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1 Introduction

In [Kak48], S. Kakutani gives a characterization of when two infinite product measures are
equivalent or orthogonal. We present a modern exposition of Kakutani’s characterization,
including many of the details that were left out of the original publication.
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2 Preliminaries

Every measure we refer to is a probability measure defined on an arbitrary set X. We
assume without loss of generality that the measure is complete. For any two such measures
p and v, we say that u is absolutely continuous with respect to v, denoted p < v, if
v(A) = 0 implies p(A) = 0 for all measurable A C X.

If u < v, there exists a unique measurable function % : X — R*, called the Radon-

dup -
Nikodym derivative, such that
dv
v(A) = | —du
( Adp

for all measurable A C X.



1 and v are called orthogonal, and we write u L v, if there exists a measurable set A
such that p(A) = 0 and v(X \ A) = 0. Equivalently, u L v if for all € > 0 there exists a
measurable set A such that u(A4) < e and v(X \ A) < e.

1 and v are equivalent, denoted u ~ v, if p < v and v < p.

We would like to determine whether two probability measures p and v are equivalent
or orthogonal, by comparing their Radon-Nikodym derivatives using inner products. We
consider

dv

du
so it is an element of L?(X, u). We will also use the L? norm to obtain a convenient expres-

sion for the Radon-Nikodym derivatives of product measures in terms of the derivatives of
the marginal measures.

Let A\ :== p+ v so that p < A and v < .

Vel
(VB E) - e

where (-,-) denotes the inner product in L?(X, \).

Note that = 1. For instance,

For ease of notation, we define
du \/@ / \/@ \/cTu
= —_ e = i 7d)\.
V) <\/d)\’ d)\> VaVax

Notice that p(u,v) = p(v, u). Also, we have that p(u,rv) = 0 if and only if p L v.

One can view the space of probability measures on X which are absolutely continuous with
respect to A as an embedding into L?(X, \), with the corresponding metric

)
VIR Ve

e

plp,v))2.

2
[dp
dA
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It then follows by the Cauchy-Schwartz inequality, for p ~ v, that 0 < p(u,v) < 1, and
p(p,v) = 1if and only if p = v. With this, we may view the space of probability measures
on X as a subspace of the unit sphere in L(X, p).

In the case where y ~ v, it follows from the chain rule that

o) = [ @ . (2.1)

Remark 2.2. Let X' be another measure such that y < M and v << X. Then clearly A < X,
so it follows from the chain rule that

[dp [dv o fdu [dv .,
/X d\ d)\d)\_/X dN d)\’d)\'

Hence, p(u,v) does not depend on the choice of measure A.

Now let {X,,, B, }nen be a countable collection of measurable spaces, and let u, and v, be
equivalent probability measures on X, for each n € N. We define product measures

u::Hunandy::Hyn.

neN neN

Theorem 2.3. For {(X,, By) bneNs tn, Vn, 1t and v as above, the following are equivalent:
(1) w and v are not orthogonal.
(2) pr~v.
(3) T Plftns ) > 0.
(4) 2nen —log p(pn, vn) < 0.
(5) S en (s i) < 0.

Proof. We show that
B)=(1)=(2)= @) = @) = ).

(2) = (1) and (3) <= (4) are trivial.
(4) <= (5) : Recall that

Z & (i ) = 2 Z(l = p(in, vn))-

neN neN
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We show that for a sequence (a;, )nen with a,, € (0,1] for all n € N, the series ) (1 —ay)
converges if and only if the series ) —loga, converges.

Observe that if either ) _y(a, —1) or > - —log(ay,) converges then

lim (a, —1) =0.

n—oo

For any = > 0, we have that
. log(1+x)
lim —————=

= 1’
r—0 xT

SO

. log ay,

lim

n—oo a, — 1

=1.

Whenever one of the sequences converges. Thus we have by the limit comparison test that
Y nen(l —an) converges if and only if — 3" loga, converges.

The result follows since we can take a,, := p(pin, V) for all n € N.

To prove (3) = (2) and (1) = (3), completing the proof, we use the following lemmas.

Lemma 2.4. p
R, = n X, > RT
dpn

s a real-valued measurable function for each n.

For x = (1, ..., k) € [[,,<p Xn, define
R, (z) = Ry (xy).

Then (Ry)n<k is a system of real-valued measurable functions defined over | [, <, Xn, which
are independent when viewed as random variables over the space of measurable subsets of

This extends to the infinite case.

Proof. For all n, R,, : X,, — RT is B,-measurable by the Radon-Nikodym theorem. Hence,
as a function over Hng w Xn or [],cny Xn, Ry is also measurable.

(Rpn)nen is a system of independent functions since for all n € N,z € X, R, (x) depends

only on the n-th coordinate of x. O

Lemma 2.5. Let u<y == p1...ux and let v<y = v1...v.



If i, ~ vy, for alln < k, then p<j ~ v<j. Moreover we have that

sk _ I1 &« (2.6)

d'ugk n<k

and

,0 ,u<k,V<k H p(fin, Vn
n<k

Proof. Assume pu, ~ v, for all n < k.
Let E := [, < En C [],<x Xn be an elementary set. Then

ng(E> = I/1(E1 Vi Ek H Rn,un.
n<k

By the independence of the R,,’s, and an application of Tonelli’s Theorem,

v<i(E H/ Rn,u<l~c—/ /E I Rupsn

n<k kEn<k

= / H Ryp<k.
E1><...Ek

n<k

So for all elementary sets F,

/ H Ry pi<e.

n<k

Notice that the function A defined by

/ H Rn/j’<k7

n<k

for all measurable B C [],, ., Xy, is a measure on [ [, - Xp.

Since A and v agree on the elementary subsets of [[, ., X, they agree on all measurable
sets by the Caratheodory extension theorem.

Hence, v<j < p<g. One shows that pu<p < v<jp by a completely symmetrical argument,
so we have that u<j ~ v<y.

(2.6) follows from the uniqueness of the Radon-Nikodym derivative.



Moreover, the independence of the R,’s gives that

p(p<k, V<) / VR Ridp<y, = / vV Rydpy = H P(fons Vn)-
n<k

n<k

Lemma 2.7. For k € N, define

Y = H VR,.

n<k

Then (Yr)k>1 is a sequence of elements of L*(X, u) such that ||tz = 1 for all k.

Moreover, for any | >k > 1 with k <1, we have that

[ = ill3 = 2(1 H / VRudjin)

n=k+1

l

:2(1_ H p(ﬂnaVn))'

n=k+1
Proof.
ol = [ T R
n<k
= R,dy = / / R,du
/)(1>< ><Xk ,rgc Xk X1 ,rgc

by Tonelli’s Theorem.

By the independence of the R,’s, and since each R, only depends on the n-th coordinate
of x € X, we have that

el = /R@—H/an
n<k n<k

So ¢y € L*(X, u) and ||z = 1 for all & € N.



Now let k,I > 1 be such that k < [. Then

(k) Z/X?!)klbzduz/x ([ &) ] VRw)dp-

1X“Xln§k n=k+1

So by Tonelli’s Theorem and the independence of the R,,’s,

(W 1) = H/ Rudy ( Hl/ qu)

n<k

H / VR (20)dpn = H pfins V).

n=k+1 n=k+1

Combining these results, we have that

o = Will2 = lall3 + nl3 — 2wk, ) =20 = ] (s vm))- O

Lemma 2.8. If [T,cn p(ttn;vn) > 0, then (Vr)ren is a Cauchy sequence in L?(X, ), and
therefore has a limit .
Proof. Suppose [[,,c p(fin, vn) > 0. Recall from Lemma 2.7 that

l

lok— il =20 = T plrtnsn))-

n=k+1
We show that 1 — Hn g1 P(fin, vn) approaches 0 as [ and k approach infinity.

Let (pn)nen be the sequence of partial products of [ ], .y p(ftn, V). Then since the product
is convergent, lim,_,~ p, exists and is strictly positive. (p,)nen being convergent implies
that (pp)nen is Cauchy. Moreover, since the product is convergent, there exists M > 0
such that p, > M for each n € N.

So we have that for all € > 0, there exists N € N such that for all{ > k > N,

l
ok — ol = | [ s v)lt = ] plnsvn)| < eM.
n<k n=k+1

So

l
I olun,va)l < eM (T p(n, va)) ™ < eMM ™' =¢
n=k+1 n<k



So for all € > 0 there exists N such that for all k,1 > N, ||, — 912 < €, so the sequence
(¥n)nen is Cauchy.

O

For (3) = (2),

Suppose [ [,,cn £(tn, V) > 0. We will show that

v(B) = /B e

for any measurable B C X, and hence that v < yu and g—; =%

We first show this for an elementary set £ C X. For some k € N, we have that v(E) =
v<i(E). By the independence of the R,’s,

k l
v(E) =v<p(E<i) = / H Rydp<y = / H R,du = / H R,du = / ¢l2d,u
E<k Ep=1 Ep=1 E

n<k
for any | > k.
Using that lim_, ||t — 9|2 = 0, we get that

v(E) = / V. (2.9)
E
Recall that £ is the ring of elementary subsets of X. Notice that the function A : B — R™

defined by
\B) = [ wan
B

for measurable B C X, is a measure on B. Also, \ agrees with v on &£, by (2.9). By the
Caratheodory Extension Theorem, A and v will also agree on B.

Hence,
v(B) = [ v,
B
for any measurable B C X.

So v <« p and t% = 2. One shows that u < v by a completely symmetrical argument, so
1 and v are equivalent.

(1) = (3) is proven by contrapositive: assuming [, .y p(ttn, V) = 0, we will show that
wl v



Fix € > 0 and k € NT such that

H p(un, Vn) <e.

n<k
Let By, be the set of all z = (z1,...,x%) € [[,,<4 X»n such that

[ Bu(2) > 1.

n<k

Note that B<j, is measurable since the R,,’s are measurable functions.
Then
p<k(Bsk) = / dp<p < / 1 VRwduss < plucr, var) <.
By, B

<k n<k

Also,
ver(X<k \ B<k) = / | J

X<r\B<k p<p
Since the R;,’s are less than or equal to 1 on X< \ B<y,

ver(X<k \ B<k) < / [T VBadp<s

X<k\B<k p<i
< plp<k,v<r) < e.
So if we let B := B<j, x H;’O:kﬂ X,,, then
w(B) = p<k(B<k) <€

and
V(X \ B) = v (X \ Bgy) <.

So for any € > 0, there exists a measurable B C X such that u(B) < e and v(X \ B) < e.
Hence, i and v are orthogonal. O

Corollary 2.10. For i and v defined as above, we have a dichotomy: u and v are either
equivalent or perpendicular.

Corollary 2.11. For i and v defined as above,
p(uv) = TT ot vn).

neN
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Proof. By Theorem 2.3, p and v are either equivalent or orthogonal, and if they are or-
thogonal then

H p(tinsvn) = p(p,v) = 0.
neN
If 4 and v are equivalent, recall that

Ui =[] VR

n<k
for all k. It follows from the proof of Theorem 2.3 (specifically (3)=-(2)) that

p(p,v) = / Ydp = lim [ pdu
X n—oo X

n
= lim p(p<n, v<n) = Jiﬁrgokl_[lp(umvn)-
0

Lemma 2.8 stated that (15 )ren converges in L?(X, u). The next corollary gives a stronger
convergence which will allow us to express the Radon-Nikodym derivative of the product
measure in terms of the derivatives of the marginal measures:

Corollary 2.12. In the context of Theorem 2.3, ({r)ren converges to 1 p-almost every-

where on X, and so
dp 1 dpn
dv H dvy,
neN

p-almost everywhere on X.

Proof. ({)ren converges to ¢ in L%(X, ), so for any € > 0, we have that
Tim ({0 (x) — ()] > <)) = . (2.13)
— 00

Also, ¥ > 0 u-a.e. Hence, the sequence

(log v )ken = (% > Ruken

n<k

satisfies
klg](r)lo p({z - |log g (z) —logy(z)| > e}) = 0. (2.14)

Since (log Ry, )nen is a system of independent functions, (2.14) implies that (logvk)ken
converges to log 1y p-almost everywhere. This is a general fact from [Kam40] which states
that any series of independent functions on an infinite product space that are converging
in measure also converge p almost-everywhere.

Consequently, (x)gen converges to ¢ p-almost everywhere on X. O
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3 Application to the Cantor Space

Setting X := 2N, we show how the sum convergence can be simplified. We consider families
of measures (fn)nen and (Vn)nen, and set u,(0) =: ay, and v, (0) =: 5, for all n. Then, a
quick calculation yields

,Um Vn \/Oénﬁn - \/ 11— an)(l - Bn)

We now show a convenient formulation of d (i, vy, ).
d2(ﬂn7 Vn) = 2(1 - p(,un, Vn))
- 2(1 - (\/anﬁn - \/(1 - an)(l - 571)))
:Oén—Q\/M‘FBn 1_an)_2m 1= Bn+ (1= Bn)
\/OTn \/E V 1— Qp — V 1— 577,)2

Thus, the equivalence or orthogonality of the product measure is determined by the con-
vergence or divergence respectively of the sum

> (Van =B + (VI —an — /1= B)% (3.1)

neN

Proposition 3.2. If there exists a v € (0,1) such that

7 é O‘naﬁn S 1- e (33)

it is sufficient to check the convergence or divergence of the sum
> (an — Ba)? (3.4)
neN

to determine whether p and v are equivalent or orthogonal.

Proof. Suppose (3.3) holds. We show that Y, . d*(in, vn) converges if and only if (3.4)
converges via the limit comparison test on the individual summands of (3.1).

S e A (YR L (Ve RVl D
w5 (i — VB2 1o (o — VB)? (an +v/Ba)?
)

)?
¢
- iy (o2 BBy (VB < (1 =

Thus since the limit exists and is positive, the two series both converge or both diverge.

11



We now apply the limit comparison test to the other summand.

lim ( Bn)z — lim (an - /Bn)Z . (\/1 —an + \/1 - Bn)Q
n—=o0 (VI —an —V1—=0,)? nooo (VI—an—V1I=58.)? (VI—an+v1-5,)?

— lim (an - Bn)2(\/1 — Op — \/1 - ﬁn) — lim m m

n—o0o (an — ﬂn)Q n—>oo

Now by (3.3), this limit is a finite positive number, so both series converge or diverge.
Thus, since both summands convergence is governed by (3.4), we have that the whole of
(3.1) is as well. O

Proposition 3.5. If u ~ v, then

Proof. Fix n € N. Then

In _ V() x) =vp(x

for x € {0,1}, so by the uniqueness of the Radon-Nikodym derivative,

dvy, vy
d,UJn Hn
for all n € N. The result then follows from Corollary 2.12. ]
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