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We must now show these are functors, and the two composites are isomorphic to the
identity functors. We shall not give all the details - the highlights are the following.

3-2-3-1. SUBLEMMA. If fe B> A in M, then the objects B and X, ,f~}(x) are iso-
morphic in G(M),
2
Proof. Morphisms B_ *X__, %, I(x,f(y)) are given by
j i(y) = W), <o r(f@)>
j((ﬁ?, <y’ z>>) =Y,

for xe A, ye B, ze I(z, f(y)). (Actually, there is considerable abuse of language here:
¢ and j should be given using A terms, and {z, (y,2)) should be a single variable
we B, ,fYx); x, y, z thus stand for projection terms.)

Clearly j(i(y)) = y. For the inverse, i(j({z,<y,2))) = {f(¥),<{y.7(f(%)))) and thus
we are done if we show z = f(y), z = r(f(y)). But since ze I(z, f(y)), this is a consequence
of the (I rule).

3-2:3-2. SUBLEMMA. For Blz] a lype, x€ A, the objects Blx] and Zcx5, , g I(x, 7(y))
are tsomorphic in P(M) (4).
ifz]
Proof. Morphisms B[x] \._,‘E,,em 4 mnl(x,7(y)) are given by
i) = a2, @)
I, 2, v)) = 2
forx,x'€ A,ze B[x],2' € B[], ve I(x, '), (with the familiar abuse of language.) Clearly
j(i(2)) = 2. Inversely, i(j({{z',2"),v))) = {({x,2'),7(x)), and we are done if x =2,
2’ € B[], and v = 7(z). These follow from the (I rule) as before.

3:2-3-3. SUBLEMMA. If A is a closed type, B[x ] a type in P(M) (A4), then there is a
bijection between the set of terms t[x] € B[x] and the set of (closed) terms se 4 > Z,_ 4, B[x]
satisfying n(s(x)) = x.

Remark. To see the significance of this, recall that P(M) (4) is cartesian closed and
that 4 ~ X, ,1in G(M).

Proof. The functors of 3-2-3 in this case specialize to

t[x]’_)i = /\xeA <x’ t[x]>’
s> § = m'(s(x)).
The composites are (i)
Aze 4 S, ' (8(2))) = Aze 4 <{m(s()), 7' (s(x)))
= Aze 4 8(%)
= 8’
and (ii) 7'((Aze 4 <, tzD)) () = 7'(Cz, t[=2])) = t[z].

(These proofs also work if 4, B, B[x] have other parameters, and a similar result

holds for B[z] with more than one (extra) variable.)

3-2-4. ProrosiTIiON. As C(M)-indexed categories, G(M) ~ P(M).
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Proof. The only other point to verify is that the equivalences of Lemma 3-2-3
commute with the f*’s: given f: B— A4 in G(M), it suffices to show that

cmy/4 L2~ cmy/B

P(M)(4) 7 P(M)(B)

commutes. Let t: C—>A4 be in C(M) /4; { = t-Y(x,) in P(M)(4), f*() = -1 (f(yp)),

and (f*H)" is Tyept @) >B, ie. yepBeeoI(f(y),Hz)>B. But this is just the
definition of the pullback of ¢ along f, as in Lemma 3-1-3, i.e. (f*(¢))* = f*(t).

3:2-5. ProposIiTION. C(M) is a hyperdoctrine.

Proof. Since P(M) (4) is cartesian closed, so also is G(M)/A4, for each 4, and so
C(M) is a hyperdoctrine.

3:3. Remark. Although this completes the proof of Theorem 3-2, in fact it is easy to
show by direct calculation that P(M) is a hyperdoctrine (equivalent to C(M), by
the preceding). For example, the construction of Z,, Il, for f: B—> 4, is exactly the
same as for first order logic, as in Seely[10]: for P[yg] in P(M) (B),

2, Ply] = Zye g (I(2 4,f(y)) x Ply]),
1, Ply] = Myep (I 4.f(y)) = Ply])-

It is easy to check these commute with the equivalences of 3-2-3.

4. Interpreting ML in LCC. Given an ML theory M and an LCC category C, it is
possible to define the notion of an interpretation of M in G, denoted M — C.

4-1. Definition. An interpretation —: M~ C consists of:

(i) for a type-valued function constant, F, with arguments of types X,,..., X,,
a morphism ¢: F—> X, of C, and

(i) for a term-valued function constant, f, with arguments of type X,,..., X,
and value of type 4, a morphism f: X, >4 of C/X, X the codomain of X, and 4.
X, A must be defined consistently with 4-4. We shall generally write F = ¢: F—> X,
(abusing the notation horribly !).

4-2. Given an interpretation —: M — C, we shall extend it to all types and terms of
M: a type depending on a free variable 2e 4 will be interpreted as an object in C/4
(for suitable 4), and terms will be interpreted as morphisms in the appropriate slice
categories. In particular, a closed type A (with no free variables) will correspond to an
object 4 of C, and if {[v] € 4 depends only on ve X, ¢ will correspond to a morphism
f: X > A. The main intuitive idea is that we think of the type B[z ] as the morphism

— _ - r _
m: X, 4 B[x]— A, (this will be B> 4), and so B> 4 is the type f~!(x,), as in Lemma
3:2:3; note that via this interpretation, f is the projection 7.
4-3. Remark (concerning the condition on variables). If B[z, ..., z,]is a type with the
variables properly listed, x, € X, #,€ X,[x,], ...,2, € X,[,, ...,2,_,], then under our
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interpretation X, being closed, corresponds to an object X; of C. X, should correspond
to a morphism y,: X, X,, where we think of X, as %,.x X,[x]. Then, in saying
x, € X, [2,] to form X,[x,, z,], we are implying that the z, is y,(z,) and so X; becomes a
morphism x;: X;—>X,. This induces the expected morphism X,—»X,xX, as
(X2 X3 X3y- (Equivalently, we could interpret X, as y;: X, X, x X,; then the c.o.v.
would require that a _
X, — X,xX, — X,

X, xX, Xz

X,
commutes, inducing y,: X, X, as 7'y;). Similarly for the other variables, so that B

is interpreted as B— X, with induced ‘projections’ to Xy, ..., X,_;. In what follows,
we assume variables are properly listed.

4-4. We now extend the notion of interpretation to all terms and types of M. Since
M is (like) a first order theory, and C is a hyperdoctrine, this follows the ideas of
Seely [10] closely; we give fairly complete details to allow the reader to verify 4-5.

Definition (continued). Given an interpretation —: M — G (as in 4-1), the extension
of — to all types and terms of M is defined as follows (i.e. the following equalities must
be true of —):

(Substitution). The substitution of a term ¢ in a type 4 is defined via the functor t¥*
(for the hyperdoctrine C): A[t] = £*4. The substitution of ¢ in a term a is defined by
composition: aft] = G-1.

4-4-1. (Type formation rules). (i) T = 1.

() I(@gys) =Az: A>AxA. (In view of the definition of substitution, if
a,be A are interpreted as @,b: X >4, X the interpretation of the type(s) of free
variable(s) in a, b, then I(a,d) is the equalizer Eq(@,b) - X of @ and b.)

(iii) If 4, Bz ] are types interpreted as a: 4 - X, 8: B> 4, then

Ha:eA Blz] = Haﬂ’ zzeAB[x] = zaﬂ'

(Here I1,, T, are adjoints to a*, in the hyperdoctrine C. X interprets the type(s) of
free variables in 4, and also those other than x4 in B.)

Remark. If B is independent of x4, then B[z ] is B with a dummy free variable z
added; i.e. B = #’: B> X, and B[z (] is the pullback

Blz,] g

IITPX
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ie. Blr,] =a*f. Then I, Blz]= M,a*f' =a> g, and 3, , Blx] = T,a*f' =
axp'.

4:4-2. (Term formation rules). Variables are interpreted as identity morphisms, as in
Seely[10].

1I). 3 =id;: 11,

(IIT). If ¢[x ] € Blx,], H{x,] is a morphism 15->Bin C/4, i.e. a triangle

A————»B

N\

in G. Then A, 4#[x] = I1,7; since [T, 17 = 1%,t his is & morphism 1x—1II, £ inC/X.

(ITE). If fell,. , Blx], ac 4 are mterpreted by morphisms f: {11, 8, a: {—>c in
C/X, for some {: Z-> X, then f(a): 1;—a*g in C/Z is defined as follows: (without loss
in generality, we suppose a,f depend on the same free variables ‘Z’; add dummy
variables if not). Since @: {—« is a morphism in C/X, az = {, and so there is a
morphism (‘id’) Z,a~¢ in C/X. By adjointness, there is a morphism @—a*{ in
C/A. Similarly, f: {—11,4 in C/X induces a morphism a*¢{-> 8 in C /A. Composing,
we have a morphism @— f; i.e. a morphism Z;1; - f in C/4, and again adjointness
gives the required f(a): 1—>a@* f.

(2I). If ac A, beBla), a: {~>a in C/X, b: 1>a*p in C/Z, for some {: Z—~>X
(again supposing a, b depend on the same free variables), then {a,b): {-> 2,8 in C/X
is obtained from the morphism induced by b: 1z —>a * 8: viz. 3313 — g, in G/ 4. Since
;17 is @, we have a— §. Apply X, to get ,a—> X, f. But again the morphism (‘id’)
{—Z,a gives us, by composition, {a, b).

(XE). As indicated in 42, 7@ = §: X,8—>a. As for #', essentially 7’ is the identity
map. (This is because of a peculiarity of category theory, whereby for a map whose
‘codomain’ depends on the argument of the map, these ‘partial codomains’ are
replaced by their disjoint sum. Here we want a map 3z, B[x]—>‘B[z]’; we replace
this with 2z , Blx]—> Zx , Blx].)

To see how this works, suppose ce £, , B[z],¢: {-Z,8in C/X (for some & Z Z - X);

we derive 7'(c): 1 ;> (m(c)) * B via the following correspondence. Note that 7(c) = f¢:
{>a, andso (m(e)*B=(Be)*f=3c*B*p.
c:pc—>p in C/4

(=1I). rix,) =idz: A+ A Henceifac A, a: {—a, then I{a, 2)is
(Eq(a,ap>Z) = (idy: Z -Z), and r(a) is idy.

(=E). In Seely[10] (§5) it is shown that any hyperdoctrine P has ‘substitution’
morphisms B[a] x I(a, b) > B[b], where B[z 4] is a predicate in P(4), I is the ‘equality
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predicate’, and a, b are terms of type 4. This is essentially ( = E), since by the c.o.v.
Cl% 4, Y4 21s,,0] Must be interpreted as a morphism C->4; recall that I(z,y) is
Az: A—> A x A.) Briefly the details are as follows: If, for some ¢: Z—> X, a,be A are
interpreted as @,b: {->a in C/X, the substitution morphism is

a*fx{aby*I>b*p inC/Z

given by the following. @ * 8 x {a,b)* I is the morphism P — Z defined by the top left
pullback in

P—s I' — 4 4
l p.-b. l p.b. l A
a*B Z » Ax A
<a,b>
1 p.b l 2
b * 8 is the pullback of 8 along b:
b*B ——» B
1 p.b. l B
Z h— g

The morphism between these pullbacks is induced by the commutative square

*f —

—_ a
p.b i p-b. B
7 a

id,

v

N - Ny Ny
y
Y

by —— b —

(S]]

by the pullback’s universal property.

4-5. PROPOSITION (SOUNDNESS). For any interpretation —: M—C, as given in 4-1
and 4-4, the equality rules are all valid under the interpretation.

The proof of the soundness theorem is a straightforward matter of checking defini-
tions. Since a similar sort of result is discussed in Seely [10], I omit most of the details
here. )

(1 red) is valid since 1 is a terminal object.

(T red). If in the notation of 4-4-2 for the II rules, Z= X, { = idg, f = Az f[x].
a: 1x—a, then one can check that of the two morphisms whose composite @ — f
induces f(a): 1x—>a* g, the first a>a*{ is @ itself (@*¢ =1,), and the second
a*¢{— B isf, so the composite is -a@ = #[a].



Locally cartesian closed categories 45

(TT exp) is checked similarly; the point here is that the adjunction correspondences
are just (ILT). (a* y > B)—> (y—1,B) and (II E): (y > I, B)+> (a*y—>f).

(Z red) and (X exp) follow similarly, from the remark that essentially (X 1) is the
adjunction correspondence (f—a*y)— (Z,f—~7),and (2 E)is (Z,6->y)—~>(f—>a*y).

(= red) and (= exp) are similar to the proof in Seely [10] (§5).

(I rule) is valid, essentially since equalizers are monomorphisms: If a,bed are
interpreted as @,b: Z - A4 (Z interpreting the type of the variable z in a[x], b[«]), then
i: I(a,b) >> Z is the equalizer. If t[x]e ] (a[w] b[x]), and x satisfies the c.0.v., then  is
a morphism in C/Z:

I{a,b)

2%

It is easy to see that there can be at most one such #, since ¢-f = idz, and 7 is mono;
and that the existence of such a f implies ¢ is an isomorphism, so that @ = b. (Hint: ¢
must be mono since ¢ is, and so also - = idz.)

4-6. Given an ML theory M, there is a canonical interpretation ~: M->C(M),
essentially using the ideas of Lemma 3-2-3; types are interpreted as their ‘extensions’,
and terms are interpreted according to 4-4-2. So if 4{x,, ..., 2,] is a type depending on
reX,, z,eXo[2y],...,x,€ X, [2y,...,2,_,], then X, is interpreted as itself, X, is
interpreted as the projection term 7: X, . x X,[z,]—>X, (denoted X,— X)), and so on,
A being interpreted as the projection

zzleXl zzze Xolxy) anEXn[zl...zn_I] A[xl ser xn]
g ExleXl ZzzEX2[x1] e 2
(denoted A X,). The main fact we must check is that this is compatible with 4-4-1.
(i) Since 1is closed, 1 = 1.
(ii) I(z,y)is interpreted as X, 2,4 I(x,y) > A x 4:{x,y, > (x, y) (supposing
for simplicity that A is closed). We must show an isomorphism

Zn-1€ Xn_1 [zy ... 2n-s] X'n[xl e xn—l]’

E:::eA zyeA I(x7 y) - A

oA

AxA

making the triangle commute. The evident maps will do, because of the (I rule):
{z,y,r)r>z and x>z, x,r(x)) are the required inverses.

(iii) If for ze 4, Blz] is a type, then B[x] is interpreted as Z_. , B[v]—+> A4 (again
supposing 4 closed). II. , B[z] and X, 4, B[x] are interpreted as themselves (since
they are closed): we must show they are (isomorphic to) I1 47 and X 7 (where we
identify 4 with A —1). The latter is obvious, since X 7 =X, Blx]—1. For the
former, note that Il ,7 = %, 4oz, pigI(7f,id ), the pullback of

nd: A > Xz, Bx]>A >4 along lid:1->4>4.
To see this is isomorphic to I1,,. , B[x], we can copy the proof of 3-2-3-3: to ¢ in Il . 4 B[x]
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associate £ = (A, 4{x,t(x)), r(id)), and to s in I ,7, associate § = A,  7'(7s) (x).
It is easy to check these are inverse.

4-6-1. Given an ML theory M and an LCC G, an interpretation —: M - Cinduces a
functor F: C(M)— C preserving all LCC structure. Under —, closed types of M are
interpreted as objects of C, and closed terms as morphisms; it can then be checked
that this is in fact functorial. That LCC structure is preserved follows from soundness
(4-5). Hence:

4-6-1. ProPOSITION. There is a canonical interpretation ~: M—>CG(M); given any
other interpretation —: M — C, there is a unique functor F: C(M)— C making

M . C(M)
C

4-7. Definitions. (i) LCC is the category of all LCC categories and structure pre-
serving functors.

(ii) For any ML theory M and any LCC category C, Int (M, C) is the set of inter-
pretations M —C.

(iii) For ML theories M,M’, an interpretation M—M’ is an interpretation
M- C(M’).

(iv) ML is the category of all ML theories and interpretations between them.

commae (in the evident sense).

Remark. It is straightforward to check that the definition (iii) is equivalent to the
standard syntactical description one would expect of the notion ‘interpretation of
ML theories’.

4-8. COROLLARY. (i) For any ML theory M, and any LCC category C,
Int (M,C) ~ LCC (C(M), C).

(ii)y For ML theoriesM,M’, ML(M, M’) ~ LCC(C(M), C(M")); each is isomorphic
to Int (M, (CM")).

4-8-1. Remark. Int (—, —) is in fact functorial: given an interpretation f: M > M’
in ML, and a functor g: C— C’ in LCC, we have maps

Int(f,C): Int (M’,C)—>Int(M,C) and Int(M,g): Int(M,C)-Int(M,C’),

with the expected properties. The isomorphisms of 4-8 are then natural in each
variable.

5. From LCC to ML. Given an LCC category C, we define an ML theory M(C),
basically by mimicking the definition (4-1, 4-4) of an interpretation. The objects of
C are to be the type constants of M(C) (i.e. type-valued function symbols with no
argument), and the morphisms of G are to be term-valued function symbols, with
argument and value of types given by the domain and codomain respectively.
Following the steps of 4-4, the other types and terms are defined as objects and
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morphisms of appropriate slice categories, so that, e.g., a type with a free variable z,
is an object of C/A. We have to make certain that the syntactical constructions give
the correct results; for instance, if 4, B are objects of C (and so types of M(C)) then
there is an object 4 x B (which is a type of M(C)) as well as a (different !) type 4 x B:
these should be equal. So we add all such equations to M(C). (In Seely[10] a similar
construction is carried out, adding appropriate terms (or derivations) and equations
(or operations) forcing the terms to be the required isomorphisms.) We omit the
details.

5-1. The point about M(C) is that its types are the predicates of the first order
theory T(C) corresponding to the hyperdoctrine C, and its terms are the ‘proofs’
(equivalence classes of derivations) in T(C).

5-2. ProposITION. M(C) is an ML theory.
The proof is essentially the same as the proof of the Soundness Theorem 4-5.

5-3. Remark. In defining M(C) above, we could regard an ML theory as made up of
a set of types, a set of terms, a relation ‘e’ between them, and equality relations ‘ =’
on each, the type and term formation rules being regarded as closure conditions on
these sets, and the equality rules as conditions on ‘ =’. This viewpoint produces a
somewhat more economical structure for M(C). In adopting the more usual viewpoint,
regarding the formation rules as a procedure for generating new terms and types from
old, we produce a ‘fatter’ structure for M(C); this does not present too much of a
problem. First we note that an ML theory M has a natural categorical structure
(essentially G(M)). Then note that the ‘extra’ types and terms of the fat version of
M(C) are isomorphic to ones in the more economical version of M(C), and so the two
versions are in fact equivalent theories; this is essentially Proposition 3-2-4.

5-4. Remark. An LCC functor F:C->C’ canonically induces an interpretation
M(C)—C’, and furthermore Int (M(C), C') ~ LCC(C, C’) (naturally in G and C').
A direct proof may be done as an exercise. The result is also a corollary of 6-1.

5-5. Definition. Two ML theories M, M’ are equivalent if the functors Int (M, 7),
Int (M’, -) are naturally isomorphic.

Remark. This means that for any C in LCC, there is an isomorphism
Int (M, C) = Int (M’, C),
and moreover, for any functor f: C—»> C’,

Int(M,C) ~ Int (M',C)

| l

Int (M, C’) ~ Int (M’, C’)

commutes. By 4-8 this is equivalent to C(M) ~ C(M’)in LCGC, or that M ~ M’ in ML.
There is also an equivalent ‘standard syntactical description’ of equivalence of ML
theories: it may be left as an exercise to write this out, showing it equivalent to 5-5.
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6. Equivalences

6-1. THEOREM. If C 38 LCC, then C = C(M(C)).
Proof. By construction of M(C), the closed types and terms of M(C) are the predicates
and proofs of C/1 (i.e. without free variables). But C/1 ~ G. Hence C(M(C)) ~ C.

6-1-1. Remark. By 4-8 and 5-4, LCC(C, C’) ~ LCC(C(M(C)), C'), giving an alter-
native proof. (Or: 6-1 and 4-8 imply 5-4.)

6-2, THEOREM. If M is an ML theory, M(C(M)) is an equivalent ML theory.
Proof. Immediate from 6-1 and the definition 5-5.
6-3. THEOREM. The categories ML and LCC are equivalent.

Proof. Immediate from 6-1, 6-2. Note that, from 5-4 and 6-1,
LCC(C,C') = Int (M(C), C") =~ Int (M(C), G(M(C"))) = ML(M(C), M(C")),
and we have already seen in 4-8 that ML(M, M) ~ LCC(CG(M)), C(M")).
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