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ANA IJYSES FoR A M ATH EM ATICAL M oDEL oF THE 

PATTERN FoRM AT10N oN SH ELLS oF M 0LLUSCS 

M EI M ING AND XIAO YINGKUN*~ 

A l~ tract． This paper almlyses a m athematical model ofthe l~ttern formation on the 

如 U of molluscs which is actually a kind of reaction~diffusion system ．The目ds eIlce 

and uniquenessofa global sm ooth solutionofthis system withCauchy problem andits 

stability and time decay rate are studied by means of an elementary energy method． 

1．Introductlon 

How to understand the pattern formation of a shell of molluscs is an interesting 

problem for Ko—mathematicians．In the nature．some molluscs are quite dif~erent in 

the sense of their sorts．but their pattern formations are so sim ilar．This show s u8 

thattheyhavethe same re ionfunction．In 1969．C．H．、)lr丑d_mgtonand J．co~ [Tl 
proposed a concept of the tent-like pattern formation．In 1982，D．LingdsayI21 pro- 
posed one called a8 Pattern formation of bivalved molluscs(for example，sheII，etc．)． 

Afber that，H．Melnhardt and H．Klingler[51 explained that the pattern fo12nation 
of sh ell of molluscs is a reaction_diffus ion process． W  believe tha t this explana- 

tion is reasonable due to that．for exoJnple．the fom ation of obllque-line is just 
、
one：a pigment-producingcell Can  affectits neighbour cell，an d that，thisneighbour 

cell Will become a pigment—producing cell and influence its ndghbour in turn，then 

step by step，an  obligue-line of pigment—producing cells will be form ed ． For this 

phenomenon，H．Melnhardt and H．Klingler[51 gave a model a8 follows： 

砚 一 D~Aa= -#a-k． 

一

D8△s=--'78+ 一 干 a 28 

(1．1) 

(1．2) 

Here，口( ，t)the activator density,s(x，t)the substrate density,z∈R3，t兰0， 
D口>0 and D8>0 are the diffusion coefficients of n( ，￡)and 8(。，t)，respectively．P， 
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， P0， ，，y and axe positive constants， and denotethe decay rates of activator 

and 8llbstrate，respectively．△ is the Laplacian operator in R。
． T．J~ng[11 studied 

the existence and tmiquess of the solution for(1．1)，(1．2)with Neuma~n boundary 
condition．an d discussed the branch of the solutions

．  

In this paper，we study the Cauchy problem for system(1_1)，(1．2)with the initial 
data 

t=0： a=咖( )， s=s0(z)， z∈R ． (1．3) 

Our plan contains the following．After stating the notions，we prove the existence 

and uniquene~ of obal smooth solutions of(1．1)一(1．3)in Sect．2，and show the 
stability an d time dec ay rate of the solutions ln Sect

．3．These results will show us 

that，in this autocatalytic molecular reaction process，the densities of activator an d 

suhe trate stably extend to a steady station in exponential dec ay,and there is no 

patterntoform afterthe end ofthis processfor alonKtime． 

Notations W e denote the norm and nol'IIls ofH七(R。)and (R。)byll- the product of 。(R。)by l1．0 and(，)，the 
and ll_ ，respectively．Let 

D =04／az}a a s，k=h+知2+k3 

Foranyfixed positive constantsⅣ1， ，i=1，2，wedefine afunctional set(0<N< 
Ⅳl，T>0)asthefollowing 

n(o，TIN，聊 ， ) 
= {(“， )∈R。I( ，")∈( (0， ；H。)nl (0， ；日 )nL。(0， ；H ))。 

sup(II~(t)lli+『Iv(t)ll$) N。 
o妄t 1 

sup( t(t)lli+『Ivt( ) 胼  
uStS1 

rT 

Bup／((1lu(t)lli+ t)畦) }， ，。 

whichwillbe usedlater．We canwellunderstandthatn(o，T『N，聊 ，蟛 )is a closed 
convex setintheBanach space( (0， ；H。)n (O， ；H )nL。(0， ；H ))。． 
By the Sobolev’s inequality,there existsⅣl> 0 such that for an y T > 0 the 

inequanty 

sup(Iln(t)lff+ ) N。 

imphes that 

sup(II"(t)ll~ +ll”( )ll ) r。． 
0StST 

Therefore We choose Rt：Rt(r、a8 such constant satisfying above 
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2．G lobal Existence and Uniqueness 

Letting 

“( ，t)=a(x，t)， v(z，t)=s(x，t)一 7一 ， 

then(1．1)一(1．3)can be reduced to 

t“一D。Au=一 +，( ， )， 
●  

一 D Av=一7v一，(“， )， 

t=0： c ( )， =so(x)一盯7一 ， ∈R。 

where／(is， )=“ +O-7一 )／(1+ ” +po)． 

(2．1) 

(2．2) 

(2．3) 

Thedifferentialinequalities asthefollowinglemmas canbefoundin【3，6]，see also 
[4]． 

LemmA 2．113，61 Suppose that f∈C (冗 )and(“， )∈n(o，TlN，M}， )，then 

lIDP{f(~， ) ，t))一／(is， )D ” ，t)ll ， 

C(1lis(t)ll4+lIv(t)ll4)l1w(t)lh， 0 P<4 (2．4) 

ho／dsfor t∈[0， and w(z，t)∈co(o， ；日 ) where C>0 only depends on N1． 

LemmA 2．z[3，61 Suppose that h(is， )∈cs(n )，h(0，0)=0 and(”，")f∈n(o，T lⅣ， 
，蟛 )，then 

ll—D (“， )0≤c(1lu(t)lh+lIv(t)ll4)， 0 P 4 (2．5) 

holdsfort∈[0，TI，whereC>0 only dependsoilⅣ1． 

By a standard energy method，we can prove that there exists the unique local 

solution of(2．1)一(2．3)in n(o，toIN， 砰， )for Borne D>0．For the details，we 
maymfereto[4]．Thus，ourlocal existenceisstated asfollowswithout proof． 

Proposition 2．3．(Local Existenoe) Suppose that uo(z)，so(x)一 I1∈日 ( ) 

鼍 d sa蛳 。l +ll )一 7一 l 增，(Ⅳ0<Ⅳ／2)． (2_6) 
Then there existsto=to(No1>0 such that thereis a unique pair ofsolutionsfor 
(2．1)-t2．3)s8凼 丑g 

(u， )∈n(o，t0 l2NO，G 增 ，C 增)， 

whereG ．c > 0ure constantsindependent ofNo． 

As we know，to show the global existence，the a priori estimate plays an impor- 

tan t rolein the procedure bythe energy method．Our basic en ergy estimateisthe 

following． 
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Proposition 2．4．(A Priori Estimate) Under the assumptions in Proposition 2． 
Suppose that(“，")∈n(o，TI2N，C N。，C N )(T>0，N <N1／2)is the solution of 
(2．1)-(2．3)．Then there exists a sugiciently smallNo>0．such that 

80幛+Ilso(x)一盯 幛 增 ， (No <N／2) 

whenN Ⅳ0，then 

llu(t)lli+IIv(011i 

(2．7) 

(2．8) 

holdsfort∈[0， ． 

Proo1．We first denote that 

工 ( ； )； -DaAU+#U 一 (2．9) 

-

D,AV+7V+ + (2_10) 

and = u，" = where =̈￡I3，R3J( ( ，t)dy- 
Differentiating厶(t‘， ； e， )(i=1，2)a8 D (0 k 4)，makingthek products 

with D “ and D "E，respectively,adding them and integrating the result yield 

三 ／((D七 ，D七Ll(u， ；“ ， ))+(D ，D七工口( ；“ ， )))dr 

=  (1lD “ (011 +liD (t)II 一liD “ (0)ll 一liD v~(O)ll ) 

+／(D~IID “ (r)ll +D,IID + (r) dr 
rt 

+／( llD “ (r)ll +7113 (r)ll )dr 
J 0 

，t 

+ (-O +D ，D ( ， )) (2．il) 
J 0 

where 

， 、 0"U  U ‘ 

g【“，”；“ ， J —7(1+~u—2+Po)“￡+—(1+~u—2+／9o)”e’ (2·12) 

From Lemmas 2．1 and 2．2 obtain 

D 9(u，v；u ， )ll CxR(Ilu,(~)II；+ ( )． (2．13) 
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Moreover，by Schwarz’s inequality and Cauchy’s inequality(ab n。+ 6 ，for any 

叩>0)，using(2．13)，we have 

(1lD u ( )ll +llD ( )ll 一llD (0)ll。一llD v~(O)ll ) 

￡ 

+／(D~IID “ (r) +D,IID (r) 打 
J0 

+ 【( 一；)II Dku~(r)11 +( 一 )ll。k” (r)11 ]dr 
—  C1R／o ( (r)幢+ r) 打． (2．14) 

Choosing <rain{2#，27)and summing(2．14)with k yield 

： (1l“ (t)lli+ll” (t)lli—ll (0)lli—ll (0)lli 

+／(D。ll (r)幛+ ll (r)llj)dr 

+ 一 ( 一 ( 】打 

一 5c3
一  

(I1 ( )幢+I1" ( )惦)打． (2．15) 
t J0 

In particular，selectingNO< {瑶 ，业lOC I，等’，whenⅣ No，we get 

∑Ik (1l (t)幅+l1 (t)幢一ll (0)幅一l1 (0)幢) 
=0 一 

，f 

+口／(1l ( )惦+l1 ( ) 打， (2．16) 
J0 

where口=min{#一≥一 Ⅳ0， 一 一 ·Ⅳ0’． 

Letting E_0，we knowthatthefollowinguniformlyholdsfort∈[0，T】 

llu~(t)ll4一 ll“(t)ll4{ l1 (t)ll — lI~'(t)l14． (2．17) 

Notice that ， )is the smooth solution of(2．1)一(2．3)，namely,Ll(u， ；̈ )： 
L2(u， ；“， )：0，thenwehave 

r￡ 

Ik兰／((D ，D ( l( ，"； ， )一 1(“， ； ， ))) 
J0 

+(D ，D (L2(u，v；u ，％)一J~L2(u， ；让， ))))dr 
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Due to the properties of JE(see‘6|)we have 

lid (厶(̈， ；u ，口 )一以厶(u， ；l“，v))ll一0， =l，2， 0 ≤3， 

I／o ((。 “ ，。 ( (“， ； ， )一以 ·(u， “， )))drl 

(J( lJ。。 (r)lJ d『) (J( II。 (上z( ；％， )一以上z( d『) 一。， 

I／o ((。 ，。 ( 。(u， ； ， )一 (u， “， )))drI 

(／o (r)11 打) (J( II。 ( (“． ， )一 (“， u， d丁) 一。， 
as￡-÷0．Therefore，we obtain Ik 0 as￡ 0．Above results imply that(1et 
E— 01 

t 

II~(t)ll：+}Iv(t)11i+28／(Ilu(~)lli+lJ (r)I )dr 

llu(O)lli+lMO)ll~． (2．18) 

Thus(2．7)and(2．18)yield(2．8)．The proof is completed． 口 

Upto uov~．we can prove the global existence by 口priori estimatetogether with 

Theorem 2．5．(Global Existence) Suppose that 00( )，so(x)一c 一 ∈H (R )． 
Then there exists 8 st~tably small positive constant No，such that，when 

lI~olli+lIso(~)一∽一 旧 增 ， (2．19) 

then thereexists8 uniquepairofglob~solutionsfor(2．1)一(2．3)(“，")∈n(0，ool 2N0， 
Cf蠕 ，c N satisfy／rig 

llu(*)lli+lMt)lli Ⅳ ， for ￡∈[0，oo1． (2．20) 

P∞o| Let No  be the selected positive constant in Proposition 2．4．According to the 

local existence result(Proposition 2．3)，there is a￡0>0 such that the problem(2．1)一 
(2．3)has a unique local smooth solution in R ×[0，to]．Due to the a priori estimates 
(Preposition 2．4)，we know the local solution satisfies (2．20)for t∈10，to]．Now 
we consider the system(2．1)，(2．2) m the“initial data'’("(z，to)，"( ，如))．Since 
this“initial da ’satisfies(2．20)，applying Proposition 2．3 again，we can extend the 
solvable interval of the solution(u( ，t)，v(x， ))to R×[0，2t01，and Call also show 
the estimate(2．20)for ∈[01 2tol by Proposition 2．4．Repeating this procedure，we 
prove that(“， )is the global smooth solution and satisfies(2．20)for￡∈[0，oo)．The 
proofis completed． 口 
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3．Global Stability and Asym ptotic D ecay 

Before stating our stabifity theorem ，we give a basic estimate on the global smooth 

solution as f0uows． 

Lemm a 3．1． U丑d r the assumptions Jn Theo Fem 2．5． 

，t 

II~(t)lli+IIv(t)lli+28／(1Iu( )IIi+ll ( )IIi)打 

Ilao幢+IIs。一=(7ll42 (3．1) 

holdsfort∈[0，oo)． 

Proof．Firstly,we consider(2．1)，(2．2)with this initial data ． 

(“， )I ：。：( 伽， (鄙一 )) )， 

and denote the solution as ("e( ，￡)， (z， ))．By the same procedure in Proposition 
2．4，we can obtain a similar estimate corresponding(2．18)as 

，t 

+live( +。 ／n( 刊 IIv,(f) 打 
≤ll“ (o)11i+lIv (0)旧， t∈【0，o0)． (3．2) 

Considering now( ，")l￡=o=(n0，So一 )∈H ( R3)．remarking the relative solution 

as (u， )，since c (R )is dense in (R )，and using Banac~Saks theorem，we 
have 

(“ ， ) (u， ) in H (R )， as ￡ 0． 

Takingthelimit，weobtain(3．1)． 口 

Theorem 3．2．(Global Stahili圳 Under the assumptions in Theorem 2．5，the SO- 
lution of(2．1)-(2．3)isglobally stable，i．e．，when 

IIn。幛+IIs。一 I s， (3．3) 

where E> 0isan y constant．then 

ll“( )ll Lo。4-l[v(t)IIL一 E (3．4) 

holdsfort∈[0{co)． 

Proof．The assertion can be verified by Lemma 3．1and Sobolev’sinequality． 口 
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heorem 3．3·(Asymptotic Decay Rate) Under the assumptions in 舯f∞ 2
．5 th

e asymptotic decay rate of the solution for(2．1)(2．31 

U(t)IIL~+lIv(t)llLo。 CNoe一 

holdsfort∈[0，o。)． 

Due to(3．1)in Lenlina 3．1 and Gronwall’8 ineq i吼 We have 

“( )l_j+J J．(t)J Ji 聊 e-。 

Applying Sobolev’8 inequality to(3．6)yields our desired estimate(3．5)． 口 
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