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SUBSONIC AND SUPERSONIC STEADY-STATES OF
BIPOLAR HYDRODYNAMIC MODEL OF SEMICONDUCTORS WITH
SONIC BOUNDARY*

PENGCHENG MU', MING MEI¥, AND KAIJUN ZHANGS

Abstract. In this paper, we investigate the well-posedness/ill-posedness of the stationary solutions
to the isothermal bipolar hydrodynamic model of semiconductors driven by Euler-Poisson equations.
Here, the density of electrons is proposed with sonic boundary and considered in interiorly subsonic
case or interiorly supersonic case, while the density of holes is considered in fully subsonic case or fully
supersonic case. With the developed technique based on the topological degree method, the following
four kinds of stationary solutions under some conditions are proved to exist: the interiorly-subsonic-vs-
fully-subsonic solution, the interiorly-supersonic-vs-fully-subsonic solution, the interiorly-subsonic-vs-
fully-supersonic solution, and the interiorly-supersonic-vs-fully-supersonic solution. The non-existence
of the above four kinds of solutions under some conditions is also technically proved. For the existence
of these physical solutions, different from the previous studies, where traditional fixed-point argument
via energy estimates is used, we recognize that such an approach fails for our cases, due to that the
effect of boundary degeneracy for the electrons causes difficulty in estimating the upper and lower
bounds for the holes. Instead of it, we use the topological degree method to prove the existence of
physical solutions.

Keywords. Bipolar hydrodynamic model of semiconductors; Euler-Poisson equations; sonic
boundary; steady-states; subsonic/supersonic solutions; topological degree method.
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1. Introduction

The bipolar hydrodynamic (HD) model of semiconductors is usually used to describe
the flow of electrons and holes in semiconductor devices [4,19,24], which is written as
the following system of Euler-Poisson equations:

pt+J1:r:Ov
J? J

J1t+(?1+P1(p))m=p‘1’w—71,

nt+J2:E:03 (]‘1)
J3 Jo

Jor+ (2 + P, =—nd, - =,

2t+(n + 2(”))95 n -

D, =p—n—0(x).

In semiconductor devices, the unknowns p(z,t), n(z,t), Ji(x,t), Ja(z,t) and ®(x,t)
represent the electron density, the hole density, the current density of electrons, the
current density of holes and the electrostatic potential, respectively. Pi(-), Pa(:), b(x)
are given functions which represent the pressure of electrons, the pressure of holes, and
the doping profile standing for the density of impurities in semiconductor devices. The

*Received: October 10, 2019; Accepted (in revised form): May 12, 2020. Communicated by Song
Jiang.

tSchool of Mathematics and Statistics, Northeast Normal University, Changchun 130024, P.R. China
(mupc288@nenu.edu.cn).

fDepartment of Mathematics, Champlain College Saint-Lambert, Saint-Lambert, Quebec, J4P 3P2,
Canada, and Department of Mathematics and Statistics, McGill University, Montreal, Quebec, H3A
2K6, Canada (mmei@champlaincollege.qc.ca; ming.mei@mecgill.ca). http://www.math.mcgill.ca/mei

§Corresponding author. School of Mathematics and Statistics, Northeast Normal University,
Changchun 130024, P.R. China (zhangkj201@nenu.edu.cn).

2005


mailto:mupc288@nenu.edu.cn
mailto:mmei@champlaincollege.qc.ca
http://www.math.mcgill.ca/mei
mailto:zhangkj201@nenu.edu.cn

2006 BIPOLAR HYDRODYNAMIC MODEL WITH SONIC BOUNDARY

given constant 7 represents the momentum relaxation time. The global existence and
uniqueness of the solutions as well as the asymptotic behaviors and classic limits for
such a model subjected to different IVP or IBVPs has been intensively studied, for
example, see [7,10,13,15-17,25] and the references therein.

The corresponding steady-state equations of (1.1) can be written by

J1 =constant,

J? J
(?1 +P1(,0))x:f)¢’x— 71;

Jo = constants, (1.2)

J2 J:
(%erg(n))x:fn(bmff,

D, =p—n—b(z).

Our main purpose in this paper is to study the well/ill-posedness of the steady-state
solutions of (1.2). There is limited research on the bipolar steady-state Equations (1.2).
For example, in [31], Li and Zhou studied the existence of stationary solutions to a
Dirichlet problem in 1-D, but they assumed that the doping profile is zero. Then, Tsuge
[29] studied the 1-D bipolar HD model with Ohmic contact boundary, and obtained the
existence and uniqueness of the subsonic stationary solution with the assumption that
the electrostatic potential is small enough. In [30], Yu obtained the existence and
uniqueness of the subsonic stationary solution with insulating boundary conditions by
the calculus of variations in N-D, where N =1,2.

The target in this paper is to investigate the existence/non-existence of the sta-
tionary solutions of (1.2) with sonic boundary to electrons, and make a classification of
these solutions. Setting

() =(1 2] 12,

p n

then v, u are the absolute velocities of electrons and holes, respectively. By the termi-
nology in gas dynamics, ¢, :=+/P;(p) is called the sound speed of electrons, and cj, :=

\/ P, (n) is called the sound speed of holes. For the stationary solution (Ji,Js,p,n,E) of
(1.2), the corresponding electron velocity v is said to be subsonic/sonic/supersonic if

v § ce=1/P;(p): sound speed of electrons. (1.3)

Meanwhile, the corresponding hole velocity w is said to be subsonic/sonic/supersonic if

uéch =4/ P,(n): sound speed of holes. (1.4)

For convenience, we assume that the pressures are in accordance with the isothermal
case:

Pi(s)=Py(s)=P(s)=Ts,
for some constant temperature T >0. We denote:

o, =F,
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where F is called the electric field of the semiconductor model. We are concerned about
the current driven flow, i.e, with the given current densities J; and Js, we seek for p, n
and F from (1.2). Without loss of generality, we assume that J; =1, Jo=—1and T'=1,
and we use Q=(0,1) to denote the bounded semiconductor device domain. Then (1.2)
reads:

1 1 1
(- )e=E-1
1 1 1

From (1.3) and (1.4), the flow of electrons is said to be subsonic/sonic/supersonic if
< , >
CS 1, or equivalently, p = 1,
and the flow of holes is said to be subsonic/sonic/supersonic if
< - >
U= 1, or equivalently, n = 1.
We impose (1.5) with the sonic boundary condition to electrons:
p(0)=p(1)=1, (1.6)
and a given boundary condition to holes
n(0) =00, (1.7)
where the size of oy will be discussed later. Differentiating the first and the second

equations with respect to z in (1.5), and collecting the boundary conditions in (1.6) and
(1.7), we obtain

S)e (L) oo

.—.
/N
=

p? z \Tp
G-t -, v sean. 0
p(0)=p(1)=1, n(0) =oo.

Throughout this paper, we assume that b(x) € L>°(0,1), and denote

b=essinfb(zr), and b=esssupb(x).
z€[0,1] z€[0,1]

We use C' to denote positive constants, which may take different values in each appear-
ance. Since the system (1.8) is degenerate at the sonic boundary p(0)=p(1)=1, the
solutions of (1.8) will not possess a certain regularity, and have to be in the weak form.
So, we give the following definition for weak solutions.

DEFINITION 1.1.  Assume that p(0)=p(1) =1, n(0) =09, (p(x) —1)2 € H}(0,1), n(z) €
W2(0,1), and for any ¢ € H:(0,1) it holds that

/1(1—1) dott [ 22 +/1(— —b)pdr =0 (1.9)
O;Epa:()oa:x ;0737 Opn par ==y, .
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and

1 1 1
/ (l—%)nxgoxdx—l/ &dx—k/ (n—|—b—p)gpdz=0. (1.10)
0 n T Jo 0

n n

Furthermore, we define that:

(1) If p>1 over (0,1) and n>1 over [0,1], then (p,n) is called a pair of interiorly-
subsonic solutions p(x) coupled with fully-subsonic solution n(x) of (1.8), simply,
the subsonic-vs-subsonic solution;

(2) If 0<p<1 over (0,1) and n>1 over [0,1], then (p,n) is called a pair of interiorly-
supersonic solutions p(x) coupled with fully-subsonic solution n(x) of (1.8), simply,
the supersonic-vs-subsonic solution;

(3) If p>1 over (0,1) and 0<n<1 over [0,1], then (p,n) is called a pair of interiorly-
subsonic solutions p(x) coupled with fully-supersonic solution n(x) of (1.8), simply,
the subsonic-vs-supersonic solution;

(4) If 0<p<1 over (0,1) and 0<n<1 over [0,1], then (p,n) is called a pair of
interiorly-supersonic solutions p(x) coupled with fully-supersonic solution n(x) of
(1.8), simply, the supersonic-vs-supersonic solution.

We will prove the well-posedness/ill-posedness of the above four kinds of solutions.
First, to obtain the solutions of (1.8), we should give an extra boundary condition.
However, the condition imposed on (1.8) can not be arbitrary since we have to ensure
that the solution of (1.8) is also the one of (1.5). In the following sections of this paper,
(1.8) will be regarded as a free boundary value problem by assuming that n(1) =0, for
some o1 to be determined.

When p(z)>1 or 0<p(z)<1 for x€(0,1), the first equation in (1.8) is elliptic
but degenerate at the sonic boundary. The degeneracy of the electron equation in
(1.8) will bring us some difficulties. To handle the degenerate boundary, we will use
the technical compactness method in [20], in which the authors investigated the well-
posedness and regularity of stationary solutions to the unipolar HD model with sonic
boundary. However, in proving the well-posedness of the system (1.8), the main difficulty
occurs in the second equation. We will seek for the solutions of (1.8) such that the hole
density is fully subsonic or fully supersonic, i.e, n>1 or 0<n <1 over [0,1], hence the
second equation in (1.8) is uniformly elliptic on [0,1]. For this purpose, we have to
carefully estimate the lower and upper bounds of n. Notice that the traditional energy
estimate method after linearization of the system (1.8) can not be applied here since
some key estimates for the bounds of n could not be obtained from the linearized system.
For this reason, remarkably, we shall develop a new technique based on the topological
degree method to transfer the problem for proving the well-posedness of the system
(1.8) into finding the suitable bounds of the solutions to some new systems which have
the same second and first order terms as (1.8). We will see in the following sections that
these new systems have some “good properties” similar to (1.8) which could be used to
obtain the desired estimates of the bounds of n, and as a result, the well-posedness of
the above four kinds of stationary solutions could be proved. Finally, the ill-posedness of
the solutions to (1.8) under some conditions is proved using standard energy estimates
and some refined analysis based on the original ODE system (1.5).

REMARK 1.1.
(1) The identity (1.9) is well-defined for (p(z)—1)?€ HZ(0,1) and p € H}(0,1) since it



PENGCHENG MU, MING MEI, AND KAIJUN ZHANG 2009

is equivalent to

1 1P+1 2 1 1pr 1 N
5/0 e [(p=1)"],pudr+— i 7daz:+/0 (p—n—b)pdz=0;

(2) Once p(z) is obtained from (1.8), we could solve the electric field E(x) by taking
1 1 1 +D[(p—1)2, 1
P_PS)pz—i_Tp:(p)[Q(Z?’)]—i_’rp. (1.11)

The following sections will be devoted to investigating the well-posedness/ill-
posedness of the interior-subsonic-fully-subsonic flow, the interior-supersonic vs fully-
subsonic flow, the interior-subsonic vs fully-supersonic flow and the interior-supersonic
vs fully-supersonic flow, respectively. For the main results of this paper, we refer to
Theorem 2.1, Theorem 2.2, Theorem 3.1, Theorem 3.2, Theorem 4.1, Theorem 4.2,
Theorem 5.1 and Theorem 5.2 in the following sections.

In the end of this section, we mention some results of the stationary solutions to
the unipolar HD model. For example, in 1990, Degond and Markowich [5] showed
the existence of the completely subsonic flow, and proved the uniqueness with |J| < 1.
And then a lot of attention has been paid to the existence of the subsonic flow for
the steady-state equations with different boundary conditions and higher dimensions,
see [2,3,6,14,18,26] and the references therein. In 2006, Peng and Violet [27] obtained
the existence and uniqueness of supersonic solution with a strong supersonic boundary
condition. For the transonic flow, we refer to [1,11,12,20,22 23, 28]. Recently, Li-
Mei-Zhang-Zhang [20,21] thoroughly studied the unipolar HD model of Euler-Poisson
equations with sonic boundary, and made a classification of the solutions. In [20], the
authors showed that when the relaxation time 7 is small enough and the subsonic doping
b is a constant, the system admits infinitely many C' smooth transonic solutions, but
has no transonic shock solutions. And when 7>>1 and the subsonic doping b is flat, the
system admits infinitely many transonic shock solutions. The results showed that the
semiconductor effect cannot be ignored. For the hydrodynamic system with quantum
effect, the subsonic steady-states were investigated in [8,9].

Bo)=

2. Interiorly-subsonic-vs-fully-subsonic flow
Consider the system

1 1 1
LI

P "
<f——3)n$:—E+—, x€(0,1), (2.1)
n o n ™

E.=p—n—>b(z).

Let 09 >1. In this section, we investigate the existence and non-existence of solutions
of (2.1) such that

p(0)=p(1)=1, p(z)>1, z€(0,1); n(0) =00, n(x)>1, z€[0,1]. (2.2)

Differentiating the first and the second equations in (2.1) with respect to x, we obtain

()], + (), 90w

{(lfi>nmkf(i)z:ner(x)fp, z€(0,1), (2.3)

n nd ™
p(0)=p(1) =1, n(0) = 0.
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Observing that (2.3) is a coupled PDE system of (p,n) of second order degenerate elliptic
equations, we should give an extra boundary condition. However, as mentioned in the
previous section, the condition could not be arbitrarily imposed since we have to ensure
that the solutions of (2.3) also solve (2.1). Assume that (p,n) is a solution of (2.3) with
n(1) =c7. Combining the equations in (2.3) we obtain

(1 1

P
where ¢ is a constant. It is easy to verify that (p,n,E) with E defined in (1.11) solves
(2.1) if and only if ¢=0. Integrating (2.4) over (0,1), we obtain

1 1 1 1
7_(7—$)nx—|—c, (2.4)

TP T 'n

1 1 IR 1
fgo(al).Z(an'()—i-%‘%)—(1110'14—%‘%):7_/0 [M—m]dl‘—c. (25)

Hence ¢=0 if and only if

11 1
foo (1)) = fo, (o :7/ — — ——|dz. 2.6
) =Fonlon =1 [ [ ] (26)
On the contrary, if (p,n,E) is a solution of (2.1)-(2.2), then (2.6) must hold.

Due to the discussions above, we could reformulate our problem into the following:
P1: Finding the solution (p,n) of (2.3) such that (2.2) and (2.6) hold, where o1 =n(1).

2.1. Well-posedness. We are going to prove the existence of subsonic-vs-
subsonic solutions to P1 as well as their regularities.

THEOREM 2.1. For any b(x)€ L*>(0,1), 7>0 and n>1, there exists a constant
o*=0*(b,7,n) >1 which only depends on b, T and n, such that for any oo >oc*, P1
admits the pair of subsonic-vs-subsonic solution (p,n) € C2[0,1] x W2°°(0,1) and n>n
over [0,1].

Since the first equation of (2.3) is degenerate at the boundary, we consider the
following approximate system:

1 5 1

(G, = o) o]t (), =i —my =),
[(nlj_nls)(nj)w]x_(Tlnj)rznj—&-b(x)—pj, z€(0,1), (2.7)

pi(0)=p;(1) =1, n;(0) =00,

where j€(0,1) is a constant. For simplicity of notations, we omit the subscript j and
denote the solution of (2.7) by (p,n).

LEMMA 2.1.  For any b(x) € L*°(0,1), 7>0, j€(0,1) and n> 1, there exists a constant
o*=0*(b,7,n) >1 which only depends on b, T and n, such that for any og>0c*, (2.7)
admits a solution (p,n) € W2°°(0,1) x W2%°(0,1) which satisfies (2.2), (2.6) and n>n
over [0,1].

Proof.  Taking n>1 such that n=f,!(—2), where f; ! is the inverse function of
foo defined in (2.5). It is easy to check that 7> 0. Define

X={(p,n)eCl0,1]xC[0,1]},
D:{(p,n)GX7 m<p<M, )\<n<A},
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where

Vi+1
2

_ 1
, M=n+b+2, A:%, A=n+1.

It is easy to verify that D is a bounded and open subset of X, and

3D:{(p,n)€X, m<p<M, A<n<A, and Fz€][0,1],
s.t: p(@)=m or p(x)=M or n(z) =X or n(z)=A}.

For any (p,7) € D, we have

1/ 1 1/ 2 2
Py w ST, S <

Therefore for any given 7>0 and n>1, there is a unique of >1 such that

2 1 /11 1
fw=2s1 [ Ly,
o P

TOT () n(x)

Assuming that 0o > o7, then f,,(n)> for(n)= % On the other hand, since

1 1 1 1 1 1 1 1 2 _
I R o sl

we conclude that for any (p,7) € D, there exists a unique & € [n,72] such that

1/t 1 1
oo 6' - - ,_77”,7(1.17 .
foo(G1) /0 5 (2.8)

TJo plz) ()

Now we define the operator I': D — X, (5,7) > (p,n) by solving

1 ] 1 o
1 R o 29)
[(ﬁ ﬁb’)”f}xﬂﬁz”z—wb(w) g, z€(0,1),

p(0)=p(1)=1, n(0)=09, n(1)=051,

where &, is defined in (2.8). Then from the linear theory of elliptic equations, I': D — X
is a compact and continuous operator. Set 1= (p,n), and = (p,n) =T

Take G:D x[0,1] = X, G(¢p,¢) =1 —elp=1) —exp. It is obvious that if G(1),1) =0,
then ¢ is also a solution of (2.7), and (2.6) holds for ¢. Take g=(1,00) € D, and set
p(e)=(1—e)q for e€0,1]. If p(e) ¢ G(OD,e) for any € € [0,1], then due to the topological
degree theory,

deg(G(-,1)7D,O) :deg(G(-7O),D7q) :deg(z’d7D,q) =1, (2.10)

and therefore G(1,1) =0 admits a solution 1 eD.
On the contrary, if there are € € [0,1] and ¢ € 9D such that

p(e)=(1-e)g=G(,e) = —ey),
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then if e=0, we obtain that J}:q. This is impossible since g€ D, 1/~1 €0D and D is an
open set in X. If e€(0,1], then

P=—1)—

% (2.11)

Introducing (2.11) into (2.9), we conclude that 1/; € 9D satisfies the following equations

G- Z)],+ (25), =<7 b))
(5~ =)l ~ (=), =c(atb@)—5), w€(0,1), (2.12)

p(0)=p5(1)=1, 7(0) =00, 7(1) =00 +e(51—09) =61,

where fo,(51) :%fol ﬁ - n(x dx and as a result 61 € [n,7]. In the following proof, we

will show that for any 1 € dD, ¢ can not be a solution of (2.12) under some conditions,
hence (2.10) holds. We will estimate the bounds of the solutions of (2.12) directly.
Notice that (2.12) has the same 5ec0nd and first order terms as (2.7).

First, taking w; =p—1 and wy=p— (A +b+1) respectively into the first equation
of (2.12), and using the standard maximum principle, we obtain that w; >0 and wq <0,
hence

m<1<p(z)<n+b+1<M, Vzel0,1].
Now we show that A <7 <A when o keeps away from 1. From (2.12) we have

1y, 1 1 l_ 1

where ¢ is a constant. Integrating (2.13) over [0,1], we have

T

1/11 1d—(l +1)(1A+1)+—f(A)+
A ,5(56) ﬁ(:l)) = \(10og 20_(2] noi; 26’% C= Joo (01 C,

hence

1 1 1 1 R . - ~
c= | i~ w00 = o (50) = o (50)

Since f,, is monotonically decreasing and 61 =0¢+€(d1 —09) is between oy and 71, we
have

el =1fo0(01) = foo (61)] | fo0 (G1) = foe (00)]
(vl =17 [ = mrdel <

therefore c € [—1,1]. For any x € (0,1], integrating (2.13) over (0,z), and setting F};(p) =
Inp+ 52 352, F(n ) =Infi+ 545, we have

(APl LT L o m
Fy(p)=F( 0)+2 T/O PG ﬁ(f)df-i- F(n), (2.14)
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Based on the discussions above, we observe that F;(p)+ F(n) is bounded from both
above and below. That is
Jo2 . N j 2
F(00)+§*;§Fj(ﬂ)+F(”)§F(UO)+§ s
The above inequalities reveal that p and n are almost negatively correlated. This prop-
erty will play an important role in the following proof. Furthermore, since p>1, we
have that F;(p)> 7. From (2.15) we have

(2.15)

Fi) gF(ao)+§,

hence
- 1 1
o) = (Inoo + 5 ) = (Int g50) 2 =7

and as a result 1< fo1(—=2)=n<A.
Now we estimate the lower bound of 7. Taking o3 > 1 such that

- ]
F(03) 45—~ = F(n) 2 Fy(n+b)

setting o* =max{c7},05} and assuming that oy >o*, we have

Ff%Fw@+%—§—F@»z@+E>L (2.16)

J

Multiplying the second equation of (2.12) by (7 —n)” :=min{n—n,0} and integrating
it by parts, and noting that

R e I

T n T Jy 12
L) n—n) | dr
], Tt ()t
I o
:_;/0 [In((7—n) +ﬂ)+(ﬁ—7)—+ﬂ]xdx
=0,
we have by (2.15) and (2.16) that
| G a)l(a=n)), Pdo=—c [ (+b-p)(-n)do
0 0
:—e/ (n+b—p)(n—n) dz
Q .
S—e/ﬂ[ﬁ+b—Fj‘1(F(Uo)+%—%—F(ﬁ))](ﬁ—@)_dﬂf
s—e/ﬁ[ﬁ+b—FJf1(F(ao)+%—%—F(n))](ﬁ—n)*dx
S—e/ﬁ(ﬁ+b—@—5)(ﬁ—@)’dw

IN
=

(2.17)
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where Q= {z €[0,1],72 <n}. Therefore (i —n)~ =0 and 72>n> \.

Now we have proved that m < p< M and A< <A when g > c*, which contradicts
(p,n) €0D. Therefore deg(G(-,1),D,0)=1 and (2.7) admits a solution (p,n) € D, and
obviously (2.6) holds for (p,n). Due to the standard regularity theory and the discussions
above, we conclude that (p,n) € W2+°°(0,1) x W%+°°(0,1) and n > n.

Finally, using the same method as in [20] (Lemma 2.3), we can prove that

p(x) >14esin(rz) >1, Ve €(0,1), (2.18)

where € >0 is a small constant independent of j. The proof is completed. ]

REMARK 2.1. The main difficulty in the proof above is to obtain the desired lower
bound of in. The key observation is the “almost negative correlation” between p and 7.
This is an important property derived directly from (2.12).

Proof. (Proof of Theorem 2.1.) Now we use the compactness method in [20]
to obtain the solution of (2.3). Assume that (p;,n;) is the solution of (2.7) obtained
in Lemma 2.1. Multiplying the first equation in (2.7) by (p; —1) and integrating it by
parts, we obtain

1 . 1 Va2 1
e R ) A e AU RTBCR

o

Using the standard energy estimate and the uniform boundness of p;, n; in L*°(0,1),
we have

3
H((Pj - 1>2)z||L2(0,1) <C,

here and after, C' is independent of j. Noting that ((p; —1)?), = %(pj — 1)%((;)]- —1)%),,
we have by using the boundness of p; that

H(Pj_l)QHHg(o;)SC- (2.19)

Next, multiplying the second equation of (2.7) by (n; —npg;), where np;(z) =00+
z(n;(1) —op), and integrating the resultant equation by parts, we obtain

ln?fl 5 1n?—1 1 11
/0 n;,) [(1n5) 2] da::/o ”f (nj)m(nBj)zdx—i—;/o n—j(nj—nBj)Idx

1
*/0 (nj+b—p;)(n; —np;)dx.

Noting that m <p; <M and 1<n<n; <A, we have

1 1 1 1
[ 0Pz [ fmpddore < [P
0 0 0

Hence ||(n)z|2(0,1) < C, and therefore ||n;||z1(9,1) <C. As a result, we conclude that
there is a subsequence of j (which is still denoted by j) such that as j —1-,

(pj—1)*=(p—1)* weakly in Hy(0,1),
n; —n weakly in H(0,1),
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and
1 =10y <€ Il o) < C-

In similar fashion to [20], we can prove that (p,n) € C2[0,1] x W2+>(0,1) and (p,n) is
a weak solution of (2.3). Meanwhile, since the imbedding from H'(0,1) to C[0,1] is
compact, we obtain in view of (2.18) and n; >n that p>1 over (0,1), n>n over [0,1
and (2.6) hold. o

2.2. Ill-posedness. This subsection is devoted to the proof of non-existence of
subsonic-vs-subsonic solutions when the semiconductor effect disappears.

THEOREM 2.2.  There is no pair of subsonic-vs-subsonic solutions to (2.1) if b(x) £0,
T=+00 and g9 >1 but close to 1.

Proof. Assume that (p,n,E) is a subsonic-vs-subsonic solution of (2.1) with
T =400, namely, p(0)=p(1)=1, n(0)=00, p(x)>1, n>1 over (0,1). Due to (2.1) we
have

1,1 1 1
Hence n(l) =09, p<og, n<og in (0,1). Obviously, n keeps decreasing in (0,e;) and
increasing in (e2,1) for some e1,62 € (0,1), and E(0) >0, E(1)<0.
Let z1 € (0,1) be the first point such that n reaches its minimum, and z € (0,1) the
last point. Then n(z1) >n, n(xze) >n, where n= ir[lfl]n(x) >1. And E(x1)=FE(z2) =0,
re

s

n, <0, E>0over (0,21), n, >0, E <0 over (z3,1). Combining the second and the third
equations of (2.1), we have

n?—1

Integrating (2.20) over (0,z;), we have

n3

;Ez(o):/oxl L_l(n—f—b—p)(—nm)dm

1 n2_1 _
§/0 57— (n+b)(—ng)dz

00 ,2 _
</ "Lt B)dn. (2.21)
1
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g0 2_1 _
n(zz) T

oo 271 _
§/ n (n+b)dn

00 ,2 B
g/ "L Byan. (2.22)
1

According to the third equation of (2.1), it is easy to obtain that

1 1
E(0)+(7E(1)):/0 b+n—pdsc2/0 b+ (1— ).

For the given b(z) #0, assuming that 0p — 1 < 1 such that E(0)+ (—E(1)) > %fol bdz >0,
then we have
1 1, [t
E2(0)+E2(1):E2(0)+(—E(1))2z5(E(0)+(—E(1)))2z§(/ bdz)?.  (2.23)
0
Combining (2.21), (2.22) with (2.23), we obtain
/Uonz_l(n+b)dn>1(E2(0)+E2(1))>1/1bda: (2.24)
. n3 —4 =32/, '

Since ”2}1 (n+0b) <og+b, we could draw a contradictory conclusion to (2.24) if o — 1<

1. Hence there is no interior-subsonic-fully-subsonic solution to (2.1) if b(z) #Z0, 7 =400
and o9 > 1 is close to 1. O

3. Interiorly-supersonic-vs-fully-subsonic flow
In this section, we consider the supersonic-vs-subsonic flow of (1.5). For conve-
nience, we use the velocity equation of electron, namely, taking v(z)= ﬁ, then (1.5)
is equivalent to the following
(v—)o, =B~ Lo
(2—L)n,=—E+L

n n3 ™’

E,=1—-n—b(2).

z€(0,1), (3.1)

Let o¢p>1. We investigate the existence and non-existence of solutions of (3.1) such
that
v(0)=v(1)=1, v(z)>1, z€(0,1); n(0) =09, n(xz)>1, z€[0,1]. (3.2)

Similar to the analysis in the previous section, we could reformulate the above problem
into the following:
P2: Finding the solution (v,n) of

[(U—%)vx]m—kévﬁz%—n—b(x),
(G o)nal, = (o), =ntb(@) =1, we(0,1), (3:3)
v(0)=v(1)=1, n(0) =00,
such that (3.2) and
1t 1
()= fryfen) = 7 [ v(a) = . (3.4)

hold, where o1 =n(1) and f,, is defined in (2.5).
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3.1. Well-posedness. In this subsection, we prove that P2 admits a supersonic-
vs-subsonic solution for some b(z)€ L>*(0,1), 7>0 and o9>1. First we give some
notations:

Notations. The following definitions will be used in this section:
(1) n=N(Y) is the inverse function of Y (n) =Inn+ 3l for n>1;

(2) y(a: >=—1n[cos2(ﬁ<w—f>)]+y
( ) ( —Hn27r) Y* =1(3+2mn2n?), Y = L (7+2In27?);

REMARK 3.1. The notations defined above will be illustrated in the proof of Lemma
3.1. Note that Y*>Y ™ >V > 1 V* =1(14+Y") and Y™™ =1 (3 +Y*).
THEOREM 3.1. Assuming that b(z) € L>*(0,1), $b<1(Y*—3) and og>0", then
there is a constant T*=7*(0g) >0 which only depends on oq, such that for any 7>
7, P2 admits a supersonic-vs-subsonic solution (v,n)eCz[0,1] x W2>(0,1) and n>
N ™)>1 over [0,1].

Since the first equation of (3.3) is degenerate at the boundary, we consider the
following approximate system

[ (ki %)(Uk)w]ﬁ %(Ulc)x = v—lk — g —b(x),
[ T A T

’Uk(O) :’Uk(l) = 1, nk(O) =0y,
where 1 <k <2 is a constant. For simplicity of notations, we omit the subscript k£ and

denote the solution of (3.5) by (v,n).

LEMMA 3.1.  Assuming that b(z) € L>(0,1), $b6<+(Y"—3) and o9 >0*, then there
is a constant 7* =71*(0g) >0 which only depends on oq, such that for any 7>7* and
ke (1,2), (3.5) admits a solution (v,n)€W?2°(0,1) x W°(0,1) which satisfies (3.4)
and v>1, n> N ™) >1 over [0,1].
Proof. We split the proof into four steps.
Step 1. In this step, we reformulate our problem by using topological degree method.
For oo > c™*, define
X ={(v,n)€C[0,1] xC[0,1]},
D:{(U,n)GX7 m<v<M, )\<n<A},

where

+1 1 _
A=og+1, m= max{ \[ b M=2+— -|-\/(1—|—7_)2—1-4(00—1—17)7 (3.6)
and A is a given constant with a size in (1,2)("(1,N(Y**)). Then D is a bounded and
open subset of X, and

dD={(v,n)e X, m<v<M, A<n<A, and Iz €[0,1],
st: v(x)=m or v(z)=M n(z)=\ or n(z)=A}.
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Taking 77 >0 such that & < f, (2), then for any (9,72) € D we have

1t 1 1t 3
0<;/0 v(m)—ﬁ(x)dxg;/o Be)dr < T < < oy (5) < Fon V)

for any 7>7;. Assume that 7>, then for any (9,7) € D, there exists a unique &; €
(A, 00), such that

1
f00(51):1/0 a(x)—%dx. (3.7)

T n(x

Define the operator I': D — X, (,7)+ (v,n) by solving

where &, is defined in (3.7). Then I': D — X is a compact and continuous operator.

The following proof in this step is similar to the proof in Lemma 2.1: by the theory
of topological degree, we prove that for any €€ (0,1] and (v,n) €D, (v,n) can not be
a solution of

[(kv—2)ve] +2v.=€(L —n—b(z)),
(5= 7)nal), — (F5),=e(n+b(z)—3), 2€(0,1), (3.8)

U(O):U(l):L n(O):O'(), n(l) 200—6(0'0—0'1) éﬁl,

where f,,(01) =1 fo - n(w) dz and obviously 61 € [01,00]. Due to the standard max-

imum principle of elhptlc equations, it is easy to check that
n<max{og,d1} <og<A, and v>1>m.

Step 2. In this step, we estimate the upper bound of v in (3.8). Setting (kv — %)vx +
%U = F, then we have

(k‘v—%)vsz—E

T

E,=¢(L—n-b(z)), =z€(0,1), (3.9)
v(0)=v(1)=1.

Since v>1 and n>A>1, we have + <n. Therefore E, <0 over (0,1). By a simple
monotonicity analysis, we can verify that there exists a unique T € (0 1), such that
o(T)= ren(%)i)v(:n)éff), vy >0 over (0,T), v, <0 over (T,1), and E(T)=21v. Indeed, if
T B

there is a & € (0,1) where v assumes its minimum, then there are €1, €5 € (0,1) such that
E<Ltvover (e1,2), E>Lv over (i,e2), E(&)= lv( ) and v, (%) =0. Since E, <0 over
(0,1), there exists a €3 € (Z,e2), such that F(z )< ~v(x), x € (&,e3), which contradicts
E > Lo over (&,e5). Hence there is no minimum pomt of v over (0,1). As a result, there
is only one critical point T'€ (0,1) and v assumes its maximum at 7.
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Integrating the first equation of (3.9) over (0,7') we obtain

v(x)

T

1, kT
§kv2—lnv—§:/0 E(z)— dx < E(0)T < E(0). (3.10)

Due to the second equation of (3.9) we have

0
E(0) :E(T)+/T E,(z)dx

=E(T) +/0 e(n(z)+b(z) — ﬁ)dw
§§+n+5
§§+ao+6 (3.11)

Combining (3.11) and (3.10) we further have

1 koo _ koo )
Sk <Inot o+ bop+b<t—1+4o4 L 4oo+b,
5 2 77 277

therefore

1+$+\/(1+$)2+2k(ao+5+§—1)

<
U= 2

1 1 _
<2+T+\/(1+T)2+4(00+b):M.

Step 3. In this step, we consider the second equation in (3.8) without damping,
which will be used to estimate the lower bound of n. Consider
11 1
o w3 )W), =e(w+b(x)—1), €(0,1),
(2= )], =<( ) .
w(O) =0y, w(l) :5'1,

where €, v(z), b(z), 09, 01 are from (3.8). We prove that (3.12) admits a solution which
has a lower bound w > 1, topological method will be employed.

First, we define X* ={we C[0,1]}, D*={we X*, py<w <w}, where w=09+1 and
we(1,N(Y™)) is a constant. Then D* is a bounded and open subset of X*, and

OD"={we X", p<w<w, and Fz€10,1] s.t: w(x)=p or w(x)=w}.

Define I'* : D* — X*, 1+ w by solving

{[(;)_ Z)ws], =€(b+bx)—1), 2€(0,1),

w(0) =09, w(l)=051,

then I'* is a compact and continuous operator.
Similar to the analysis in the previous section, it suffices to prove that for any
t€(0,1] and w€ID*, w can not be a solution of

(2 - L)w,], =te(wtb(z)—1), ze(0,1), (3.13)
w(0) =00, w(l)=a1,
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where 1 =00 —t(cg—61) =09 —te(og—01) € [01,00]-

By the standard maximum principle, we have that w <oy <w. Now we estimate
the lower bound of w and prove that w > pu. Setting Zzlnw—i—ﬁ7 then there is an
inverse function w= N(Z) since w > > 1. We also have that w < eZ. Hence

Zpw=te(N(Z)+b(z)— L) <eZ+b, x€(0,1),
Z(0)=2y, Z(1)= 24,

ﬁ, A :hﬁﬁ—ﬁ. It suffices to prove that Z>Z>Inu+ ﬁ

Setting Z(x)=Z(x)+x(Zo — Z1) — 1ba(z—1), z€(0,1), then

where Zg=Inoy+

Zxxéezfz(Zonl)%»%l;m(zfl) SEZ, IE(O,l), (3 14)
Z(0)=2(1) = Z,. ‘
Assume that Y (z) is the solution of
Yoz =€, x€(0,1), (3.15)
Y (0)=Y(1)=Z,. '

Applying the comparison principle to (3.15) and (3.14), we obtain that ¥ < Z over [0,1].

Since (3.15) is a symmetric system, the solution Y (z) must assume its minimum
value Y at x= %, and Yx(%):O. On the contrary, if there exists a Y such that the
solution y(z) of the initial problem

=

Yz =€7, r<3,
(3.16)
{y(é)Y, Ys(3)=0,

is well-defined at « =0 and y(0) = Zy, then y(z) is also a solution of (3.15). Nevertheless,
we can write the solution of (3.16) as

1

y(z)=—1In[cos® (ﬁ(w - 5))] +Y 2y(z;Y).

To ensure that y(z;Y) is well-defined at « =0, we require that 1 % <Z,ie Y <In2r?

Since y(0;Y) — +o0o as Y — (In272)~, we conclude that for any Zy>1 large enough,

(3.15) admits a unique solution Y (z) and the minimum value ¥ <In272. And due to

the comparison principle, Y is monotone increasing with respect to Z;. Now taking

Y*=1(3+In2n?), Z5=y(0;Y*), and 0* =N(Z;), then once og >0c*, we have Zy > Z

and then (3.15) admits a solution Y () which has a minimum Y =Y (3) € [Y*,In2x?).
Finally, since Y (z) < Z(z) = Z(z) +2(Zo — Z1) — 2bz(z—1), we have that

Z(l‘):Z(I)7I(207Z1)+%EI(I71)
ZX*(ZO*Zl)*éB
ZX*,(Z(),Zl),lB.

8
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Since 71 € [01,00], we have

1 _ 1
ZO _Zl = (11’10'0+ m) — (lna']_ +ﬁ)
(lnao 8) (lnal—i—ﬁ)
= foo(01)
M
Sia
-
where M is defined in (3.6). Therefore, if 16<1(Y*—1), then there exists a 73 such
that for any 7>max{r{, 73}, we have (Zo—Z1)+ b < —1+§B§ 1(Y*—1), hence
" 1- 1,1 o _

Since p € (1, N(Y™)), we have Inu+ 212 €(3,Y"*). Now we have proved that when o >
o*, T>max{r{,75} and $b<3(Y*—3), the solution of (3.13) satisfies < N(Y**) <
w < oo <w, which contradicts weaD* Hence (3.12) admits a solution we€ D*, and
w>N(Y™).

Step 4. In this step, we estimate the lower bound of n in (3.8). We prove that n >\
when 7> 1 by perturbation. Assume that o9 > o™, 7 > max{7{,. i 5}, gb< i(Y* -3, w
is the solution of (3.12) and n is from (3.8). Taking z; =Inn+ zo=Inw+ then
n=N(z1), w=N(z) and

{@ﬂm ().

21(0) = Zo, z1(1) =21,

2n2 ) 211)2 )

e(N(z1)+b-1), 2€(0,1),

(), =e(N(z) +b—3),  we(0.1),
ZQ(O) :Zo, 22(1) :Zl,

where Zg=Inoy+ ﬁ and Zl =Inoy + # Taking z =21 — 23, then
0 1

{ZEI( Nl(zl))a;ze(N(Zl)fN(Z2))v 1’6(0,1),
0.

Multiplying the above equation by z and integrating by parts, we have

/Olzgdx_ . /01 (N(z1) = N(z2) e — - /O 1 (Nél)hzdf-

Since N(z) is increasing about z, we have that

L, 1t
zoder < —— zdx
A== [ G -
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hence |2/ <1 by Poincare’s inequality. Therefore, there is a 75 >0 such that for any

T>max{7y, 75, 5} 2T, 2] =21 — 22| < %(X** %)

Since w > N(Y™), we have zo =Inw + ﬁ >Y**. Hence

1 1.1 1. 1 o1
>z =Y ) > Y"+ )Y =~ 2In2 —
a2z =) 2y (0T 2YT = (T2 > 5,
as a result n> N(Y™) >\ >1. Similar to the discussions in Step 1, we conclude that
(3.5) admits a solution (v,n) € D which satisfies v >1, n> N(Y ™) over (0,1). Due to

the standard regularity theory, we have (v,n)€ W?21°°(0,1) x W%+°°(0,1). 0

REMARK 3.2. Different form the proof of Lemma 2.1, where a large enough boundary
data oy could bring us a desired lower bound of 7, in this section, the magnitude of the
right side of the second equation in (3.8) mainly depends on the magnitude of n for fixed
b and € since %g 1. Therefore, for large boundary data oy, n decreases dramatically
around the boundary, hence it is not an easy task to obtain the desired lower bound
of n. Due to this reason, we adopt a different and tedious proof and the conclusion of
Theorem 3.1 is quite different from that in Theorem 2.1.

Proof. (Proof of Theorem 3.1.) Now we use the compactness method in [20] to
obtain the solution of (3.3). Let (vg,nx) be a solution of (3.5) obtained in Lemma 3.1.
Multiplying (vg —1) to the first equation in (3.5) and integrating by parts, we obtain

4 Lok +1 3y 2 1|(Uk)w|2 _ li_ _ _
§k/0 (vp—1) )] dm—i—(k—l)/o L g /O( e — b) (v, — 1)da.

Uk Uk

By the standard energy estimate and the uniform boundness of vy, ni in L*°(0,1) we
have

3
2

I1((o, —1)

where (and in the following proof) C is independent of k. Noting that ((vx—1)?),=

3 (v — 1)2 ((vg —1)2),, we have by using the boundness of vj, that

)ellz20,1) < C,

1(or = 1)l 13 0,1) < C- (3.17)
Next, similar to the proof in Theorem 2.1 we could obtain that
Inell 10,1 < C. (3.18)

The estimates in (3.17) and (3.18) imply that there is a subsequence of k (which is still
denoted by k) such that as k— 17,

(v —1)? = (v—1)? weakly in H}(0,1),
ny—n weakly in H'(0,1),
and

||(U71)2||H6(071) <C, ”nHHl(OJ) <C.

In similar fashion to [20], we could prove that (v,n)eC2[0,1] x W2+°(0,1), v(z)>1
over (0,1) and (v,n) is a weak solution of (3.3). Meanwhile, duo to the fact that the
imbedding from H'(0,1) to C[0,1] is compact, we conclude that n> N(Y***) over [0,1]
and (3.4) hold. O
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3.2. Ill-posedness. This subsection is devoted to the proof of non-existence of
supersonic-vs-subsonic solution to (3.1) when the semiconductor effect is very weak.

THEOREM 3.2.  There is no supersonic-vs-subsonic solution to (3.1) if b(x)Z£0, 7>>1
and oo >1 is close to 1.

Proof.  Assume that (v,n,FE) is a supersonic-vs-subsonic solution of (3.1) which
satisfies (3.2). We have shown that n(1) =0 < 0g. Since E keeps decreasing in (0,1), we
can verify that there is only one point T € (0,1] such that E(T)= #(T), and n reaches
its minimum at 7. Since the case T'=1 is trivial in the following proof, we assume
that T'€(0,1). Set n=n(T). We have that n, <0 over (0,T), n, >0 over (7,1) and
n(z) <og over [0,1].

From (3.1) we have

(n2—1)$+b—%>nm:(E_%)Ex. (3.19)

Integrating (3.19) over (0,7") we obtain that

T (2 _1)(n+b—1
0 (n"—1)(n+b ”)(—nz)da:

1 1 1 [T1
*EQ —*EQT - _E. —
2 (0) 2 ( )+T/O n vl / n3

T (n?2—1)(n+b)

S/o 3 (—ny)dz
7 (n2—1)(n+b

:/n 7( 71)3( + )dn

< / Uowdn. (3.20)
1 n

Similarly, integrating (3.19) over (T,,1) we have

1

1E2(1) E*(T) 1/11E d d
= -3 - = — L dx = Nz AT
2 2 T)Jr n

/1 (n*=1)(n+b—1)

T n3

- /T<n—2><n+b>nd

(2 —1)(n+b
:/n ( n)?’( + )dn
</100de. (3.21)

And due to the third equation of (3.1), we further have

E(0)+(—E(1)):/Oln—i-b—idxz/olbdx>0,

hence

(E(0)+(—E(1)))*> ;(/Olbdx)Q. (3.22)
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Combining (3.20), (3.21) with (3.22) we obtain

5] bada) < B2 (0) + B
0

2

oo 2 _ h T L

<o [ OO gy oy 2 [ pans? [ pa
1 n T Jo n TJr N

S4/"°(”2—1)(”+b)dn+i+i(E(O)_E(l))

n3
7 (n2—1)(n+b) 2 2 -
§4/ e E— dn+§+;(00+b).
1

(3.23)

Since (n"‘—;w < 09+b, we could draw a contradictory conclusion to (3.23) if 09 — 1 <
1 and 7>>1. So there is no interior-supersonic-fully-subsonic solution to (3.1) if b(x) Z0,
7> 1 and 0 >1 is close to 1. O

4. Interiorly-subsonic-vs-fully-supersonic flow
In this section, we consider the subsonic-vs-supersonic flow of (1.5). First we assume
that n(0) =09 €(0,1). We use the velocity equation of holes. Taking u(x)= ﬁ, then

(1.5) is equivalent to

1 1 1
T
1 u (4.1)
- Tz = R syt )y
(u u)u E—!—T z€(0,1)

and u(0)=-L £a0>1. We investigate the existence and non-existence of solutions of

0’0_

(4.1) such that
p(0)=p(1)=1, p(z)>1, Yz € (0,1); u(0)=ag, u(z)>1, Yee|0,1]. (4.2)

As the previous sections, this problem is equivalent to:

P3: Finding the solution (p,u) of

(5= #)oe].+ Go)=p— b
[(u= b, ~ b= L4ba) -, 2€(0) 43

such that (4.2) and

T

Jao (W(1)) =ga,(ar) = (%a% —Inag) — (%a? —Ina;) = l/0 —— —u(z)dr, (4.4)

hold, where a; =u(1).
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4.1. Well-posedness. In this subsection, we are going to prove the existence of
subsonic-vs-supersonic solution to P3, as well as their regularities.

THEOREM 4.1. For any b(x) € L*°(0,1), b>1, 7>0 and u>1, there exists a constant
a*>w, which only depends on b(x), 7 and u, such that for any ap>a*, P3 admits a
subsonic-vs-supersonic solution (p,u) € C3 [0,1] x W2°°(0,1) such that u>wu over [0,1].

Consider the following approximate system

(5 =) ea)a ]+ (55) =P — 5 —b(@)
[(uj_u%ﬂ)(uj)z}x_%(uj)mzu%—’_b(x)_pj’ (EG(O,I), (4'5)
p;(0)=p;(1)=1, u;(0)=ao,
where 0 < j <1 is a constant. Also, we omit the subscript j and denote the solution of
(4.5) by (p,u).
LEMMA 4.1.  For any b(z) € L*°(0,1), b>1, j€(0,1), 7>0 and u>1, there exists a
constant a* >w, which only depends on b(x), T and u, such that for any ag>a*, (4.5)

admits a solution (p,u) € W2>°(0,1) x W2°°(0,1) which satisfies (4.2), (4.4) and u>u
over [0,1].

Proof.  For the given 7>0, set h(u)=4u®—Inu—2u for u>1+,/5+1. It is

easy to verify that h admits an inverse function u=~h"!(-). Define

X ={(p,u) €C[0,1] x C[0,1]},
D:{(p,u)GX, m<p<M, >\<u<A},

where

_u+l m_max{l Vi+1
o2 A2

A:max{dl,hfl(%ag —Inag+2(14b)) } +1,

A

b, M=b+2,

and a; > ag is defined by

gao (al):—%dl. (46)

Since gq, (a) is convex about a, a; is well-defined. It is easy to check that D is a bounded
and open subset of X, and
8D:{(p,u)€X, m<p<M, A\<u<A, and Jz€]0,1],
s.t: p(z)=m or p(x)=M or u(z)=\ or u(z)=A}.

For any (p,) € D, since

1

f/ — —tu(z)dz <0,

TJo px)
there is a unique a; > ag, such that

i) = 1L—ﬂm T
dualin) = [ =5 —ita)da. (@)
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Define T': D — X, (p, @)~ (p,u) by solving

1 ] 1 1
[(5 é)px] ﬁ2ﬂx:P*5*b($),
= %)ux} %ux:%+b(x)—ﬁ, 2€(0,1),

p(0)=p(1) =1, u(0) =ao, u(1)=ay,

where @; > ag is defined in (4.7). Then I': D — X is a compact and continuous operator.
Due to the same analysis as Lemma 2.1, it suffices to prove that for any e € (0,1] and
(p,u) €0D, (p,u) can not be a solution of

(G =)oe),+ (), =elp = =),
[(u— %)ux]x ——uy=e(=+b(z)—p), z€(0,1),
p(0)=p(1)=1, u(0)=ao, u(1)=ao+€(a; —ag) = a1,
where g,,(a;) =2 fo o w(z)dx and obviously a1 € (ag,a1]. Using the standard max-

imum principle of elliptic equations, it is easy to verify that

m<1<p(x)<1l+b<M, z€[0,1].

Now we estimate the lower bound of u. Setting (u— 1)u, —Lu=—F, then we have

(- =Bz,
E1:€(p_%_b(x))7 336(0,1), (48)
u(0)=ap, u(l)=a;.

Set u(T") :wei%fl)u(x). If T=0, then u(z) >ag>u>A. If T'€(0,1), then u,(T)=0 and

hence E(T)=1u(T) < Lay. For any x € (0,1], integrating the first equation of (4.8) over
(0,z) we have

%uz(x) —Inu(z)= lag —1Inag— /zE(f) — lu(f)dg

1
5 lnao—/ E (49)

Since
|B(x)| = |E(T) + /T B0
1 ’ 1
~ 1)+ /T (06~ gy ~H(E)) e
§%a0+2(1+5), (4.10)
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we have

1
ag —Inag——ag—2(1+b). (4.11)
T

Taking a} >1 such that

1 L 1 - 1
5( 1)2—lna1—;a1—2(1+b):§g2—lng,

and assuming that ap > aj, then

1 1 1 -
iu(x)2 —Inu(z) > iag —1Inag— —ao— 2(1+b)
1 * * ]' * 7
> §(a1)2 —Inaj — —a; —2(1+b)
= %gz—lng, (4.12)

therefore ©>u> \. Set a* :max{af,%Jm/% +1} and assume that ag>a*.

Now we estimate the upper bound of u. Set @ =u(T"*)= m[ax]u(ac). If T* =1, then
z€|0,1

u<a; <ai, hence

1 [t 1
a == ~—udr>—=a.
Jao(a1) 7_/0 5 udz > Tal

A simple analysis of g4, (a1) + %al shows that a; <ap, where a; is defined in (4.6). Hence
u<a; <a; <A. If T*€(0,1), then u,(T*) =0 and hence E(T*)=Lu(T*)=1a.

T

Combining the first identity in (4.9) with (4.10) substituted 7" by T*, we have

1 1 v 1
fu(a:)z—lnu(m)zfag—lnao—/ E(&)——u(&)d¢
2 2 0 T
1, ! 1
<-aj—Inap+ [ [E(§)|dE+ —u
2 0 T
<Le2 g +la+2(1+5)+la (4.13)
-2 o T '
hence
1 _
h(a) < 5a(2)—1rlao+2(1+b). (4.14)
Since ﬂZaOZCL*z%Jm/T%Jrl, we have
1 _
agh_l(iag—lnao+2(1+b)) <A. (4.15)

Based on the analysis above, we obtain that m<p<M, A<u <A when ag>a*,
which contradicts (p,u)€dD. Similar to Lemma 2.1, we conclude that (4.5) admits
a solution (p,u)€ D which satisfies (4.4). Due to the regularity theory, we have that
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(p,u) € W21°°(0,1) x W2+°°(0,1) and u>wu over [0,1]. Finally, using the same method
in [20] to estimate the lower bound of p, we have

p(x) >14esin(rz) >1, Vo €(0,1),
where € >0 is a small constant independent of j. |

Proof. (Proof of Theorem 4.1.) The proof is similar to that of the proofs of
Theorem 2.1 and Theorem 3.1. First, the following estimates could be obtained

l[(pj — 1)2||H5(0,1) <C, |lujllaro,1y <C. (4.16)
Therefore, there is a subsequence of j (which is still denoted by j) such that as j — 17,
(pj—1)*=(p—1)* weakly in Hg(0,1),
uj —u weakly in H'(0,1),
and
lo= 120 <C. Null s 0,1y < C-

Then, in similar fashion to [20], we could prove that (p,u)e C2[0,1] x W21°°(0,1) and
(p,u) is a weak solution of (4.3). Also, we could verify that p>1 over (0,1), u>wu over
[0,1], and (4.4) hold. d

4.2. Tll-posedness. This subsection is devoted to the proof of non-existence of
subsonic-vs-supersonic solution of (4.1) in certain cases.

THEOREM 4.2.  There is no subsonic-vs-supersonic solution of (4.1) in the following
three cases: (i) V7 >0, b<1 and ag>1; (ii) V7 >0, b(x) =0 and Yag > 1; (i) 7= 00,
b(x)#£0 and ap— 1< 1.

Proof. Assume that (p,u,E) is a solution of (4.1) such that 1< p(x)<1+b, n>1
for € (0,1). Since (ii) is a direct corollary of Theorem 1.3 in [21], we omit the proof
here.

First we prove (i). Due to (4.1) we have

1 1 r 1 r
(30 (@) ~nufa)) = (03 ~tna) == [ B&) = Tu(©ae >~ [ B(©)as.

Set E=E(T)= ir[gfl]E(x). Since p(z)>1 for € (0,1) and p(1) =1, there must be a
xe|0,

point & close to 17 such that E< FE(%) < Tpl(i) <L in view of (4.1). Hence

Ba) =B+ [ B@te<t+ ["p-t-vie<Tra0+0)

and

%uQ(x) —Inu(z)> %ao —Inag— (l +2(1+b)).
T

Therefore, when b< 1 and ag>>1, we have u>>1 and hence %—1—5 <1< p. Multiplying
the first equation of (4.3) by (p—1) and integrating by parts, we have

1 1

/0(7_5)"09”|2d$:_/0 (p—%—b)(p—l)dm. (4.17)

p
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So if b<1 and ag>>1 such that 1 +b<1<p, then the right side of (4.17) is negative,
which contradicts the left side.

Now we prove (iii). When 7=+00, we have by combining the first and the second
equations in (4.1) that

1 1 1 1
lnp—i—Q—pz:1nu—§u2+§a3—1nao+§, (4.18)
hence
1 1 1 1
lnp§f§+§agflna0+§:§agflnao, (4.19)

and u(1) =ag, p(z) < e3ag—Inao u(z) <ag over (0,1).
Let 21 €(0,1) be the first point such that u reaches its minimum, and z € (0,1) the

last point. Then u(z1) > u, u(xg) > u, where u= ir[})fl]u(m) >1. And E(z1)=E(z2) =0,
z€|0,

Uy <0, E>0 over (0,21), uy >0, E<O0 over (z2,1). From (4.1) we have

(w*~1)(3 +b—p)

Uy =FEE,. (4.20)
U
Integrating (4.20) over (0,z;), we have
h—
fEZ :/ Jr p) (—ug)dx
0
—1)(=+b
g/ ) )(—ugg)dx
0 u
—1)(L+b
[ G,
u(z1) u
“ (u?—1)(L+b
S/ wdu. (4.21)
1 (7

Then integrating (4.20) over (z2,1), we have

U2 1) (L +p—
%Ez(l) /I( 1)(u+b p)

Uy dT

:/“0 (u2—1)(l+5)du
u(z2) u
aop 27 l A
g/ wcﬂu. (4.22)

Similar to the previous sections, we obtain

E(O)—l—(—E(l)):/Olb—i—i—pdmz/olbdx—/olp—idm. (4.23)
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Using again the identity (4.18), we have

1 1 1 1 1 1
1 —)—(1 —)=Inu—=u?+=a2—21 ——
(np+2p2) (na0+2ag) nu 2u +2a0 nao—|—2 2a(2)
< 1+1 291 +1 1
——+—-ay—2nap+ - ——
=220 T2 242
L,
:§a0_21nao_ﬁ.

If p(zg) > ap at some points zg € (0,1), then using differential mean value theorem at
these points we have

(lnp—l—i)—(lnao—i—i):fg_l(p—ao)<1a2—21na0—f
22 2a2 ¢ -2 2a3’
where £ € (ag,p). Hence
1 3
pgao“"(50;(2)_2].1’1010_ﬁ)éagi1
2 _
1 1 p3
< Za— S R A
7@0—&-(2&0 2Inag 2@3)(1(2)_1
1.2 1
sag—2Inag— 5=
<ap+> ° 5 T g3 —3Inao (4.24)
ag—1

If £ €(0,1) such that p(z) <ag, then (4.24) still holds at these z. Applying L’'Hospital’s
rule to (4.24) we obtain that

la —2Inag— 5%

2 2a3
2
ag—1

—0, asay—1T,
hence p— 11 as ag— 1" in view of (4.24) and
1 1 + +
0<p——<p———=0", asap—1".
(3 an
Therefore, when ag—1> 0 is small enough, we have by (4.23) that
1t
E(0)+ (- E(-1)) 25/ bdz > 0. (4.25)
0
Combining (4.25), (4.21) and (4.22), we obtain
[ G
1

P qu> 1 (B2(0) + B2(1)

2313(/0 bda)®. (4.26)

) _ _
Since & 712L(%+b) < (ag_}l)()(1+b), we could draw a contradictory conclusion to (4.26) if

op— 1K1, ]
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5. Interiorly-supersonic-vs-fully-supersonic flow
This section is devoted to the supersonic-vs-supersonic flow. Assume that n(0)=
00 €(0,1). We use the velocity equations both to electrons and holes by taking v(z)=

L and u(x)= ﬁ, then (1.5) is equivalent to

p(@)
1 v
(”*5)%* T
1
u—up=—E+=,  z€(0,1), (5.1)
u T
EI:%iiib(x)v
and u(0)= % £ a9 >1. We prove the existence and non-existence of solutions of (5.1)
such that
v(0)=v(1)=1, v(z)>1, Yz €(0,1); u(0)=ag, u(z)>1, Yre€l0,1]. (5.2)
Also, the problem is equivalent to:
P4: Finding the solution (v,u) of
1 1 1 1
— =) Ug - a:zﬁ_ﬁ_b ;
[ R S
1 1 1 1
. z — Uy = — b - —, 60,1, (53)
[ P RN S SR

v(0)=v(1)=1, u(0)=aq,

such that (5.2) and

1
1o (0(1) = (0) = 7 [ o(a) — ). (5.4)

hold, where a1 =u(1) and gq, is defined in (4.4).

5.1. Well-posedness. This subsection is devoted to the proof of the existence
of supersonic-vs-supersonic solutions for P4, as well as their regularities.

THEOREM 5.1.  For any b(x) € L*°(0,1), b>1, 7>0 and u>1, there exists a constant
a* >wu, which only depends on b(x), 7 and u, such that for any ag>a*, P4 admits a
supersonic-vs-supersonic solution (v,u) € C3 [0,1] x W2°(0,1) and u>wu over [0,1].

Consider the following approximate system

[(Fox = —k)(vk)m]ﬁ—(vk)w = o w @)
[(ur— i)(uk)z]x - l(Ulc)ac _ 1 +b(z)— i7 x€(0,1), (5.5)
Uk T Uk VL

where 1 <k <2 is a constant. Also, we omit the subscript k and denote the solution of
(5.5) by (v,u).

LEMMA 5.1.  For any b(z) € L>(0,1), b>1, ke (1,2), 7>0 and u>1, there exists a
constant a* >wu, which only depends on b(xz), T and u, such that for any ag>a*, (5.5)
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admits a solution (v,u) € W2°°(0,1) x W%°°(0,1) which satisfies (5.4) and v>1, u>u

over [0,1].
Proof. Define
X ={(v,u) €C[0,1] x C[0,1]},
D:{(v,u)eX7 m<v<M, )\<u<A},

where

1
1 —=+1
/\:%, A=a +1, m= ‘/EQ

)

1 1
M= +2+\/(T+1)2+2(3+b),

=7
and a; >1 is determined by

_ 1
Jao (A1) = _;QL
It is easy to verify that a; >ap and D is a bounded and open subset of X, and

8D:{(v,u)€X, m<v<M, A<u<A and Iz €[0,1],
s.t: v(z)=m or v(z)=M or u(z)=\ or u(z)=A}.

For any (#,4) € D, take d; > 1 such that

1
ao (A1) = %/0 O(z) —a(z)dx.

Take a} >1 such that }(a})?—Inaj— <M =1, and assume that ag > aj. Since

we have

hence d; in (5.7) is well-defined and a; > 1.
Define I': D — X, (9,4) — (v,u) by solving

(5.6)

(5.7)

(5.8)
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then I': D — X is a compact and continuous operator. Similar to the proof of Lemma
2.1, it suffices to prove that for any e € (0,1] and (v,u) € 9D, (v,u) can not be a solution
of

v(0)=v(1)=1, u(0)=ao, u(1)=ag+e€(a1 —ap) £ a1,
where a1 > 1 is determined by
1t
Jao (a1) = ;/ v(x) —u(x)de. (5.10)
0

First, due to the maximum principle, we have that v>1>m. Now we estimate the
upper bound of v. Setting F; = (kv — %)% + %v, then

(kvf f)vz =F - lv,
Elmiﬁ(%*%fb(:c)), z€(0,1), (5.11)
v(0)=v(l)=1

Let o=v(T1)= sup v(z). If T1=0 or T3=1, then v=1<M. If T;€(0,1), then
z€[0,1]

v,(T1) =0 and therefore Fy(T1) = Lv(Ty)=14. Hence for any z € (0,1) we have
Ey(z)= B (§)de+E(T )—/ze(i—iﬂa
' T e e 7, v(€)  u(§)

Integrating the first equation of (5.11) over (0,z), we have

(f))d€+El(T1)§2+B+%ﬁ.

T 1
5@ o)~ 5= [ Bi©-Toode< [ IB@NE2 b+ 1

Due to the arbitrariness of x € (0,1), we obtain

1 5 _ 1_
—0°—v—-v<
T

k
2 2

1 _ _
72 —Int— —0<2+b+= <3+,
T

therefore

1 1 _
v<1+7_+\/(1+7_)2+2(3+b)<M.

Now we estimate the upper bound of u. By the maximum principle, we have that
u<max{ag, a1}. If a; <ag, then max{ap,a;}=ap, hence u<ag<A. If a; >ap, then
max{ag,d; } =dq, hence u<a; <ay. Since

1 [t 1
gao(a1):;/0 v(m)—u(m)de—;al,
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we have that v <a; <a; <A, where a; is defined in (5.6).
Finally, we estimate the lower bound of u. Setting Fo=—(u— %)uz + %u, then

1 1
(u— f)uw =—FEy+—u,
U T
1 1
Z_—_p 1 (5.12)
v u (SC)), IE(O, )a

u(0)=ag, u(l)=4as.

ng:e(

Assume that 4 =u(T3) = ir[%)fl]u(:z:). IfT5=0,thent=ag>u> A\ If Ty =1, then a1 <ag
€

)

and 4w=a; >ay. Since
1t 1
Gao(a1)=— [ v(z)—u(z)de<-M,
0

T T

we have
1 1 1
§a% —Ilna; > Eag —Inag— = M.

Taking a} >1 such that (a})?*—Inaj — LM = Lu® —Inu, assuming that ao >aj, then
1, 1 1

1 1 1
Eaf —Inay > 540 —Inag — ;M > i(aT)Q —Ina} — ;M: §g2 —Inw,

hence 4 >ay >u> A If T, €(0,1), then u,(T>) =0 and hence E3(Tz) = %u(Tg) = %u For
any z € (0,1), we have

Bufa) = [ Bar @+ Bals) = | el = o ~MOME+ Bally) <24+ i

Integrating the first equation in (5.12) over (0,z), we have
1

5“2(37) —Inu(z) :/0 —FEy (&) + %u(f)dﬁ—l— %ag —Inag

1
1
z—/ |E2(§)|d§+§a%—lnao
0
1.1,
27(2+b+;u)+§a071na0

Due to the arbitrariness of z € (0,1), we have

1. 1.1 _
§u2—u+;u2 ia%—lnao—Q—b,

therefore

1 1 _
1121—+\/(1—)2+a3—21na0—4—b.
T T

As a result, there is a a3 >1 such that for any ag > a3,

1 1 _
1221——}—\/(1—)2—1—@%—2111@0—4—()
T T

1 1 _
21—+\/(1—)2+(a§)2—21na§—4—b
T

-
>u> A
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Take a*=max{a},a’} and assume that ag>a*. We have proved that if (v,u)€dD
solves (5.9) for some € € (0,1], then

m<v(r) <M, A\<u(z)<A, z€][0,1],

which contradicts (v,u)€dD. Therefore, (5.5) admits a solution (v,u)€ D which sat-

isfies (5.4). Due to the regularity theory and the discussions above, we have that
(v,u) € W21°0(0,1) x W2+°°(0,1) and u >u over [0,1]. 0

Proof. (Proof of Theorem 5.1.) First, similar to the proofs in Theorem 2.1 and
Theorem 3.1, we could obtain

1ok =12 0.0) SCs kim0, <C- (5.13)
Therefore, there is a subsequence of k (which is still denoted by k) such that as k— 1%,

(g —1)* = (v—1)® weakly in Hj(0,1),
up —u weakly in H'(0,1),

and
(=127 0.) <C, Nl 1 (0,1) < C-

In similar fashion to [20], we could prove that (v,u)€ C2[0,1] x W2°(0,1), v>1 over
(0,1) and (v,u) is a weak solution of (5.3). Also, we could verify that u>wu over [0,1]
and (5.4) hold. ad

5.2. Ill-posensess. This subsection is for the proof of non-existence of
supersonic-vs-supersonic solution to (5.1) in certain cases as follows.

THEOREM 5.2.  There is no supersonic-vs-supersonic solution to (5.1) in the following
two cases: (i) V7>0, b<3, and ag>>1; (i) b(z) £0, =400 and ag—1 < 1.

Proof. Assume that (v,u,FE) is a supersonic-vs-supersonic solution of (5.1). First

we prove (i). Assuming that 9=v(T)= sup v(z), then E(T)=214. Set u= inf u(x).
z€[0,1] z€[0,1]

Multiplying the first equation of (5.1) by ((v—1)?), and integrating over (T',1) we have

1 1
/v2—:}1|((v—1)2)x|2dx:/ (B~ o) ((v=1)?), do

T T

:_/1 (E—Lo), (v—1)%dz

T T

:i/ﬂl+b_ixv_1f¢p+i/dw—1fmdx

1 o1y
= [ e O
T
SL}i+®w—nmx
S/T (i-k?))?d:c—ki/ip ((v=1)?), |%da, (5.14)
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where we have used Holder’s inequality and Poincare’s inequality above. Since

1’[) 1
| Sl e=17), Pe=5 [ 1(0=12), Pas,

T

(5.15)
we obtain by combining (5.15) with (5.14) that

1 1
1 - 1 -
/ ((v—1)) |2dx§4/ Epzar<at4p)2
T “ T U 7
Applying Sobolev’s inequality we further have

v(z)<v(T)<1+ \/W

Setting m:i—l—i), then v<1++/2m and L > 1+\1/% over [T,1]. By (5.14) we have

Lot ! 1
A % ‘((U_1)2)x|2dx§A (m_m)(’v—l)Qd{E.

(5.16)
Ifm< %, then

1
m— ——<0,
1++v2m
which contradicts (5.16) since the left side of (5.16) is nonnegative. Hence if m=

;, there is no interior-supersonic-fully-supersonic solution to (5.1).
On the other hand, from (5.1) we have

1

(5

Lib<

u?(x) —lnu(x)) — (%a% —lnao) = —/Ox E() - %u(f)d{ > _/O‘C E(¢)dx.

Since v>1 over (0,1) and v(1) =1, we have that when z is close to 17, E(z) < Lv(z) <

2
hence E:= n}in)E(x) < 2. Assume that E=F(T*), we have
ze (0,1

T

T

E(x)=E+ | E.(&dé< §+B+2,

T*
hence
1 1 2 -
—u?(z) —Inu(z) > =a2 —Inag— (= +b+2).
2 2 T
Therefore, for any 7>0, b < % and agp>1 such that m= % +b< %, there is no interior-
supersonic-fully-supersonic solution to (5.1).

Now we prove (ii). When 7=+o00, we have by (5.1) that

1 1 1 1
(§vz—lnv)—§:(iag—lnao)—(iuQ—lnu),
hence u(1) =ap and u<ag over [0,1]. Assuming that 1 € (0,1) is the first point such

that u reaches its minimum and x5 € (0,1) the last point, then u(z1) > u, u(z2) >wu and
U, <0, E>0 over (0,21), u, >0, E<0 over (x2,1). From (5.1) we have

(-1 +b-1)

u

Uy = EF,. (5.17)
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Integrating (5.17) over (0,z1), we have

L2 :/OII (2 -DGH=D)

2 U
</Om (u2_1i( L) (—uy)d
:/“ WL4X%+@M
u(x1) u -
S\/ao (u 111(5 +b) du.

/“ (u® = 1) (5 +b)
= du
(z2) u
w0 (u?—1)(L+0b
=0

1 u

If ap— 1< 1, then we have by (5.1) that
1 1 1 1
E(0)+ (- / bdx — / ,_,d$>/ bdac—(l——)zf/ bdz > 0.

0 0 ao 2Jo

Using the analysis similar to the previous sections, we could finish the proof. ]

Acknowledgment. The authors would like to thank Professor Guojing Zhang for
his valuable discussion. M. Mei was supported in part by NSERC Grant RGPIN 354724-
2016, and FRQNT Grant No. 256440. K.J Zhang was supported by the NSFC Grant
No. 11771071.

REFERENCES

[1] U. Ascher, P. Markowich, P. Pietra, and C. Schmeiser, A phase plane analysis of transonic solutions
for the hydrodynamic semiconductor model, Math. Mod. Meth. Appl. Sci., 1:347-376, 1991. 1

[2] M. Bae, B. Duan, and C. Xie, Subsonic solutions for steady Euler-Poisson system in two-
dimensional nozzles, STAM J. Math. Anal., 46:3455-3480, 2014. 1

[3] M. Bae, B. Duan, and C. Xie, Subsonic flow for the multidimensional Euler-Poisson system, Arch.
Ration. Mech. Anal., 220:155-191, 2016. 1

[4] K. Blgtekjeer, Transport equations for electrons in two-valley semiconductors, IEEE Trans. Electron
Devices, 17:38-47, 1970. 1

[5] P. Degond and P. Markowich, On a one-dimensional steady-state hydrodynamic model for semi-
conductors, Appl. Math. Lett., 3:25-29, 1990. 1

[6] P. Degond and P. Markowich, A steady state potential flow model for semiconductors, Ann. Mat.
Pura Appl., 4:87-98, 1993. 1

[7] F. Di Michele, M. Mei, B. Rubino, and R. Sampalmieri, Thermal equilibrium solution to bipolar
hybrid quantum hydrodynamical model, J. Diff. Egs., 263:1843-1873, 2017. 1

[8] F. Di Michele, M. Mei, B. Rubino, and R. Sampalmieri, Stationary solutions to hybrid quantum
hydrodynamical model of semiconductors in bounded domain, Int. J. Numer. Anal. Model.,
13(6):898-925, 2016. 1


https://doi.org/10.1142/S0218202591000174
https://doi.org/10.1137/13094222X
https://arxiv.org/abs/1211.5234
https://doi.org/10.1109/T-ED.1970.16921
https://doi.org/10.1016/0893-9659(90)90130-4
https://link.springer.com/article/10.1007/BF01765842
https://www.sciencedirect.com/science/article/abs/pii/S0022039617301730
http://www.math.ualberta.ca/ijnam/Volume-13-2016/No-6-16/2016-06-04.pdf

2038 BIPOLAR HYDRODYNAMIC MODEL WITH SONIC BOUNDARY

[9] F. Di Michele, M. Mei, B. Rubino, and R. Sampalmieri, Stationary solutions for a new hybrid

[10]

[11]

[12]

[21]
22]
23]
[24]

[25]

quantum model for semiconductors with discontinuous pressure functional and relaxation time,
Math. Mech. Solids, 24(7):2096-2115, 2019. 1

D. Donatelli, M. Mei, B. Rubino, and R. Sampalmieri, Asymptotic behavior of solutions to Fuler-
Poisson equations for bipolar hydrodynamic model of semiconductors, J. Diff. Egs., 255:3150
3184, 2013. 1

I.M. Gamba, Stationary transonic solutions of a non-dimensional hydrodynamic model for semi-
conductors, Comm. Part. Diff. Eqgs., 17:553-577, 1992. 1

I.M. Gamba and C.B. Morawetz, A wviscous approxzimation for a 2-D steady semiconductor or
transonic gas dynamic flow: ezistence for potential flow, Comm. Pure Appl. Math., 49:999
1049, 1996. 1

I. Gasser, L. Hsiao, and H.-L. Li, Large time behavior of solutions of the bipolar hydrodynamical
model for semiconductors, J. Diff. Eqgs., 192:326-359, 2003. 1

Y. Guo and W. Strauss, Stability of semiconductor states with insulating and contact boundary
condictions, Arch. Ration. Mech. Anal., 179:1-30, 2005. 1

H. Hu, M. Mei, and K. Zhang, Relaxation limit in the bipolar semiconductor hydrodynamic model
with non-constant doping profile, J. Math. Anal. Appl., 448:1175-1203, 2017. 1

F. Huang, M. Mei, and Y. Wang, Large-time behavior of solutions to n-dimensional bipolar hy-
drodynamical model of semiconductors, SIAM J. Math. Anal., 43:1595-1630, 2011. 1

F. Huang, M. Mei, and Y. Wang, Long-time behavior of solutions for bipolar hydrodynamic model
of semiconductors with boundary effects, STAM J. Math. Anal., 44:1134-1164, 2012. 1

J.W. Jerome, Steady FEuler-Poisson systems: a differential/integral equation formulation with
general constitutive relations, Nonlinear Anal., 71:e2188-e2193, 2009. 1

A. Jingel, Quasi-hydrodynamic Semiconductor Equations, Progr. Nonl. Diff. Egs. Appl.,
Birkhauser Verlag, Besel, Boston, Berlin, 41, 2001. 1

J. Li, M. Mei, G. Zhang, and K. Zhang, Steady hydrodynamic model of semiconductors with sonic
boundary: (I) subsonic doping profile, SIAM J. Math. Anal., 49:4767-4811, 2017. 1, 1, 2.1, 2.1,
2.1,3.1, 3.1, 4.1, 4.1, 5.1

J. Li, M. Mei, G. Zhang, and K. Zhang, Steady hydrodynamic model of semiconductors with sonic
boundary: (II) supersonic doping profile, SIAM J. Math. Anal., 50:718-734, 2018. 1, 4.2

T. Luo, J. Rauch, C. Xie, and Z. Xin, Stability of transonic solutions for one-dimensional Euler-
Poisson equations, Arch. Ration. Mech. Anal., 2002:787-827, 2011. 1

T. Luo and Z. Xin, Transonic shock solutions for a system of Euler-Poisson equations, Commun.
Math. Sci., 10:419-462, 2012. 1

P. Markowich, C. Ringhofer, and C. Schmeiser, Semiconductor Equations, Springer, Wien, New
York, 1989. 1

M. Mei, B. Rubino, and R. Sampalmieri, Asymptotic behavior of solutions to the bipolar hydro-
dynamic model of semiconductors in bounded domain, Kinet. Relat. Model., 5:537-550, 2012.
1

S. Nishibata and M. Suzuki, Asymptotic stability of a stationary solution to a hydrodynamic model
of semiconductors, Osaka J. Math., 44:639-665, 2007. 1

Y. Peng and I. Violet, Ezample of supersonic solutions to a steady state Euler-Poisson system,
Appl. Math. Latt., 19:1335-1340, 2006. 1

M.D. Rosini, A phase analysis of transonic solutions for the hydrodynamic semiconductor model,
Quart. Appl. Math., 63:251-268, 2005. 1

N. Tsuge, Fxistence and uniqueness of stationary solutions to a one-dimensional bipolar hydro-
dynamic model of semiconductors, Nonlinear Anal., 73:779-787, 2010. 1

H. Yu, On the stationary solutions of multi-dimensional bipolar hydrodynamic model of semicon-
ductors, Appl. Math. Latt., 64:108-112, 2017. 1

F. Zhou and Y. Li, Ezistence and some limits of stationary solutions to a one-dimensional bipolar
Euler-Poisson system, J. Math. Anal. Appl., 351:480-490, 2009. 1


https://doi.org/10.1177%2F1081286518814289
https://www.sciencedirect.com/science/article/pii/S0022039613002945
https://www.sciencedirect.com/science/article/pii/S0022039613002945
https://www.onacademic.com/detail/journal_1000017592355499_dd48.html
https://doi.org/10.1002/(SICI)1097-0312(199610)49:10%3C999::AID-CPA1%3E3.0.CO;2-2
https://doi.org/10.1002/(SICI)1097-0312(199610)49:10%3C999::AID-CPA1%3E3.0.CO;2-2
https://doi.org/10.1016/S0022-0396(03)00122-0
https://link.springer.com/article/10.1007/s00205-005-0369-2
https://doi.org/10.1016/j.jmaa.2016.11.043
https://epubs.siam.org/doi/10.1137/100810228
https://mathscinet.ams.org/mathscinet-getitem?mr=2914263
https://doi.org/10.1016/j.na.2009.04.042
https://link.springer.com/book/10.1007%2F978-3-0348-8334-4
https://doi.org/10.1137/17M1127235
https://doi.org/10.1137/17M1129477
https://link.springer.com/article/10.1007%2Fs00205-011-0433-z
https://dx.doi.org/10.4310/CMS.2012.v10.n2.a1
https://dx.doi.org/10.1007/978-3-7091-6961-2
http://dx.doi.org/10.3934/krm.2012.5.537
https://projecteuclid.org/euclid.ojm/1189717426
https://doi.org/10.1016/j.aml.2006.01.015
https://www.onacademic.com/detail/journal_1000040205729810_f509.html
https://doi.org/10.1016/j.na.2010.04.015
https://doi.org/10.1016/j.aml.2016.08.007
https://doi.org/10.1016/j.jmaa.2008.10.032

