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1. Introduction

The notion of simplicial homotopy is well known, see Section [2| below. But it raises several
interesting questions that we have not found answered in the literature, including one for
which the literature is wrong.

First we raise the question of when a simplicial object in some category is contractible.
We begin by showing that, assuming the category is idempotent complete, it does not
matter whether we are dealing with a simplicial object that is augmented or not. Looking
through the literature, we find essentially three definitions of contractibility. The first two
are in terms of what are called “extra degeneracies” although there is some question what
that means, and the third is that a simplicial object is contractible if it is homotopic to
a constant.

There are at least three places in the literature that claim that being homotopic to a
constant is equivalent to (one of) the extra degeneracy definitions. Regrettably, one of the
three is |[Barr, (2002), Theorem 3.3]. Unfortunately, what is proved there is only that the
extra degeneracy implies homotopic to a constant (see Theorem , below); the converse
is ignored. In fact, the converse is false, as we will show below, based on The second,
[Rodriguez Gonzalez, (2008), Proposition 1.2.12] repeats and cites the claim from [Barr,
(2002)]. The third appears in |Riehl, (2014), Lemma 4.5.1], which cites [Meyer, (1984),
Theorem 6.4], which seems to be the required result but includes one equation (the one
labeled (C;)™, in our notation d'h® = h°d"~!, 1 < 4 < n + 1), which is not generally
satisfied by a homotopy when ¢ = 1. Thus although Meyer’s result as stated is correct,
the extra hypothesis means that it does not support the implication claimed by Riehl.
See the discussion just before for a further explanation.

It turns out that there are two versions of extra degeneracies, which we will call extra
degeneracies and strong extra degeneracies. We will show that

strong extra degeneracies = extra degeneracies = homotopic to a constant

and gives examples to show that both implications are strict.

As the names suggest, having strong extra degeneracies immediately implies having
extra degeneracies. Theorem [4.7, as noted above, shows that having extra degeneracies
implies homotopic to a constant.

The proofs that these implications are strict are done using examples that begin with
a truncated simplicial set, and [4.§ and are completed using a construction called the
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coskeleton. This is usually described using a Kan extension, but we have not found an
explicit description of the coskeleton and so we include one; See Section 5.1 One problem
with coskeletons is that they do not get along well with simplicial homotopies. We use a
notion we call reduced homotopy which is fully equivalent to the usual, yet does lift to
coskeletons. See Section [3] for details.

We say that a simplicial object is contractible, respectively strongly contractible,
if it has extra degeneracies, respectively strong extra degeneracies. One question that
started us looking at these things was wondering whether a retract of a contractible
simplicial object is contractible. It turns out that for simplicial objects in an idempotent-
complete category, the properties of being homotopic to constant and of being contractible
are closed under the formation of retracts, but the property of being strongly contractible
is not. See Section [ for details.

Section [7| gives an explicit equational proof that if a topological space is topologically
contractible to a point, then its singular simplicial set is contractible, but not necessarily
strongly contractible. It is this example that leads us to take one of the senses of con-
tractibility as definitive. We have not been able to find this explicit construction in the
literature.

Since many of the computations involving simplicial objects are long and complicated,
we have relegated several of them to appendices.

2. Simplicial objects and partial simplicial objects

To make this self-contained, we briefly describe simplicial objects in a category. A sim-
plicial object in a category X consists of a countable sequence of objects {X,, | n > 0};
arrows d', = d' : X,,—=X,,_; forn > 0 and 0 < i < n, called face operators; and arrows
st =5 X, —= X, forn >0 and 0 <i < n, called degeneracies. These are subject
to the following equations. Note that, as already indicated, we usually omit the lower
indices.

o did’ = &7 d, for i < j;
o sisi = sist™L for j < i

o ST ifi< g
o d's’" =< id ifi=jori=j5+1
sSd=l ifi> 5 +1

An augmented simplicial object X — X ;| consists of a simplicial object X and a
map dj = d° : Xo—= X_; such that d°d° = d°d" : X; — X_;.

If X and Y are simplicial objects, a simplicial map f : X—Y consists of morphisms
fn + X, —Y,, that commute with the faces and degeneracies in the obvious way. If
f,g : X —=Y is a pair of simplicial maps a homotopy, written h : f ~= g consists of
morphisms h!, = h' : X,, —=Y,,.; such that



d°h’ = fn;

dmHat = 9n;

h-ldi ifi < j
dihi ={ &Rt if i =
Wdi=t ifi> 41

o[RS i
ipi = Qs
*e {M“y ifi<j

Note that the relation ~= is neither symmetric nor transitive. It is reflexive. We leave it
as an exercise to show that h : f ~ f if we define h' = s'f.

We will also have occasion to deal with partial simplicial objects, also known as
truncated simplicial objects. An m-partial simplicial object X is a finite sequence
X0, X1,..., X, face maps d' = di : X, — X,y for 0 <n < mand 0 < i < n, and
degeneracies s' = s : X, —= X1 for 0 < n < m and 0 < i < n satisfying the same
identities as a simplicial object insofar as they are defined. We will show that every partial
simplicial object is the truncation of a full simplicial object, Section [5.1

3. Reduced homotopy[|]

By a reduced homotopy between f,g: X —Y we mean a family 7' = 7! : X, — Y,
for all n and 0 < ¢ < n + 1 such that

RH-1. 7% = fy;

RH-2. v = g,;

- I=ldt fori < j

RH-3. diri =3 "
" {rjd’ fori> g
w It fori < j
H-4 siri =37 ° J
R ST {T]SZ forv >

Some special cases of this are worth mentioning. When j = 0, it follows that dir® =
r%d" and sr® = r%s?, which are just the conditions that f is simplicial. When j = n+1, it
follows that dir™t! = r*d!, while s'r"*! = r"*25' which just express that g is simplicial.

3.1. PROPOSITION. There is a bijection between homotopies and reduced homotopies be-
tween pairs of arrows X —=Y.

L As far as we are aware, the definition of reduced homotopy is new. There are hints in the literature,
but we have not found a precise definition nor a theorem such as 3.1. We needed this because the usual
definition of homotopy does not work well with coskeleton . The difficulty lies in describing the value
of difhi = di\hi, in terms of X,.
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PROOF. Let f,g: X —=Y and h : f ~=g. Define ' = f, r"*! = g and r* = d'h* = d'h*~!
for 1 < i < n. Then the first two equations of RH are satisfied. For RH-3, we consider
cases:

1<j<n+1l:
dr? =d'dh = 'd'W = &R =i
1<j=n+1: ‘ ‘ ' .
dr"tt =d'g = gd' = r"d’
1> o
d'r! =d'd’W = dd™h = dhd = rd
1=7>0:

dirt = didih = ddihi~! = did it = dhi-tdt — ridt
1=7=0:
A0 = df = fd° = +0d°
To verify RH-4, we calculate s'r/. When i < j, we have
sl = s dh) = AR = TR TS = it
When ¢ > j, we have
sl = s'dh = dsTh = W s =1l s

In the other direction, given a reduced homotopy r, we let hi = r**1st. To see that h
is a homotopy, first we calculate

d°h® = dr's” = r°d’s" = f
dn+1hn — dn+1,r,n+lsn — ,r,n+1dn+18n =g
Next we see that

dlhl — diriJrlSi — Tidisi — 7,1'
while
AR = Jipigi=l — pigigi=l — pi
For i < j, we have
d'h) = it el = pidisd = pigi— 1t = Bt
For ¢ > j 4+ 1, we have

d'h = d'ritls) = pitidlst = pi sl =t = pidit

Next we calculate sth?.



sth) = gipitlgl = pit2gigl — pit2g0tlgl — pitlg

1> 7
S'H = SZT’]JrlS] — 7a]+1sz$] — 7-]+1sjszfl — hjszfl

Now we must show that these constructions are inverse to each other. If we begin with h
and define r’ = d'h?, then ritlst = d"Hhitls! = d*+1sih! = h'. The other way around, if
we start with r and let h* = r"*1s’, then d'h’ = dir‘tls’ = rid's’ = r'. n

4. Contractible simplicial objects

What does it mean for a simplicial object to be contractible? We know what it means for
a topological set to be contractible. A space S is topologically contractible if there
exists a continuous map H : S x [—=S, where [ is the unit interval, such that H(s,0) = s
for all s € S and H(s, 1) is constantly equal to some sy € S.

This definition makes special use of a one point space. The most important feature,
at least from our point of view, of a one point space is that it is discrete, which implies
that its singular simplicial complex (see Section [7)) is constant in the following sense.

4.1. CONSTANT SIMPLICIAL OBJECTS. A constant simplicial object C is one for
which every term is the same, say A and every face and degeneracy is the identity. We
will say that X is homotopic to C if there are maps f : C — X and ¢g : X — C such
that gf = ide and idx ~= fg. On the one hand, this is (apparently) too weak, as will
be discussed later. On the other hand, we ought to be content with gf ~=1 and both
instances of ~= should be replaced by the equivalence relation it generates. If we did this
for fg, the problem would become intractible. As for ¢gf, the only map homotopic to ida
is itself (easy exercise) so that point resolves itself. We stick to the above definition.

4.2. EXTRA DEGENERACIES. But there is another way to look at a contraction. Given
a space S we will show in Section [7| that the singular simplicial complex (see Section
has an “extra degeneracy”. This is a sequence of maps t,, : X,, — X,, 1 such that

o At =id;
o dit =td~! fori > 0;
o st =ts"1 fori > 0.

This almost satisfies the same equations as a degeneracy labeled s~!. But such a degen-
eracy would also satisfy s%s™! = s71s7! or, in the notation we are using, st = tt. We
will call ¢ a contraction, and say that X is contractible or has extra degeneracies
if ¢ satisfies the three equations. We will call ¢ a strong contraction, and say that
X is strongly contractible or has strong extra degeneracies if ¢ satisfies the three

equations above and, in addition, satisfies s°t = tt.
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Example below shows that contractibility does not imply strong contractibility.
What we do have is Theorem which, for simplicial sets, is |Goerss & Jardine (1999),
Lemma II1.5.1]. Incidentally, that reference (page 200) defines an extra degeneracy the
way we do. But first we need an interlude to discuss augmentations.

4.3. AUGMENTATION. We show that if the ambient category has split idempotents, then
it doesn’t matter whether we are dealing with an augmented or non-augmented simplicial
object. For the augmentation can be added in essentially one way. If X is a simplicial set
and the category has coequalizers, it is natural to augment it by letting d : Xo—= X _;
be the coequalizer of d?,d} : X; —= X,. It is slightly surprising that if X is a contractible
simplicial object in a category X that is idempotent complete, you don’t need coequalizers.

Assuming a contraction ¢, we begin with d'td't = d*d*tt = d*d*tt = d*td’t = d*t. We

then split the idempotent d't as X @ X_; —5> X, so that d't = td° as required. We
also have

d°d® = d°td’°d® = d°d'td’ = d°d*d't = d°d*d*t = d’d'td" = d"td°d" = d°d*
so that we have an augmented simplicial object. It is immediate that

do do
X1 —=Xo—X
dl

is a coequalizer. These considerations are closely related to Beck’s precise tripleableness
theorem which is not quite stated in [Beck, (1967), Theorem 1] but is clearly explained
in [Linton (1969), Section 1].

4.4. A CONTRACTIBLE SIMPLICIAL SET THAT IS NOT STRONGLY CONTRACTIBLE. We
begin with a contractible truncated augmented simplicial set X, defined only in dimensions
—1,0,1,2. The elements of the X,, are as shown in this table:

X 11| Xoll X3 X5
a | B |v[d]e|[C|n]|b
d’ a |88y d]|v]|6
d' BB vy
d? Yyl
s? 5 |nl6
st Cl0
t B v el

4.5. PROPOSITION. These equations define a short simplicial object with t as a contrac-
tion.

PROOF. There are many computations; see Appendix [A] for details. [



4.6. PROPOSITION. Neither t nor any other map is a strong contraction.

PROOF. First we observe that if 7 : Xy — X; satisfies 77 = s%7 as well as all the other
identities it has to satisfy to be a strong contraction, then so does 7 : X_; — Xj. In fact

7 = 77d°1 = d’177 = d*s"77 = %7d°r = 7

Now suppose we had a candidate 7 for a strong contraction. Since 7(«) = 3, we must
have 7(8) = 77(a) = s°7(a) = s°(8) = §. In a similar way, 7(6) = 0. As for 7(7), the
first constraint is that d°7(y) = v, which forces 7(7y) to be either € or n. But we must also
satisfy d'7(y) = 7d°(y) = 7(8) = 6, which forces 7() = 0, a contradiction. o

This is now completed to an example using the coskeleton, Section [5.1}

4.7. THEOREM. A contractible simplicial object in an idempotent complete category is
homotopic to a constant simplicial object.

PROOF. Suppose X %, A has a contraction ¢ = {t, : X, — X,41ln > 0}. Let
(]

A Xo A split the idempotent d'ty, We define f, = (s°)"t : A — X,, and
gn = (d°)""! : X,, — A. We begin by showing that these are simplicial maps between X
and the constant simplicial object A. We must show that the diagram

A id A id A
(sO)ntle (s%)mt (91t
Xpir X, & X1 (.71)
(d%)+2 (d)ntt (d)"
A id A id A

commutes. We have s'(s°)"t = (s)""¢, di(s°)"t = (s9)" ¢, (d°)"2s' = (d°)"T!, and
(d)"d" = (d°)"*1. Clearly gf = id, and we wish to show that id ~= fg. We define
ht = (s9)t(d°)" : X,, — X,,11. A number of equations have to be satisfied.

1. d°A° = d° = id.

2. dn+1hn — dn+1(80)nt<d0)n — (SO)ndlt(dO)n — (SO)nt(dO)n+1 — fngn

3. dihi = di(s)it(dO) = (s°)i~1dLsOH(d%)i = (s0)~MH(d°)i, while dihi~!
— di<80>i—1t(d0>i—1 — (So)i_lt(do)i.

4 Tf0>j+1, dh = di(s°)t(d0) = (sOYdIt(d0) = (s)itdi =1 (d0)
= (SOVHAY A = Rid1



5. If i < j, d'h = d'(s")t(d°) = (s°)7~"t(d’), while h/~'d"
= (SO)j—lt(dO)j—ldz‘ — (50)]‘—1t(do)j‘

6. If i > j, s'h! = 5 ( (do)] = (s9)7s"It(d°) = (s°)7ts" I H(d°)!

y
= (PP = Wi

710 < g, s'h = s'(s°)H(d°) = (s°)FH(d"), while hIts’
= (s0)7H(d0)7H st = (s0)7HH(d0)7.

Thus X is homotopic to a constant simplicial object. [

Note that in the third equation above, we could continue to get
dihi—l — (SO)i—lt(d0>i — (SO)i—lt(dO)i—ldz‘—l _ hi—ldi—l

which is not necessarily satisfied by a homotopy that makes a simplicial object homotopic
to a constant simplicial object . This is the equation that |[Meyer, (1984)] added with-
out comment that allowed him to conclude that homotopic to a constant implied extra
degeneracy.

Suppose C' is a constant simplicial object in which every term is A every face and
degeneracy is the identity and that f: C'— X and g : X — C' are such that gf = id¢
and h : idx ~= fg. Meyer defined ¢, = h? in each dimension. But one of the equations
that has to be satisfied by a contraction is Ll = td® or d'B° = KOd°. This equation is not
satisfied by homotopies in general, but it is exactly Meyer’s additional equation.

4.8. A PARTIAL SIMPLICIAL OBJECT HOMOTOPIC TO A CONSTANT, BUT NOT CON-
TRACTIBLE. We let C' denote the 2-partial simplicial set which is constantly equal to
{x}, the one-point set whose only element is x. We embed C' as a subsimplicial set of
Y = {Y,, Y1, Y2}, We let Yy = {x} and let Y; be the set which is generated by *, an
element «, and by action of the map r} : Y] —=Y], which we will denote by u. We assume
that u(x) = % and we let Y] = {*, o, ua, ..., u"a,...}.

To construct Y, we let 8 = s%(a) and v = s'(a). We also let v = rj : Yo — Y5
and w = 73 : Yo —=Y,. For convenience we look for an example for which vw = wv and
such that Y5 is the set generated by x, 5,7, and the action of v,w. We let Y5 have the
elements *, 3,7, and all elements of the form v™(3), w™(8), v"y, w™(7), vFw’(B), v*w(y).
The definitions of the faces and degeneracies and of the reduced homotopy are then given



by the following chart:

In this chart, n,k are non-negative but ¢ has to be strictly positive.

Yy Y, Yo

s [« al uwa [« By ] v | vy | w8 | wly vwk 3 v wly
d’ x| x *| o | * « * uFa * uFa *
dt x| * * | ol al va | va | WFa ula u" o u" o
d? x| * | « * u" * * * *
SO « [[«] g | wp
st [ %] v | v™y
Ol s [« al uwa [« By ] v"8 | vy | w8 | wly vwk 3 v wly
U s s lualu™ ol ,UB vy Un+15 UnJrl,.y vwkﬂ U’wf’)/ ,UnJrlka ,Un+1w€,y
72 % | * * x| wp wy vwp3 VM wy wk“B we+1’y UnwarlB ,UnwéJrl,y
r3 x| % | * * * * * * *

There is some redundancy in the chart as, for example, the values of s'(a), d(a), r* ()
can be determined by looking at the column headed by a or at the next column, headed
by u™(a) and letting n = 0. Note that we set u°, v", w° equal to the identity function. For
further redundancy see Appendix B. Also note that we cannot set £ = 0. For example,
the column for w’(7y) would contradict the column for 7 if we set ¢ equal to zero

We claim that this defines a truncated simplicial homotopy between the constant
simplicial object C' and the the truncated simplicial set Y. See Appendix [B| for details.

We claim that this is not contractible. If there were a contraction ¢, we focus on ta.
From d’ta = «, we infer from the chart that ta can only be v"3 for some n > 0. From
tx = td’a = d'ta = d'v"B8 = u"a, we see that tx = v"a. From tx = td'a = d*ta =
d?*v" 3 = * we derive a contradiction.

Finally, we note that by using the coskeleton, see below, we can construct a full
simplicial set which is homotopic to a constant but not contractible.

5. The coskeleton of a partial simplicial object

5.1. COSKELETON. Suppose that X has finite limits. Here we show how to extend a
truncated (augmented) simplicial object, such as the ones described in and , to a
simplicial object. This construction is well known; we have included it to make this note
self contained. It can be described as the right Kan extension from the inclusion of the
truncation of the standard simplex into the full standard simplex.

We will show that if two maps between (n — 1)-partial simplicial objects are reduced
homotopic, so are the induced maps between the coskeletons. We will also show that
if the partial object is (strongly) contractible, the full object will be also. By an ob-
vious induction, it will suffice to begin with a partial (augmented) simplicial object
X ={X_1, X0, X1,..., X, 1}, together with the relevant faces and degeneracies.

In the argument below, we pretend that the category is set-based and that the limits
can be defined by elements. This can of course always be replaced by actual limits. Then
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we let Cosk ( ) = {X_1,Xo,..., Xy-1, X, } where X, is the set of all (n + 1)-tuples
x = (2° ,2") € (X,,_1)" ™! for which d'z? = &~ 'z' when i < j. We define d'x = 2,
from Wthh 1t is immediate that d'd’x = d’~1d'x when i < j.

Moreover, given x € X,,_1, the definition of s'(x) € X,, is forced because the simplicial
identities determine the values of d*s’. So we define s’ : X,,_; — X,, by:

st =x=(s"1d, s 'd'e, ... s d e,y S A e, L S )

More precisely, s‘z = (2°,...,2"), where

s dFr itk <
=<z ifk=ii+1

sdi e ifk>i+1

Defining s : X,,_1—=X,, as above and d' : X,,—=X,,_; by d'(2%, 2!, ... 2") = z', we claim
that we have extended X to Cosk,(X), a partial simplicial object of degree n. Moreover
the extended object will preserve the contractibility (and strong contractibility) when the
original (n — 1)-partial simplicial object X has these properties. See Appendix |C| for
details. The first step is to prove s'(z) = (2% 2!,... 2") € Cosk,(X) for all z € X,,_4,
by showing d/z* = d’~'2/ whenever j < k.

5.2. PROPOSITION. Suppose X andY are (n—1)-partial simplicial objects, f,g: X —Y
are (n — 1)-partial simplicial maps and r : f ~=g is an (n — 1)-partial reduced homotopy.
Then f, g, and r extend to the nth coskeletons.

PROOF. That f and g extend is obvious. To extend r, let (2%, z!,..., 2™) be an element
of the Cosk, (X) This means that for 0 < i < j < n, d'z?/ = d~'2'. For 0 < k <n+ 1,
let r*(2%, ..., 2") = (¥ 120, .. pk-tgh=L phak o pkan) In particular

and

rnJrl( 0

2. ") = ("l ") = (ga, .. ga™) = g(a, .. ™)
We must show that r*(z%, ..., 2") € Cosk,(Y). We have to consider cases.

1< <k:
dzrkflxj — ,r,kf2dzxj — kadeflxz — d]flrkflxl

1< k<7
dZTk$‘7 — 7akfldzxj — rkfld]flxz — d]flrkflxz

E<i<y:
dirka? = rfdia? = rFd gt = @Ry
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It is clear from the definition that for i < j, dir? = r#~1d* and for i > j, dr? = rid’.
These equations are where the formula came from. We must show that the commutation
equations of the r with the degeneracies is satisfied. (Recall that for z € X,,_;, s'w =

(s 1do, ..., sy, o, s'd T e, L L stdP ) We must show that j < k implies that
sirk = rk=1gi. Since the face operators in Cosk,(Y') are collectively monic, it suffices to
show that d’s’r* = dir*='s/ for i = 0,...,n. Again we consider cases.

1<y <k

dighk — =1 gipk — Gi=lpk=1gi _ k=2 j—17gi _ k=2gicj _ gik=1gj

j<kandi=j75+1:

disirk — T’k — dei i dirkz—‘rlsi

j<i+1<k:

At = STd 1k = gIph 1@ = phd @il = pFdisd = dirhtlsd

I<k<i4+1:

disjrk — dei—lrk — Sjrkdi—l — ,r,k—l-lsjdi—l — ,r,k+1di8j — diT]H_lSj -

In order to apply this to [£.8] we need the following.

5.3. PROPOSITION. If C' is a constant partial simplicial object, then its coskeleton is also
constant.

PROOF. Suppose C' is defined up to degree n — 1. As in the definition of coskeleton, we

will pretend we are in sets. Then C, = {(z°,...,2") € C"™ | d'a? = &2 for i < j}.
But all d’ are identities, so this says that all 2* are equal so that C,, = C,,_; and it is easy
to see that all faces and degeneracies are the identity. [
6. Retracts

One of our original motivations for this paper was to discover whether a retract of a
contractible simplicial object is contractible.

6.1. THEOREM. A retract of a contractible simplicial object is contractible; every con-
tractible simplicial object is a retract of a strongly contractible simplicial object.
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PROOF. Suppose Y Lo X 2y are simplicial maps such that gf = id and that X has
a contraction tX. We define t¥ = gtX f. The proof that ¢¥ is a contraction is trivial.

To go the other way, suppose t is a contraction on X. The cone C'X is defined
by (CX), = X1, (Cd)' = d"™' and (Cs)’ = s'™'. We claim that the s° constitute
a strong contracting homotopy on CX. In fact, (Cd)’s® = d's® = id. For i > 0,
(Cd)'s® = dT1s? = %' = $°(Cd)™" and (Cs)'s? = sT1sY = 0" = $9(Cs)"!. In
addition, (C's)s? = s's” = s%s" so that s is a strong contraction on CX. Now we wish
to show that the existence of a contraction on X gives X as a retract of CX. In fact,
tp + X, — (CX), = X,1q and d° : (CX), = X,;1 — X,, exhibit X,, as a retract of
(CX), so it suffices to show that these are simplicial maps. We have (Cd)'t = d"*'t = td’
and similarly (Cs)’t = ts'. Finally, for i > 0, (Cd)'d° = d"™'d" = d°d’ and similarly,
(Cs)'d® = d°s". =

6.2. COROLLARY. A retract of a strongly contractible simplicial set need not be strongly
contractible.

PRroOF. This is immediate from Example 4.4} [

The story of simplicial objects that are homotopic to a constant is a bit more compli-
cated. We begin with three lemmas of which the first is standard and left to the reader.
The third says that the horizontal composite of homotopies is a homotopy. This is doubt-
less known although the use of reduced homotopy makes it trivial. It remains the case
that homotopies do not generally compose vertically.

6.3. LEMMA. Suppose that h : g~k in the diagram X#Y%ZLW of simplicial
objects, then (hf : bgf ~=Llkf. [

6.4. LEMMA. Suppose C' is a constant simplicial object. Then any two homotopic maps
X —C are equal.

PROOF. Assume that f,g : X —C and h : f ~=g. Then from f; = d°h° = h° and
go = d*h® = hY in degree 0, we see that fy = go. If we suppose that f,_; = g,_1, then we
have that f, = d°f, = fr_1d° = ¢o_1d° = d°g,, = gy. [

f
6.5. LEMMA. Suppose that in the diagram X?Y#Z, we have f~=gqg and k~=/,
then kf ~=/{g.

PRrOOF. Although it must be possible to prove this using ordinary homotopies, the use of
reduced homotopies renders it easy. Assuming that r : f ~=g and ¢q : kK ~={ are reduced
homotopies, let p!, = ¢'r!, for 0 < i < n+ 1. It is now a trivial computation to see that
the p, define a reduced homotopy kf ~=(g. [
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6.6. THEOREM. If idempotents split in X, a retract of a simplicial object in X that is
homotopic to a constant is also homotopic to a constant.

PROOF. Suppose that we have a diagram

f

C x—? .¢C

kf gl

Y

in which C' is constant, ¢gf = id, id ~= fg, and k¢ = id. We claim that glkf : C —C
is idempotent. Observe that glk fglk f ~= glklkf by as fg~=id. By this implies
glkfglkf = glklk f which equals glk f as k¢ = id. We then split this idempotent getting
maps B ——=(C —"= B such that vu = id and uwv = gk f. Then vglk fu = vuvu = id. For
the other composite kfuvgl = kfglkfgl, we have id = klkl ~= kfglk fgl from Lemma
(63 n

7. Singular simplicial complexes

As usual, A, denotes the set of all points (ag,...,a,) € R™ such that all a; > 0 and
ap+---a, =1 Wemap 6 : A,_; — A, by

;
6'(ag, ..., an-1) = (ag,...,ai—1,0,a;,...,a,_1)
and o' : A, —= A, by

O-i(GOJ oy On1) = (@0 - oy A1, G F iy, Gigo, -, Gp)

If X is a topological space, we let SS(X) denote the simplicial set whose nth term is
Hom(A,, X) with d' given by d = Hom(é’, X) and s° = Hom(o’, X). Then SS(X)
becomes a simplicial set, as is well-known and readily verified. We also note that if
f: X —Y is continuous, then SS(f) : SS(X) —SS(Y'), defined so that f(u) = fu, is
easily seen to be a simplicial map.

7.1. THEOREM. Suppose X and Y are topological spaces, f,g : X —Y maps and H :
X xI—=Y a map such that H(x,0) = fx and H(x,1) = gz. Then H induces a simplicial
homotopy SS(f) ~=SS(g).

PROOF. Define r* : SS,,(X)—=SS,,(Y) by letting u : A,—=X and defining r'u(ay, . . ., a,) =
Hu(ag,...,a;,Gi11,- .. an), a0 + -+ - + a;—1). We give the details in Appendix @ n
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It is standard that a topological space X is contractible to the point x € X if there
isamap H : X x I — X such that H(z,1) = z and H(z,0) = % for all x € X. It will
be convenient in this section to denote H(x,a) by ax for x € X and a € I, treating it as
the set I acting on X. Should it happen that it is the monoid I that acts, meaning that
(ab)x = a(bx) for all z € X and a,b € I, we will say that we have a regular contraction
and that X is regularly contractible.

Any convex set in R” is regularly contractible. By translating, we can assume that it
contains the origin and then we can let x = 0 and ax have its standard value. In fact,
it would suffice that there be a single element * in the set such that the line segment
between each other point and * lie in the set. Such a set is called star-shaped.

7.2. THEOREM. Let X be a contractible topological space. Then the singular simplicial
set over X is contractible; if X is reqularly contractible, then its singular simplicial set is
strongly contractible.

PROOF. Suppose X x [—=X is contraction, denoted (z,a) — ax. We define a contraction
t : Hom(A,,, X) —Hom(A, 1, X) by

an 1
tu(ag, ag, ..., ape1) = { (1 —ao)u (1207 - ﬁ) if ap # 1
* otherwise

The details, including the proof that tu is well-defined and continuous, are found in
Appendix [D] Note that this equation is not like the one used in the preceding theorem.

7.3. A CONTRACTIBLE SPACE THAT IS NOT REGULARLY CONTRACTIBLE. Unfortu-
nately, the space is not Hausdorff, nor even T;. It is equivalent to a subspace of the
Khalimsky topology on Z, see [Khalimsky (1969), [Hamada (2015)].

We let E be the space with five elements we will denote v, w, x,y, z and whose basic
open sets are {v}, {v,w,z}, {2}, and {z,y, z}. We define a topological contraction H of
E to the single point v, as follows, where H(u,r) = ru for u € E and r € [0, 1]:

l.rvo=wvforall0<r<1

9 ru—d? for0<r<1/5
‘ S lw for1/5<r<1
v for0<r<1/5

J.re =< w forl/5<r<2/5
r for2/5<r<1
v for0<r<1/5

P T for 1/5 <r <2/5

ERE I for 2/5 <r <3/5
y for3/5<r<1



15

for 0 <r<1/5
for 1/5 <r <2/5
for 2/5 <r <3/5
for 3/56 <r <4/5
for4/5 <r <1

Continuity follows from the calculation
L H'({v}) = ({v} x [0,1]) U(E x [0,1/5))
2. H'({v,w,z}) = {v,w,z} x [0,1]) U (E x [0,3/5))

3. HHz}) = ({2} x (4/5,1]
4. H Yz, y,2} x (2/5,1]

Finally, we will show that neither this action nor any other is regular. Suppose r - is
a regular action with base point u € E. We can suppose without loss of generality that
u € {x,y, 2} since there is a symmetry on E that exchanges {x,y, z} with {v,w, x}. Since
1-v = v and {v} is open, there is some r < 1 such that 7-v = v. But then r"-v = v for all
n. Since limr"™ = 0, it follows that limr"v = 0 - v = u. But {z,y, 2} is a neighbourhood
of u that excludes every r" - v, so that is impossible.

Ot

3

I

I
SN

A. Details for example [4.4]

These are the detailed computations required in Subsection [4.4

1. For i < j, d'd’ = d’~'d’. But all composites of faces end in a one element set, so
this is automatic.

2. Fori < j, s7s" = stsi™h:

3. d's® = d's0 = d's! = d2s! = id:
I’s"(B) =d°(0) =p; () =d"(n) =y d’°(0) =d°(0) =
d's"(B)=d'(0) =p;  d'(y)=d' ()=~  d'0)=d(0) =
d's'(y)=d' () =r  ds'(6)=d(0)=¢
Ps' () =d* ()= dPs'(0) =d*(0) =6

)
)

4. d%' = s9d°:
d’s'(y) = d*(Q) =6 = s°(8) = s"d°(v);  d’s'(0) = d°(8) = 0 = s"(B) = s°d°(9)

5. d?s® = s%d":
d*s’(y) = d*(n) =6 = s°(6) = "d'(v);  d?s°(0) = d*(0) = 6 = s°(B) = s°d*(9)
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A.1. PROPOSITION. The map t is a contraction.

PROOF. Again there are a number of computations.

1. d° = id:
d’t(a) =d°(B) =y d°t(B) = d’(7) = B;

d't(y) = d’(e) =v;  d'1(0) =d’(¢) =0

2. d't = td*
d't(B) =d'(y) = B =t(a) =td’(B);  d't(y)=d'(e) =7 =t(B) = td();
d't(0) = d'(¢) = v = t(B) = td°(9)

3. d*t = td":

Pt(y) = d*(e) =y =t(B) = td'(7);  d*(0) = d*(¢) = v = t(B) = td'(6)

B. Details for [4.§

We will verify that Y, as given in [4.8] is homotopically equivalent to the constant partial
simplicial set C. In what follows, steps 1-5 show that Y is a partial simplicial set, while
steps 6-11 verify that the maps 7°, 7!, 7%, r3 define a reduced homotopy with the required
properties.

It is not necessary to prove that two maps into Yy, from the same domain, are equal as
this is immediate, because Y| has only one element. Similarly, two maps from Y{ into the
same codomain are, for the maps we are using, always equal because these maps always
preserve the element labeled .

We often prove that two maps, say p and ¢, are equal by showing that p(x) = ¢(x) for
all x in their common domain. We can omit the case of z = % because the maps we are
using always preserve .

If the common domain of p and ¢ is Y7, then to prove p = ¢, we only need to verify
that p(z) = q(z) for = u"a because the case © = « follows when n = 0.

If the common domain of p and ¢ is Y5, then to prove p = ¢, we only need to verify
that p(z) = q(z) for x = v™y, v*w*B and v*wy because the case x = * is immediate and
the other cases follow by setting n or k£ equal to 0.

We find it convenient to use notation such as “r? = x on Y;” to indicate that 72 maps
every element of Y7 to x.

1. Proof that d'd’ = d’~'d’ for i < j.
This follows because d'd and d’~'d’ both map to Y, (See above).
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. Proof that sis’ = s7s'~! for i > j.

This follows because s's’ and s/s'~! both map from Y. (See above).

. Proof that d's? = s7~1d’ when i < j.

Since the only degeneracies in this example of a partial simplicial set are s°, s' and

since i < j, we only have to show that ds' = s°d°.
dPst = 50(0°
d’s'(u"a) = d’(v"y) = x = s°(x) = s°d°(u"a)

. Proof that d's’ =id fori = j or i = j + 1.

d’s? = id

d’°s°(u"a) = d°(w"B) = u"«
d's® =id

d's®(u"a) = dH(w"B) = u"«
d's' =id

d'st(u"a) = d'(v"y) = u
d*st =id

d*s'(u"a) = d*(v™y) = u"a

. Proof that d's? = s7d"=* for i > j + 1.
The only case that meets this condition is:
d280 — SOdl
d?s%(u"a) = d*(w"B) = * = (%) = s°d' (u"a)

. Proof of RH-1, that r° is the identity.
A glance at the chart makes it clear that r%(x) = x for all z € Yy U Y] U Y.

. Proof of RH-2, that »"*! =% on Y,,

Three glances at the chart make it clear that r* = * on Y{; that r?> = * on Y} and
that 7 = % on Y5.

. Proof that d'r? = ri=1d' for i < j (first half of RH-3).

Cases of the form dir® = r2d’ are immediate because d'r® = % as r> = % on Y, and

r?2d’ = * as 1> = x on Y;. Aside from maps to Yy, the following cases remain:
d17“2 — Tldl
d'r?(v"y) = d' (v"wy) = u"Ma = ri(u"a) = rtd'(v'y)
der(U”ka) — dl(vnwk+1ﬁ) = TR+l =1 (u"*ka) =it (Unwkﬁ)
dlrz(v”wzy) — dl (Unwé—&-l,y) — un+€+1a — 7,1 (un+£a) = it (v"wéy)
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dor2 = 10
dr?(v"y) = d°(v"wy) = x = ri(x) = rld(v™y)
dOr2 (vt B) = dO(vmwH B) = bl = L (uFa) = rido(vhwk B)
dor? (v wy) = d°(v"w ) = * = rl(x) = rd° (vrwty)

dOrl — TOdO

dort(vy) = (v y) = % = r9(x) = r%d°(vy)
dort(vrw*B) = d° (v B) = uFa = rO(uFa) = r0d° (vrw* )
dort (v wty) = d°(v" T wty) = * = 10(x) = r0d° (vrwty)

Proof that d'r? = rid" for i > j. (Second half of RH-3)

Note that if j = 0 then dr/ = r/d’ is immediate as r¥ is the identity

d’r? = r?d?  d*r?(v"y) = (v wy) = * = r2d*(vy)
dQT’Q(UnU}kB) — dQ(UnU)]H_lB) S r2d2(v"wkﬁ)
d2r2(v"w57) — d2(vnw€+1,y) — % — T2d2(vnw£7)

d27”1 — T1d2
d2T1<Un’}/> — dQ(Un-i-l,y) — un-i—la — 7"1 (una) — rld2(v”7)
d*ri(vmwkB) = (v B) = x = ri(x) = rld?(v"w*B)
d*r(vmwty) = (v wty) = * = ri(x) = rid?(v"w'y)
lel — Tldl

Al (o) = d (V") = uHa = (uPa) = ridl (o)
dlrl(v”wkﬁ) _ dl(UnJrlwkﬁ) — un+1+ka =yl (un+ka/) — Tldl (Un’wkﬁ)
dirt(vtwty) = dH (v wty) = u e = r(ua) = rtdt (v wby)

10. Proof that s'r? = ritls® for i < j. (First half of RH-4)

11.

The proof that sr? = r3s’ for i < j is immediate because we have s'r? = x as
r? =% on Y] and r3s’ = * because 73 = x on Y. The only remaining case is:

sri(ua) = Y(u ) = w B = r?(w"B) = r2s®(uma)

Proof that s'r/ = ris’ for 1 > j (Second half of RH-4, so this will complete the proof
that Example has the indicated properties.)

Note that i can only be 0 or 1 as there is no s? in the partial simplicial set of
Also, if j = 0, then the result is immediate as 7 is the identity. And if i = 0 then
we must have j = 0 as ¢ > j. The maps s'd’ with domain Yj are trivially equal to
d’s* when i > j because these maps agree on *, the only element of Yj. It follows
that it only remains to show that s'r! = rls':

Slrl(una) — sl(u”+1a) — Un+1’)/ — 7,,1 (Un’}/) — TlSl(UnOé)
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C. The coskeleton equations

We start by completing the proof that the function s actually maps X,_; to X,,. It
clearly suffices to show that d’d*s’s = d*"'d/s'z for v € X,,_; and j < k. Recall that

s'v = (s, s e, . s e T L ST )
There are a number of cases to consider:

1. j<k<u
ddisiy =d s \dby = s 2ddbe = 2 x

A" 'Vsiy = d s iy = s 2dF i x
2. 1<k=1,1+1
ddvstc = dx
e =d" s de = da
3. j<i<k—-1
ddvs'c = ds'd" e = s A e = s A A
A" sty = d s e = s AR 2 d e
4. j=11+1, k>1+4+ 1
dds'c = ds'd* e = dF e
d" sy = d e
S.i+1< )<k
ddbsic = ds'd" e = s'd VA e = S Rd e
A" Vsie =d" s d e = SdF 2 e

The simplicial identities for d’d’ and d’s’ are immediate consequences of the definitions.
Next we show that for i > j, s's? = s7s'"1. The {d"*}, being the projections on the limit,
are collectively monic, so it suffices to show that d*s's’ = d*s’s""!, which allows an
inductive argument. We must consider a number of cases depending on where k falls with
respect to ¢« and j. We always suppose 7 > j.

1. k<yg:
dkszsj — Szfldksj — Szflsjfldk — S]flszdek

dFsisi—l — gi=lgkgi=1 _ gi—1gi=2gk
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2. k=j,7+1: o ‘ A A
dkszsj — Sz—ldksj — Sz—l

dhgigi—1 — gi-1
3.1 >k>j54 1L
dkszsj — Sz—ldksj — Sz—lsjdk—l — Sjsz—Qdk—l
dksjsz—l — dek—lsz—l — S]Sz—2dk:—1
4. k=14,1+ 1
dFsts) = s
A"t = gd g = o
5. k>1+1:
disis! = s'dF sl = §'sidhF 2 = i1 dh 2
dFeigi—l — I gh—1gi—1 — i gi—1gk—2
Now suppose the original fragment is contractible so far. We extend the contraction

tot: Xn—l 4>Xn by
tr = (v, td°x, td'z, . .., td" 1)

We must show that this is an element of X,,. Suppose i < j. When i = 0, d°d’tx =
1w = o = "'z, For 0 <i < j, we have
ddte = d'td 'z =td ‘&z =td'd 22
dd e = dtd e = td " d e

We will show that the above extension of a contraction ¢ is a contraction on Cosk(X),
and, if the original contraction, ¢, is strong, then the extension will be strong. s't = ts*~!
for i > 0. Again we compose with all the d*.

L 1<k<u

dk‘tsl—l — tdk—ls’i—l — tSZ—Qdk‘—l
2. 1<k=1d,1+1 ' . .
d¥sit =t = td" st = dFtstt
3. k>i+1 ' ‘ . '
d*s't = s'd" 't = s'td" % = ts" a2
dFsi—t — pgh1lgiml — i1 k=2

Finally, we show that if the original contraction ¢ is a strong contraction, then so is its
extension.



1. k=0
d°s% =t = d°tt
2. k=1
d's't =t = td°t = d'tt
3. k>1

d*s% = $dF 1t = s%dF? = ttd? = dF it

D. The simplicial homotopy equations
PROOF OF THEOREM [7. 1l
Proor or RH-1.

0

r'u(ag, ..., a,) = H(u(ag, . ..,a,),0) = fu(ag,...,a,) = SS(f)(u)
Proor or RH-2.
" (u(ag, ..., a,) = H(ulag,...,a,),1) = gulag, ..., a,) = SS(g)(u)

Proor or RH-3. For: < j,

d'r'u(ag, ... an_1) =1 (u)(ag, ..., a;—1,0, a5, ..., aj, ... a5 1)
= H(u(ag, ...,a;-1,0,a;,...,a;,...an_1), a0+ - +04---
while
ri Y du(ag, . .., an_1) = H(du(ag, ..., an_1),a0 + -+ a;—2)
H(u(ag,...,ai-1,0,a;,...,aj,...0n_1),a0 + - + aj_2)
For 1 > j,
d'r'u(ag, ..., an_1) =1 (u)(ag, ..., aj_1...,a;-1,0,ai,...,0,_1)
= H(u(ag,...,aj-1,...,a;-1,0,a;,...,an_1),a0 + - -+ aj_1)
while

ridu(ag, ... an1) = H(du(ag,...,an1),a0+ -+ a;_1)

= H(U(ao, ceey A1, .. ,ai_l,O, (7R an_1>,a0 + -+ aj_l)

21

+a;-2)
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Proor or RH-4. For: < j,
s‘riu(ag, ..., ane1) = 7 ulag, ..., @i 1, @ + Gy, . . . g1y Opgl)
= H(u(ag, ..., @Gi—1,0; + Qix1, -, Qjs1, .. Qpy1), Qo + -+ + (@ + aip1) + -+ aj)

while —y .y
(2 7
s u(ag, -y A1) =7 s u(ag, o, Gy GG Gpy)

= H(Siu(a(h s 7an+1)7a0 + - F aj)

which is clearly the same as s'riu. For i > j,

s'r’u(ag, ..., any1) = " ulag, ..., @51, ..., Q1,0 F Qi1 .. Qny)
= H(u(ag,...,aj-1...,8i-1,0; + Qiy1,...Any1), 00 + -+ aj_1)
while o o
(2 7
r's'u(ag, ..., ane1) =17 s'u(ag, ..., a5, ... a; ... ans1)

= H(s'u(ao, . .., ans1),a0 + -+ + a;-1)

which is clearly the same as s'riu.
It seems worth pointing out that Meyer’s condition is not satisfied. For example, recall
that h* = r**1s® then:

dlhou(ao, a)) = hou(ao, 0,a1) = H(u(ag,a1),ap)
while
Rd°u(ag, ar) = H(d"u(ag + a1),ap) = H(u(0, ap + ay), ap)

The result is that, while as shown above, a space homotopic to a point gives a contractible
simplicial complex, Meyer’s construction does not do the job in this case.

PROOF OF THEOREM [7.2l

First we show that tu is well-defined and continuous. Since that u (1?&0, cee ?i—;;)

is always defined when ay # 1, it suffices to show that, for 1 < ¢ < n 4+ 1, we have
0< 1%0 < 1. But this readily follows as 1 —ag =a; + - - - + any1 > a;.

As for continuity, it is clear that tu is continuous at every point of A, except possibly
when ag = 1. Let ¢ = (1,0,...,0) be the only such point in A, ;. It suffices to show
that if p',p?,...,p’,... is a sequence of points of A, that converges to ¢, then * is in
the closure of the set {tu(p’) |i=1,2,...}.

Now write p' = (zf,z%,... 2%, ;). Note that we may as well assume that x{ # 1, for
all 4, as otherwise ¢ € {tu(p') | i = 1,2,...}. But the sequence z},z2,...,x}, ... must
converge to 1 as the projection from A, ,; —= [0, 1], which sends (aq, ai,...,a,+1) to ag
is continuous.

Now let Y C X be the image A, .1 under u. Note that Y is compact. Define Define

o(p') = <u (121 e x%“) 1 — xé) € Y x[0,1]. Since Y x [0, 1] is compact, the sequence
0

P 1-xy
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o(ph), ..., 0(p"),... must have a cluster point (meaning a point (y,b) € Y x [0, 1] such
that every neighborhood of (y,b) contains infinitely many members of the sequence). It
clearly follows that b = 0.

Finally, since tu(p’) = H(4(p')) and since H is continuous, and therefore preserves
cluster points, we see that H(y, b) is a cluster point of, and thus in the closure of, {tu(p) |
i=1,2,...}. But as shown above, b = 0 so H(y,b) = *.

Next we show that ¢ is a contraction.
d°tu(ag, ..., a,) = tu(0,aq, . .., a,) = lu(ag, ..., a,) = u(ag, ..., a,)

so that d°t = id. For i > 0,

d'tu(ag, . .., a,) = tu(ao, - .., ai-1,0, ;. .., a,)
while
td ™ u(ag, . .., an) = (1 — ag)d'u (1 ila()’ ] inao)
oo (g )

The argument with the degeneracies is similar. For ¢ > 0,

s'‘tu(ag, . .., Gpeo) = tulag, ..., a; + aipq,. . ., ay)
— (1 — ag)u ax a; + Qi1 an
0 1—@07”'7 1_a0 ,...,1_a0
while
i— — ai QAn+2
tstulag, ..., a =(1—ag)s" lu e
(O 1’L+2> ( 0) 1_a0 1_a0
a a; A4 Apt2
=(1—ap)u e + e
( 0) (1—(10 ]_—CL() 1—CLO 1-&0)

Assuming there is a regular contraction on X we will show that the ¢, as defined above,
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is a strong contraction on SS(X). We have that

a An42
it ceyQpyo) = (1 —ap)t e
w(ag; - - - s any2) = (1 — ag)tu (1 o 11— a0>

:(1_a0)<1_ ay )u( az/(1 — ao) N an+2/(1—a0)>

1—@0 1—a1/(1—a0)’ "1—611/(1—@0)
I —ap—a; as (42
=(1— S L S
( a0)< 1—&0 )u(l—ao—al’ 71-&0-&1

=(1—ap—a)u ( 12 . 2 )

1—&0-@1, .’1—(10—01
= tu(ap + a1, a9, ..., Gpi2)

= s%u(ag, ..., ani2) n
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