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loding functions .

(a) For each KEN
,
define < .

p
: IN"-IN by a the least o such that

for all ill
,
Blw

,
i + 1) = ai and 11

,
01 = K

.

In other words,
syn = No /Vick Blo ,

it = a = 1 10
,
0 = b) ,

so this is a computable function.

(6) Define 1 : /N-IN by > Plu
,

0).

() For each if IN
,
Hi : /N > IN be defined by 2013 S/w

,
i+ 1).

Observation. Note that the functions < : /N-IN are injective and
have pairrise disjoint images. Furthermore

,
the funtion IN-IN" by

wit Ilwio
,
Iwis

, ...,
I wis is a left-inverse of <.>p.

Abuse of notation. When applying Cap to EIN"
,

we may drop he from the sab-

script and just write sac,

() Define InitSey , Termsey : IN2- I by
Initscy(a ,

i) := Mg(th(8) = i 1 Vici ( (8); = Cali)
Term Seg (a ,

i) : = Noth (b) = Ch(n) -i 1 Vjchal-i (8);= Cahie.

(e) Define concatenation of two haples & : IN - IN by
axd : = < lato,

, ..., Catena -1 : (610, ..., (6) (b) -1
= Ms (h() = 1(a) + 1h(b)1 Initsey( ,

Inlal) = a

1 TromSeg(c ,
Uh(a)) = 1).



We can finally prover

The .
The set of computable functions is closed under pretive recursion.mi

Proof
. By the Dedekind analysis of primitive recursion

,
if

&fa=gl is
,

n

,
f(

, u)
and

g
: NE- IN

,
G : INR+-IN are compatable ,

then for each EINY
,
WeIN

,
GEN,

flu, u) = No (th(w) = n+1 (200 = g(a)
1 Vi < n((0)+ = h

,
i

,
will

n.

&
x"If x + 0

Example . Exponentiation F : IN-IN by (, 4) 1- 0 otherwise is computer
ble bene

I
f(x , 0) = 41 ifX
f(x

, n+ 1) = X . f(x
,
n)

In particular ,

it is withmetical
.

In fact :

Propo The set of arithmetical functions is also closed under primitive recursion.
Prof . HW

.

Using the encoding/decoding functions and primitivemcursion
,

we can now

formalize the informal proof of Godel's incompleteness ,

but this is just
a tedius exercise in programming and we will skip it.

Primitive recursive functions.

Def
.
Atambien f : NN"->I is primitive recursive if it is one of the basic



functions in IPRI or is obtained from then via finitely many applications of
operations (PR2) and (PR3) :

(PRI) (i) Successor S : IN-IN by UHhH.
(ii) For each m

,
kEIN, the constant function ( : NNP-IN by the

(iii) For each KickEN
,
the projection PE : NK-> I by la

, . . . ,
Qu)1 i.

-

IPR2) Composition : for each m
,
BEIN

, g : /NM-> IN and : /N-IN ism,I

the function h : NP-IN by blat : = Holi)
, ...,
fu

,
ka)).

IPR3) Primitive recession :
for each b

, g : /N-> IN
,
hik+
-N

,
the naise

funtion satisfying

(o( , 0 = g(a)
f(i

,
n+ 1) = h(a

,
n
, f(a, u))

to all INY
,

neIN.

We call a relation REIN primitive recursive if such is Ap : IN"-IN.

Prop . The following fuctions are primitive receive :

(a) predecessor ,
safe subtraction

,
addition

, multiplication ,
exponentiation.

18) bit and inved-bit: bit : IN-IN by and bit : N-IN by not 10 ifn th ! if so 0-

(c) the relations = and1

Proof
. (a) PD : I->IN by UH + ifus Let g.=% : /N-IN

,
h : -N be

defined by him
, b) := n = Pila ,

b) .

The
PO(0) = g

The rest of (a) is H. & PO(n + 1) = h(n
,
PO(ul)



() (bitO=O In , bitfu))
and Git(u) = 1-n or GbitO= voln , bitfu)

(c) 1
=
(a

,
b) = bit ((a=b) + 13 - al) and 1x (a ,

b) = Git(a = b)
.


