UnV 1is complete, essentially by hypothesis (see (I.3.10)) and cocomplete by the
adjoint functor theorem. A being reflexive is also complete and cocomplete as is ZA.

The last step follows from the next proposition.

(2.3) Proposition. The inclusion G — ZA has a right adjoint A |— A .

Proof. That ¢A belongs to G follows from (1.9). Now if GeG and G + A is a map,
we have A*—— G* and with G* r-complete, we have [A*— G* whence G T G**— ([A%)*,
Uniqueness follows from the fact that the maps (gA*)*— A**——> A are bijective, the
first because A* 1is densely embedded in £A* and the second because A is [-com-

plete, hence quasi-reflexive.

(2.4) Let C.,C_ ¢C . The identity map

1772

* *
(Cl.Cz)———* (Cl.Cz)
transposes , by the corollary of II.3.13 to a map
* *) = ® Y%
G ((Cl.Cz).Cz) (CZ'(Cl'C2) ) .
Applying |-| we get a map in V
*yhY). k1%
e l— v(C, (€ ) *)— V(lC,ll(c ,ch)* |)
*xy*
cilelc,l— I ,c*|.
Let T(Cl,CZ) denote the image of that map as an embedded subobject of (Cl,c;)*

(2.5) Proposition. For any Cl,Czeg_, T(Cl,Cz) is dense in (Cl,Cg)* .
Proof. (C,,C5) lies in D so its dual is in C . By the hypothesis made in (1.1)

if T(Cl,cz) is not dense, its closure is proper and the induced map
*
Y}Cl,cz)———* Y}T(Cl.cz),T)
is not injective. But the map

V€, ,CH)— V(1(C,C,), TV — V(lc |elc, |, IT])
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can alsc be factored as

v, ,Cy) > vic i, lcs b

2

n

VACy LY, m)-— vdc, hytle, |, )

1IN

vile, lelc, D,

each term of which is injective. Since the first factor of an injection is an injection,
the result follows.
(2.6) Proposition. Let Cl' Czeg_. For any AcA there is a canonical map
Ve Al m))- > V(R(C,C) | [A])
Proof. Let {Av—+-Dw} be a D-representation of A . Since lT(Cl,Cz) | is a regular

image of KHJ®IC2I, there is a pullback

Vil ©,8,) |, Bl — W (lt(C,,C,00, 1D D)

J |

vk B IC,l,[al )~ - TV (kelc,|,|D |)
Then map
—_ HZXCI,(D;,CS))—“+ HYXD;,(CI,CE))
— IW((C,,CH)*,p )~ V(€ ,cH)* [ D
— Ml ,C I, Inl)
Alsc map
E(Cl.é(CZ.A) ) —— \i({Cl I ‘L(CZ,A))

Since each of these maps is canonical, they give the same map to HK(K11®|C21ﬁbwi) and

hence the map regquired.
2.7 Proposition. Let Cl, nggf AeA . Then there is a canonical map
V€,AC,A))— VI ,c),A)
Proof. Let {A~—¢'Dw} be a D-representation of A . By (II. 3.12), there is a pullback
V(z (Cl,Cz),A)——~+ v (¢ (Cl’CZ)'Dw)
| |
vz el lah=Ivdre,,c)l,pf) .

We map !ﬁcl.éﬁc2,A))-—-+ Hzﬁcl,(cz,Dw))

ne

* Ok)) = * *
Hg(cl, ©*,C5)) = v (d*, (C,C3))

I

Ty ((C,,C4)* D, ) —> W (r(C,,C,),D )
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while (2.6) provides E(Cl,g(cz,A) )J— V(i1 (Cl'c2) |,|a]} fromwhich we have the required
map.

Corollary. If, in addition, A is [-complete, there is a canonical map
c.,A A C *)* A .
v 1,__(C2. ))— ¥V ({ 1.C2) yA))
(2.8) Proposition. Let Cl,Czegé . Then the canonical map
V.(C ,AC,,6R))—> V(C ,AC,,A))

is an isomorphism.

Proof. The inverse of the canonical map is the composite
X(Cl,é(CZ,A))———-> v (Cl,Cg)*,A)
— V(a*, (cl,c*é)) = V (zA*, (cl,cg))
— \L(Cl,é(?;A*rC;)) - !(Cl,li(CZ,SA))
where the next to last map is the V-morphism underlying the map of II1.3.13.
(2.9) Proposition. Let CeC, GeG, AcfA . Then the canonical map
V(C,AGAR)) — VI(C,A(G,A))

is an isomorphism.

Proof. Let {Car—ﬁ-G} be a C-representation of G . Then there is a pullback
V(C,A(G,8R)) — Hy_(c,g(cw,csA))
| |
vc|,vG,68)) —— Hg(lCi,g(cw,aA))
We map
V(C/AGR)) — IW(C,AC ,A))— IVEC,AC, ,8))
as established in (2.8). Also we have

~

V(C,A(G,A)) — V(IC|,V(G,A))

v(lc|,¥(G,88)) .

This gives the required map.

(2.10) Proposition. Let CeC, DeD and GeG . Then the canonical map of (II.3.13)
A (G, (C,D})—— A(C,A(G,D))

is an isomorphism.

Procf. As observed in (II.3.11) it is sufficient to show that
Vv (G, (C,D))— V(C,A(G,D))
is an isomorphism. The inverse of the canonical map is given by
VE&,A@G,D))— V(C,AD*,G*))—V ((C,D)*,G*) = V(G (C,D)) ,
the second map coming from the corollary to (2.7).

(2.11) Proposition. Let A,BeA, GeG . Then there is a canonical map
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A(A,AG,B))— AG,AQ,B))
Proof. As observed in (II.3.11) it is sufficient to have a canonical map
!(Alé(Gl B) )""'_'+ !(Glﬁ(A, B))

Let {C&——+ A} and {B— Dw} be a C-domination and D-representation, respectively.

Then there is a pullback

vV(G,AGR,B))—> VG, € ,D )

D
w' T
H

1)

Y

<

viel,v,B))— Iv(lG|,vE ,D
We have a canonical map

V@26 B) — IVE ,AGD,)) = IV (G, € By))
by (2.10). As well we have

~

‘i(z"‘ré(c';rB))_—‘> !(A,[iGl,B] ) X(lGil‘i(AlB)) ’

induced by the embedding A (G,B)— [ |G|,B]
Corollary 1. Let Aéé, G, HeG . Then there is a canonical isomorphism

A(G,A(H,A)) = A(H,A(G,A)}
Corollary 2. Let AezA, Cel, GeG . Then the canonical map
 V(GAC,8)) — V(G,AC,A))
is an isomorphism.
(2.12) Proposition. Let AerA , G, HeG . Then the natural map
V(H,AG,8R)) —> V(H,AG,A))

is an isomorphism.

Proof. Replace C by H everywhere in the proof of (2.9). The necessary isomorphism
VHAKC ,8A)) = VHALC ,A))
- T="y - ="y

is established in corollary 2 above.
Corollary. A map H-—> A(G,8R) is equivalent to a map H—+ A(G,3)
Proof. Apply Hom(I,-) to the above.

(2.13) Proposition. Let &A,B,EcfA . Then there is a canonical map
v@,A(B,E)) —— V(6A,8A(SB,SE)) .
Proof. We have
vV{,a(B,E))—— V{&,A(SBE))
— V(6B,A(A,E))—- V(8B,A (8 A,E))

— V(6B,A(8R,SE))— V (8A,A (8B, 6E))

i

V(8A,6A (8B,SE)) .
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Here the first and third arrow are induced by back adjunctions, the second and fourth
from 2.11, the fifth from 2.12 and the last isomorphism is the one given by the ad-
junction.

Corollary. Under the same hypotheses a map A-— A(B,E} gives a map G0A— A (8B,8E).
Procof. Apply Hom(I,-) to the above.

3. The Closed Monoidal Structure on G

(3.1) Let G,HeG . Since by (1.11), A(G,H) is g-complete, SA(G,H)¢G . We define G(G,H)
= SA(G,H) . DNote that since 6A— A is bijective for all BReZA, it follows that
|G (G, H)|

~

V(G,H) . In particular every element of GI(G,H} 1is a uniform pseudomap. This
explains the principal advantage of using f~completeness instead of completeness. No

non-uniform maps need be added to hom object to make it r-complete.

{3.2) Proposition., Let G,HeG . Then there is an evaluation map G-+ Aa(G,H),H .

Proof. By (2.11) there is a canonical map
é(é(GlH)lﬁ(GrH))"_* i(Glé(é(GlH)lH))
The required map is, of course, the image of the identity.

(3.3) Proposition. Let G,H,KeG . Then composition of morphisms determines a canoni-

cal map
AG,H)— AGHK,AGK) .

Proof. From the discussion following (II1.3.11) it follows that there is a single AcA
into which both A(G,A(A(H,K),K)) and AQA(H,K),A(G,K)) may be embedded. Moreover,
from (II.3.12) it follows that

!(é(GIH) ré(&(HrK) ,A(G,K) ) ) I—— Y_(é(G,H) IA)

l |

vV (V (G,H),V(A{H,K),A(G,K)})— V(V(G,H),|AT)
is a pullback. Now the preceding proposition provides a map
H— A (A (H,K),K)
to which we may apply the functor A (G,-) to get
Q(G,H)———; AGAMRMHEK),K))— A,

which is an element of V{A(G,H),A) . From (IX1.3.4), we have a map

v (G,H)— V@& (H,K),A(G,K))
which expresses the fact that A(-,K) is a V-functor. This is a canonical element of

VV(G,H),V(QRAIG,H,AGK)))

and both being canonical give the same element of V (V(G,H), {A]) . Thus we get an
element of V(&(G,H)},A(A(G,H),A(G,K))) . Since the elements we began with were maps

and Hom(I,-) commutes with pullbacks, this element too is a map
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A (G, H)— A(A(G,H),AG.K)) .
(3.4) Proposition. Let G,H,KeG . Then composition gives maps
G{G,H)— G (G (H,K),G (G,K))

G(H,K)—— GI{G(G,H),G(G,K)) .

Proof. The first comes by applying the corollary of (2.11) to the above. The second
comes from transposing G (G,H)—> G (G (H,K),G(G,K))— (G(H,K),G(G,K)) to get

G(H,K)— A(G(G,H),G(G,K)) and applying ¢ once more.

(3.5) Theorem G 1is x-autonomous.
Proof. Since IeC, IeG . If GeG , G* = (G,I)eG and hence G* = G{G,I) . If
G — G(H,K*) , then we have G — G(H,K*)— G(X,H*) and X— G(G,H*) ¥ GU,G¥) .

Then by I.4.4 we have all the data required.

4. Summary of the Hypotheses.

(4.1) The hypotheses used in this construction are rather complicated. In addition
they are scattered all over the preceding three chapters, being introduced as needed.
Thus it seems useful to collect in one place a summary of these hypotheses and a refe-
rence to a fuller eXposition of each. It is understood that these are the assumptions
under which (3.4) is proved. In some cases more restrictive forms of these hypotheses
are stated that are satisfied in some of the examples. This will be mentioned in the

examples.

(4.2) The hypotheses are
(i) V is an autonomous (i.e. closed, symmetric, monoidal) category (see
(T.1.1), (I.1.2)) .

(ii) V is a semi-variety; that is a full subcategory of a variety closed under
projective limits and containing all the free algebras (see (I.1.4) -
(I.1.8)) and that the hypothesis of (I.3.10) is satisfied.

(iii) The subcategories C and D of Un V (see (I.3)) have the structure of
a pre-x-autonomous situation (see I.4.6.) and that every CeC has a D-
representation (see (II.1.2)); moreover the uniformity on the objects
(C,D) is a convergence uniformity (see (II.3.7)}} .

(iv) Every (-complete object {see (III.1.4) and (IIL.1.7)) is prereflexive
(see (II.2.7) also (II.2.9)).

(v) For every CeC and every closed proper subobject A— C , the map
C*—- A* is not injective; equivalently C*—> A* injective iff A is
dense in C (see{XIIr.1.1)).

(vi) Every object in C and every object of D is complete.



CHAPTER IV. EXAMPLES.

Before getting into examples we need to know that for any ring R, the category
Top Mod R of topological R-modules is equivalent to Un Mod R of uniform R-modules.

In fact, let A Dbe a topological module. If M is a neighborhood of 0 in
A, let u(M = {a+M | acAl . The collection of all u(M) as M ranges over all
neighborhoods of 0, is a uniformity. For if N-N ¢ M , I claim wu(N) is a star re-

finement of u(M) . To see that, suppose beu*(a,N}) . Then
be{ el | accHn}

which means there is a ceA with acc+N , bectN so that b-ac N-N © M or bea+M .
Next I claim that subtraction is uniform. In fact, if N-N ¢ M , the image under sub-
traction of u(N)x u(N) refines u{(M) . That scalar multiplication is uniform is a
special case of the fact that a continuous map between topological modules induces a
uniform one. In fact if f : A'—— A is continuous, and M a neighborhood of 0 in
A then £ T(um) = u(t tow) .

To go the other way, just use the standard functor from uniform spaces to topo-
logical spaces described in I.2. Since that functor preserves products ([ Isbell |,
I.8, p.17), the uniformity of the operations implies their continuity. It is clear
that the uniform topology of a uniform group constructed from a topolegical group is
the original topology. To go the other way, we must show that every uniform cover in
a uniform group is refined by cover by translates of a neighborhood of 0 . So let G

be a uniform group and let u be a uniform cover. By the uniformity of addition there

is a uniform cover v such that Vl,V2 € v implies there is a Ueu with Vl+V2 < U,
There is a neighborhood M of 0 in v . (Let M contain st(0,w) for some star
refinement of v.) Then for all Vev , V+M 1is in some set in u . 1In particular for

aeV , a+M 1is in some set in u and so
{a+M | aeal
refines u .

1. Vector Spaces.

(1.1) The theory for topological vector spaces over a discrete field has been expli-
cated completely in the earlier Chapters. Howevexr, for special choices of K , it is
clear that other choices for C and D will result in different theories. In what
follows we take K =R or K =C , always with the usual topology-

(1.2) Let C be the subcategory of Top V consisting of finite and countable powers
KS of X and D be the category of finite and countable direct sums S:K topolo-
gized with locally convex sum topology (explained below). The duality Q?P——»-g as
well as its inverse Bép——+-g_ is just the hom into X , topologized by uniform con-
vergence on compact sets.

(1.3) 1In fact a compact set in KS has compact projection on every coordinate. Thus

for seS the projection on the s coordinate is contained in the closed disc A(rs)
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of radius r, - Hence every compact set is a subset of II A(rs) . It is evident that
s€S
a continuous linear map K§—r+ K 1is represented by an element (XS) of S-+K by the

formula

(x) (y,) = Exsys .

Then the neighborhood
{(xs) | (XS)HA(rS) < 1} = {(xs) | Eixsrs1 < 1}

can be easily described as follows. Let Ao(l/rs) c K denote the open disc of radius

l/rs (or all of K where r_ = 0) and F{Ao(l/rs) | ses} the subset of S-K consi-

sting of all elements (Asxs) such that xSEAo(l/rs) and E1ASI =1 . In other words
o o

TA (l/rs) is the convex circled hull of the images of the A (l/rs) in the sum. Then

if lys| < r_ we have EIAsxSySI <Z|A | =1 . On the other hand suppose (zs)eS-K

is a sequence for which (ys)eﬂA(rs) implies IEySzSI < 1 . Then choose for each seS

an element yseK of absolute value ro such that ¥ 2, is real and positive. Then

)2 = . = . = =X =1. I
Y2, =F <1 Let As rszs/r We have EIASI Elrszsl/r yszs/r 1 Sf now
X, = zs/xs , we have IxSI = rlzsl/rslzsl = r/rs < l/rS . This shows that (K") =
S*K .

*
(1.3) To go the other way, we first observe that algebraically (s:K)} = Ks . The

only question is the topology. The product topology on KS is that of pointwise con-
vergence. We begin with,
Proposition. Every compact set in S°K is in a finite dimensional subspace.

Proof. Suppose 2 is a compact subset of $S'K and suppose for countably many s, say
(n)

s=1,2,3,...,n,... there is a point (x ) € 2 with X #0 . Let p = (ps) be

(n)l
n

the seminorm on S$-K such that pn(x) = n|x/x Then since P, is a continuous

seminorm on XK , p = (pn) is a continuous seminorm on S°'K (this is standard result
on topological vector spaces) and p(x(z)) >n . Thus p is unbounded on Z which
contradicts its compactness.

(1.4) ©Now a compact set in 5-K 1is a compact set in some finite dimensional subspace.
In fact it is contained in a space SO-K for some finite subset SO c § . Just take

SO as the set of all elements of S necessary to express a basis for this finite di-

mensional subspace. A compact set in SO-K is contained in a set of the form

AA = {E{Ass | seSO} | Elxs! < A}

where XA 1is a fixed positive real number. Now if ¢ 1is a linear functional and

P(s) < e/X , E|AS| < A implies

] (P(EASs) | IEAS ?(s) |

A

Z[Ale/A

In

€
so that the basic neighborhocd of O
{9lo(a,) <A} > {0]9(s) < e/}, seSyt

*
which shows that (S-:K) has the topology of pointwise convergence and hence is KS
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(1.5} The hypotheses of III.4.2, parts {i) and (ii) do not depend on the choice of C
and D and thus are still satisfied. For the third part, we let, for CeC , DeD ,(C,D)
denote the space of continuous maps C—> D topologized by uniform convergence on com-

pact subsets of C .

Proposition. Let C = x° and D =P.K . Then
(C,D) = (SxP) ‘K .
Proof. Let I-l ;: P.K— R be the norm defined by

I =z .
(xp) 1xp|

. . . . . S
which is defined since there are only finitely many non-zero xp . Let f : K=—PK

be a continuous linear map. For se€$ , let fS denote the restriction of £ to the
s coordinate (all other coordinates 0) and for peP, let fsp denote the p coordi-
nate of that restriction. If fs # 0 for infinitely many s, an xseK can be chosen
so that for at least one peP , fsp(xs) =1 . If ;SEKS denotes the element with X
in coordinate s and 0 in all others the net of finite sums of X  converges in the
product topology to the element x = (xs) . Thus the net of finite sums of f(xs) must
also converge. But exactly as in convergence of ordinary infinite series this net can
converge only if for every seminorm p and every ¢ > 0 , it is the case that p(xs)<€
with at most finitely many exceptions. (The proof is the same, the finite partial sums
cannot be a Cauchy net otherwise.)

Thus only finitely many fs are non-zero. Now fS : K— P+*K 1is determined by
fs(l) which involves finitely many peP . Thus in all only finitely many fSp #0 .
This shows that algebraically

(SxP) "K .

ne

(K°,p+K)

. s
As for the topology, we have seen already that every compact set in K is con~
tained in a set of the form HA(rS) where r, is a non-negative real number. A basic
neighborhood of 0 in P:X is the set FAO(tp) where tp ig a positive real number

or =, If f . KS—_» P-K has components fsp the £ : K—> K can be identified

sp
with elements of K . We have that ‘

£(MA(r ) < PAD(tp)
iff

(*) Zf r /t <1.
s s
s,p P P

The reason is that (EfsprS | peP) must be able to be written as (Aptp) with ApeK
s

and
2|Ap| <1,

which is easily seen to be equivalent to the condition (%) . Similarly the condition

(%#) 1is equivalent to

(fsp) e TA (tp/rs)
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which is an open set in (SxP)-K . To go the other way, let FAO(uSP) be an open set
in (SxP)-K . That this is open in the function space topology is an easy consequence
of the following.

(1.6) Lemma. Let f be a function from WXN - or a subset thereof - to the positive

reals. Then there are functions g : N— R , h : N— R such that
£(i,3) = g(i)h(j)

whenever (i,j} is in the domain of f .
Proof. By letting £(i,j) = 1 wherever f was hitherto undefined, we can suppose

£ : NXJN—->R+ . Let
g{n) = hin) = inf{1,£(i,3) | i € n, j € n} .
Then if, e.g., i £ j, we have
12 g(i)
£(i,3) =2 h(3j)
£(i,9) = g(i)h(j)

Note: It is the failure of this lemma to hold for uncountable index sets that forces
the restriction to finite and countable index sets.

(1.7) Now then, given an open set TAO(uS in (SxP)-K , uSp is a function on an

)
P
index set SxP where each of 5 and P is either finite or countable. By the lemma

we can find two sequences (rs) and (tp) such that

zZr
Ysp stp

This means that
o] o
r T
A (usp) > I'a (rstp)
and the latter is the set of doubly indexed sequences f = (fsp) such that
EUIA(L/E ) > Ta(xy)

and hence is a neighborhood of 0 in the function space.

(1.8) This decribes the bifunctor
c® xp—Dp

which together with the duality between C and D describes a pre-sx-autonomous situ-
ation.

That every object in C has a D-representation is evident and the uniformity on
the function space (C,D) 1is, by definition, a convergence uniformity.
(1.9) Proposition. The hypotheses and hence the conclusion of 1I.2.9 are satisfied
(with T =K) .
Proof. The argument we used to show that any map KS——ﬁ-K is zero except for fini-
tely many factors can be repeated to show that K is cosmall. Evidently any space in
A 1is a topological vector space so that the injectivity of K follows from the Hahn-

Banach theorem. The third hypothesis is evident.
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(1.10) If A— B is a proper closed embedding in A and b¢A , A+Kb/A = K which
means that there is a non-zero map A+Kb-— K which is zero on A . The injectivity
of K allows an extension of this to all of B . Thus B*——* A* is not injective.

It is evident that objects in C are complete. For the completeness of D ,
see [ Schaefer] , II1.6.2.

Thus the hypotheses required for our construction are satisfied.

The theory can also be worked out with C = D = the category of finite sums
{or products) of copies of K , equipped with the usual topology. The required de-
tails can be readily inferred from the above.

(1.11) Here is another interesting of a category of topological vector spaces. Again

K stands for R or € . A segquence (ri) of elements of K 1is said to be rapidly
decreasing if for all n , lim 1nri = Q0 . Since it is then also true that 11m1n 2ri=0
. . . i . . .

is easily seen to imply that = 1n|ri| = 0 . A seguence (si) is said to be slowly

growing if for some n , |sil < i for all sufficiently large i . Clearly for every

rapidly decreasing r = (ri) and every slowly increasing s = (si) , the deot product
r-s =2 risi is absolutely convergent. We let D be the space of rapidly decreasing
sequences,topologized by the seminorms pn(r) =z inlril and ¢ the space of slowly

growing sequences topologized by uniform convergence on compact sets in D under the

above pairing. ©Next I claim that ¢ is the dual of D . First observe that the fi-
nite sequences are dense in D . For if P, is the seminorm above and r = (ri)ED '

we know thag lim in+2 r, =0 which means that for some m , i >m Iin+2ri| < 6e/m

or that lm§1 inri | < e . Thus r is approximated by the finite sequence which agrees

with the first m terms of r and is 0 thereafter. Then a functional on D is de-
termined by its value on the finite sequences which means it is determined by a se-
quence (Si) by the formula ri —Zz risi-If, in fact,si is not S}owly growing, we
can choose a sequence 1i(l) < i(2) < i(3) <.... such that Si(j) > i) . For having
chosen i(l),...,i(j) we know that si < i:|+1 is not satisfied for all sufficiently
large i so there are arbitrarily large i for which it fails. Let i(j+l) be the
first one of these larger than i(j) . Then let r. = sil when 1 = i(j) and O

otherwise. Then 2 r,s; diverges while r, < i™ for all i » i(n+l) implies

inri < i-l——4 0 as i—> @, This contradiction establishes that (si)ec .

(1.12) There is a certain class of spaces first isolated for study by Grothendieck
called nuclear spaces. The usual definition is rather opaque but for our purpose the fol
lowed characterization of nuclear spaces conjectured by Grothendieck and established
by T. and Y. Komura is more useful. Namely, a space is nuclear iff it is a subspace
of a cartesian power of D . See [Pietsch] especially 11.1.1 for details. The topo-
logy on D 1is determined by a sequence of pseudo-norms and it is easily seen to be
complete so that is a complete metric space, i.e. a Fréchet or F-space. Its dual C ,
with the bounded convergence topology, is a complete nuclear DF-space and both C and

D are reflexive (in particular C has the topology of bounded convergence on D} . See

[ schaefer] 1I1.7.1, corollary II.81; II.7.2., corollary 2; IV.5.6 and its first corollary;
IV.6.1; IV.9.6.. Next I claim that Hom(C,D) , equipped with the topology of uniform

convergence on bounded sets, is isomorphic te D . In fact if £ : C—> D 1is contin-
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uous, then it is continuous followed by each coordinate projection. So let fj be
the composite C—> D— R , the second map projection on the jth ccordinate. Then

fj is a linear functional on ¢ and hence represented by a sequence (rij) which
for each Jj is rapidly decreasing. In‘order that for each (si)ec , the values

z sirij € D it is necessary and sufficient that the latter be a sequence rapidly de-
creasing in j . Although in principle this must be done for all (si) it is clearly
sufficient to consider the test sequences (in) . Thus (rij) represents a map iff
for all n,m, we have 1lim injmrij = 0 . Clearly it is sufficient to restrict to

m =n . To show the isomorphism with D we use the usual method of rearranging a
double sequence into a sequence. So let k(i,j) be the rearranging function. 'Since
K = k(i,§) < (i+9)2 , kn|rk| < (i+j)2n|rij| < izn'znlrijlﬂ-—* 0 as k— = . Con-
versely, i < k(i,j) and . j < k(i,j) so injnrij < kznrk»—» 0 as i— ® or as j-.
Thus the underlying vector space of Hom(C,D) is isomorphic to D . As for the topo-
logy, it follows from reflexivity that the polars of fundamental sequence of neighbor-
hoods of 0 in D form a fundamental sequence of bounded sets in C . (See [ Schaefer]
Chapter IV, especially 5.2 in conjunction with the corollary of TII.7.1.) What this
means is the sets in € defined by |si| < i" form a fundamental system of bounded
sets in C . An f represented by (rij) takes the set into the neighborhcod

{(tj) | pm(tj) <€} iff = i™™ Irijl < € . Thus the topology on Heom{(C,D) is deter-
mined by these seminorms which are, as seen above, equivalent to the ones on D urider
the isomorphism.

(1.13) Let € be the full subcategory whose objects are finite direct sums of copies
of K and C and D the full subcategory whose objects are finite direct sums
{(=products) of copies of K and D . We define the internal hom functor (—,—ng?pxg
— D so that (X,K) =K and (Ewc¢,Hwa) = Hw,w(cw,Dw" the index sets being finite.
The Hahn-Banach theorem implies that R is injective. It is also cosmall. In fact

if f : ﬂAw——+ K 1is a functional, let fw = fIAw . Unless f£

= 0 there is an aw€A¢

v

with f(aw) =1 . If this happens infinitely often let a = (aw) with aw = 0 whenever
f¢ = 0 . The elements with aw in finitely many coordinates and C in the remaining
converge, in the product topology, to a . The value of f at such an element is the

nunber of non-zeroc coordinates. Since this grows without bound, f(a) cannot be de-
fined. Thus £ =0 with only finitely many exceptions. If now a = (a )ellA, has

¥ v ¥

f (a)) =0 for all a , the same limit argument shows that f{(a) = 0 . Thus £ fac-

LA
tors through the projection on the finite product of those A for which £, # 0 .

Hence the conditions of II.2.8 are satisfied. The conditionw(v) of III.4.£. is satis-
fied by exactly the same argument as in the preceding example (see 1.10) . Hence all
the hypotheses required for our main construction are satisfied. The categeory A con-
sists, by the above mentioned result of T. and Y. Komura of exactly the nuclgar spaces.
As for ({-complete spaces, we can examine one of its consequences fairly concretely here.
The space C consists of slowly growing sequences. The subspace F of finite sequen-
ces is dense. In fact, if not there would be a non-zero linear functional on C/cR (F)
which means ¢eD , ¢ # 0 but ¢ |F =0 . But ¢ is represented by a rapidly decrea-

sing sequence and as soon as single coordinate is non-zero there is an aeF with
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g(a) #0 . For AeA , amap f : F—> A 1is determined by a sequence a of

1régre.-
elements of A . Here a, is the image of the sequence with @ 1 in the ith coordi-
nate and 0 elsewhere. Continuity reguires that for every seminorm p on A , the

sequence pal,pa be extendable to all of C by the formula

PR

pf(c) = pf((ci)) =2 p(ciai) =Z ¢ pa;

which means that (pai) must be a rapidly decreasing sequence of real numbefs. Now
say that a segquence (ai) of elements of A is rapidly decreasing if the sequence
(pai) is rapidly decreasing for all seminorms p . Then we require that whenever
(ai) is a rapidly decreasing sequence and (ci) a slowly increasing sequence of real

numbers, the sum X c;a; converge. Since (c;a is also rapidly decreasing, this

i i)
can be replaced by the simpler hypothesis that every rapidly decreasing series con-
verge. I must emphasize that this is only a consequence of f-completeness. It is
tempting to conjecture that it is equivalent but there is no real evidence for that.
If the conjecture were valid, it would follow that A 1s [ -*-compact provided the

sum of rapidly converging series of continuous functionals were always continuous.

2. Dualizing Modules.

(2.1) This example is in response to a question of Robert Raphael as to whether the
theory of vector spaces over a discrete field had any natural generalization to mo-
dules over other commutative rings. If there is such a generalizatiocn, it seems 1i-
kely that the dualizing object T will have to be injective and its dual - which is
its endomorphism ring - must be the given ring. Technical considerations seem to re-
quire that T be finitely generated and a cogenerator. Accordingly let R be a com-
mutative ring. We say that an R-module T is a dualizing module provided T 1is a
finitely generated injective cogenerator and the canonical map R— HomR(T,T) is an
isomorphism.

We-leave till 2.10 the question of the existence of a dualizing module. If R
is a field, it is clear that R itself is the unique dualizing module. The theory in
that case reduces to that of vector spaces considered earlier.

(2.2) Now we let V be the category of all R-modules with its usual meonoidal closed
structure. The category Un V 1is simply that of topological R-modules. For C we
take all modules of the form Rs with the product topology and for D all discrete
modules of the form S-T . Variations on the theory can be obtained by putting car-
dinality restrictions on S such as that it be finite or countable.

{2.3) If DeD , D = 8§-T and Hom(D,T) ¥ Hom(S-T,T) = RS . We would like to define
D* = RS equipped with the product topology. But we must show that this is indepen-
dent of the representation of D as a direct sum. Instead, define D* to be Hom(D,T)
equipped with the coarsest topology such that Dt——* R is continuous for all T-— D.
The coordinate injections T— S.:T dualize to the projections RS——+ R so that this
topology is at least as fine as the product topolcogy. On the other hand, since T is
finitely generated, any T-— S$-T factors through F-T for a finite subset F c S .

When RS and RF have the product topology (the latter being discrete) the projec-
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tion RS——+ RF is continuous and hence so is RS——* RE—~+ R . Thus the topclogy on
D* is the product topology on RS .

(2.4) If C= R ¢ C , we see that any continuous R°—— T must have an open sub-
module in its kernel. The product topology has a neighborhood base consisting of the
kernels of maps Rs——+ RF where F 1is a finite subset of S . Thus Hom(RS,T) is
the direct limit of Hom(RF,T) = Hom(F-R,T) = Hom(R,T)F = F-Hom(R,T) = F'T and the
direct limit of the finite sums is just S°T . Thus we define C* = 8T . This des-
cribes the duality between C and D .

(2.5) Since T is a cogenerator, every A<UnV has a D-representation iff it is to-
pologized by open submodules. Then A consists of these "linearly topologized" mo-
dules.

Proposition. T is injective with respect to the class of embeddings in A .

Proof. Let A—> B be an embedding and ¢: A— T a map. Since T is discrete

AO = keryg is open in A , AO = AU where U is a neighborhood of 0 in B . Then
U > 3B, where B0 is an open submodule. I claim that Ay = An(AO+BO) . In fact if
a = a0+bO € A where aOer, boeBO » then b, = a-a, € A while beBO © U so beAnU = A,.
Thus a = ao+bO € AO as well. Thus we have

A/AO'— - B/(AO+BO)
. L . . . #
is an injection and both modules are discrete. Since AO = ker 9, ¢ induces ¢ : A/AO

— 7. Then extension to B/(AO+BO)‘—* T now follows from the hypothesis that T is
injective in V .

{2.6) The hypotheses of II.2.9 are now satisfied. The cosmallness of T follows
from the easily proved fact that a continuous map on a topological group is uniformly
continuous together with I.2.12. The functor g?pxg-—+ D is very simply the hom-

S

functor. For a continuous map R°— P-T factors, by the previous remark, through

F . ~ s .
R for some finite subset F © S . Since RF = p-R is finitely generated a map to

~ L S ~
P-T factors through G*T = TG for some finite G < P . Thus Hom(R ,P-T) = lim Hom
~ 0y X ~ n i ] =
(F-R,TG) = lim Hom(R,T)F G > 1lim (FXG) T = (SxP)-T where the limits are taken over
— -_—

the finite subsets of S and P respectively. Thus we define (C,D) to be Hom({C,D)
with the usual structure of an R-module and the discrete topology.
(2.7) We can now verify the hypotheses of I1I.4.2. The first two are clear while the

third is easy. In fact the required isomorphisms, such as
S P ~
=%, (&%,0.m) = (%, (&%,5-1))

are immediate when S,P and O are finite and the general case follows by a limit
argument as above. Since both sides are discrete, no topological question arises. Ob-
jects in C are powers of objects in D and hence have a erepresentation. The uni=-
formity on (C,D) is a convergence uniformity, ®(C) consisting of C alone {(or of
all subset of C ).

Since the hypotheses of II.2.9 are satisfied, every object is prereflexive so
III.4.2 (iv) is satisfied. The fifth hypothesis is an easy consequence of the fact that

T is a cogenerator. In fact if A-— B 1s a proper embedding and =xeB, x¢fA , let B0
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be an open submodule of B such that x+BO does not meet A . But then xg!A+BO which
means the latter is a non-zero open submodule. Thus the non-zero discrete module
B/A+B0 admits a non-zero map to the cogenerator T . This is a map non-zero on B
but 0 on A , as required.
That the objects in € and D are complete is evident and hence all the hypo-
theses are satisfied and the construction works.
(2.8) If R is noetherian, the full subcategory of finitely generated R-modules is
a sub-x-autonomous category. In fact, T is finitely generated by hypothesis and if
M and N are finitely generated, choose a surjection F-R-— M with F finite. Then
Hom(M,N) is a submecdule of Hom(F-R,N) = F-N . In that case it becomes natural to ask
whether this is a compact category in the sense of Kelly, that is whether (M,N) is ca=-
nonically isomorphic to M*Q N . First off, by letting M = N = R we see that it is
necessary that R = T . Actually the question cannot be properly formulated without
that hypothesis. Granting that, there are natural maps M*SM-—+ R and R— (N,N)
which compose to give M*®M—~4 (N,N) . This transposes to M*®N——* (M,N) and what is
really asked is whether this map is an isomorphism. Tt is easy to see that it is when
R is a field and hence when R is semisimple (i.e. a finite product of fields). If
R 1is not semisimple, there is a non-flat module (von Neumann regular self-injective
rings are fields), and hence a finitely generated non-flat module (Tor commutes with
}i&), call it M . Then Steve Schamuel's elegant observation that (M*,-) is left
exact while M®- 1is not settles the question. 1In fact if K is a field and R =
K[x]/(xz) , then it is easily seen that R is a dualizing module and that when K is
made into an R-module via the obvious argumentation R—> K , then the canonical map
K*EK——ﬁ-(K,K) is zero (although they are isomorphic).
(2.10) Now we turn to the question of the existence of a dualizing module. The only
result I know is the following.
Proposition. Suppose K 1is a commutative ring with a dualizing module @ and R is
a finitely generated K-projective K-algebra. Then for any constantly rank 1 finitely
generated R-projective R-module P , T = HomK(P,Q) is a dualizing module for R .
Before beginning the proof let me observe that this requires beginning with a
ring that has a dualizing module. Of course K might be a field. The result of this
proposition applied in that case is that any finite dimensional commutative K-algebra
has a dualizing module and may well have more than one. It can be shown that HomK
(R,K) = R iff R is self injective.
Proof of the proposition. The proof that the T so defined is injective is standard.

For if M-~ N 1is an injection of R-modules, we have

HomR(N,HomK(P,Q))———* HomR(M,HomK(P,Q))

&
HomK(P R_N,Q)

HomK(P®RM,Q)

and with P R-projective PgRM'__» P@RN is still an injection and since @ 1is K-in-
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jective it follows that the map is a surjection. Similarly, from M #0 , HomR(M,HomK
(R,Q)) = Hom (M,Q) and the fact that @ is a cogenerator in K-modules, it follows
that HomR(M,T) # 0 so that T cogenerates R-modules. Since P is finitely genera-
ted as an R-module, there is a surjection F-R—— P and since P is projective

this map has a left inverse. Similarly R is a retract of G:K for some finite set
G and thus as a K-module, P is a retract of (FxG)-K whence T = HomK(P,Q) is a re-
tract of QFXG . Since @ is finitely generated as a K-module so is T . A fortiori,
it is finitely generated as an R-module. The functor M b—> HomK(HomK(M,Q),Q)) is

finitely additive. The natural map

M— HomK(HomK(M,Q).Q)

is an isomorphism when M = K , by hypothesis, hence is when M is finite free and as
well when it is finitely generated and projective. This is, in particular, true of P,

considered as a K-module. Now

HomR(T,T) HomR(HomK(P,Q),HomK(P,Q))

HomK(PGRﬂomK(P,Q),Q)

HomR(P,HomK(HomK(P,Q) ,0))

12

i

HomR(P,P) .

But P is locally isomorphic to R and hence the natural map R— HomR(P,D) is
everywhere locally an isomorphism and hence is an isomorphism (its kernel and cokernel

are everywhere locally zero).
3. Banach Spaces.

{3.1) Let V be the category of banach spaces and continuous linear maps ¢f norm <l.
It is known that this is a semivariety. The underlying functor assigns to each spare
V its unit ball uv . The left adjoint assigns to each set § the banach space Ql(s)
of all functions a : S—> K (where K is the real or complex field) such that

z Iasl converges, with norm defined by lal = EIaSI . An algebra for the theory de-

seS
termined by this adjoint pair is a set closed under operations (xi) — = Aixi where

(Xi) is any finite or countable sequence of scalars for which Z IAiI <1 . The op-
erations must satisfy equations which look like double summation identities and are
fairly obvious. Examples of algebras for this theory which are not (unit balls of)
banach spaces are the open interval (-1,1) as well as the guotient space [-1,1]1/ (-1,1).
This latter space is more accurately the coequalizer of the inclusion map and the zero
map. It has three elements 1,-1 and the third which might be denoted O , and repre-
sents the whole interior of the ball. BAny operation not required by an identity to
take the value 1 or -1 , takes the value 0 .

(3.2) Proposition. Let V be a banach space and B < uV be topologically closed

and invariant under the above theory. Then there is banach space W such that B = w.

Proof. Since uvV is closed in V , so is B . Since V is complete, so is B . Now

let W be the linear subspace of V generated by B . Since B 1is invariant under
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the operations it is convex and circled and hence determines a norm p on W by the

formula
p(w) = inf {} | weiB} .

If weB , p(w) £ 1 , while if p(w) <1 , we(l+te)B for all ¢ > 0 or (l-¢)weB for
all € >0 . Since B is closed this implies weB . Thus B 1is closed in this norm.
Now W 1is complete iff every set AB 1is since every Cauchy sequence is eventually in
a2 AB . This is closed in V since B is. The uniformity induced by p on AB 1is
finer than that induced by V . The uniform covers of AB are by translates of €B
and these are closed in V since B 1is. Thus the completeness of AB in the p uni-
formity follows, by I.2.5, from its completeness in V .

(3.3) From this we see that the hypothesis of I.3.10 is satisfied. It is not clear
what the uniform objects are. Here is an example of a preuniform object which is not
uniform. First let I be the closed interval [-1,1] with its usual uniformity. Let
J Dbe the same interval with the uniformity in which 1 and -1 are isolated while (-1,1)
has the uniformity inherited from the closed interval. This is a preuniform object be-
cause the value 1 (resp. -1) is thé value of an operation iff all the genuine variables
(i.e. all variables on which the operation genuinely varies) are 1 (resp. =1). A map
I—> J preserves the algebra structure iff it is multiplication by a scalar of abso-
lute value £ 1 . Of these, only those of absolute value < 1 are uniform. Thus Hom(I,J)
is (-1,1) which does not belong to V .

(3.4) Fortunately, it is not necessary to describe Un V . It is sufficient to des-
cribe the full subcategories C and D and let A consist of all cbjects with a D-
representation. There are two natural choices for C and D . The first is to take

C and D to be finite dimensional banach spaces. Let A be a finite dimensional

banach space with norm p and a,---sa, bea linear basis. Let I | denote the
euclidean norm determined by ajreeerd i.e.
2.
(DY F.o..+A I = 2+... .
lal nan (al +an)
Now let u = max(p(al),...,p(an)) . First observe that from the ordinary inner pro-

. n
duct in R , we have

A I Y . ey < | peea A DI, ..., 2!
FCA T eean 1A DY - (L, 0,10 1A bl ra 1
2 2. %
|A1|+---+|An| < VG.(|A1| +---+|An| ).
Then
|p(Alal+...+?\nan)I < l?\llp(al)+---+|>\n|p(an)
< (A T+ D
2 2. %
<
< u\/£(|xl| oot A1)
= pvﬁyuklal+...+lnanu .
so that p is bounded in the norm ' ! . Conversely, the (n-1) sphere lal =1 is com-

pact in a finite dimensional euclidean space and p never vanishes on it. Hence p

takes on a minimum value there, say 1/M, and it is clear that lal < Mp(a} for all aeA.
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Thus each of the norms defines the same topology (or uniformity) on A .
(3.5) From this it follows every linear functional A— R is continuous (but not ne-

cessarily a map in the category) and we let A* be the set of them. We norm A* by
p*(£) = sup {|f(a) [lp(a) < 1} .

We identify A** with a under the usual identification of a finite dimensional space
and its second dual. Let p** denote the norm on A induced by p* .

(3.6) Proposition. p** = p .

Proof. For any aeA , |f(a/p(a))l € p*(f) so that |f(a)| € p*¥(fip(a) . If p*(f) < 1,
[£(a) | € p(a) and hence

p**(a) = sup {|f(a)||p*(£) < 1} < p(a) .

To go the cother way, let a # 0 . We may, without loss of generality, suppose p(a) =1.
The subspace generated at a certainly admits a functional f with £(a}) =1 . The Hahn-
Banach theorem ([ Schaefer ] , II.3.2.) guarantees that we can extend f to a functio-
nal defined on all of A such that |f(b)|< p(b) for all beA . This implies that
p*(f) £ 1 . Then p**(a) = f(a) =1 = pla) .

(3.7) This shows that A = A** and establishes the duality for finite dimensional
gpaces. An object of the category A is a set A which is the unit ball of a banach
space and has the norm and the uniformity induced by a family of embeddings into unit
balls of finite dimensional banach spaces. Note that the product uniformity does not
coincide with the uniformity induced by the norm.

(3.8) Several observations may be made here. First off, a preduct of finite dimen-
sional banach spaces, although not a banach space, is a topological vector space. In
particular this means that the induced uniformity, restricted to the unit ball, has an
extension to the whole space of such a nature that addition and scalar multiplication
are uniformly continuous. This is assurdly not the case for the object J described
in 3.3. There are two ways of extending this uniformity. The first is to use the
uniformity induced by the product uniformity on the product of finite dimensional ba-
nach spaces. The second is to use the uniformity induced by the coarsest locally
convex topolegy on the whole space such that every map to an arbitrary locally con-

vex space which is continuous on the unit ball, is continuous. As long as this is done
in the same way for every object in A it makes no difference which is chosen. The
result is a category of "MT" (for mixed topology, see [ Semadeni] , {Wiweger] ) spaces
which is equivalent to the category A . It is clear that the first approach is more
in the spirit of our previous development. Thus we take A to be the category of spa-
ces which are subspaces of products of discrete spaces with the norm and the topology
induced.

It should be noted that if A and B have isomorphic (algebraically and topo-
logically) unit balls they are isomorphic. For the topology on A 1is such that any
map ¢f A to a banach space, is continucus as soon as it is on the unit ball of A .
Since B 1is embedded in a product of banach spaces, the same is true of B .

(3.9) As internal homfunctor g?pxg——* D we take (C,D) to be all linear maps be-
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tween the spaces € and D . If p and ¢ are the norm functions on C and D re-
spectively, define the norm (q/p) (f) = sup {gf(c) | p(c) £ 1} . This could also be
described by

sup {gf(c/plc)) | ¢ # o}

except when C = 0 . Using this it is easy to see that € and D form a pre *-auto-
nomous situation., The only part of III.4.2 which must be demonstrated is that every
object is prereflexive (the [-completeness here is a vacucus hypothesis). This be-
comes harder to verify as C and D grow larger for the dual has the same underlying
V object but its uniformity becomeé finer meaning it might admit more functionals. Ac-
cordingly we turn to the next example.

(3.10) We let D denote the category of banach spaces. The discussion of 3.8 goes
through unchanged with finite dimensional banach spaces replaced by banach space. Thus
we can consider A to be the category of those MT spaces whose topology and norm are
determined by maps to banach spaces. BAmong them are the full subcategory C of these
spaces which are locally convex and whose unit ball is compact (not, of course, in the

norm but in that topolegy). Semademi shows ([ Semademi]), that Q?P =

D . The duality
may be described as follows. For DeD , D* is the set of linear functionals on D to-
pologized by pointwise (simple, weak) convergence and with the norm given by the same
formula as in (3.5). The fact that the unit ball of D* 1is compact is standard. Here
is a proof. It is topologized as a subspace of KD . If uD is the unit ball of D,
a map in the unit ball of D* takes uD to I = uK and so that unit ball is topolo-
gized as a subspace of IuD which is compact. It is in fact a closed subspace for any
map uD-—> I which preserves the finitary operations essentially convex linear combi-
nations automatically induces a map D-—> R . The preservation of a finitary operation
involves only a finite number of coordinates and the set of maps preserving a given op-
eration is easily seen to be closed. On the other hand, if CeC , let C* Dbe the set
of continuous linear maps C-—r K . Each such map is bounded above on the compact
unit ball of C and the least upper bound is the norm oflthe map. No additional to-
pology is reguired on C* . Before continuing, we require the following.

(3.11) Proposition. Let CeC and DeD . Then the topology on the unit balls uC*

and uD* is that of uniform convergence on compact sets bounded in norm.

Proocf. For C that is clear since it is the topology of uniform convergence on the

unit ball and its scalar multiples. So let DeD and X be a compact subset. A zero

neighborhood in the compact convergence topology is
{gep* | lgl < 1 and lo(x)| < e for all xex}

where € » 0 . Now there is a finite subset L SVRRRTE N such that X c U (xi+(€/2)uD)

where uD is the unit ball of D . The set
{geD* | lpl £ 1 and Im(xi)l < e/2, i=1,...,n}

is a neighborhood of 0 in the pointwise convergence topeology. But if ¢ belongs to

the latter set and xeD , X = xi+(s/2)y for some vy with Iyl <1 . Then
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lo(x) | = |m(xi)| + e/2 | oly)| < €/2 + €/2 = ¢ and thus ¢ belongs to the former.
(3.12) The result of this is that if ¢—— D is a map the induced map D*— C* 1is
continuous on uD* and hence on D* ., The same is true of a continuous linear func-
tion. For the topology on C is coarser than that of the norm, a fact which follows
immediately from the representation in D . Thus a continuous linear function C— D
is also continuous in norm and hence bounded. It follows that some scalar multiple of
it is a map C— D , induces a map D*— C* and dividing by the scalar gives us again
a continuous linear D*— C* .

(3.13) We now define (C,D) to be the space of gontinucus linear functions C-— D
equipped with the usual sup-on-the-unit-ball norm. The previous paragraph implies
that there is a map (C,D)—— (D*, C*) . It is routine to see that that map preserves
norm. Both (C',(C,D)) and (C,(C',D)) can be identified as the set of all bilinear
maps CxXC'—- D which are continuous on the product of the unit balls. The fact that
the usual hom/cartesian product adjointness works well when the domain spaces are com-
pact (Relley] , Chapter 7, theorem 5, p.223) implies the same here. The only thing
left is to show that objects in C and D are reflexive.

(3.14) Proposition. Let AeA and aeA be an element of norm > 1. Then there is a
functional ¢ on A such that g(a) > 1 and legl 1 .

Proof. Since the unit ball of a banach space is closed so is the unit ball in a pro-
duct of banach spaces. This property holds as well for a subspace of such a product.
Thus the unit ball uA is closed in A and ag¢guA . Thus there is a convex circled
neighborhood M of 0 such that (a+M) n uA =@ . It follows that (a+%M) n (uA+:5M) =
# so that N = uA+k4M is a neighborhocd of 0 whose closure does not contain a .

The gauge of N , defined by
p(b) = inf {A|beNl} ,

is a seminorm on A with p(b) £ bl for all b and p(a) > 1. The functional ¢
defined on the one dimensional subspace generated by a ¢(a) = p(a) has, by the Hahn-
Banach theorem, an extension to all of A for which ¢(b) < p(b) < Ipl .

(3.15) This means that no matter how A* 1is topologized, as long as it bears the sup
norm, the natural map A-——> A** is norm preserving. For given any ¢ > O , there is
a g¢eA* of norm < 1 such that |p(a/(1-¢)lal) | » 1 which means that [¢(a)|>

(1-e)lal . Thus the
sup {[g(a)| | lol =1} = lal

while the other direction is automatic. It follows that a , considered as a functio-
nal on A* , has norm equal to lal.

(3.16) This implies, in particular, that A—> A** is an injection. Let CeC . The
topology on C** 1is that of simple convergence on C* . Since each geC* 1is continu-
ous, it follows that C— C** ig continuous in that topology. We will show that the

image is dense. Suppose feC** | 3 neighborhood of f 1is determined by a finite num-

ber Ppreees® of functionals on C and an € > 0 as

{g |1 (g-£(o )] < e} .
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Now ker ¢s is a subspace of codimension 1 so that ker 9qN...n ker . has finite
codimension. Let A = C/ker @1n...n ker ®, - Then A* ig isomorphic to a finite di-
mensional subspace of C* , (in fact, they are generated by @l,...,mn). The restric-
tion of f to A* is, by (3.7), represented by an aechA . If ceC is a preimage of a
then the corresponding element of C** 1lies in the neighborhood of f described above
(in fact for any e » 0). Now suppose lfl <1 . Then lal = lIfja*l<l£fl< 1 and so ¢
may also be chosen to have norm < 1 . Since uC is compact, its image is closed but
every element of C** of norm < 1 is in the closure of that image. Thus the image
of uC is wuC** and that of C is ¢** | Since uC is compact that map is homeo-
morphism on unit balls and hence C—* C** is an isomorphism (see the discussion in
(3.8)) .

(3.17) Proposition. Let A be embedded in B . Then any functional ¢ : A— K with

lol <1 has an extension to B of norm < 1 .

Proof. Since K 1is complete and continuous maps are uniformly continuous, ¢ has an
extension to the closure of A . Thus we may suppose A closed in which case so is
AO = ker » . In that case A/AO is embedded in B/AO and A/AO is a space of di-
mension 1 (except in the trivial case that ¢ = 0) generated by an element a such
that ¢(a) =1 , whence lal > 1 . We know from 3.14 that there is a linear functio-
nal ¢ on B/AO with y(a) > 1 and Iyl <=1 . The required functional is

b— y(b)/Yla) .

(3.18) Proposition. Every AeA 1is quasireflexive.

Proof. We have shown that every CeC is reflexive. Suppose {qw:Ca—ﬁ Al is a family
*

of maps Cweg such that the induced A*— ch is an embedding. Suppose f: A*— R

is a functional with Ifl < 1 . Then we know that f has an extension f# to a func-

* *
tional on ch whose norm is still <1 . Let f = f#lcw . If E“fw" > "f#” (in

particular if more than countably many fw # 0) we could find a finite set w=l,...,n

such NE l+...+he 1 > 1gf #)
1 n

*
. Let Z=lfll+. .+l - 1If and ¢.¢C., such that
1 n 1771

*
- _ I o . .
"@iﬂ 1 and f,(9,) > “fi“ €/n . Then let (9 )ellchave ¢; in the ith coordi
nate and 0 elsewhere. We have f(mw) = fl(¢1)+...+fn(¢n)

v

[
Hle+Hf2H+...+an €

il

]

while ﬂ(@w)" = 1, a contradiction. Now each fwscz is repesented by an element c e
Cy and of course E“Cw" converges. Then with a = g(cw) , Eﬂaw" <1 so that# an
converges (in norm, a fortiori in the topology) to an aeA . If geA* , f(¢)=f ((ng))
= z(Pgw(cw) = w(zgwcw) = g(a) . The next to last equality follows from the fact that ¢
is additive and continuous.
(3.19) Now with DeD , both D and D** are banach spaces, the map between them is bi-
jective and preserves norm (see 3.15) and is thus an isomorphism. This £inishes the
proof that C and D constitute a pre-*-autonomous situation.

We should now verify IIT.4.2(v). Unfortunately it is not quite true in the form

stated. The condition is satisfied for norm-preserving embeddings (use the same argu-
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ment as in 1.10). The way out is to let T(Cl,Cz) have the norm of 1Cl!®|C2l and
the topology of (Cl,C;)* . Then the map constructed to the Corcllary of IIT.27 will
necessarily be continuous and can be proved ad hoc to be norm non-increasing. To see
this, we begin with

(3.19) Proposition. For any A,BeA , the natural embedding
A(A,B) — A(B*,a*)

is norm preserving.

Proof. If £ : A— B ,

Teh = sup {Neca)l |lal =1} .
Suppose Ifl = 1 . Then for any € > 0 , there is an aeA such that lal = 1 and
I£(a)l > 1-¢/2. There is a linear functional B on B such that Igl = 1 and
[Bf(a)| > 1-¢. But then
*
ial =1, 1f ga)l > ~¢
which implies that
l£x8ll > 1-¢ .

Since this is true for all e > 0 and W8l =1,

el = 1 .
Since lf*l < Ifl =1 , it follows that

l£xl = 1

Corellary. The natural embedding
V(A,B)— V(B*,A*)

preserves norm.

(3.20) Now we suppose that
f . Ci—~+ éjCZ,A)

has norm 1 and that ? : (Cl,CE)*——+ A 1is the map induced by the Corollary to III.2.7.

We must show % has norm < 1 . The map

# - - * *
£ 2 O A(C,,R)-—> A(A¥,CE)

still has norm 1 and T has the same norm as

~

f* : A¥—> (Cl,CS) ;
Now if ¢ €C aehA* c€C, are such that HclU = lagl = HYZH =1 , then
I f#(Cl) <1
which implies that
et

(Cl)(a)” <1

and hence that

#

| £ () () (c2)| <1 .
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But f#(Cl)(u)(Cz) = ;(a)(cl)(cz) and since «,C.,C are arbitrary elements of norm

1772

1 , the inequality

iA
b

| £(a) (€} (c,) I

successively implies

IF (o) b <1 )
FE(wl < 1
17l <1

which establishes what we need. Since no other use was made of IIT.4.2(v), we may ig-—
nore that condition here.

The objects in D are banach spaces and hence are complete. As for C , re-
call that the "underlying set" is the unit ball and for spaces in C , this is compact.

Thus the requisites for our construction are present.

4. Modules over a Hopf Algebra.

(4.1) Let H be a cocommutative hopf algebra over a field K . This means that H

is a vector space over K , equipped with X-linear maps
n: Kk—H ; ¢ : H— K
B : HBH—> H ; § : H—> HGH
1 : H— H

such that ¢ and § determine a cocommutative coalgebra and n,u,1 a group object
in the category of cocommutative coalgebras.

(4.2) The best known example is the group algebra K[ G] of a group. Here «(g) =1,
§(g) = gg and 1(g) = g_l for geG . Note that the algebra is commutative iff G
is. The second best known example is the enveloping algebra LY of a lie algebra L
The operations are the unique algebra homomorphisms for which e(®) =0 , §(R) = 1lef
H®l and 1) = - for feL . Most of the many features which are common to the
theory of groups and of lie algebras belong in fact to the theory of hopf algebras.
(4.3) If H is a hopf algebra we understand by an H-module a module for the associa-
tive algebra whose multiplication is given by 1© . A morphism £ : M— N of H-mo-
dules is simply a module homomorphism. We let H denote the category of H-modules.

(4.4) We adopt Sweedler's notation and write for heH ,

(2)

although in practice, the index on the summation is usually omitted.

Sh = £Z h,,, &h
p D

If M is a module, let UM : H@M—-> M denote the action of H on M .
(4.5) Let H denote the category of H-modules and morphisms described above. If M,N¢H,
let H(M,N) denote the abelian group Hom(M,N) equipped with the H-action defined by

(hf) (m) = Z h(l)f(lh(z)m) .

In the case of a group G , this formula amounts to
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(x£) (m) = x£(x Tm), %G
which is more-or-less standard while for a lie algebra L , it becomes the "bracket"
{xf} (m) = xf(m) - £(xm), xeL .

(4.6) Proposition. Let M,N in H . A K-linear map f : M—> N is a homomorphism

of H-modules iff for all heH , meM ,

{eh)f(m) = Z f(ih, .. m .

(2)

Proof. To motivate the proof we consider that case H = K{G] where G 1is a group.

By

In that case, the formula above becomes, for all xeG ,
-1
f(m) = xf(x "m)

which is evidently equivalent to

and since x_l is arbitrary, this means
xf(m) = £(xm)

for all xeG . The proof below is a translation of this into diagrammatic language.
It is worth mentioning that a purely combinatorial argument would seem nearly impos-
sible. The proof is gotten by juxtaposing commutative diagrams. Since 1 is an invo-
lution of the coalgebra structure €1 =¢ , 61 =8 . If we replace h by +ih the

formula above becomes

eh) f(m) = (Zth}f(m) = Z1h f(th,.,.,m
(eh) £ (m) ( } £ (m) (1) ( (2) )
This can be written
(%) Hy-HOL . HOU . 1GHBM. §BM = f.eBM
where we use the canonical isomorphism to identify K&M with M . Then we have a com-
mutative diagram

HEM —of s HeN

SeM doN =
HEHG £ HGEBN "5
H@®HBM ————— > HGHBN H®N N .

The left-lower sequence of this diagram is the upper-right of next. The polygon marked

H®(*) 1is exactly that, (*) being the formula labelled above.
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HeM Haf > HEN
saM 5@
£
HRHEM HEHET > HEHEN
HR5aM =
H&EaM
HRERN
HRHRHEM
\:
HR 1 8HEM e —1P2f Sy
H@ (*)
¥ M
HRHRH&M U
HQHQHM QUN
v
HRHEM HOHSS 5 neHeN N

Then we have a commutative diagram

&
H@Mm—M———b HOHSM
S&M HeSSM
v
SHS S &
H@H@MM«—» HSHOHGM _i{__l@ﬂ—M)‘ HSHSHSM
@ SHB H®H®
H UM H@H HM H UM
v
deM =Y
HoM —2M | gepem 2t | newem
HBf HEH®E HEHSf
’ HEU
§ )
H®N ——EE—————+ HBHGN H@10N H&HBN N -+ HBN
€3N BN UN
4
naN ot
K®N H®N ———— N .
Finally we have a commutative diagram
H®u
M H&f
HOHSGM - HOM H@N
§$ € @HOM € 3M £@N
) L
K&
S
HEM KGHOM M, ke X8 ken 2, gen
N - B N x
e
UM £

HBM - M > N .
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Putting these diagrams together, we see that (*) implies that f.UM = uN.H®f . This

is, of course, the condition that f be an H-homomorphism. To go the other way the

equations
f(hm) = hf(m} ,
=X )
eh h(l)(lh(z))
imply that
Zh(l)f(lh(2)m) = Eh(l)(lh(zﬂf(m)
= (eh)f(m) .

(4.7) If H is a hopf algebra over K , the augmentation € : H—>r K determines in
an obvious way an H-module structure on K . If M 1is another module, a K-linear map
K— M is determined uniquely by an element meM . In order that the map be a morphism
in the category the element m must satisfy, for all heH ,

{¢eh)m = hm .
In particular, a map

K-—-= H(M,N)
is determined uniquely by a K-linear map f : M—> N such that

(eh)f = hf

which means, in view of the H-action defined in (4.4},

{eh) (fm) = Eh(l)f(ih(z)m) .

i.e. that f 1is an H-homomorphism. Thus we have shown,

Proposition. For any M,N in H ,
Hom(M,N) = Hom(K,H(M,N)) .
{4.8) Define M®N to be the K-module Me, N with H-action given by

h(m®n) = Eh(l)mGh(z)n

Since the algebra is cocommutative and coassociative, it is easy to see that this gives

a symmetric, associative tensor. The counit identity

h = Zh(l)(eh(z))

gives rise to an isomorphism

~

M o> MK

so that this ® makes H into a symmetric monoidal category.

(4.9) Proposition. For any M,N,P in H , there is a natural isomorphism,
Hom (M®N,P) — Hom(M,H(N,P)) .

Proof. Since as a K-module, MBN = M@KN and H(M,N) = HomK(M,N), there is a canonical

isomorphism,



63

HomK(M®N,P)———+ HomK(M,g}N,P))

Thus the only thing to check is that amorphismon one side corresponds to a morphism on
the other. If £ : MBN—> P is a K-linear map it is a morphism iff it satisfies, for

all heB , meM , neN ,

(eh) £ (m®n) Zh f(ih(2 (men) }

(1) )
(i) =2 h £0h 0 @R o o)
The corresponding map E : M—> H(N,P), defined by
f(m) (n) = £(mon)
must satisfy for all heH , meM
(ch(fm) = T h(l)E(m(z)m)

which means, for all neN ,

(eh) (Fm) (n) = h [ F(h ym) (n)

(eh) f(m@n) = = h(l)(I)E(lh(z)m)(lh(l)(z)n)
(ii) = T higy g, f0h ,ymeth Ly o)

To see that these are equal, let uM , UP denote the maps describing the action

N r
of H on M,N,P, respectively (e.g. pM : HM — M) . Alsc let o© : H®H— HGH de-
note the interchange isomorphism. From the cocommutativity and coassociativity, it

follows that the diagram

§
H——— H
8 H®S H®S
HeH —-S-?L HeH®H “ﬂ—* HBH®H
commutes. This implies that for heH
Z h,  ®h ®h =2Xh @h,_ &h
(1) (2 (1) (2)(2) ()1 (23 (1) (2)

By applying H®181 , tensoring with m®n and applying an interchange, we conclude that

Zh em®1h )®n = Zh ®1h m®1h @n .

(l)®1h(2)(l) (2) (2 (1) (1) (2) (1) (2)

Now apply uP.HGE.HGUM®uN and the required identity of (i) and (ii) results.
(4.10) Theorem. H is an autonomous category.

Note that the set underlying E(M,N) is HomK(M,N) , not Hom(M,N) . Thus we
have an example which features pseudomaps distinct from maps. In the development in
chapter IIT it may have appeared that the pseudomaps should have been taken as the pri-
mary category. Although that point of view would have simplified the language, it would
have led in the current instance to considering the category whose cbjects are H-modules

but whose maps are just K-linear.
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(4.11)Until now we have not used the fact that X is a field. Thus the preceding re-
sults are valid for arbitrary hopf algebras. What follows will require that X be a
field although it would likely be sufficient that K have a dualizing meodule.

(4.12) It is evident that H 1is a variety as well as closed monoidal category. It
should be noted that the theory of H is not in general commutative (the theory of

K G] -modules in commutative iff G is) and even if it is, the closed structure is not
the canonical one. This is reflected in the existence of pseudomaps distinct from maps.
The pseudomaps M-— N - i.e. the elements of H(M,N) - are the K-linear maps while
the maps are the H-homomorphisms.

Since the category H is abelian, the category Un H is equivalent to topolo-
gical H-modules. We let D be the discrete H-modules and C be the category of topo-
logical H-modules which are, as K-vector spaces, linearly compact. The dualizing object
is K equipped with the H structure induced by ¢ . As usual we let A denote the
subcategory of objects which have a D-representation. Evidently the vector space un-
derlying any such cbject is a topological K-vector space with enough discrete repre-
entations. We also know that if Med , the space underlying ﬂ}lMI,K) is the same as
the dual space of the vector space underlying M . The same is evidently true of

M* = A(M,R) . Thus the linear transformation underlying the canonical map
[M]—— H(M*,K)

is an isomorphism and hence this map is an isomorphism. This shows that every object
is quasi-reflexive.

To show that objects in C have a D-representation, it is sufficient to observe
that every topological K-vector space which has a neighborhood basis at 0 of open sub-
spaces, has a representation by discrete spaces. If such a space is the vector space
underlying an object of Un H , then that object already belongs to A . For it is
sufficient to find a family of pseudomaps, i.e. linear, but not necessarily H-linear,
maps. For that, you can take the maps to discrete spaces which can be given H-module
structures as direct sums of copies of K . In particular this holds for all CeC .
The pre-*-autoncmous structure is evident. The module of continucus maps of C—> D
is topologized discretely and given the H-structure described in (4.5). The continu-
ity required of the H action insures that hf is continuous when £ 1is. The remai-
ning parts of III.4.2 are immediate. Recall, in showing the fifth, that the vector
spaces underlying C* and A* are the continucus K-linear functionals on C and A,

respectively. Thus the general theory applies here.
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5. Topological Abelian Groups.

(5.1) In this section we let V be the category of abelian groups. We can and will,
as observed at the beginning of this chapter, identify Un y:with Top V, the category
of topoleogical abelian groups.
Let A be an abelian group. By a semincrm on A is meant a function
p:A—R
Such that
i) p(0) =0 ;
ii) pla-a') < p(a) + p(a') , for all a, a' € A.
Trivial consequences are
iii) pla) S0 (take a=a' in (ii) ) ;
iv) pfla) = p(-a) (take a'=0 in (i1) ) ;
v) pla+a') < p(a) + pla") ;
vi) |p(a) - pla')| < pla-a")
(5.2) An invariant pseudometric on A is a pseudometric d such that
i) d(a,a') = d(a+a", a'+a"), for all a,a',a"€ A .

Trivial consequences are

ii} df(a,a") = d(-a,-a') ;
iii) d(a-a') = d(a-a", a'-a"}
(To prove (ii), d(-a,-a') = 4{0, a-a') = d(a-a',0) = d{a,a'). )
(5.3) Let p bhe a seminorm on A . Define a function
. alp) + A x A —R
by
(a,a') = pl(a-a')

Then for a,a',a" € 3,

a{p) (a,a") pla-a')

A

pla-a") + p(a"-a')

a (p){a,a") + a(p) (a",a")

so that o(p) is a pseudometric. Also,

a(p) (a,a") = pla~a")

[

p— P (a+a||_all_al)

h

P[ a+a"—(a"+a' )]

H

a(p) (ata', a'+a")
and we see that o(p) is an invariant pseudometric.
Let d be an invariant seminorm on A and define a function
B(d) : A— R
by
Rd(a) = d(a,0)
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Then

£4(0) d{0,0) =20

Il

i

gd(a-a') = d(a-a', 0)
= d(a-a'+a', 0+a')
= d(a,a'")
< d(a,0) + d(0,a"}
= d(a,0) + d(a',0)
= Bd{a) + Bd(a')
so that R4 1is a seminorm.
(5.4) Proposition. The correspondences

p — a(p)

d —— g(d)
determine a 1-1 correspondence between seminorms on A and invariant pseudometrics
on A .

Proof. We have
afd(a,a') = Bd(a-a')
d(a-a', 0)

i

d(a-a'+a', a'")
= d(a,a') .

Also,

Bap (a) aop(a,q)
= p(a-0)
= p(a)
Thus o and B are inverse isomorphisms.
(5.5) Proposition. Let A be a topological group and p a seminorm. Then the
following are equivalent:
i) p 1is continuous ;

ii} p 1is uniformly continuous ;

iii) oaf(p) 4is continuous ;

iv)y of(p) is uniformly continuous .
Proof. If p is continuous (resp. uniformly continuous) o(p) is the composite

2 xA— R
in which the first map, subtraction,is uniformly continuous, so the composite is. If
a{p) is continuous (resp. uniformly continuous), p = Ba(p) is the composite
A——»sz\ﬂﬂm.
The components of the first map are the identity and 0 and it is uniformly continu-
ous. Finally, suppose that p is continuous. For € > O , choose a neighborhood
M of 0 such that
a€ M implies pla}) < g .

Then for a € A, a' € a+tM implies

|p(a) - p(a')| < pla-a') < e .
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(5.6) Let A be a topological abelian group and M be a neighborhood of M. Then
so is -M and MO = MM (-M) . The set MO is a symmetric (i.e. MO = —MO) neighbor-
hocd of 0 contained in M . We may inductively choose a seguence

Ml,Mz,Mz,....

of symmetric neighborhcods of 0 such that
M+M T M
n o n n-1

for all n >0

If o 1is a finite set of strictly positive integers, let

-i,
AMa) = Z{277|i € o}

be the corresponding dyadic rational number.

If A is a positive dyadic rational, define a subset M{(A) of A by
M{(A) = A, if X >1

M{1) M

o]

M (@) = Z{M [i € o} .

(5.5) Proposition. For any dyadic rationals p and v ,
M) + My} © M) .
Proof. If wp+v > 1, the conclusion is evident. If u=l and v=0 or vice versa,
the conclusion is also evident. Thus we may suppose
u>1 o o v>1 .
This means there are finite sets of integers o and 8 such that
Ala) = v ;3 A(B) = v .
The proof is by a double induction; first on the cardinality of o M B and second on
the smallest integer in o N B . Thus we begin by supposing that
ang=4g
In that case, we have
Aa U B = Z{27 i€ o U g}
=271 € o} + 2{27 i € g}
since the union is disjoint. Thus
Ala U B) = A(a) + (B)

Similarly

]

M (A{a) + A(B))
M (Ma Y R))
Ty, |1 € o U g}

M{p+v)

T{M,| 1 € o} + Z{M, |1 € 8}
3 1

If

M (2{®) + M (A(BY)
M(u) + M(v)

1]

Next we suppose that o M B # 0 and that the conclusion is valid whenever
u o= A(a") ; v o= A(B")
and o' N B' has fewer elements than « N B and that it is also valid when a' 0 B'

has the same number of elements but the least integer of o' M @' is smaller than
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that of o N R

Now let i be the smallest element of «o B . Then if 1 =1,
1
> = S
U*zr \)‘2

and the only possibility consistent with

is

=
i
<
L}

N |-

in which case the result follows from

M.+ M C M

1 1 0
Now suppose i > 1 . Since
i-1 & angp
it is not in at least one of them. Suppose, say, that i-1 € o . In that case, let
a' = a - {i} U {i - 1}
B* = B - fi}.
Then if i-1 & B , ' M B3' has fewer elements than o M B while if 1i-1 € B ,

they have the same number of elements but the least element of o' N f' is i-1
which is smaller than that of o M B8 . In either case, our inductive hypothesis
implies

M (A{a")) + M (A(BY)) C M (A") + A(B"))

Evidently
Aat) = oa) - 27t 4 g7
A(BY) = a(B) - 2%
so that
Ala') + A(B') = Afa) + A(R)
Finally,
M (A(@) +M(A(B) = M%Hea}+M%HEB}

= E{thj € a-{i} } +m, + Z{MjIj € g-{i} } + M,

C z{Mj|j € o-{i} } + M, + Z{Mj\j €8}

1
= E{Mjlj €a'}l + E{Mjlj €'}

= M (A(a")) + M (A(B")
C MA@’y + A(B")) = M(ra@ + A(B)
Corollary. If u £ v are dyadic rationals, then
M{u) € M(V)
Proof. For the difference of two dyadic rationals is one so that
M{u) € M) + M(v-p) € M(v) .
(5.6) Proposition. The topology (resp. uniformity) of any topological abelian group
is given by a family of continuous seminorms (resp. uniform invariant pseudometrics).
Proof. Let A be a topological group and M a neighborhood. There is then a family
{M(m ] A a ayadic rational }
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of symmetric neighborhoods of 0 such that
M{1l) ¢ M
M(A) + M{u) C© M(r+yp)
and wﬁenever Ay,
M{x) € M)
Define a function
Pp:A— R
by
pla) = inf{)]a € M1}
as A runs over all the positive dyadic rationals.
(5.7) Proposition. The function p has the following properties.
(1) p(0) =0 ;
(ii) p(a) = p(-a) ;
(iii) pla-a') = pla) + pla") ;
(iv) p is continuous ;
(v) pfa) £ 1 implies a &€ M . _
Proof. (i) is evident from the fact 0 € M{()) for every positive dyadic ratidnal A
(ii) Since each Mi is symmetric so is each M(X) . Thus

pla) s A
if and only if

a € M(2)

if and only if
-a € -M()\)

if and only if
-a &€ M(J})

if and only if
p(-a) < A

Since the dyadic rationals are dense, this is only possible if
pla) = p(-a)
(iii) It is sufficient, now, to show that
pla + a') £ p(a) + p(a") .
Now let € > 0 be given.
Since the dyadic rationals are dense on the line, there are positive dyadic rationals
A and A' such that
pla) < A < p(a) + g/2
and
p(a') < A' < p{a') + €/2
It follows that
a € M())
and
a' € M(A")
so that
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a+a' € M\ + M (A"
M(A + ")
so that
plata’™ < x + A7
< pla) + pla') + ¢
Since € > 0 1is arbitrary, this is possible only if
plata') £ pla) + pla")
(iv) Let a€ A and ¢ > 0 be given. Let A be a dyadic rational such that
A< e .
Then a + M(A) 1is a neighborhood of 0 and if

a' € a+ M{}) ,

we have,
a' -a € M
or
pla'-a) € A < e .
But
p(a) = p(a-a'+a') £ p(a-a') + pla")
gives
pla) - pla') <= p{a—a')
Similarly,
pla') - p(a) € pla'-a) = pla-a")
so that

|p(a') - p(a)\ < pla'-a) < € .
(v) This is by definition.
(5.8) This essentially completes the argument. For we have shown that for any neigh-

borhood M of 0 , there is a seminorm p such that

0o € p (lo,) C m
while the continuity of p guarantees that p—l([O,l]) is a neighborhood of O.
{5.9) At this point we require a digression on the sums in the category of topological
abelian groups. Let {Aw} be a family of abelian groups. Then
A=2XaA

w
denotes, as usual, the subgroup of HAm consisting of all sequences with only a

finite number of non-zero terms. If for each w , P, is a seminorm on A , let
w
p = (pw) be the seminorm on A defined by
= Z .
p(am) P

It is trivial to see that p 1is a seminorm on A and that if u, : Am———+ A is the

. . th
inclusion of the w summand, then

Pw = Puw i
Now supposing each Ai is a topological abelian group we endow A with the weak
topology for the set of seminorms p = (pw) so defined as each pw runs independently

over the set of seminorms on Aw . We call this the direct sum topolegy on A , a
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term which we will justify later.

Before stating the next proposition, it will be convenient to say that of two
seminorms p and g on A , p refines g 1f p =2 g . This is egquivalent to the
assertion that for all € > 0 the cover of A by

{MC A|a,a' EM-~=>pla-a') < € }
refines the cover by
{MC A’a,a' € M=>qgla-a') < e } .
A basis of seminorms p is a set of seminorms with the property that for any semi-

norm ¢ there is an € » 0 and p € p such that p refines egq .

(5.10) Proposition. Let A and B be topological groups and f: A|——*¢B| be a
homomorphism of the underlying discrete groups. Then § is continuous iff for every
continuous seminorm p on B , p.f is a continuous seminorm on A .
Proof. Supposing f is continuous, so is p.f while the seminorm property is evi-
dent. To go the other way, let b € B . Every neighborhood of b is of the form
b + M where M 1s a neighborhood of 0 . Let N be a neighborhood of 0 such that
N +NCM and let p be a seminorm on B such that
{b'|pb") <1} C N .
Then if p.f 1is a seminorm on A ,
falp (F (@) < 1} <5
is a neighborhood of O . We have
a€f w4 m
if and only if
fla) € b+ M
if and only if
f(a) -b € M
which is true if
p(ftay -p < 1 .
Now if
e = 1l-p(fay - > 0
and aI € A 1is such that

|pfla) - pfay| < €,

we have
p{fla’) -b) = p(f(a") - f(a)) +p (f(a) - D)
< € +1-¢=1
so that
f{a'}) € b+M .
Thus
FT e+

is an open set in A and hence §f 1is continuocus.
(5.11) Propecsition. Let {Aw} be a family of topological abelian groups. Then the
topology on

A = Z A
w
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described above is the finest for which each inclusion

is continuous.

u : A — A
w ©

Proof. It is evident that if for each w© , pw is a continucus seminorm on Aw

and p = (pm) , then p = Peu, -

Thus for each such p , p-u, is continuous and

hence each u, is. Conversely, suppose ¢ 1is any seminorm on A such that 9.4 =P
is continuous for each w . Let p = (Pw)' Then for
a = (aw) €A
we have
a = Euw(a)
so that
gla) = g (Z um(aﬁ
< Zz qum(a)
= X pm(a)
= pla')
and consequently p refines g . In particular, g is continuous in the topology
defined by all such p .
Corollary. The direct sum topology is the categorical sum.
Proof. If B 1is a topological group and fw; Am——+B is a continuous homomorphism
for all w , let
f: Zz A —B
be defined in the usual way. Then fum = fw . If g is a seminorm on B , af is
a seminorm on A , qfum = qfw is a seminorm on A, and hence qf is a seminorm on

A with the direct sum topology.

ness of f is clear.

(5.12) Here and henceforth in this section, we let T = R/Z . For a topological

abelian group A, A* 1is the group of continuous homomorphisms

Thus f is a continuous homomorphism. The unique-

varying ways. Here we take the topology of compact convergence.

Proposition. Let {Aw} be a family of topological abelian groups. Then there is a

canonical map

Z A * — (Ipn )*
w w

and that map is a natural isomorphism.

Proof. For each w there is a projection

which dualizes to

7 :1a — A
W W 0)

A * — (IIpn )*
w w

The universal mapping property of the sum gives

which is evidently canonical and

ZA* — (In )*
@ w

natural. Now suppose

iy

A— T topologized in
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f :IAa ——T
)
is a continuous homomorphism. Let

u : A —JA
w

b b
be the map which is the identity on the ¢ coordinate and O on all others. Let
f =f.u -
w w

I first claim that only finitely many fw are different from 0 . For let M be
the neighborhoed of 0 in T represented by the interval(_ 11 ). Evidently M
4 "4
. . 1 .
contains no non-zero subgroup of T . [ Repeated doubling of a t € (O,Zﬁ will

eventually, by the archimedean property of the reals, put it into the interval (;‘ _l)
4 "2

Similarly for a t € (%—, O) .]  Thus the image of a non-zero subgroup cannot lie in

M . Now f_l(M) is to be a neighborhood of 0 in MTA . This means that

-1
f Ty D IIMm

where Mm is a neighborhocd of 0 in MuJ and except for finitely many w , say

W= W,y aeey, W M =A . In particular
1 n [ w
-1
f (M) D B = 7B
w
where
0, W= W, ee-y W
Bw _ 1 n
Am , otherwise .
Since B is a subgroup and
f(B) C M
it follows that f (B) = 0 . 1In particular since
u{A) CBR
w W
for
ey W
w # W, h
it follows that
f = ; oo W .
w 0 w 7 m1 n
Then_if
a=(a)€n ,
w
the difference
.= —— - ...
a a Z{Uwaml W= W, ; wn}
belongs to B so that f(a') = 0 . Hence
fa = f(fua)
ww
= I fu a
wow
= I f a
ww
= £Ff 1ma
W w
so that
f o= 3sfa .
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This shows that the canonical map is at least an algebraic isomorphism.

Now let Mi be the neighborhood of 0 in T represented by the interval

(-2 7, 27
for i 2 2 . fThen the family of all Mi is a neighborhood base at 0 . In particu-
lar
= 1
M2 Iy
(as defined above). WNow a neighborhood base at 0 in A* consists of
Flf = <ml
i
as X ranges over compact sets and i over all integers > 2 . Since x Y {0} is

compact when X 1is and
FlFw emd 2 JFf v foh Cu
i i

we can restrict to X which contain 0 . If
-2
F27 %) ¢ My, =M,
then, since for all x € X , and integer i ,
0 < g < 2t7?,
. . - . i-2
Jx = Jx + (2l 2 - jyo € 21 X
then for all such Jj ,
f(ix) € M

If f(x) & Mi , there is same 7J < 21—2 such that
fx) &
which is a contradiction. 1In fact, 3 may taken as 2 raised to the power

4 + [log2 lr]|]

where r 1is the absolutely least residue of =x (mod 1).

Thus

FlFe cm) > g (272 C mi
Since 21—2X is compact when X 1is — it is the image of the 2i—2nd power of X
under the addition map of that power of A to A — the sets of the form

{lfx) cm
*
as X ranges over the compact sets in A form neighborhood base at 0 in A .
Now let p be the seminorm on T which assigns to x , 4 times its absolutely least
least residue, modulo 1. Then
xEM &3 p(x) <1
Thus
f(x) CM

. . A
if and only if pf < 1 on all of X . If we let X denote the seminorm defined by

A
X¢f) = sup {p f(X)[X € x}
then f belongs to
{glg(x) € M}
if and only if
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A
X)) <1 .
A .
Thus the seminorms X determine, as X ranges over the compact sets of A , a basis
*

of seminorms of A .

Now returning to

if XxXCA is compact, T X 1is compact in ﬁn . Evidently
o

X 2 X# = IIm X

so that
Glmcom > ¢lraEh cm

A A
or, equivalently, X 1is refined by X# .

Now if

Y =xU {0} U (-x)

X7

. I§) . A . .
Y 1is altso compact and Y vrefines X . Thus a basis of seminorms of A = HAw con-

A
sists of ¥ where X 1is compact

X =1lr X ,
W
0o&ex ,
and
X¥=-X .
I claim that under these hypotheses
A A
X=((mx) )
W
(5.13) At this point, we require,
Lemma. Let n > 1 and Xl' ey Xn € T be such that the absolutely least resifue
of Xi is positive,
3
bpx, <1, 3=1, ..., n-1 ,
) i
i=1
and
<1 .
px.
Then the absolutely least residue of
n
b x
i=1 7t
is positive. Moreover,
n n
E Pxi = P 2 %5 -
i=1 i=1

Proof. We will confuse %5 and its absolutely least residue. When n = 2 , the

hypotheses are that

N e e
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and, of course,

X, *x
1

.

1
<—
2 2
This implies that xl + x2 is its own absolutely least residue and hence that that
residue is positive and moreover that

)

p(xl + x5 4(xl + xz)

4y + 4x

1 2
p(xl) + p(xz) .
For larger n , we may suppose inductively that the assertion is valid for n-1 .

Then the hypotheses are satisfied by

n-1
2 Xi and xn
i=1

n
Hence the absolutely least residue of 2 n, is positive and
i=1

o]
I e~13
k]
[
It
e}
P S
-
I t~11
—
N
\/
+
o]
»
[a}

i

Il
o]
w
+
e}
x

Lopx
i=1

{5.14) Now we return to the proof of 5.12. We suppose that is a compact subset of
A such that

and

Let

be such that
Ry > 1 .
Then is there some x € X such that
pfx =2 1
Now f is a finite sum

fx) = T FfurTmx
W w
and

1 £ pfi{x) = p(E fuwﬂmn)

A

f
z P uw'ﬂwx

IN

f €
z sup {p uwnw|xm Xw}

= % (fu) .
w w
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Thus
A A
Flxd) <1} 2 2 x du) <1} .

To go the other way, suppose

I\
[
.

A
b f
Xm( um)
Then there are xw € Xm such that

>
I p fumxm z 1 .

(of course X and the Xm are compact, so these sups are actually attained. The
arguments would complicate somewhat but the same principle would work even if they
weren't.) Now since X and hence Xm is symmetric, we can suppose that the abso-
lutely least residue of each fumxuJ is positive. Since fuw = 0 for all but fi-
nitely many  , the sum is finite. Suppose the set of indices involved is Wyrenoyt .
How we may suppose, by induction, that

f =
z {p uwnw|m w

1’ n-1
By our lemma, this means either that
fu 2
P w qu 1
n n
or that
p(Z {fuwxm|m IRy wn})
=  {p fuwxwlw =Wy ey wn}

v

1 .

. . th
In the first case, let x € X have 0 in every coordinate but the W and X,
n

. th .
there. In the second case let x have Xm in the wi coordinate and 0O else~

where. In either case x € X while

f(x)y > 1
so that
A
Xty > 1 .
This shows that
[FI1R¢) <1} = (|2 X Fu) <1} .
w w

* *

Thus the topologies on T Am and (HAm) are identical and these groups are iso-
morphic.
(5.15) Proposition. A direct sum of complete groups is complete.
Proof. Let {Am} be a family of complete groups and

A = IAa

0]

and A' Dbe the same abelian group but topologized by the box topology — the one in
which the product of any family of open sets is open. First I claim that A' is a

topological group. In fact a neighborhood of (aw) contains a set of the form
Ifa +M) = (a) + 1M
w w 4] W

where for w , Mm is a neighborhood of 0 1in Aw . Moreover if Nw is a neigh-
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borhood of 0 such that

Next I claim that A' is complete. In fact, by an obvious additive analogue of 1.2.5,

it is sufficient, since A 1is complete, to show that there is a neighborhood base at
0 in A' consisting of sets closed in A . But of course the Mw may be taken as
closed neighborhoods of 0 in the Aw , whence the an is closed in A . Now let
B be the subgroup (of A') whose elements are those of the direct sum. I c¢laim that

B 1is a closed subgroup. For if

a = (aw) & B ,
then aw # 0 for infinitely many w . For all these w let Mw be a symmetric
neighborhood of 0 such that

a Z M

W w
Let Mm be an arbitrary neighborhood of 0 for all other coordinates and let

M = 1M

o

Then

(a )y + M

w
is a neighborhood of (a ) . 1If
w
b ) € (a) + M
w
then when
a # 0,
W
we have
a Z M
W
so that
-a &€ M
w
and then
+
0 €& am M
so that
bw # 0
Thus
b)) & B .

This means
(a}) + M
w
is disjoint from B . Hence the complement of B is open in A' and B is closed.
In particular B 1is also complete.

The topolegy on B  can be described as the one generated by the seminorms

p(am) = sup (pwaw)
where for each w , P, is a seminorm on Am' {Note that the sup is finite.) For if
M = B N 1M
w

is a neighborhood of 0 in B where Mm is a neighborhood of zero in Aw ., let pm
be a seminorm on Am such that

C
Mw {awfpaw < 1} .
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Then
if and only if

for all w , if and only if

sup pmam < 1 .

Thus the topology on B is coarser than that of the direct sum (which,

determined by pr where each P, is a seminorm on Aw)' Now we may infer the

completeness of the direct sum from another application of I.2.5. It is the suffi-

cient to show that the basic neighborhood

= <
M {(a) $ pa, < 1}
is closed in B . Suppose
fa) ¢ M
w
which means that
z P2, >1 .

Choose € > 0 so that

recall,

W w
Since (aw) e I Aw , this sum is actually finite. Let Wor weer W
nurber of indices involved. Then for i =1, ..., n , define seminorms qw
i
A, 7 npw./E )
i i
Let
a, = ©
for indices w # wl, ey wn. Then evidently qw is a continuous seminorm on
Moreover, if
(b) € B
w
is such that
su b < 1
P qw © ’
we have
= <
q(JJ bm' npm‘bbU £ 1
i i i i
or
<
pw,bw_ £/n
1 1
for i1 -1, ..., n . Then we have,
+b) = T + b
i pw(aw w B z pw.(aw w )
. 1 L 1
i=1
n n
> - b
X pw_awi E pml ml
i=1 * i=1
n
> I + & - 2 €/n
i=1

is

be the finite

by

A
W



= 1 + € - €
= 1
If
N = {bw,sup qb, < 1,
we have that
((a) +N) N M = ¢
w

and M 1is closed. This completes the proof.
(5.16} Proposition. Let
A = LA
w
Then every compact set in A 1lies in a sum of finitely many factors.
Proof. Let X be a compact subset of A . ILet % be an index such that there is

an element (am) € X with

aw # 0
Let Mw be a neighborhocod of 0 with

a M

v =M

and let pw be a seminorm on AW such that

M, 2 {a E.Aw|p¢(a) < 1}

¥
whence
(a,) 2 1
Pyt
Now assuming this to be possible for at least countably many coordinates, say
o= ¢l' Wz. R ’
then we can find such seminorms
P, « B,
v,

in the ith coordinate and 0 elsewhere. By hypothesis there is for each

i=1,2,... an element

wi
such that
p,a 1 2 1
v
so that
g.a, i 2z 1
i wi
so that
ala,) = lay 3, I
J
2 g, a 1
i wi
=2 1

But then g is a continuous unbounded real valued map on the compact set X which
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is impossible.
(5.17) Propesition. Let A and B be topological abelian groups. Then the canon-
ical bijection

AS®B— A xB
is an isomorphism.
Proof. This map exists in any pointed category and is, of course, a bijection of the
underlying abelian groups. If p and g are seminorms on A and B ,respectively,

(a,b)lpa + gb < l} = ’(a,b)‘pa < ] N {(a,b)lqb <1 } .
2

=

The left hand side is a basic neighborhood cf 0 in A ® B while the right hand
side is the intersection of two such in A x B . Thus the map is also open.
Corollary 1. The canonical map

(AQB)*—>A*XB
is an isomorphism.
Proof. By the canonical map is meant the one whose A* coordinate, for example, is
gotten by dualizing the injecticn

A—A@B .

At any rate, we have

* *
(A®B) = (A xB)
= A @B
* *
= A x B .

Corecllary 2. If Al' ey An are topoclogical abelian groups, the canonical map

* *
(v A.) —— TA,
1 1
is an isomorphism.
(5.18) Proposition. Let {Am} be a family of topological abelian groups. Then
the canonical map
* *
(A} —— IA
() w
is an isomorphism.
Proof. The fact that the canonical map is a continuous bijection is trivial. A

basic neighborhood of 0 in

*
(Za)
w
is
N(X,M) = {f|f (x) C M}
where
X € A
®
is compact and M is a neighborhood of 0 in T . It follows from 5.16 that X is

contained in a finite sum of A , say
w

C ® ... @ = I .
X Awl Awn A(wl, ' wn)

Thus N(X,M) is the inverse image of the set of the same name in
®
A(ml, ey mn)
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under the dual of the canonical inclusion

A{w., eeup, w ) —> L A .
1 n w

From the commutativity of

*
Alw,, ..., w) -—— A KewaX A
1 n

together with the previously established fact that the lower arrow is an isomorphism,
it follows that the inverse image of that set in I Am* is open. Since the upper
arrow is a bijection, it follows that inverse image is the image of N(X,M} under
the canonical map.

(5.19) Before continuing, it is necessary to discuss Pontijagin duality for compact

and discrete groups. If D is a discrete group, the group

*
D = (DrT)

. \ D
is topologized by the product topology, i.e. as a subspace of T .

- , . . D
Proposition. The group of homomorphisms of D — T is closed in T and hence
compact.

Proof. 1If x,y € D, the map

defined by
fb——f) + f(y) -fix+y
factors
TD—>TXTXT—>T
where the first map is projected onto the factors corresponding to x,y and x + y
and the second takes

(tl't2't3) | tl + t2 - t3 .

Both are continuous and so the inverse of 0 ,
Pl «+fy) = fix+9nlt
is closed. The intersection of these over all x,y € D is then closed.

(5.20) If C 1is a compact group, we let

*

C = (C,T)
with the discrete topology. We use here one highly non-trivial fact from the theory
of topological groups.
Theorem. If C 1is compact, then for any x &€ C , x # 0 , there is a continuous

homomorphism

such that ¢(x) #0 .
Proof. See [ Hewitt-Ross], 22.17 on p.345.

(5.21) This implies that for any compact group C , the canonical map
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* k
C—>C

is injective. The analogouz fact for discrete groups follows readily from the well
known fact that T 1is an injective cogenerator in the category of abelian groups.

The continuity, for a compact C , of

*%
cC —C

foliows immediately from the pointwise convergence topology of the latter and the
fact that every map in C* is continuous. The analogous fact for discrete groups
requires, of course, no proof.
(5.22) Proposition.

/A * = T T* = U .
Proof. The first is obvious. As for the second, amap ¢ : T —+ T is equivalent

toamap ¥ : R — T such that ¢(Z) =0 . The kernel K of such a map eilther

contains a smallest positive number A or else contains arbitrary small positive

nurbers. In the latter case, let x € IR and € > 0 . Then there is a A € K with
0 <A <e . Then if n is chosen so that ni < x < (n+t1) X , ]n) - xI < €& and
nx € K. Thus K is dense and since T is separated, K = R and Y =90 whence

¢ = 0. Otherwise, there is a smallest A € K Choose m such that
ni £ 1 < (n+ 1)x .

Then
0 £ n)x - 1 < A

Since 1 € XK and R XA € K this is only possible if nA =1 or

v o= 2.
n
Now choose € > 0 so that .
L 1
J— c .= = .
|x| < > u(x) ( 1’2 )

Choose an integer k > 1 such that

|l27%A] < ¢
so that for j z k ,

=] e - 11
vz (3 3)
Now let a be the absolutely least residue of w(z"kk) . Then the abscolutely least
. -k-1 . a a 1 .

residue of (2 A) can only be either 5 or E—t Y (depending on whether a < 0
or a>01). But if a € (0, %ﬁ, a - %—< - %- and similarly in the other case. Thus

-k-1 -
the absolutely least residue of (2 A} can only be %—. Similarly, the absoclutely

. -k-3 .
least residue of Y(2 Ay is
2732 = n2fa 2737Ry

That is

b4 Z_R_JA

implies



Yix) = nzkax .

This continues to be true when x 1s a linear combination of such elements and such

x are clearly dense in T . Hence
Pi(x) = nzkax
for all x€ R . Moreover,
0 = v =y = 2fa
so that 2ka is an integer. 1If
12%a] > 1,

w(l i I ) = 0 {mod 1)
2 a

is a smaller positive element in the kernel. Hence V{ is either

so that
|2%a|

multiplication by n or by =-n . This shows that the canonical map

Z— (T, T
is surjective. That it is injective is clear and hence it is an isomorphism.
(5.23) It is clear from (5.12) and (5.18) that sums and products of copies of y 4
and T are also reflexive.
Proposition. A compact group is isomorphic to a closed subgroup of a power of T .

Proof. Let C be compact. The natural map

cC— T
is injective. Since C is compact, it is homeomorphic, hence isomorphic, to its
image.
(5.24) Proposition. Let T be embedded in the compact grcup C . Then T is a
direct summand of C

Proof. It is clearly sufficient to show that the map

* *

c — T

induced by the embedding, is surjective. Suppose, to the contrary, that the proper

¥*
subgroup D C T is the image. Since T 1is a cogenerator, there is a non-zero char
* *
acter on T /D . This means there is a non-zerc character on T which vanishes on

D or that
* K

T ——D=*

is not injective. But we have a commutative diagram

C

* % * *%
T — D —C

in which the top and right hand map are injections and the left an isomorphism from
which it follows that the bottom map is an injection as well.

(5.25) Proposition. The group T is injective in the category of compact groups.
Proof. The proof is standard. 1If



85

is an injection and ¢ : Cl —— T is a map, form the pushout

c, —C

2

|

T — C

This is the compact group T x C2 modulo the compact, hence closed subgroup, consist-

ing of all

{(-¢x), x) | x€ Cy }o.

In other words, the pushout is the same as of the underlying abelian groups. Thus T
is a subgroup ¢f C and the preceding proposition completes the argument.
(5.26) Proposition. Every compact group is reflexive.
Proof. If C is compact, embed C in a power of T , say Tn { n needn't be fi-
nite). Then

0v—>C — T — = 7 c —— 0
is exact and Tn/C is compact. Then since T is injective in both categories of
compact and discrete abelian groups we have a commutative diagram with exact rows,

0 c " ™/ — 0

b !

*k n ** n *%
0 ———C —(T) —(T /) —O0

with the vertical maps injections. It follows from (5.12) and (5.18) that the middle
one is an isomorphism. Since the bottom composite is 0, it is an easy diagram chase
to work out that the left hand map must be surjective. Since C and C** are com-
pact, it is an isomorphism.

(5.27) Proposition. Every discrete group is reflexive.
*
Proof. If D is discrete, D is compact. The canonical map

* %ok &
D — D

is, by the precedifig, an isomorphism. Since it is always true (in any closed category)

that the composite of that map with the dual of the natural map

ok
D—D

*
is the identity on D , it follows that the dual of that map is an isomorphism. Now

since T is a cogenerator, this map is injection. Thus there is an exact sequence

* %

*k
0 D D D /D——=0 .

Then we have a commutative diagram with exact rows,

*k *k
0 D D D /D— 0
|
| | |
*% *ok ok ok *k * %
0 D D (b /D) —0

in which the vertical maps are injections, the middle an isomorphism and hence so is
the left hand one.

This shows that the duality is valid between the compact and the discrete groups
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(5.28) Proposition. The dual of the group R of real numbers, equipped with the
topology of uniform convergence on compact sets, is R .

Proof. If

is a map, let
A= inf {x|x >0 & 4(x) =0} .
By continuity, ¢(A) =0 and XA =0 only when ¢ =0 . Otherwise let
P{L/A) : R —> T
by
P{1/2) (X)) =x/X (mod 1)
We have an exact seguence
0 —— M — R-—RMAL =T — 0

and $(AZ ) =0, ¢ induces a map

~

$ «+ T — T .

We know from 5.22 that E is multiplication by an integer. Since ker ¢ = ker ¥ ,
; is an injection. The only maps T —= T which are injections are the identity and
the inverse. Thus

¢ = £ Y(1/M)
If we define, for all X €R

YAy t: R —— T
by

M) (x) = ix (mod 1)}

then the above shows that every ¢ 1is of the form y(A) for ax € R which is clearly
unique .

A basis for the compact sets in |R consists of the intervals [-n, n]l, n a

natural number. Evidently ¢(A) takes that set into (_ 1 i) iff |A| < 1/4n so
4 ' 4

that the basic neighborhoods of 0O are just the usual ones.

(5.29) We are now ready to apply the theory.

We consider six passibilities for the subcategory C and as many for D . Each
leads to a different choice of A , of duality and finally, of G . We let (C consist
of all groups of the form

C x Rn X ZW
and D consist of all groups of the form
D & n.R @ m.T
subject to
i) C 1is compact and D discrete;
ii) n=0, n is finite, or n 1is at most countable;
iii) m is finite, or m is at most countable.
The three choices in (ii) and two in (iii) give the six possibilities.

A compact group can be embedded, as mentioned above, in a power of T . A power

of R can of course be embedded in a power of R . A power of Z can be embedded

in a product of discrete groups. Thus for all possibile choices of C , every dgroup
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in C can be embedded in a product of groups in D . Whatever choice of C and D
is made, we let A , as usual, consist of all groups that can be embedded in a product
of groups in D .
(5.30) We define the functor

| (-,-) : cP

x D —> D
by letting
xR xZ", De®p.R®q.T)
be the direct sum of nine terms as follows.
i) (C,D) is the group of continuous maps C —— D topologized discretely;
ii) (C, p.R) =0 ;

iii) (C, q.T) = g.C ;

iv) (RS, D) =0 ;

V) ( Rm, n.R) = (m x n).R ;
vi) (R, q.7) = (mxq).R ;
vii) (Z", D) = n.D ;

viii) (Z7, p.R) = (m x p).R ;

ix) (Z7, g.T) = (n x q).T

We wish to establish that these are the correct underlying groups. For example,
in {iii) the image of a map C — ¢.T lies in a compact subgroup of T . By (5.16)
it lies in q,-T for same finite subset ., C g . Hence
Hom{(C,q.T) = 1lim Hom(C,qO.T)

9

1im Hom(C,T )
e

n

q

1R

1im Hom{C,T}
pummtan S

IR

lim qO.Hom(C,T)

=~ g.Hom(C,T)
Here Hom (-, -) refers to the abelian group valued hom. Both groups m@ and Zln
are generated by compact subsets, [-1, 1 1™ anda {-1, o, 13" respectively. Thus
any map from either of these groups to a direct sum must also factor through a finite
sum. Analogously (and, if fact, dually) the groups in D all have a neighborhood M
of 0 that contains no non-zero subgroup. If f is a map to such a group, any sub-
group contained in f_l(M) lies in the kernel of f . Thus a continuous map from a
power m? or ZZn must contain in its kernel the product of all but finitely many.
Then a dual argument to the above shows that in each case, the discrete abelian group
underlying (a,B) is Hom(A,B).
(5.31) Proposition. Let C€ C and D€ D . Then (C,D) is Hom(C,D) topologized
by uniform convergence on compact subsets (compact convergence) .
Proof. We have already established that the abelian group underlying (C,D) is Hom(C,D)
We consider the cases separately.
i) When C 1is compact and D discrete,
{f:c—D|f =0} =0

is open in the compact convergence topology so that the topology i1s



88

discrete.

ii) There is nothing to prove.

iii) The group q-C* is discrete. On the other hand, q-T has a neighbor-
hood M of 0 without any small subgroups. For example, if for all
a €q, Ma = (~-1/4, 1/4),

M = T(M)
o

will do. Thus Hom(C,g-T} is discrete in the compact open topology.
iv) Again, there is nothing to prove.
v) We must show that the abstract isomorphism
(nxm- R — ®", mR)
is a homeomorphism.
Here n and m may be finite or countable. We consider the latter case as the other
one is easier. We first show it is open. A neighborhood of 0 on the left is of the
form

I'(-r }

aR’ raB
where {ruB} is a doubly indexed sequence of positive real numbers. The neighborhood

so determined consists of all doubly indexed sequences

f = f
{aB}
of real numbers such that
i) Only finitely many faB #0 , and
i1y ¢S r | <1
a,p aB// aB
Given such a sequence, let
s, = 2% sup {1, l/rBYlﬁ,Y < a}
and
-0
t = 2 " dinf {1, r LY S ool .
. inf { gyi B,y
Then for o < B , we have
s > 2&
o
and
-B
<
t 2 rmB
while o 2 B implies
> 2“/
s, 2 ruB
and
-B
t s 2
B
and in either case
_(x-
t. /s < 2 8r .

On the right hand side the set
- C -
lf| f(n [-s .s ]) I'( tS,tB)}

is a neighborhood of O . Every
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in that set must in particular have the property that

- C
fuB[ Sy’ su] { tar tB)
or
lfaB Sal < tB
"O-_B
‘fasl tB/SQ < 2 T,
so that

T f < Ii|f < 1 .
RIENVEN LVENN

. n
This shows that the map is open. To go the other way, every compact set in R is
contained in one of the form

T{-s , sl
a' To

while sets of the form

I' (- ’
( tB tB)
are a basis for the open sets in m-R . Thus a basic open set in ( Rn, m'rR) 1is
- C - .
Flami-s, s D T(-ty, tp)]
If
f o= {fas}

then f ©belongs to that set iff

LD g ol /1l < 1
Now let
raB = Z—a_B tB/Sa .

Then supposing

f } € T(-r

C -
B r ) (n xm-R ,

ap’ TaB

we have,

w r~1

1705l / 5! 5 DIW g 07ty

< §IE o
Thus the map is continuous and hence a homeomorphism.

The failure of such an argument for larger than countable expcnents is the
reason for the restriction to finite and countable exponents. Without this, the
topology on (C,D) is not a convergence topology which hypothesis figures crucially
in several places. Thus I do not know whether the main results of [ Barr, 1977 are
correct without restriction to at most countable exponentsf

The remaining cases are handled by trivial modification of one of the above

arguments and are left to the reader.

-

(5.32) Proposition. For any CE€C, DED

(c, py = (»p,Cc) .
Proof. Just examine the nine cases individually. Each of them is trivial in view of

the definitions.

* .. . . ..
The error is in the proof of 7.9 in which the caveat of 5.3 is 1ignored.
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(5.33) Proposition. For any Cl' C2 €c, DE€ED,
(. (c,,D) = (c,, (€.0) .
In particular, there is a 1-1 correspondence between maps
C D
€ — & B
and maps
C2 — (Cq, D) .

Proof. There are, in principal, 27 cases to consider. However, using the symmetry
above and the fact that some are zero, there is a considerable collapsing. If Cl
and C, are compact and D discrete, both (Cl,(C2,D)) and (CZ'(Cl'D)) are discrete .
so that we need only show they have the same elements. Now a map

f :clﬁw» (Cz' D)

is a map of a compact to discrete set and hence has a finite image. It thus determines
a finite number of continuous maps

c, ——= D

2
each of which has open kernel. The intersection of the finitely many open subgroups
is an open subgroup which is the kernel of the induced map

c, — (icll, D}

whence that map is continuous. Each element of C2 determines a map }Cll———ﬁ'D whose
kernel contains the kernel of f . Since that is open, each such map is continuous so
we have

D .
C, — (Cl, )

It is evidently exactly the same in the other direction. Since exponents in the first
variable and coefficients in the second come out as coefficients, it is sufficient to
consider the cases Ci compact or R or Z and D discrete or R or T . If &)
is compact, C2 = R , there are noc non-zero maps

Cl —_— (C2, D)
Since (C2,D) is an [R-vector space. On the other handg, (Cl’D) is discrete no
matter what choice of D in D , so also

D))

1l
o

(cz, (cl.

= = 77
1 R. The cases Cl Z or C2

Exactly the same is the case 02 compact, C

leave nothing to prove. It is left to the reader to show that using (5.32), every case
can be reduced to one already considered.
(5.34) This shows that III1.4.2(iii) is satisfied. We now turn to (iv), for which
it is sufficient to verify the hypotheses of II.2.9. We turn to the injectivity of
T as the cosmallness will appear as a way station and the third hypothesis is evident.
Suppose
A —> B
is an embedding., Since B can be embedded in a product of Dw it suffices to show

that every f : A —— T c¢an be extended to B-—> T in the case B = HDm . The set
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e E )
4" 4

is open in A and hence contains a set of the form

A N M
where M is open in B . The topology on B is such that there is a finite set of
indices wl, ey wn such that
M D = .e. .
BO 1 {Bm!m # Wy . mn}
Since Bo is a subgroup so is AO = A N BO . Since
1 1
f(a C(———
(2y) 4" 4
and that set contains no subgroups,
fa =
( O) 0

Let A/AO denote the abstract quotient group topologized (here only!)} as a subgroup
of

The homomorphism

f :A/AO—>T

induced by f 1is still continuous. In fact, a homomorphism to T is continuous iff
the inverse image of (-1/4, 1/4) 1is open. But M can be chosen to be the inverse
image in B of an open set M in B/BO since such sets are basic neighborhoods of 0
in B . Then

714, 1700 D (a/ag) O R

and so f is continuous in the topology induced on A/AO . Since T 1is complete,
13 has a unique extension to the closure of A/AO. Since D 1is closed under finite
products, B/BO € D . Thus it is sufficient to show that if DE€ D and A CD is
a closed subgroup every map A — T has an extension to D . We consider first the
case that D =m+4R . Let A_ be the sum of all [R-subspaces of A . 1In fact, since

0
A 1is closed, AO is the divisible subgroup of A . Then A is a subspace of D

and there is an R-linear retraction D —* AO . Since any R?linear map on a finite
dimensional space to an abitrary topological wvector space 1s continuous, this map is
continuous on every finite dimensional subspace of m*R . Since m+R 1is the direct
limit of the finite sums (I am tacitly supposing m = NO ; if m is finite, there

is nothing to prove), the retraction is continuous on D . The restriction to A

splits the sequence

0 A A B/By ——> O

which means that A/AO is isomorphic to a subgroup of D . Let Al be a subspace
of D containing A/AO such that

D = A @A
D 1

algebraically. The map D —> Ay ® A is continuous by the same argument as above
while AO and Al being subspaces implies the continuity in the opposite direction so

the above isomorphism is topological as well. Now A/AO C Al so that



92

A = A @ A/A .
0 / 0

For every finite subspace V C Al , Vv 0 A/AO contains nc vector subspace and is
hence discrete. Thus every subset of A/AO is relatively open in every such V and
is therefore relatively open in A/A0 . Thus A/A0 is discrete and we have A €D .
The duality of C and D implies that
D* — A*
is surjective and the result follows for D = m-R .
Next suppose D = m*R + n-T . Consider the pullback

B—— (m+n) - R

|
: !

A—mR & n-T

where the kernel of each vertical map is n*Z . A map A — T is the same as a
map f : B — T such that f(nZ) = 0 . Such a map has, by the above, an extension
to a map

g: (m+n ~R—>T
for which, evidently, g(n*Z) = 0 , and so induces the desired map D —— T .

Finally, let

with Dl discrete. Let

AO = AN m- R ®n.T
(Note that m. R + n.T 1is uniquely determined, being the identity component of D.)
Then if
f +: A——T1T
is a map, the restrictiocn
fO:AO——>T
has an extension to m. R + n.T and then to a map
g :D—>T .
The map
f - gip : A—— T
vanishes on AO and hence induces a map

f :A/AO—>T .

Since A/A0 is a subgroup of Dy that is discrete and T is injective f has a

continuous extension to a map h:p, —>T. Composed with the projection D —— D

1 ]

we get a map

such that
hla = f - gla
or
f = gla+nla = (g+h)|a .

Thus g + h 1is the desired extension.
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(5.35) To take care of III.4.2(v), we consider the case of CE€C and ACC a
subgroup such that C* — A* is injective. This is done by successively enlarging
the class of C . Suppose first that

c = Flen

where F 1is a finitely generated abelian group and n 1is finite. In that case,

CE€D. If A 1is a proper closed subgroup let x € C - A and B be the subgroup
generated by x and A . Then B/A 1is cyclic and has a non-zero map te T . The
composite

B—— B/A — T
can, by the previous section be extended to C . Thus C* ——*'A* is not injective.
The case
C = FxR xT"
with m and n finite is easily reduced to the previous one by pulling back along

m m .
RN — T . Rewrite that as
m k
c =(FOEBT)x[RanZ
where FO is finite. Then FO o T is a compact subgroup of a finite dimensional
torus and is, in fact, the most general such. For the dual of a compact subgroup of a
torus is the quotient of a finitely generated free group. This is the direct sum of a
free group and finite group and its dual is the sum of a torus and a finite group.
Now in the most general case,

C, % mp x X k .

€ 1

It follows from the duality that Cl can be embedded in a power Tm where m may be

arbitrary. If A 1is not dense in C , it follows from the definition of the product

topology that there are finite sets My Cm, nO C n, kO C k such that the image AO

of A 1is not dense in the image CO of C in

r%xm%xz ° .
"o T Ko
The group CO is the product of the image of Cl in T with IR x Z°. That is,
m n k
¢ 0 o
= {lFr 27 a
CO ( 0 ) x R X

and AO is a non-dense subgroup. The result now follows from the previous case.
(5.36) The last hypothesis follows readily from 5.15. All the hypotheses satisfied,
it now follows that the theory applies. It is the case that the duality theory de-
scribed here extends that of Pontrjazin although not sufficient machinery is developed
here to show that. The missing facts are these: (See [Hewitt-Ross], 89, especially
9.6 and 9.8 .)

1. Every locally compact group with a norm (i.e. a seminorm taking on the value zero

only at zero) is of the form D ® nR ® m-T where D is discrete and n, m are

finite;
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2, Every locally compact group generated by a compact set is of the form
n m . .
cC xR xZ where C is compact and m, n are finite.

For if D, and 90 are the full subcategories of D and C described above,

_O
it is clear that EO and 90 are dual under the duality. Moreover every locally
compact group is a subgroup of a product of groups in D, . For if I is such a

_O
group and p a seminorm, let

L = {x€L|px) =0}
P
L/p = L/L .
P
Then
L C H{L/p{p a seminorm on L }
and L/p € EO . Since every locally compact is complete, hence Z-~complete, it follows
that they all lie in G . Let L Dbe a locally compact group and X be a compact set.
Let M be a compact neighborhood of 0 . Then X + M 1is a compact set with non-
empty interior. The subgroup LO generated by X + M also has non-empty interior
and is hence open. An open set in & locally compact space is locally compact so
L. € . - .
0 EO The set X L0 Hence
Uro— 1l (0 C (-3 4}
4" 4

is forced to be open by the map

*
L —1L

*
This shows that L has the compact/open topology.
(5.37) It is not true, by the way, that every dual has the compact/open topology.
To see this, let A be the group of integers topologized as a subgroup of
z 5 X /i P /i g X v

®

which is a subgroup of T 0 . The maps A —> T are found among the maps 4 — T ,
i.e. the elements of T . A* consists of all the elements of T which annihilate
2"Z  for ali sufficiently large n . That is, they are the elements of T whose
order is a power of 2 . In A the sequence

2, 4, 8, 16, ..., 2", ...
converges to O , so that the set

x = {o, 2, 4,8, 16, ..., 2", ...}
is compact. Suppose
f :A——TT
is a homomorphism such that
R -

Then I claim that f= 0 . For if not, let € be the absoclutely least residue of { (2)

If ¢ > 0 , there is a k such that

IS | et
1A
[\]
[y}
Fal

N
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and then f(2k) & (-1/4, 1/4) . Thus f(2) = 0 from which f (2k) =0 for all k .

Using the binary representation of n , we see that f (n) = 0 as well. This wmeans
* *

that the zero homomorphism is open in the compact open topology on A . Thus & is

the group ZZ2°'> of elements of 2 power order, topoclogized discretely. In fact

*
A = 1lim Z .
—— n
2
Then
* %k *
A = 1lim Z = 1lim Z
¢ 2n P 5

which is the 2-adic completion of Z .
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6. Semilattices

(6.1) By an inf semilattice is meant a partially ordered set in which any finite set
of elements has an inf. Obviously it is sufficient that the empty set as well every
pair of elements have an inf. If the empty inf is denoted 1 and the inf of x and
¥y by xy we see that an inf semilattice is exactly the same as a commutative monoid
in which every element is idempotent. 1If Ll and L are semilattices a morphism

2
£ Ll———*L2 is a function which preserves 1 and preserves finite inf, i.e. a monoid
homomorphism. We let L denote the category of these semi-lattices.

(6.2) If f and g are homomorphisms, so is the map fg defined by

fgix) = £(x)g(x) .
The map u : Ll———> L2 such that u(x) =1 for all x € L1 is a homomorphism and
obviously a unit for the multiplication defined above. Thus the set of maps Ll——+ L

2
is an object L}Ll,Lz) of L . It is evident, since the internal hom is computed
pointwise, that the theory of L 1is commutative and hence that L is an autonomous
variety. Thus parts i) and ii) of III.4.2 are satisfied.
(6.3) We take for D the subcategory of Un L consisting of all the uniformly dis-
crete semilattices. For C we take all the compact semilattices which can be embed-
ded in a product of topologically discrete ones (or, ultimately, of 2 element ones).
(6.4) We let I =T be the two element lattice {0,1} with 0 <1 . If C€cC,
we let C* be the set of continuous maps C —+ I with the discrete uniformity and
the lattice structure of £j|C], I) . If DED we let D* be the lattice, L(D,I),
equipped with the uniformity induced by ID. Since I 1is compact, so is ID and
one easily sees, by the usual arguments, that L(D,I} is closed, hence compact. If
D is discrete and x € D , the function

X:D—T
defined by

R 1, if x Yy
x{y) = {O , otherwise

is readily seen to preserve inf. From this, it is immediate that every discrete semi-
lattice and hence every ocbject of C has enough representations into T and that
the canonical maps

D —— D**

c — C**
are injections.
(6.5) To see they are isomorphisms, we proceed as follows. Let L be a finite lat-
tice. Then given

¢ : L — T

let x = inf{y € L!@(Y) =11} . Since L is finite and ¢ preserves finite inf,

¢ = X . It is immediate that x < vy implies y £ X so that L* is simply the lat-
. o s .

tice 1°F . (Of course a finite semilattice is a lattice. However remember that

maps preserve only infs. TIf
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: L —> L
£ 0 1
is an inf preserving morphism, the induced
* op op
f: L ~——
1 LO

L3
also preserves infs. The corresponding function £ °P, L1—~-—>-L0 preserves sups of

course and is actually the left adjoint of £!) -Thus in this case the duality is

clear. An arbitrary discrete semilattice is the direct limit of finite ones. If

. L = lim L,

L. finite, L* = lim La equipped with the inverse limit topology. If
*

r

p + L —> 2
. . * * K
is uniform (or even continuocus) the inverse image of 1 is open in L C ﬁLu . This
*
means it contains a set of the form I N M where M is the inverse image under

projection of a subset of a finite product La X...X La . The same is true of the
‘ 1 n
inverse image of 0 (with a possibly different finite set of indices). The result

is that ¢ depends only on finite many indices, say « am . Thus there is

17 e
a factorization of ¢
* ¢
L —™L —> 2
0
* * n . . 0]
where LO - Lu Koo X La . The identification of representations on finite lattices
1 m *

¥*
implies, in particular, that when LO>~"+ Ll is an injection, Ll — L0 is a

surjection. In particular there is a map
* *
Y+ L X...X L — T
o o
1 m

which extends § . Now we have shown that

IL = IL — L
o] a

is a surjection, whence so is L — L .

In the process, we have seen that T 1is cosmall and that when L = lim L,

— "o
then
* *
L = lim L .
— a
But then
* % . %k
L = L£4 La

and with each Lu reflexive, so is L .
{6.6) This establishes the duality between C and D . As for the hom, we take
(C,D) to consist of the sublattice of (ICI,D) consisting of the uniform morphisms,
equipped with the discrete uniformity. The map

(¢, 00 — ",
is the evident one and as for its being uniform, there is nothing to prove. The com-
posite

* * *%* %* %

(¢,p) — (p ,c ) — (€ ,D ) = (C,D)

is the identity so the first is injective. Since the second is an instance of the

first it is injective as well so that each is an isomorphism. The equivalences

(I,D) =D
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Hom (I, (C,D)) = Hom(C,D)
are clear. 1In view of (C,D) = (D*,C*) , I.4.6(iii) follows from

(cl,(cz,D)) = (cz.(cl,m)

Since both sides are {topologically) discrete, it is sufficient to show that

H = .
on (€, (C,,D)) Hom (C,, (C ,D})
If

f: — D

Cl (C2 )

then the image of f is compact and discrete, hence finite. That is, there is an
equivalence relation E on Cl with only finitely many equivalence classes such
that £ factors

c,— Cl/E — (C,,D) .

1 2
Let Xl' ceer X be a set of representatives mod E . Each X, determines a function
f{x., - ) : C.—>D
1 2

which similarly factors

— B, — D
C2 C2/ 1

where Ei is an equivalence relation with only finitely many classes. Since

M ;
C2/ Ei - T[Cz/Ei

is injective, there are only finitely many classes mod (N Ei). Thus £ determines

an element of

(Cl/E (s NE, D))

= (Cz/ N E; ,(C /B, D)) — (cC (cl,D)) p

2 r
the exchange possible there because all three are discrete and L 1is an autonomous
category. This determines a map

(Cly (CzlE)) — (Czl (Cl’E))

which is evidently an involution. Thus we have a pre - * - automonous situation.
The discrete uniformity of (C,D) is evidently that of global uniform
convergence and is a convergence uniformity. Thus the first three parts of III.4.2

are satisfied.

(6.7) We now consider III.4.2(v). Let C € C and A C C be a proper closed sub-
lattice. Since C 1is profinite there is a finite quotient CO of C such that the
* *
image AO remains proper, else A would be dense. Since CO —_— AO is surjective
* *

and not an isomorphism it cannot be injective whence neither is C — & .
(6.8) We now show that the hypotheses of II.2.9 are satisfied. The first is already
shown and the third is evident. For the second, it suffices to show that every dia-

gram of the form

a C ﬂDw
v
T
can be completed. As in 6.5 above there is a finite set of indices SRRy W

such that ¢ depends only on those indices. We can thus factor the diagram as
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A C TTD(D

l }

A C__ cee =B
o & D, ®---x B 0
I 1 n
¢
+
T
I3 * * 4
Now AO and BO are discrete. If BO ——»—AO is not surjective let C be its
image.
We have the composite
* % * * %k
A = A —_— — B = B
0 0 ¢ 0 0

*
is injective, whence the first factor is. But BO is compact so that € 1is closed

and by hypothesis proper in AO* and this contradicts the previous paragraph.

The last condition of III.4.2 is immediate and hence we have another model of
the theory.
(6.9) The category of complete semilattices and complete homomorphisms provides a
model of a *-autonomous category that is not constructed in the way described here.
(A complete semilattice is in fact a complete lattice. It is understood that the
category of complete semilattices is the category whose objects are complete lattices
and whose maps are complete inf preserving functions.) 1t is a closed category, in
fact models of commutative theory. The triple T = {T , n , u) can be described as
follows. For X a set, let

TX22X

.

, f X .
and if f : ¥ — Y is a map, T f is the right adjoint to 2 : 2 — 2% . This means

that for A C X ,

71
TF@A) = {ylf(y) Cal.
The unit n : X — TX is the singleton map and
o

X @ 2 — 2%
assigns to a family of subsets their intersection. Thus
(X ,Y)
consists of all inf preserving homomorphisms X —= Y made into a complete lattice
by the infs in Y . In particular,
X = (x, 2 .
Every map X — 2 is a limit preserving set-valued functor on X considered as a

*
category. Hence X and ¥ have iscmorphic underlying sets and the isomorphism is

. . . * o
readily seen to be order inverting. Thus X = X P

from which the duality and the
*_autonomous structure are obvious. It has been incorrectly conjectured that this is
a compact category: a *-autonomous category such that I =T and such that the natural

map

*
X ® Y > (X ,Y)
induced by exchanging ¥ and X in
*
X X — I — (Y ,¥)

*
is an isomorphism. Here X ® X — I 1is evaluation and I —> (X,X) the unit map.
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* %
Since (X,Y) = (X ® Y ) , compactness is equivalent (in a *-autonomous category) to
either of the natural maps (whose constructions are easy — given I =T )

* * &
X €Y — (X @ Y)

& * *
(x,Y) — (X ,Y )
being an isomorphism. In the case of lattices, this would imply that (X,Y) and

op O , , , o o
(x°%,¥°P)  were dual lattices and, in particular, that (X,Y) and (X P, ¥°P) have
isomorphic underlying sets. I have verified, using an HP67 programmable calculator,

- xP = /l\
NP4
/\
R AVAY
N/

then there are 94 inf preserving maps X —> ¥ and only 88 such maps P =x — v°P,
The computation is carried out by modeling Y (as well as YOP) as a set of positive
integers ordered by divisibility such that the inf of two numbers is their ged . This
would seem to be possible for any finite lattice.

To have compactness, it is necessary — and almost surely sufficient — to have a
trace map

tr @ (X, X) = x* ® X — I,
such that the composite
(K1) — (X, (6,%) — (x,x,%) 22 1)
is the identity. Here the first map is induced by the unit and the second interchanges
the first and second copies of X . The full subcategory of the category of complete
lattices of complete atomic boolean algebras (which is the Kleisli category for the
triple) has such a trace map but its form suggests very much that it cannot be extend-
ed to any larger subcategory. Namely, if the lattice X = 2A , then let
tr @ {X,X) — 2
be defined by
1, if a€f(a - {al) for all a€a
tr(f) 0, otherwise .
In other words, trace is represented by the map g : X —> X defined by
ga) =aA, ga-{ah =a, g(AO) =g

for any subset A_ < A that omits at least two elements of A . The fact that X

0
is complemented and atomic seems crucial here.
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CONSTRUCTING *-AUTONOMOUS CATEGORIES

Po-Hsiang Chu

CHAPTER T: PRELIMINARIES

We will be dealing with closed symmetric monoidal (autonomous) and
*—autonomous categories as defined in the previous paper. Using the MacLane-
Kelly coherence conditions (see [MacLane,Kelly]), M.F. Szabo has proved the
following useful theorem [to appear].
Theorem: A diagram commutes in all closed symmetric monoidal categories
iff it commutes in the category of real vector spaces.

This theorem not only points out the notion of closed symmetric
monoidal category is a 'correct' generalization of the category of vector
spaces, but it also provides a very easy method to check if a diagram is
commutative in any closed symmetric monoidal category.

The following is a collection of easy consequences of this theoren
which we shall use later on:

Corollary 1. Given A,B,C objects in V and map A®B —Ji+ C, then the
following diagram commutes:
I<—~—£—+ (A,A)
-
(B,B) ——— (A®B,C)
where the map. (A,A) —> (é?B,C)
(A,4) ———5%9i£l+(A,(B,C)) P .(aeB,C)

is the composition

f
Note. A——£—+ (B,C) 1is the usual transpose of A8 —— C

The map (B,B) —> (A®B,C) is obtained in a similar fashion. From now on

we simply denote either composite by f .

Corollary 2. Given A,B,C,D,F objects in V and map B®C —— F, then the

following diagram commutes:

(id, £)®if

(A,C)®(D,B) (A, (B,F))®(D,B)
lid@(id,f) o leid
(A,C)&(D,C,F)) (A®B, F)®(D,B)
lid@p_l (s,id)eid
(A,C)®(D®C,F) (B®A,F)®(D,B)
lid@(s,id) lp@id
(A,C)e(CeD,F) (B, (A, F))®(D,B)
lid@p M
(A,C)8(C,(D,F)) (D, (A,F))
S
(C, (D,M)®(A,C) p

-1
(A, (D,F)) —2—— (aeD,F)

-M‘)—*(D®A, F)
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PROOF. It is easy to check that the diagram commutes in the category of
real vector spaces.

Remark. The word "

coherence" is going to appear frequently throughout this
paper. In particular, if the commutativity of a certain diagram is said to
be implied by coherence, we understand that its commutativity follows easily
from this theorem.

Our second assumption on V is that it has pullbacks. Since almost
all interesting examples of closed symmetric monoidal categories have this

property, this restriction is not too drastic.

The following is a collection of examples satisfies our assumption:
(i) The category of vector spaces over a fixed field K;
(ii) The category of Banach spaces;

(iii) The category of compactly generated spaces;

(iv) The category of sets (and functions);
(v) The category of abelian groups;
(vi) The category of lattices.

An example of a closed symmetric monoidal category that does not have

pullbacks is the category of sets and relationms.

CHAPTER II: CONSTRUCTION OF AX AND ITS ENRICHMENT OVER V.

1. The Category éX

Given an arbitrary object X in V, we shall construct a category éX
as follows:

The objects of AX consist of triplets (V,V',v) where V,V' are objects
in V and v:V®V' ——— X is a morphism in V.

A morphism from (V,V',v) to (W,W',w) is a pair (f,g), where f: V"7 W

and g:W' ———V' are morphisms in V such that the square

vew' —i9%8 | yeyr
lf@id 1v
WeW! ——2% X

commutes,
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If (f,g):(V,V',v) —— (W,W',w) and (h,k):(W,W',w) —— (U,U',u)

are morphisms in A_ then the following diagram commutes:

X

veu' —9%K | yeyt —19%8 ., yey
foid l feid

wou' 9% yew v
heid v

Usy' L > x

This implies the composition of (f,g) and (h,k) is (hef,gek) in AX .
Since the composition is defined explicitly in terms of morphisms in V , the

assoclativity of maps in AX can now be verified:

If (f,g):(V,V',v) —— (W,W',w)
(h’k):(w,w' ,W) - (U’U';u)
(lsm):(U)U'su) - (T,T‘)t)

are morphisms in A, then

X 1]
((1,m)o(h,k)) o (f,g)

(1eh,kem) e (£, g)
({leh)ef, go(kem))
(1o(hef), (gok) om)

= (1,m)o(hef,gok)

= (1,m)o((h,k)°(f,8))

[l

Moreover, Id(V,V',v) = (idv,id is the obvious identity. Hence we have

o)
shown that AX is a category.

2. AX is Enriched over V

Definition. If V is a closed monoidal category, then A is enriched over V

if A is equipped with the following:

i) For each A,B in A, an object V(A,B) in V;
ii) For each A in A, a morphism j(A):I —> V(A,A) in V ;
iii) For each A,B,C in A, a morphism
M'(A,B,C):V(B,C)®V(A,B) ——— V(A,C) in V .
These data are required to satisfy the following axioms:
VC 1. The following diagram commutes:

V(A,B)8V(A,A) — > V(A,B)

Tidoy

V(A,B)®l
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vC 2. The following diagram commutes:

V(A,A)BY(B,A) — 1 —— V(B,A)

]j®id T
L&V (B,A)

VvC 3. The following diagram commutes:

(V(C,D)®VU(B,C))eV(A,B) —>—— V(C,D)e(V(B,C)aV(A,B))

lM'@id ideM’

V(B,D)®V(A,B) V(C,D)8V(A,C)

\ / )
V(A,D)

Given A = (V,V',v),B = (W,W',w) objects in éX ,
the object in V such that the following square is a pullback.

V(a,B) —B— (v,w)

define V(A,B) to be

p2

W',v'") —— (VeW',Xx)

Herxe -1
(V,W) —— (VeW',X) = (V,W) —— (V,(W',X)) B~ (veu',x)
and 1
W',V') — (VeW',X) = W',V') —— (W', (V,X)) T—s('ev,0)——(veu',x)

are the right and bottom maps, respectively. Therefore V(A,B) is defined up to
isomorphism in V .

Given A = (V,V',v) in éX , the following diagram commutes, by
Corollary 1:

v,

li p.b. lc,

(V' V') —— (Vev',X)

Universal property of pullbacks implies that there exists a unique map j(A)

I — V(A,A) in V such that the diagram



commutes.

Now suppose

in éx . In order to verify
diagram.
V(B,C)®V(A,B)
p2®p2
(T',WHe@W ,v")
5
(W', VH)e(T',W'")
commutes.

Using the fact that -&-

v(A,B) —BE s (v,W)

:

W', V") —————— (VeW',X)

p2

W

are pullbacks (hence commute!

tative diagram in Fig. 1.

(Chapter I) implies that (2) commutes;

commute.

A= (V;Vr »V),
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l

V', V)—— (Vev'

B= (W,W,w, C= (T,T

,X)

',t) are three objects

iii) it suffices to show the outer square of the

plepl

(W, T)e(V,W)

M

v@a,c) —BL (v, 1)

le p.b.

M T

—r

is a bifunctor and

pe

W

),

we can get the desired

t

l

(T",v") ——— (VeT',X)

v, 0y —BL & T

t

|

(T",W'") ——— (WeT',X)

result from the commu-—

Note in Fig. 1 that corollary 2 of Szabo's theorem
coherence implies that (1) and (3)

Again using the universal property of pullbacks, there exists a

unique morphism M'(A,B,C):V(B,C)®V(A,B) ——— V(A,C) in V such that the

diagram
V(B,C)ev(A,B)
p2ep2
(T',WHe(W',v")
s
W', V)e(T',W")
commutes. Hence

plepl

(W, T)e(V,w)
M' M
VA0 pl (V,T)
p2 p.b. t
M N

— (T",V') ——

i) - iii) are defined.

(VeT',X)
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Now we have to show they satisfy the required axioms.
Given A = (V,V',v), B = (W,W',w) in éX , by construction we have

the pullback diagram:

v(a,B) —PL & (v,w)

d e |

W',V') ———— (VeW',X)

But the coherence of V implies that the diagrams of Fig. 1 commute.

v(8,C)ev(a,B)——i921 Y(B,C)e(V,1) pleid M, TV, W) ——— (V,T)
) (1)
p2@id p2@id teid
b

(T',uyev(a,B) — 9L L unev,w) —2 L (wert w6V, W) t

idep2 idew (2) M
(', we, vy —2T L (pr yhye(ven' ,x) ————— (VeT',X)

s (3) G
W',V )e(T' u') o (', V")
V(A,B)8I —X— v(4,B) V(A,B)®I ———— V(4,B)
pleid pl p2®id p2

(V, W)l ————— (V,W) W', Vel —— (W',V')

FIGURE 1.
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Hence the following diagram

V(A,B)el pleid (V,Wyel
T r
v(a,B) —pL . (VW
p2®id
p2 p.b. W
W, V)8 — ey (W, V") ————— (VeW',X)

commutes.

Since the outer square commutes, there exists a unique map V(A,B)8I x, Y(A,B)
such that (1) and (2) commute. But the map V(A,B)®I ——I——+»X(A,B) has this
property as well; therefore it follows from uniqueness that it is the map induced
by pulling back.

Recall that in the construction of j(A) we have the following commutative

diagram:

V(A,A) pl Vv, V)
p2 p.b. lﬁ

V(V',V') ————— (VeV',X)

Then the defining property of M(A,B,A), coherence of V , and the fact that

-®- is a bifunctor imply that the diagram:

V(A,B)el
\\\\\&iéj

V(A,B)BY(A,A) plopl v, We,v)

p2ep2 M M

j |

(W' QV')Q(V' ,V‘) _Y_(A’B) __p_l—__—-)' (V:W)

s p2 p.b. W
Lov(a,5) 122, (y' v )e(w! V") — i, V") —— (VOH', )

commutes.
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Again applying the same argument we conclude that the map
V(A,B)elL ——~—~4L-ﬂ+ V(A,B)®V(A,A) ————««+ V(A,B) 1is the map induced by
pulling back.

But this is not sufficient to conclude that VCl. holds, i.e. that the
diagram:

V(A,B)OV(A,A) — s V(A,B)

idej 7
V(A,B)el

commutes.

We are still required to show that the following diagrams commute:

v(a,Byer —P1%id (v,Wyel v(a,Byer —R2d Ly yryer
plei 7 T p2ei S
k”( M
(v,e(v,v) — (V,W) W', vhe',v") Ie(W',v'")
V4
//
s 7 1
rd
/
7/
.M

(v',yheW' vy —— (W', V")

That is, that the induced maps satisfy the same commutative square
(therefore they are same by uniqueness).

But it is trivial once we notice there exist canonical maps
v,wer —9¥ . (v ev,v) in (1) and Is@',v') —2d @ vhHem,v)
in (2) which break (1) and (2) into two smaller commutative squares. Hence
VC1l. holds.

Applying a similar argument, we conclude VC2, is also true. Next we
are going to verify VC3.

Given A = (V,V',v), B = (W,W',w), C = (T,T',t), D = (U,U',u) objects
in éX , then by iii) we have the commutative diagrams of Figure 2.

Coherence of V and property of M(A,B,C) imply that subdiagrams (1) and
(2) of Figure 2 commute; similarly (1') and (2') commute.

Now we apply the same argument as in proving VCl, i.e. the maps

V(C,D)®(V(B,C)®V(A,B)) _ideM’ | V(C,D)8V(A,C) S N V(A,D)
M'eid M

(V(C,D)eV(B,C))®V(A,B) ———— V(B,D)8V(A,B) —— V(A,D)

are the maps induced by pulling back. We only have to show that the composition

a(v(C,D), V(B,C), V(A,B))
(V(C,D)8V (B,C))@V(A,B)y— > V(C,D)®(V(B,C)eV(A,B))

iden ¥(C,D)8V (4,C) 1 — V(A,D)
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V(C,D)®(V(B,C)8V(A,B)) ple(plepl)

(T,0)®((W,T)a(V,W))
1deM’ (1) ideM
p2®(p2ep2)
(W, T)e((T',W)ed', V")) v(C,D)eV(A,C) p1op1 (T,1)8(V,T)
ides (2) p2®p2 M' M
(U, THYe((W', V' )e(T' 1)) ', 18T, v") vea,m —2L—— (v, m
s s p2 p-b. 4
Meid M ¥

(W, vhHe(T',w))e', ") ——(T',V)e@',1")———(U',V") ————(VelU',X)

(V(C,D)8V(B,C))®V(A,B) (plepl)epl (T, )8, T))8(V,W)

(p2®p2)@p2 M'eid (1) Meid
((U',T)8(T', W))W ,V')  V(B,D)V(A,B) piopl 0, 1) 8 (V, W)

M'

s®id 2" p2®p2 M
((T',We(U',T' e, V") (Uh,whe, v V(a0 —2L s (v, 1)

s s p2 p.b. a

ideM M v

W', vHe((T',w)e(u',T") /W' ,v)eW' ,W') ——— (U', V') ———— (VeU',X)

FIGURE 2.

is also a map induced by pullback and it satisfies the same commutative
square as the map:
M'®id M’
(v(c,D)®V(B,C))eV(A,B) ——> V(B,D)8V(A,B) ————— V(A,D)
The first part follows easily from the following commutative

diagram:
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((T,U0)8(W,T))&(V,W) = (T,U)®((W,T)®(V,W))
1
(plepl)epl ple(plepl)
(V(C,D)®V(B,C))®V(A,B) 2 + V(C,D)®(V(B,C)8V(A,B))
(p2ep2)ep2 p2@(p2@p2)

((U',T)e(T' ,W))eW ,v') (U, THe((T",WweW',v"))

s®id ides
(T}, whe(@',T"))eW’,v") (u', T )e((W',v)e(T',W'"))
s s
a—l
W', ve((T',w)e(’',T')) (W', v)e(T',W'))e(U',T")
As for the second part, we observe a simple fact of V : two

permutations of the temsor product of any three fixed objects are coherently

isomorphic. Therefore it is enough to show the following diagrams commute:

(T, )& (W,T))®(V,W) ———s (T,1)&((W,T)8(V,W))

jM@id Jid@M

W, 0)e(V,W) (T,0)e(V,T)
N ﬁ
v,0)

(W', V)e(T',W))e',T') —2— W', vH)e((T',W")e',T")

JM@id lid@M

(1',v'")e(u',T") (W', vhe{U',w'")
1\) /{
u',v"

This follows trivially from coherence and completes the proof.
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CHAPTER TIIT: AX HAS A *-AUTONOMOUS STRUCTURE

1. The Hom—Functor AX(_")

Definition. Given any two objects A = (V,V¥',v) and B = (W,W',w)
in éﬁ , define an object AX(A,B) = (V(A,B), V&W', n) in éx as follows:
First of all recall V(A,B) is the object in V such that the follow-

ing diagram is a pullback.

V(A,B) S 2 SN (v,w)

pz[ p.b. jw

WV ——— (Vo' ,X)

Since we require AX(A,B) to be an object in AX , n has to be a

morphism in ¥V, which sends V(A,B)®(VeW') to X.

It seems there are two (canonical) alternatives for defining n:

(1) Since the above square commutes, let n' be the morphism (along either
route) which sends V(A,B) to (VeW',X) , and define
n:V(A,B)@(V&W')—— X to be the transpose of n'.

(2) Again since the above square commutes, we have the following

commutative diagram:

V(A,B)®(VEW") —pI8id vy yye(vew')

p2eid weid
o', yYeeny —=2d L (yew x)e(ven')
Now let ev:(VeW',X)®(VeW') —— X be the evaluation map, then put
n" = ev composed with the above map V(A,B)®(VeW') —— (vew' ,x)e(vew').
But since V is coherent, it is easy to verify that n is identical
to n', so these two definitions are same.
For the rest of this section we shall prove éx(—,-) is a bifunctor
which sends éXOP * AX to éX .
We have to show
i) given any object B = (W,W',w) in AX , F = éx(—,B)
is a contravariant functor;
ii) G = éX(B,-) is a covariant functor;

iii) Given A -+ B, C > D in AX , then the diagram
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A (B,C) ——— A _(4,0)

A (B,D) ————> A (4,D)
commutes.
Recall if € = (V,V',v) and A = (P,P',p) in éX and (f,g):C — A

is a morphism in éX’ then the square:

VoP 1 —]“dgg*_._ﬁ ey '
feid v
PP’ P X

commutes.

In order to show F is contravariant, we must find a map (in éX)
F(f’g) = (f',g'):éX(A,B) —-_—)AX(C,B)
By definition _éX(A,B) = (V(A,B), PeW', nl) and éX(C,B) =
(v(C,B), Vew', nz) ; S0 the choice for g' is clear: g' = f®id:VeW' — PoW'

As for f', consider the following diagram:

V(4,B) pl P, W)
v(c,B) —BL— (V,W)A
(*) |p2 p2 p.b. ¥ () W
MYy (Ve K)
/ﬁd,g) \%d)
5

(w',P") (PeW', X)

We know the outer square commutes, therefore it suffices to show (1)
and (2) are commutative.

For (1), we prove it by looking at the following commutative diagram:

(£,id)

, -1
@, @, xN-2—s (e, x) —E2ds 1Dyt 3y B (¥, (07, %))
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As for (2) we have a similar diagramatical proof:

(W',P) ALg)—, (W',V')

P '

(P@W"X) M (V®W',X)

(S,id) (S,id)

-1 . . -1
(W', (P, X)) —B— (u'ep,x) —L985ID ey vy P (', (v,R))

But in this case the commutativity of the outer square is due to
the fact that (f,g) is a morphism which sends C to A (hence the
diagram (%) above commutes).

This implies that there is a unique map £':V(A,B) — V(C,B)
induced by pullback such that the diagram

V(A,B) pl ~ (P,W)
\f‘ (£,id)
v(C,B) 2l (V, W)
P2 p2 p.b. A W
(V') ey (Ve ,X)
X
(feid,id)

(PeW',X)

(id, g) \\\\\
W' ,P") P

Therefore the following diagram commutes:

commutes.

v(a,B) —B @, p) —P s (PeW’,X)
£ (id, g) (foid,id)
v(e,B) —PE @, vy — Y (veu',x)

This implies that:

v(A,Bever') — %81 g(x Bye(pew')
f'®id n

V(C,B)o(Veu") 2 X

commutes.
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Therefore (f',g') has the property required of a morphism in

éX .

It is trivial to see that F(idA) = Now we have to show

ldF(A)
F preserves composition.

Suppose A = (P,P',p), C = (V,V',v) and E = (U,U',u) are three
objects in éX , moreover (f,g):E-—— C and (h,k):C —— A then we

want to show that

(h',k")

A (4,B) AL (C,B)

((h"f)',(g"k)') / (f'sg')

A (E,B)

commutes.

By definition: AX(A,B) = (V(A,B), PeW', n )
AX(C,B) = (V(C,B), VeW', n2)

éX(E,B) = (V(E,B), UsW', n,)

Now we consider the following commutative diagram:

V(4,B) pl ®,W
h' (h,id)

V(C,B) pl (V,W)

- \f' (f,i(i)/
V(E,0) —2L o (u,W)

p2 p2 p2 p.b. W W W
(W',U") —2 s (uaw',X)
////?Z;,g) (f@id,:;;\\\\\
W',v") v (VeW',X)
(1d,%) (heid,id)

(W',P") P >~(POW' ,X)
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But the following diagrams also commute:

(W',P') M_,. (w' ’V')

(id, gek) (id, )

w',u")

(PeW' ,X) (h®id,id)

(VeW',X)
((hef)®id,id)
(feid,id)
(UeW',X)

(h,id)

(P, W) v,w)

(hof,id)
(f,id)

(U, W)

This implies that the map induced by pullback is identical to f£'oh',
and clearly k'og' = (h®id)e(f®id) = ((heof)®id) = (gek)' . Hence F 1is a
contravariant functor.

As for G, we have a similar series of diagrammatical proofs: Suppose
B= (W,W,w), A= (P,P",p), C = (V,V',v) are objects in éX with (f,g):
A —— C a morphism in éX . We need G(f,g) = (£f',g"):G(A) — G(C).

By definition

G(a)

(V(8,4) , WeP', n)

A (B,A)

and

G(C)

I
1t

AX(B,C) (Y_(B,C) b W®V', nz) -
Hence the choice of

g' = ideg:Wey' ——— WapP'

is clear. And the following commutative diagram shows the existence and

uniqueness of f':
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V(B,A) pl (W,B)
v,0) —B — @,m (1d,D)
p2 p2 p.-b v P
VL) — s (WeY',X)
ideg,id)
(g,1id) \

(P, uW") v (WeP', %)

Again the preservation of the identity is clear.

Now if A = (P,P',p), C = (V,v',v), E = (U,U',u) are objects in
éX and (f,g):A——C, (h,k):C — D are morphisms, then the
commutative diagrams of Figure 3 imply G preserves composition.

To prove (iii):

Suppose A = (V,V'v), B = (W,W',w), C = (P,P',p), D= (U,U',u) are
objects in éx and (f,g):A —> B, (h,k):C —— D are maps in A

X s
then the following diagrams commute:

V(B,C) Pl - (W,P)

1

V(B,0)—PE— W,0)

pl lpZ p.b. 1ﬁ 5.
U W) — s (Weu', %)
(k,id) (idek,id)
(P, W") a (WeP' ,X)
V(B,D) pl (W, U)

£ AAF, 14]
v(a,0) —2— (v,1)

p2 p2 p.b. i

=

(U',V') —————s (V8U',X)

L Avd,g) ) (g®id,i'ck

(U',W") ¥ (WeU',X)
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(W,P) _(&Q,_.m_) (W,V) (W®P',X) % (W@V',X)
(id,h~f) (id,h) (ide(gok),id) (idek,id)
(w,u} (Wey',X)
(P"W') _(_g_’i_d)—> (V',w')
(gok,id) (k,id)
(U',W")
V(B,A) Pl (W,P)
\ (id‘/
v(8,0) pl — (W, V) ¥
h (id,h)
V(B,E) —RL L dnm
p2 p2 p2 p.b. o v P
U0 — s (ueU',X)
(k,id) (id@k,ic\
CARED, ‘:’ (Wev' ,X)
(g,id) (ideg,id)
(P",W") i (WeP',X)

FIGURE 3.
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V(4,0) == pl (V,P)
(id,h)
V(A,D) —2 Wy
p2 p2 p.b a P
(U',V‘) ‘_\7—._). ( ®U|’X)
(k,id) (keid,id)
(',v") o (VeP' ,X)
V(B,C) pl (W,P)
£ (£,id)
V(A,C) pl (V,P)
\" uy
v(a,0) 2 v,v)
p2 p2 p2 p-b. ua P P
U,V ) (VEU' ,X)
%id) (keid,id)
(®',v") v - (VeP',X)
(id, g) (feid,id)
(@",0") L2 (WeP' ,X)
FIGURE 4.

This dmplies that the first diagram in Figure 4 commutes which implies, in

turn, that the second one does.
Applying the same argument, the map from V(B,C) to V(A,D) induced

by pullback is the same as h"eof" , hence the following diagram commutes:

V(B,C) £ >V (A,C)

h' hll’

¥(B,D) £ ¥(A,D)
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Next consider Tigure 5. Since the center square of the first diagram
is a pullback, f£'ch' dis the unique map V(B,C) — V(A,D) that
makes the diagram commute.

Next consider the lower diagram of Figure 5. Using this and the
fact that the following diagram commutes:

idsk

vey'! ——————» VP!

foid feid

idek

Wey' —————— WeP'

¥(B,C) pl (W, P)
\\Qi\\\i (12;32///
VD) ; Pt g Sw

s 1 z/
\ch,D) —>2L w0
p2 p2 lpZ lﬁ 31 P
(U',V') ————(Veu',x)
Aid.e (f@id,id)'\
(vr,w") w (Weu',x)
(k,1d) (id®k,j‘N
@',9") o (WeP' ,X)
V(8,0) pl (W,P)
‘\\ii\\* (f,id)
V(A,C) pl (v,P)
p2 p2 p-b. P p
(',v") v (VeP',X)
(id,g) (feid,id)
®',u") W (WeP ' ,X)

FIGURE 5.
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we obtain the desired result that the diagram

AL(B,0) —————4 (4,0)

Ay (B,D) —————A (4,D)
commutes.

&

2. The Functor %,

In this section we shall define a functor *:E_OP —— éX

and examine its relationship with éx(—,—)

Definition. Given any object A = (V,V',v) in éX define *(A) to be the

object (V',V,ves) where s:V'e@V s vev'——» X is a map in V .
Suppose B = (W,W',w) 1is another object in éX and (f,g):A —— B

a morphism in A then define *(f,g) = (g,f):*(B) —— *(A). This

X £
definition is justified since the commutativity of the diagram:

vew' —ld®g__,. vev!
f@id v

wew' — Y,y

implies that the diagram

W'®V ﬂ___, wl®w
geid wos
V'ev X
ves

commutes.

From the above formula on morphisms we can easily conclude that #* is
a functor.

Moreover * has an inverse (contravariant), since %*o% = igd .
—X

The following are some properties of *:
Proposition 1. Given A = (V,V',v) , B = (W,W',w"') in éx , then
V(A,B) = V(*(B),*(A))
PROOF. By definition *(A) = (V',V,ves) and *(B) = (W',W,wes).
Consider the commutative diagram of Figure 6.

Notice that the cocherence of V implies squares (1), (2), (3), (&)

commute. It also implies that the diagram

(5,id)

(VeW' ,X) (W'ev,X)

id
(s,id)

(VeW' ,X)
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commutes.

The fact that

V(*(B),#(A)) —Pher (v, W)

~

p2 p.b. wos

~

W', vy ——=5  ('ev,X)

is a pullback square implies that there exists a unique p:V(A,B)—— V(*(B),*(A))
such that the diagram of Figure 6 still commutes. Similarly the pullback

square involve V(A,B) dinduces a unique map q:V(*(B),*(A))— V(A,B) such

that the diagram of Figure 6 commutes. This implies qep is the map

induced by the pullback square:
. pt
V(A,B) (V,W)

p2 p.b. \

(V) — s (VW' LX)

V(A,B) Pl (V,W)
id

V*(B(,*(A)) pl v, W
id

v(a,B) —PBRL o (v.w

p2 p2 p2 p.b. w wos W

W', V') ———— (VeW',X)

/' (s,id)

ves

W', V") (W'eV,X)

/ (Sk

(W',v'") A4 (VoW , X)

FIGURE 6.
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But by the remark above also has this property. Hence

19y(a,3)
a°p = dy (s p)
Now switch V(A,B) and V(*(B),*(A)) in the previous diagram, and

apply the same argument to conclude that peq = 1 This

W (x(B),*(a)
completes the proof.

Corollary. Let A,B be two objects in éX , then V(A,*(B)) = V(B,*(A))
PROOF. For any object C in éX , *(®(C)) = C.

Corollary. Let A = (V,V',v), B = (W,W',w), be two objects in éX ’
then A (A,B) = A, (*(B),*(4)).

PROOF. By definition *(A) = (V',V,ves), *(B) = (W',W,wes) which
implies that A, (*(B),*(A)) = (y(*(B),*(A)),Wr@V,nl)

But recall that éX(A,B) = (X(A,B),V®W',n2) ; moreover we
have isomorphism p:V(A,B) —— V(*(B),*(A)) and q:V(*¥(B),*(A}) —> V(A,B)

such that i We also have s(V,W'):VeWw'

Yea,p) TP 0 Hyepy, sy TP
——— W'eV and SW',V):W'e&V —— veW' such that s(V,W')es(W',V) = idw.®V

T 1y — 2
and s(W',V)os(V,W") ldV@W'

Hence it is sufficient to check that the pair (p,s(W',V)) 1s indeed
an isomorphism in éX,' But we see this by considering the following

commutative diagram:

V(A,B) —E—— V(*(B),*(A)) — 21— V(4,B)

e’ ,xy &2 ey, — (521D, (yeyt 5

and complete the proof by taking the transpose.

Corollary. ILet A,B be two objects in AX , then

A8, %(B)) = A (B,x(8)) .

PROOF. If C is an object in A

N then C = *(*C))

Proposition 2. Let A,B,C be three objects in éX , then

V(A,AL(B,5(0)) = V(C,A(B,*(A)).

PROOF. Let A= (V,V',v), B = (W,W',w), C = (U,U',u). Then by
definition *(A) = (V',V,ves) and #*(C) = (U',U,uos).
Now put Bc = éx(B,*(C)) (!(B,*(C)),W®U,nl) and

Ba = AL(B,%() = (V(B,*(A)),WeV,n,) .

Recall that V(B,*(C)) and V(B,*(A)) make the following

squares pullbacks:
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V(B,*(C)) —RL— (w,u") v(B,*(a) —BL — @, vh)
p2 u:s p2 €:s
Uy —¥°5 (weu,X) (VW) —F28  (Wev,X)

Now consider Figure 7. Since (U,-) and (V,-) have left
adjoints, they preserve pullbacks, hence the outer and inner squares are
still commutative.

But (1) is a pullback, hence the following diagrams commute:

WV, U, W) —E2E 5 (g, (v,W")) (W8T, V) ————e— (VO (WeU),X)
w W P s
(¥, (W8U, X)) (U, (W8V, X)) (U, @,V')) (U (Wev) ,X)
-1 -1 \ /
P P \Z B
(Ve (Weu) ,X) ————— (Us(WeV),X) (U, (WeV, X))
V(4,Bc) pl weu,v')
P
v(c,Ba) —BL—— (u,Ba) LRy (w vy)
@de2) 1y ae,9)
p2 W, (v, unyy Gy (wev, x))
p2 p ¥
(W®V u") //// a (U@(W®V),X)
(V,V(B,*(C))) ——————— (V,(U,W")) (s,id)
(1d,p2) p.b. (id,#)
(id, @) -1
v, (0,0 =0, 4 (V, (WeU,X)) P (Ve (WeU), X)

FIGURE 7.
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This implies that there exists a unique map V(A,Bc) — (U,Ba) such

that the diagram of Figure 7 still commutes. Now using the fact that

v(C,Ba) Bl (U,Ba)

p2 ﬁ2

(Wev,U') ——— % (Ue(WeV),X)

is a pullback, there exists a unique map V(A,Bc) -4 V(C,Ba)

A similar argument (Figure 8) shows the existence of a map
p:V(C,Ba) — V(A,Bc) .

Applying the same argument as in the previous proposition, we

conclude that peq = and qop =

1y (a,B0) Hy(c,Ba)

Corollary. 1If A, B, C are objects in éX , then

it

A(8,A (B,%(C))) = A (C,A (B*(4)))

PROOF. Apply the same argument as in previous corollary.

Corollary. Let A, B, C be objects in éx , then

I

A (A,A,(B,0))

A (%(0),A (B, *(A)))

o * (% k(%
PROOF. A (A,A (8,0)) = A (F(*(A)),A, (B, *(*(C))))
o= * %
A, (K(C), 8, (B,5(A))
Remark. These propositions and corollaries concerning the duality lay

the foundation of our construction, as we shall see later on.

3. The Functor —®-

Note: Henceforth we write, for an object A of AX , A* instead of *(A).

Definition. Given A,B objects in A then define A®B = AX(A,B*)* .

X b
It is clear that -®- 1is a bifunctor, since -®- 1is the composition

(,%) 0 o (id,*) . ___*éx(“") A
R Ay x Ay By

Ay " &
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v(C,Ba) pl (Wev,u")

N p
v(a,Bc) —PL— (v,v(B,*(c)))— LB (v, w,ut))

(id,p2) p.b. (id,q)

p2 p2 o, u)) —ELB (v, weu,x))

-1 ~
P il
4 / : |

(Weu, V') v (Ve (Wel) ,X)

/:"1 /pos (s,1d)

(U,Ba) —E4BD L (y (v, u'))

(id,p2
p.b. | (1d,W)
-1 V
W, (W,V") —zg 5 (0 (WeV, 1)) 2 (U®(WsV), X)
FIGURE 8.

Proposition. Let A,B be objects in AX , then

A®B = B®A.
PROOF. A®B = A (A,BR)* = A (B,A%)* = BeA.
Proposition. Let A,B,C be objects in AX , then

(A®B) C = A®(B®C)
PROOF. (A®B)®C = _A_X(A,B*)*®C
= A (A, (A, B%)%, )%
o %))
A (C,A (4,9)

A (C,A (B, A%))*

A (A4 (B,CF))*

1

10

1R

AL(A, (B,Cx)Y*, ak)

1R

®) Wk ) %
AX(A,AX(B,C YHEH)

AgA (B,C*)*

A®(BeC) .
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4, The Dualising Object and the Unit for Tensor.

Let T = (X,I,r) be the object in AX , such that 1r:X®I —— X

is the cannonical isomorphism in V.

Claim. T is the dualising object, i.e. for any object A in AX'
*
AX(A,T) =A .
PROOF. Let A = (V,V',v) be an object in AX , then we have the

following commutative diagram

V(A,T) Pl (V,%)
p2 r
(1,v") v (Vel,X)
c P
v' (v, (I,X))
v (1d,1)
(V,X)
But
v v ,%)
id id
v v V,%)

is trivially a pullback in V, which implies that we have an induced
(unique) morphism £:V(A,T) —— V'. Apply the same argument to get a

unique map g:V' — V(A,T) such that fog = idV' and geof = ié!(A,T) .

*
Corollary, T is the identity for -o- .

PROOYF. Suppose A is an object in AX , then
* *
T @A = éX(T LA
- *
= A,(4,1)
**k

I3

A
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* *
On the other hand, A®T =T ®A = A, This completes the proof.
Theorem. Let A,B,C be objects in AX’ then

A (A8B,C) = A, (A,A(B,C))

k%
PROOF. A (A®B,C) = A (A (A,B) ,0)

R

* *
A(CT,A (A,B)
*® *
= AX(C ,AX(B,A ))
= A (8,4,(5,0)).

Proposition. Let A be an object in AX then

il

AT ,A) = A
_X( 4 -

% N ES
PROOF. AT ,A) = AL (A ,T) = A,

Remark.
(@] There is an obvious embedding functor from the comma category
(V,X) to éX sending V —— X to V®I —— X: hence in this

context (V,X) has a *-autonomous structure,
(2) It is easy to verify éX also satisfies our first assumption, i.e.
the MacLane-Kelly coherence conditions.

CHAPTER IV: APPLICATIONS

1. Functor Categories

In this chapter, we shall apply the theory developed thus
far to the double envelope of a symmetric monoidal category C.

Before defining the double envelope, let us recall some
elementary results of the functor categories.

Given categories X and Y we have the functor category

(L E

= XX . We know that if X is complete, then so is W, in the case

= § , the category of sets W also has a closed symmetric monoidal

structure. The tensor i1s the cartesian product while the internal GF
is defined as the functor whose value at D 1is the set of nature

transformations F(-) x Hom(D,-) ——* G(-).
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2. The Double Envelope.

Definition. Given a symmetric monoidal category with a faithful functor
I—I:EP — § , we denote the double envelope of C by E(C). The
objects of E(C) are all triplets (F,G;t) where F and G are functors
from ¢° to S,t is a natural transformation from F x G to |-&|. A
morphism from (F,G;t) to (F',G';s) in E(C) is a pair (£f,g) where

f 1is a natural transformation from F to F' and g is a natural

transformation from G' to G such that the following diagram

F(C) x ¢'(c") — B pecy x q(ch)
fxid t

F'(C) % GI(CI) %ICQ@C"

commutes for every object (C,C') of QP x Q?
Proposition. E(C) 1is a category.
PROOF. Suppose (f,g): (F,G;t) — (F',G';s)
(f',g"): (FP',G";8) — (¥",G";u) are maps

in E(C) , then the following diagram commutes for every (C,C') in

c® x ¢
. Vs
Foyxa"(0') —Hd | proyxe oty ——F94 L proyxeT(ch)
idxg' idXg'
Floyxe' ¢y —24d pveyxet (e u
idXg S
' t '
F(C)XG(CY) cec
This implies that (f,g):(F,G;t) — (F',G";s8)

(f',8"):(F',G";8) —— (F",G";u)

(£, 8" : (F",6"5u0) ———— (F™,6"";v)
are maps in E(C) , then (£",GM)o((f',g")o(f,g)) = (£",g")o(f'of,gog")
(£"e(f'ef), (gog')og")
((£'of')of,go(g" og™))
(f"ef",g'eg") o (f,8)
((f",8")o(£",8")) o (f,8).

Moreover, given (F,g;t) then (idF,idG) is the obvious choice for identity.

"
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Before proving the main theorem of this chaptgr, let us in-

: ; C x C
vestigate the functor categories 5 agd §6- — . There are

two obvious embeddings of §S— into 55— *x , namely £ oand r,
where 2(F) = F x I %nd r(F) =1 x F for every F in §£’ , and
I 1is the unit in §S' i.e. 1 sends every object into the singlgton

(the terminal object) in S. Hence we can regard objects in §§ as
x

objects in 5— = via either embedding. gow we can prove.
Proposition, E(C) is enriched over V = §§- “C .
PROQF. By previous remark V 1is a closed symmetric monoidal

category with pullbacks, moreover it is coherent.

Now given A = (G,F;t) and B6= (Gé,F';s) in E(C) we have to
define !(A,B% anoobject in V(= §S— g 9—) . Suppose (C,C') 1is an
object of §S =L , then V(A,B) 1is the functor whose value at (C,C')

is defined by requiring that the diagram

V(A,B)(C,C") Pl (2(6),2(6") (C,C")
p2
(£(F"),r(F))(c,c") (6 x F', [~e-])(C,C")
be a pullback.
c® x ¢°
Note. (-,-) denotes the internal hom-functor of S— — . As for the

map (£(G),2(¢"))(C,C") — (G x F', [-e-|)(C,C'), we simply observe
that in V, G x F' is isomorphic to &(G) x r(F'). Then the adjoint
property of V constructs such a map (in the same fashion as in Chapter
II, Section 2.) A similar argument constructs map
(r(F"),r(M)(C,C") — (G x F, |-e-|)(C,C").

Now the enrichment follows immediately from the result in Chapter
II, since this is how pullbacks are defined in the functor category, i.e.
by point-wise evaluation. This concludes the proof.
Theorem. E(C) is a subcategory of a *-autonomous category A; moreover
A 1is enriched over V.
PROOF. Put X = |-®-| , then follow the comnstruction in Chapter III.

3. Miscellaneous Results.

In this section, we are assuming V has all the properties as given
in Chapter I and we'shall prove that there is a functor F maps V to
V - CAT(V - CAT 1is the category of all categories which are enriched over
V.

The functor F on objects of V 1is obvious: given X in V, then

put F(X) = éX'
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Now we have to show given a map f:X — 8 in V, this induces
a V-functor T( = F(f)) from éX to éS'

The notion of a V-functor can be found in [Eilenberg & Kelly] Chapter
ITI, Section 6. In this case we have to show:
(i) a function T maps objects of éX tc objects of éS'
(ii) for each B,C in éX’ a morphism T(B,C) maps V(B,C) to V(T(B),T(C))
in V such that the following axioms are satisfied:

(1) The following diagram commutes:

V(B,B) L V(T(B),T(B))

J j
I
(2) The following diagram commuites:
M‘
v(C,D)®V(B,C) v(,D)
TeT T
d
V(T(C),T(D))®V(T(B),T(C)) M V(T(B),T(D))

Note. In both categories we denote the enriched object by V(-,-) , it
is clear from the context which one we are referring to.
The function T on objects of éX is obvious; given B = (V,V',v) in
Ay, then T(B) is the composition V&V’ A X £ S 1i.e,
T{(B) = (V,V',fev).

To show (ii):

Suppose B = (V,V',v) C = (W,W',w) objects in A_, then
T(B) = (V,V',fov), T(C) = (W,W',fow) and the following diagram commutes

V(B,C) pl (¥, W)
V(T(8),T(C)) pl wwy
02 p2 p-b. fow o
t ' f:V 1
w',vh) (Vew',Ss)
id (id, f) ]

W',V z (Vo' ,X)
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Since the imnner square is a pullback, there exists a (unique) map
T(B,C) from Y¥(B,C} to V(T(B),T(C)).
To show (1)} commutes let B = (V,V',v) in AX' Then T(B) = (V,V',fevy)

and the following diagrams commute:

v(s,8) —PL— v, V(T(8) , T(BY —BE—+ (v,V)

P2 p.b. v p2 p.b. fov
w',vh —i—%V@V',X) (v',v')——f‘i—» (Vev' ,s)
V(B,B) —pl - (V,V)
V(T(B),T(B)) P —(V,V)
p2 p2 p.b. f—:\;’ A4
(v',v") fov _ § (vev',x)
/ (id‘,f)\ |
RS v (vev',X)
pl — (¥, V)
T id
v(T(8),T(8) —EL — (v, V)
p2 Fov v
W',V —EY o (yev',s)
/{ (id,f\
W', v (Vev',x)
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Hence the composition I . N X(B,B)—-—"I-—-—-+ V(T(B),T(B)) and
map I -——-J—+ V(T(B),T(B)) are both induced by pulling back. Thus by
the uniqueness property they are "equal".

To show (2) commutes, let B = (V,V',v), C = (W,W',w), D= (U,U",u)
be three objects in AX . Then T{(B) = (V,V',fov), T(C) = (W,W',fow),

T(D) = (U,U',fou) and the following four diagrams commute:

v(C,D)®V(B,C) plopl o, 1)V, W)
p28p2 o M
(U',Wwhe@',v'") V(B,D) pl (v,1)
s p2 p.b. 1

WL V)eU W) —— (U, V') —————— (V8U',X)

plepl

V(T(C),T(D))®V(T(B),T(C)) (W, 0)e(V,W)
p2@p2 M’ M
(U, Wem",v") V(T(B),T(D))—2E— (v,
s p2 p.b. fov

~

(WV ,V')@(U' ,w|) __l__,.__._,,(ur ,V‘) L(V@U' ,S)

v(C,D) pl W, 1)

i~ A

V(T(©),T(0) —2—(,0)

[=4]

p2 p2 fou

' W) — ¥ (Weu',s)

% (id,N

(U',w") (Weu',X)

bt
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¥(B,C) pl

v, W)

V(T(8),T(C)) —2E—(v,W)

p2 p2 p.b. fow ¥

|

W', V") fov (Vew',s)

% (id,'xr

W', v") A (VeW' ,X)
v(C,D)eV(B,C) W, 1) &(V,W)
N e
V(T(C),T(D) V(T (B),T(C)) —EZBL . (w vye(v,w)

M

M

M'
p2ep2 p2ep2 Y@y, rm) 2 (v,m v,0)
p2 p.b. f:u

W, v )eU', W) — ',y T (veu',s) a

id (id,f)

W, Ve WY o w',v") v . (VEU',X)
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piepl W, D)8V, W)

\\\EL\\\S M
V(B,D) pi%pl v,
‘\<£\\$ ig///

V(T(B),T(D)) - (v,1)

V(C,D)®Y(B,C)

p2ep2 p2 ipz B.b. lf:u
v(U',v')uﬁ’—"—»(vw',S) ¢
id ‘dk
1 1 1 T M !" I/ ‘7 (1 ) 1
W', vHe(U',W') ———— (U', v") (veu',Xx)

This implies that the diagrams above commute, which implies

that the composition

V(C,DY®(V(B,C))—F s y(T(C),T(D))SV(T(B),T(C)) — > V(T(B),T(D))

is the map induced by pulling back.

This also implies that the composition

V(€,0)® Y(B,C) — s V(B,D) — s V(T(B),T(D))

is the map induced by pulling back.

Hence by the uniqueness property, they are 'equal", therefore (2)
commutes.

Now we are left to show that if f:X— S and g:5 ——> K are
maps in V, then TF(g)eF(f) = F(gef), i.e. F preserves composition,

All we have to check is that the comﬁosition is preserved in (i)
and (ii).

It is easy to show (i) is preserved. For if B = (V,V',v) in éX s

then

(F(g)oF(£))(B) = F(g)(F(£)(B)) = F(g)(V,V',fov)
(V,V',go(fov))
(V,v', (gof) ov)
F(gef) (B).

To show (ii) is preserved: Let B = (V,V',v), C = (W,W',w) in AX’ then

It

(V,V', fov) ,F(£) (C) = (W,W',fow),(F(g)°F(£))(B) = F(gof)(B)
(V,V', (gef)ov) ,F(gef)(C) = (F(g)°F(£))(C) = (W,W',(gof)e°w)

and the diagrams (*), (*¥*) and (***) commute

F(£)(B)
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V(B,C) pl v, W)
\(f) V
V(F(E) (B ,F(£) (€)) —BE—s (v,10)
(*) p2 p2 p.b. fow W
[ ' f:V [}
W', vy ————(Veu'.9)
/ (id,(\
W',V v (Ve ,X)
V(E(E) (B) ,F(£) (C)) pl (Y, W)
V(F(gof) (B),F(gof) (€))L (v, W)
P ————t’ ~
(%%) p2 p2 p.-b. go(fow) |fow
W',V (8°f) , veu',x)
/ (id;8°‘t\
W',V fov >(Veu' ,S)
Note. F(gef)(-) = (F(g)°F(£))(-).
pl
V(3,C) (V, W)
= F(gof) id

V(F(gof) (B) ,F(gof) (C))—EE—(v,W)
(xH%) p2 p2 p.b. lm @

T ——
W', V") _iﬁﬁflﬁy__+ (Vew' ,K)

/ (im

(vew',x)

wW',vh

But (*) and (**) imply the diagram of TFigure 9 commutes.

This implies that both F(gef) in (***) and the composition

F(£)

v(,0) V(F(£) (B),F(£) (C)) e V(F(gof) (B) ,F(ge£f) (C))

are induced by pulling back. Hence it follows they are equal.
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V(B,C) pl (V, W)
wf) ‘y
V(E(E) (B) ,F(F) (C)) pl v, 1)
F(g) id
V(Fgo£) (B) ,F(gof) (©)) L1 (v, 1)
p2 p2 p2 (gof)ow| fow @

/T\-/
(wl,vv) ———£53—12X—+(V®W',K)

% o (iczk d

Ww',v" (VewW',Ss)
,”EE/)' N4 (id,fgki\?§®wv’x)
FIGURE 9,
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