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HYPERDOCTRINES, NATURAL DEDUCTION AND THE BECK CONDITION
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0. Introduection

In the late sixties F. W. LAWVERE showed that the logical connectives and quanti-
fiers were examples of the categorical notion of adjointness. In [9] and [10] he ampli-
fied this notion by a more thorough discussion of the structure of a hyperdoctrine,
which had much of the flavour of intuitionistic logic with equality. In this context it
was natural to ““stratify’” formulae and proofs according to the free variables occurring
in them, a procedure later to become standard in categorical logic. (See MAKKAI-
RevEes [12]. Fourmax [1]. Kock-REYES [7], for example.) In this paper, we make
the relationship between hyperdoctrines and logic precise, showing that hyperdoctrines
are naturally equivalent to first order intuitionistic theories with equality, where here
“theory” is intended to include some proof theoretic structure, and not merely the
notion of entailment. Moreover, we will show that this equivalence restricts to one
giving a natural logical interpretation to the BECK (or CHEVALLEY) condition: in a
given hyperdoctrine. the Beck condition for a pullback diagram is just the condition
that the corresponding theory ‘‘recognizes’ the pull back.

This work has an obvious relationship to LAMBEK [8], and to Szaso [21], but. apart
from the evident difference in using natural deduction rather than the sequent cal-
culus, one important variant must be noted. SzaBo treats the quantifiers as infinite
conjunctions and disjunctions, whereas here (following LAWVERE [9]) they are opera-
tions adjoint to substitution. This avoids any need to refer to infinitary logic, and
more closely reflects their nature: the adjunctions are explicit in the rules for the
quantifiers (in either Gentzen system).

There are also connections between hyperdoctrines and Dialectia interpretations
(see P. Scorr [17]) and realizability (see HyrLaND, JOHNSTONE, PIrTs [5]: note: a
“tripos” is a po-hyperdoctrine with a generic predicate). We plan to explore these
connections further in a sequel, particularly with respect to GIRARD’s type theory
(GIrARD [3]).

Basics of category theory may be found in Mac LANE [11] or GOLDBLATT [4].

1. First Order Logic

We base our logic, LPCE, on a natural deduction formulation of intuitionistic, multi-
sorted, first order predicate calculus with equality. The main modification we must
introduce (essentially to be able to allow interpretations with uninhabited sorts) is

1) These results are contained in the author’s Ph. D. thesis, SEELY [18].
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the “stratification” of formulae and derivations. So we suppose our language £ to
contain:
sort symbols: X, Y, Z, ...

free variables of each sort: «, ', .. ..y, %"... ..z, ...
bound variables of each sort: & &, ..., 9. n'..... . ...
sorted function symbols: f, ¢, . ..

sorted predicate symbols: P, @, . ..

logical symbols: T, 1, A, v, 5,3,V.

(Among the predicate symbols we assume a binary predicate £ for each sort X, which
will be interpreted as equality for that sort.)

To be able to treat functions and predicates as if they were unary. and to simplify
sorting terms and formulae, we introduce the meta-mathematical notion of “type”:
a type is a finite sequence (here written as a product) of sorts. So if X. Y} are sorts,
then X x Y is a type. The empty sequence of sorts is denoted 1. A free variable
of type X x Y is understood to mean a sequence {x, > of free variables of sorts
X, Y respectively, and similarly for other terms. The obvious convention gives equality
predicates for all types: Ky, (zx, y), (&', y'>) iff Ey(x,2’)A Ey(y.y’). and so on.
(Generally we will write © = 2’ for Ey(x, 2').)

Note that every function and predicate symbol is typed: one type for the sorts of
the arguments, and in addition a function symbol has a type for the sort of its = value”.
In the obvious way, this induces an assignment of types to all terms and formulae:
we write ¢: ¥ — X and say ¢ has domain Y and codomain X to mean that } is the
type giving the sorts of the free variables in ¢, and X is the sort of ¢. Similarly we write
¢:X (or @(x)) and say ¢ is over X or has type X to mean that the free variables of ¢
have sorts given by the type X. (For example, “sentence” = ““formula over 17).
A4 technical point: we want @:X x Y (i.e. ¢ = @(x,y)) to mean that the free vari-
ables of @ are exactly x.y of sorts X, Y, and not merely among r.y. Later we will
want ¢ and y to have exactly the same free variables when we form. e.g.. ¢ A y. So
that this is not too restrictive, we must be able to add “dummy” free variables to
a formula. Perhaps the simplest way to do this is to add new function symbols to &
corresponding to projections. (For example 7 = 7**7: X x Y —» X. =(r.y) = x;

y =¥ Y - 1, l4(y) = %, where  is a (the) free variable of type 1.) Then e.g. the
formula @, = ¥, Ax, = 3 would actually read Ey(m (x,.x,.x;). 7,(r,. 71y, 23)) A

ANEx(my(xy, @y, x3), @a(x,, vy, 23)) where 7, 7,.73: X x X x X - X are the
evident projections.
The deduction rules and axioms are based on the standard natural deduction for-

mulation of intuitionistic logic, as given in Prawrrz [14], [15]. with a few modifica-
tions. The basic rules are these:

(A) ¢ ¢ (AE), ¢oAg¢’ (AE)r ¢a¢
pAY @ 9

[¢] [¢']

v, ¢ (v ¢ (VE) ove y vy

AN gV Y
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[#]

(>1) ¢ (=E) ¢o¢" ¢
P> ¢ 4

(VD) g(x) (VE) Végp(é)
Vép(§) @(t)

[p(x)]

3@ el @) eé) ¢

(&) ¥
We add rules for T and 1 :
) TL; (1) —E(_ (evecss) =

where ¢ is an atomic formula over X different from Ty (in (!)) or from Ly (in (1)),
as appropriate. Ty, Ly are T. L with a dummy free variable of type X.

We add equality rules:

(=I) = for any term ¢: X — Y,
s=s ... t=1t @s,...,1t
(=E) ; 7
[ U 2
for any atomic formula ¢ over X x ... x Y, and any terms
s, X' > X, . bt Y > Y.

(We will also denote the evident derived rules by (!), (1), (=E).)

In all of the rules except (VI). (3E), the premises and conclusion must be formulae
over the same type. (And so, we may as well require that ¢, y be over the same type
ifgAy, @vy, ¢ o yare to be wifs.)

In (VI), 2 must not occur in any assumption on which ¢(x) depends (this is standard)
except possibly as a dummy free variable, in which case the dummy occurrences of x
may be discharged.

In (3E), 2 must not occur in 3&¢, in ¢’, or in any assumption other than ¢ on which
the upper occurrence of ¢’ depends, except possibly as a dummy variable in the upper
occurrence of ¢’, and the assumptions on which that occurrence depends, in which
case the dummy occurrences of » may be discharged.

Note that we have in effect stratified derivations: a derivation P:/" ¢ must have
all y € I" and ¢ over the same type X: we say P is over X too. The rules (VI), (IE)
provide the only way to change levels, by the discharge of dummy variables. (We will
not usually explicitly show dummy variables, however; they can be filled in from
the syntactic rules and the context.)

’

Finally, we denote by (id) the “rule’ v (rewriting ¢) which should be understood

as being merely the top occurrence of ¢.






