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Abstract

The existence of stationary subsonic solutions and their stability for 3-D hydrodynamic model of unipolar
semiconductors with the Ohmic contact boundary have been open for long time due to some technical
reason, as we know. In this paper, we consider 3-D radial solutions to the system in a hollow ball, and prove
that the 3-D radial subsonic stationary solutions uniquely exist and are asymptotically stable, when the
initial perturbations around the subsonic steady-state are small enough. Different from the existing studies
on the radial solutions for fluid dynamics where the inner boundary of the hollow ball must be far away
from the singular origin, here we may allow the chosen inner boundary arbitrarily close to the singular origin
and reveal the relationship between the inner boundary and the large time behavior of the radial solution.
This partially answers the open question of the stability of stationary waves subjected to the Ohmic contact
boundary conditions in the multiple dimensional space. We also prove the existence of non-flat stationary
subsonic solution, which essentially improve and develop the previous studies in this subject. The proof is
based on the technical energy estimates in certain weighted Sobolev spaces, where the weight functions are
artfully selected to be the distance of the targeted spatial location and the singular point.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

Proposed first by Blotekjar [4], the dynamic motion of the charged fluid particles such as
electrons in semiconductor devices and the charged ions in plasma is modeled as the so-called
hydrodynamic system [19,25], which is represented mathematically by Euler-Poisson equations:

pr+ v - (pu) =0, 3

(p,z),+v.(pg®g>+v[p(p)]_pw:_pt_“, (1.1)

AD=p— D(X).

Here, X = (x1,x2,x3) € R3, p = p(X, 1) > 0 is the electronic density, ii = (i1, uz, u3)(x,1) is
the electronic velocity at location X and time ¢, ® (X, t) is the electrostatic potential, T > 0 is the
relaxation time (without loss of generality we assume t = 1 throughout of the paper), and P (p)
is the pressure function satisfying

Pe C3(0, +00), with szP’(s) > 0 strictly increasing for s > 0. (1.2)

D(X) > 0 is the doping profile standing for the density of impurities in semiconductor devices.

The main interest of the paper is to investigate the existence and uniqueness of the solutions
to 3-D hydrodynamic system (1.1) as well as their convergence to the corresponding steady-state
subsonic solutions, subjected to the following initial-boundary-value problem

(0, )]1=0 = (po, Uo)(X), ¥ € Q, (1.3)
plaia=p1(x,1) >0, ¥€dQ,t>0, (1.4)
Dlyg = @ (F,1), ¥ €dQ,1>0, (1.5)

where, Q C R? is a bounded domain with smooth boundary 3S2, and the boundary condition
(1.4) is physically called the Ohmic contact boundary, which is in a general form. Here po(X) =
p1(X, 0) for X € 3L is the compatibility condition.

In 1-D case, when the boundary is completely subsonic, Degond and Markowich [5] first
proved the existence of subsonic steady-state solution. The uniqueness of solution was obtained
with a very strong subsonic background, namely, |u| < 1. See also the significant development
on subsonic steady-state solutions contributed in [6,8,18]. When the boundary is sonic/super-
sonic, or the doping profile is non-subsonic, the corresponding steady-state equations may pos-
sess supersonic/shock-transonic/C !_transonic stationary solutions [1,2,9,21-24,27,28]. Particu-
larly, regarding the time-dependent hydrodynamic system with subsonic background (subsonic
contact boundary, subsonic initial data and subsonic doping profile), Li-Markowich-Mei [20]
first showed that the 1-D Euler-Poisson system (1.1) possesses a unique subsonic solution which
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time-asymptotically converges to the corresponding subsonic steady-state solution. The conver-
gence results in the case of non-flat doping profile were then improved by Nishibata-Suzuki [26]
and Guo-Strauss [12]. For the Cauchy problems, the convergence of time-dependent subsonic
solutions to the corresponding subsonic stationary waves or diffusion-waves in the switch-on
case were intensively studied in [7,13—15].

In n-D case, the relevant studies are quite limited as we know. Guo-Strauss [12] first con-
sidered the 3-D case with the insulation boundary condition, where the steady-state can be
constructed by the standard monotone elliptic equations, and further proved the stability of
steady-state of semiconductor, but the 3-D case with the Ohmic contact boundary conditions
was open, because the existence of corresponding 3-D stationary solutions in a general bounded
domain is still unknown, of course, it is nothing to talk about their stability. While, in the full
space R", Huang-Mei-Wang-Yu [16] studied the n-D Cauchy problem, and showed the time-
exponentially convergence of n-D subsonic solutions to the planar stationary wave, which are
the solutions to the corresponding 1-D porous media equations. See also the n-D case for Euler-
Poisson system in [3,10,13].

Since the 3-D case with the physical contact boundary conditions in the general bounded do-
main  C R? is open, naturally, the first attempt for us is to consider a special domain like a
hollow ball, namely we look for the radial solutions for 3-D hydrodynamic system of semicon-
ductors (1.1).

Let us denote

r=|X|=/x} +x3 +x3,

p(X,1)=p(r1),

(u(r, Hx1 u(r,xo u(r,t)x;3 )
r 9 9 9

r r

U(X, 1) = (ur,uz, u3)(x,1) =
D, 1) =D, 1),

D(X) = D(r),
j@r,t) :=p(r,tu(r,t), the current density of electrons,

then the system (1.1) is reduced to

)
ot + jr+—=0, (a)
r
j2 2]2
i (L4 P@) +2—pa, =0, ®) (1.6)
1Y r pr
D,
®,, + . =p—D(). (©

From the above system, it is clear that » = 0 is the singular point, so the targeted domain should
be a hollow ball 2 = [€p, 1] for €9 > 0, and the subjected initial value and the contact boundary
conditions are

(0, D=0 = (po, jo)(r), r € [€o, 1], )
p(t,e0) =pL >0, p@, 1)=pr>0, (1.8)
d(t,e9) =0, d(t,1)=Dg > 0. (1.9)
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Here pr, pr and ®g are positive constants. In addition, we assume that the compatibility condi-
tions hold:

) 2jo ) )
poleo) =pr, po(l) =pr, (]Or + g)(%) = (jor +2jo)(1) =0. (1.10)

In what follows, we concentrate ourselves to the IBVP (1.6)-(1.9), and prove the global exis-
tence and uniqueness of the above radial solutions (p, j, ®)(7, r), as well as the time-exponential
convergence to the corresponding stationary subsonic solutions (5, j, ®)(r) given by

- 2j + const.
Jjr + — =0, namely, j = 5
o T )72 r
(L+P®) +2- -5, +j=0, (L1D)
P r pr
~ 28,
=p—D),

with the contact boundary conditions

{,3(60)=pL, p(1) = pr, (1.12)

D) =0, P(1) = Dp.

Here are some technical features of the paper. Different from the existing studies on the radial
solutions for fluid dynamics where the inner boundary r = € for the hollow ball is needed to
be far from the singular point r = 0, in this paper we may allow the chosen inner boundary
r = €q arbitrarily close to such a singular origin » = 0 and reveal the relationship between the
inner boundary and the large time behavior of the radial solution. This is the first technical point
in our paper. The second technical point is that, in order to treat such a singularity when ¢ is
sufficiently close to 0, artfully the working solution space will be designed as a weighted Sobolev
space with the weight functions as the proportion of distance between the targeted location and
the singular origin, namely, the weight functions are r, €pr and eér. The third point is that we
may allow the doping profile D(r) to be non-flat, namely, |D’(r)|<1, while, such a smallness
was often requested in the previous studies. With this help, we show another new result that
the steady-state solutions can be non-flat, namely, the derivatives of steady-state solutions can
be large. This is also different from the existing studies with |3, p|<1. The last but a crucial
technique is the artful selection for the weight function A(r) in the first order energy estimates
of the a priori estimates in section 3. This idea is inspired by [12] but developed with some
significance because of the singularity.

By the terminology from gas dynamics, we call ¢ := +/ P’(p) the sound speed. So, the hydro-
dynamic system (1.6) is said to be subsonic, if

fluid velocity: u = L <+/ P’(p) : sound speed.
P

We are going to look for the global solution to (1.6)-(1.9) satisfying, for ¢ > 0,

2
1nf<P(,o) Z))>c1>0 (1.13)
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infp > 0 (1.14)

for some positive constant ¢q. Throughout the paper, we assume that the initial data and the
boundary values satisfy the subsonic conditions (1.13) and (1.14).

Notations. In this paper, we denote the generic positive constants by C, independent of €.
We also denote the norm of L>($2) by || f1|, and the norm of H¥ by || f||x, where, without confu-
sion, the derivatives are simply denoted by 9, f = f, and 8,2 f = frr- A weighted Sobolev space
H*(Q) with the weight function w(r) = r, is defined by f € H¥(Q), where rd’ f € L*(Q) for
[=0,1,---,k, with the norm

k 1
s = (3 [ r-ahsPar)
=0 Q
For given T > 0, the solution spaces without/with the weight function are defined by
(non-weighted space): xx ([0, T1: @) = {f | {13} f € L*(). 13 f ()l 1) € C°[0. T,
for 0<Il<k}

equipped with the norm

=I=

k
1f o) = max > 8¢~ £ (Ol gy,
=0

and
(weighted space): .- ([0, T1; Q) = {f | 9f '3} f € L2(Q), 1{ ™ f ()l 2 € C°10, T,
for 0<l<k}

equipped with norms

k
1f om0 = max S 13 £l
=0

<t<T

Generally, we denote the norm of C 0() by | flo-
s1(r)

For convenience, we introduce the vector-valued function s(r) = <s )
2

). Here s(r) €
H*(R) is defined by s (r) € H*(Q2) and 5, (r) € H*(2) with the norm

||§||Hk(sz) = ||S1||H’<(Q) + ||32||Hk(sz)'
In the same way, we define 5(r) € H,"(Q) with the norm
151 g5 2y == st gy + 1520l -
Now we are going to state our main results.
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Theorem 1.1 (Existence of 3-D radial steady-state). Let 0 < €9 < 1 be arbitrarily given, and

define A(r) :== pr + pf;‘;L (r — €0). Assume that |p — pr| + |®r| < Ce{ with o > 2, and that

D(r) satisfies 0 < ¢ < D(r) and n[laxl]{r|A(r) — D(r)|} < Cieg with some positive constants ¢
releg,

and Cy. Then the stationary system (1.11)-(1.12) has a unique solution (p, f, D) (r) e [HX(Q)P,
satisfying that, for some positive constants Co, Ca, C3 and ¢/,

1j1<Coel™ " 2 Jo, C_o<p<Cy, Ip—AlI<Ca lrpnll<Cs, (115
and
]72
1nf<P (%) — ) > ¢ >0, (1.16)
02

where

. Cc_ Cc_
C*:mln{va PR, 7}’ C+:max{pL,pR,7+C+},

c—= min D(r)>0, c¢+= max D(r). (1.17)

releo, 1] releg,1]

Theorem 1.2 (Stability of steady-state). Suppose that the assumptions of Theorem 1.1 hold. Let
(0, J, @®)(r) be the solution to the steady state system of (1.11)-(1.12) obtained in Theorem 1.1.
Assume that the initial perturbations around the steady-state in the weighted space are small:

H(po— ) a(po p) 2 (Po p)‘
Jo—J Jo—J Jo—J ) liL?

+e0 € +11®(0) = P2 < Caeg
(1.18)
forany y > % and some positive constant Cy4, where
r 1 r
= — ~ €0 — ~
@0~ & =2 [ = pyords = 12 [2( [ 200 - Dsrds)ar]

€0 0 €0 €0

(1.19)

Then the Euler-Poisson system (1.6)-(1.9) has a unique solution (p, j, ®)(t,r) € [x2.-([0, 00);
QP satisfying the condition (1.13)-(1.14). Moreover, it holds that

> al#(52%)
0<i<2 7=

for some positive constant C, independent of €9, where we denote a derivative in both r and t of
order | by d".

LA @ =B D)l <Cefe™ . Vie[0400).  (120)

Remark 1.1. 1. In Theorems 1.1 and 1.2, we allow the stationary solution to be non-flat, namely,
|0, p|<4 1. This is totally different from the existing studies in [5,7,8,12,15,16,20,26].

2. The constants C; are independent of €y, where € can be arbitrarily taken close to 0. This
is different from that of coefficients depending on €q in [17], where € is the inner boundary of

62



M. Mei, X. Wu and Y. Zhang Journal of Differential Equations 277 (2021) 57-113

Q = [eg, 1]. Thus, we partially answer the open question in [12] on the existence and stability
of subsonic solutions for 3-D hydrodynamic system of semiconductor with the Ohmic contact
boundary conditions in a bounded domain specified as a hollow ball by Theorems 1.1 and 1.2.

3. When €p — 0T, Theorem 1.1 still guarantees the existence of the non-trivial stationary
solutions with j = 0, 5 # constant, and ® # constant. However, Theorem 1.2 does not work out
the stability of the stationary waves, and leaves the question still open.

4. For the case of ¢y > Co, the similar results can be derived directly from Theorem 1.1 and
1.2 or by the same way shown in [12].

The paper is organized as follows. In section 2, we will show, by the linearized iteration
scheme and the weighted energy method, the existence and uniqueness of steady solution to
(1.6)-(1.9). Then, in section 3, by the weighted energy method and technical “energy” selection
we will establish the a priori energy estimate of the solutions (o, n, @) (¢, r) to (3.2)-(3.3). The
a priori estimates, together with the local existence and continuity arguments, yield the global
existence and uniqueness of (3.2)-(3.3), as well as the time-exponential convergence to the cor-
responding stationary subsonic solutions (p, f ) (r).

2. The steady solution

In this section, we consider the BVP of steady system

~ 2j

]r + - = Oa (a)
2 r 272

(L+P®) +2—pd +]j=0, ®) @.1)
P B r pr

= 20,
rr , =p—D(r), (©)

with the contact boundary conditions

{M@=m,ﬁm=m,@) 2.2)

P(eg) =0, d(1)=Pg. (b)

And we will show the existence and uniqueness of solution (o, f, CB)(r) to (2.1)-(2.2) under the
subsonic condition

2

inf j>C_>0, inf (P(p) ])>c1>0 2.3)
releg, 1] releo, 1] p
Moreover, we may reduce (2.1)(b) to
F@j»—&+%=a 2.4)

where F(p, ]) =h(p) + and h(p) is defined by A'(s) =

Our proof starts with the observation that j and ® have expllclt expression on p in Lemma 2.1.
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Lemma 2.1. Suppose that 0 < €g < 1 and |p — pr| + |Pr| < Cef with a > 2. For any steady-
state solution (p, f, &J)(r) of (2.1)-(2.2) satisfying

C_<p=Cy and j<lJy:=Coel ", (2.5)
there holds that

Jr) = Molplr=2 =: JI1(r),

b= [ 7] [ 60 = Dendr + - @ - Al |ds = WAl 26
€ €0
where
1
SN SR B[~]'—/;dr C := h(pg) — h(pr) — ® 2.7)
EETTREY = MG I
€
i _2C
Mo[p] := — = = const., 2.8)
B(5]+ v (B[s])? —4AC
and
1 r
AL :=/r—2(/s2(5(s) _ D(s))ds)dr. (2.9)
€ €

Proof. Multiplying (2.1)(c) by r? and integrating it over [g, 7], we get

r

d,(r) = r*z[egér(eo) +/s2(,(3(s) - D(s))ds]. (2.10)

€0

To specify the value of CTDr(eo), we integrate (2.10) over [€p, 1], with the help of (2.2)(b), to get

1 r
D =eo(l — )Py (e0) + / r*z( / s2(B(s) — D(s))ds)dr,
€0 €0
namely,
®, (co) = ;(QR - A[ﬁ]), @.11)
€o(1 —€p)

where A[p] is defined as in (2.9). Then, substituting (2.11) into (2.10) and integrating it over
[€o, 7] again gives (2.6).
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Note that f(r) = r_zMo[ﬁ] holds from (2.1)(a), where My[p] is a constant. To specify the
value of My[p], we integrate (2.4) over [€q, 1] to have

1
F(pr. Mol#1) — F (o1 Molpleg?) — ®x + /

€0

dr =0, (2.12)

D~

that is,

A(Mo[pD)? +BI51Mo[p] +C =0, (2.13)

where A, B[ o], C, My[p] are given in (2.7) and (2.8).
Under the conditions that 0 < eg < 1 and | oy, — pr| + |Pr| < Ceff with o > 2, we claim that

Gt <IAl< Ciept, by <BIAI<Cagp!, and |C|<C3ef  (2.14)

for some positive constants ¢; (i = 1, 2) and é‘j (j=1,2,3) with¢; < C;.
Indeed, there exists a positive constant §; such that if 0 < €y < §1, then it holds that

1 1 1

A= -
2,0%66‘ 2,0R 2pLeo
and

1 1 1 1 1 1

Al= 57— i2d T aa
2p7 € 2,0R 4pLe0 4,0Le0 2,0R 4pLeo
On the other hand, with C_ < p < C4, we have

1 1

1
1 1 1
_ b _dr<B[p] /N_drf_/_drz , (2.15)
Cieg Cy o(r)r? c_J) r? C_ep

€0 €0 €0

In addition,

ICl=|h(pr) = h(pL) — Pr| < W' ©)(pr — pL)| + | P& < C3€f.

Thus, the claim (2.14) holds, which further indicates, in view of the smallness of €p and « > 2,
that

A7) 2
BIAN? — 4AC > (62)%¢y* —4C1C3e, T > %60_2. (2.16)

Therefore, (2.13) gives the two possible cases as follows,
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—B[5] — v (BIpD?* — 4AC

@ Molp]l=

2A
. .. —B[p B[p])? — 4AC
) Mols] = [p]+\/<2 22 |

For case (i), we have

_ Blpl+/(B[p])? —4AC s -
Mo = 1 E VLoD > 0 (B[] ++/ (BL5])? — 4AC).

2/1A| ~ 20,

Recall that

B(5] < B[5] +/ (B[])? — 4AC < 2B[5],

we get
4 A 3
B € B C2€;
|Molp]l = —>B[5] = —2,
2C) 2Cy

and consider the value of f(r) at the point r = €q:

N

3 A
¥ y — €€y o, 260
1/ (€0)| = IMolplleg? = —=leg? > —-.
O =026, 0 T 20

This is a contradiction to the condition |f(r)| < C_‘oeg 1 re [€o, 1] with o > 2, for some positive

constant Cp as 0 < €9 < 1.
For case (ii), i.e.,

.. —B[pl1+/B[p)?> —4AC -2C
Mylp] = A =— — )
Blo]+ v B[p])? —4AC
so we have
2|C 2IC]  2C _
|Molp]l = I <ACL 2G5 e Coed™, (2.17)

B5]+/(BIp])2 — 4AC ~ Blol ~ & K

where Cg := 2C23 . Then,

¢

17 ()| = Mol p1lr— < Coeg ™"
Consequently, the above analysis shows that ] can be uniquely expressed by

_2(C )

-
Bl + v (BIpD)? — 4AC

Jjr) = Mol[plr— =

Thus, the proof is complete. O
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Remark 2.1. The condition (2.5) implies that (p, f, ®) satisfies the condition (2.3) for some
positive constant ¢].

The Lemma 2.1 implies that the existence and uniqueness of solution (,0 )( ) o
(2.1)-(2.2) with the condition (2.5) is equivalent to that of the solution p(r) with C_ < p < C
of the following BVP

F5. J15Dr — W, 151 + % 0,

pleg) =pr, p(1)=pg.

(2.18)

Thus, our next goal is to achieve the existence and uniqueness of solution to the BVP (2.18) with
C_<p=Cy.
To do this, we reduce (2.18) to the BVP of nonlinear elliptic equation as follows:

<8F~)+28F . <8F f[~]) 2 9F . _ +J~[ﬁ]~ b
=P =P P = = P = =5 Pr— L,
3 Jr rap gl e radipl o (2.19)
pe0) = pr, p(l) = pg.
To prove the existence of solution to (2.19), we introduce a subspace for the solution:
Aoy, = [a € B3 | lg = Al = Co, Irgrrll < C3, € =g <C,
a(e0) = pr. q() = pr}.
equipped with the norm | - ||, where A(r) = py + 2R=LL :())L (r — €p), C_ and C are given in

Theorem 1.1, C; and C3 are some constants to be specified. And naturally, we consider the BVP
of linearized equation as follows:

IF = _ _(3F(, 7\j) _ 20F T, _
{(W(Q,J)pr> ,3[1(51,J),0r = (aj(‘LJ)JV) raJ ’+q2qr b, @ (2.20)

pleo) =prL, p(1)=pr (b)

for given g € ¢, c;, Where J2 j[q] = Mo[q]r_2 and My|q] is given in (2.8). Furthermore,
J[g] has the following property.

Lemma 2.2. Let 0 < €9 K 1, and let q, q1, q2 be such that C_ < q, q1,q2 < Cy, then it holds

that
1T Tq1lo < Jo,
~ ~ _3
1Tlq1] = JIg2)l < Cey llg1 — g,
171g11 = Jlg21ll < Ced "M ligr — gall, (2.21)

- - _1 _3
rlJlg1] — Jlg2ll < Cey *llgi — qall + Cey lirgi —rqall,
I (JTgi] — JlgaDll < Ced M irgr — rqall + Celligr — qall.
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Proof. Since C_ <q <C4,we have ! 60 <B[g] < 1 60 . In the same way as shown in (2.17),

it is easy to verify that Mo[g] < Coeo"H and |J[q]|o < Jo.
It follows from (2.15) and (2.16) that, for 0 < €9 <K 1,

=Blg] <./ (Blg])?> —4AC < 2BJq],

which, together with (2.14), leads to

—2C B —-2C ‘r_z
Blg11+ v (Blgi)? —4AC  Blga] + v/ (Blg2])> — 4AC

< Cef(IBlg1] - Blgall + 1y Bla1])? — 4AC — / (Blg2])* — 4AC))
< Cej|Blg1] — Blg2]|

1111 — Jlga]l =‘

_3
=Cey *llg1 — ol (2.22)

and

. . 1 3
rlTlg1] = T2l < Cey *llgy — a2l + Cey *lirgr — raall.

Furthermore, we have

17111 = Jlgalll < [ICef ™ r 2 IBlg1] — Blgallll < Cef ™ llg1 — g2l

and

Ir(J1g1] = J1g2D 1l < ICe§2r " Blg1] — Blgalll < Ce§ ™" lrqr — rqzll + Ce g1 — qall.
Thus, the proof is complete. O

Remark 2.2.Let 0 < €9 < 1, for any g with C_ < g < Cy, then the pair of functions
(. J[g])(r) satisfy

IF (g, Jlq))

JlgP\
aq q)

zinf(P( )— =) s o
reQ2

for some positive constant ¢, independent of g.
We are now in a position to show the existence of solution to (2.20).

Lemma 2.3. Given q € ¢, c;,, there exists a unique solution of (2.20) such that p € ¢, c, for
O<e k1.
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Proof. For g € ¢, c,, (2.20) is strictly elliptic. Thus, from Theorem 9.15 of [11], there exists a
unique solution 5 € W?2([e, 1]) of (2.20). It remains to prove that 5 € Ac,,c; for 0 <eg K 1.

Let x(r) := p(r) — A(r), where A(r) is given in Theorem 1.1. From the definition of A(r)
and the boundary condition (2.20)(b), we get x (€9) = x (1) = 0. Then, multiplying (2.20)(a) by
—r2x and integrating it over [€q, 1], we have

1
aF - 20F - _ dF - - 29F - s
o r . i r = ) r T =Jr|\— d
/[(aq(q’J)p>r+raq(q D+ (S5 Da) + 7220 | rhodr
€0
1 1 j
+/(—,5+D)(—r2x)dr—/pq,(—rz)()drzo. (2.23)

€0 €0

For the first integral in (2.23), in view of the boundary condition x(eg) = x(1) =0 and
Lemma 2.2, by using integration by parts we get

/[(”( Dir) NELLY: +(8F( D) +28Fi]( 25)d
e Py — ) — ) - = _r r
qu prr raqq Pr 3Jq e rajr X
€0
: JF oF 4 :
2 ~ 2 7 2| 2.2 2 4
= — — dr > — dr — Cl|A |5 —CJy. 2.24
/(7 3q pr+r 27 r)Xr V_2C+/r X ar [Arlp 0 ( )

€0 €0

Here we have used the fact fr = }2 J and the result

oF 1 J? c
P/ > _1 2.25
_Bq = q ( (9) ) ( )

from F(q, J)= h(g) + 2{]—22, where h'(g) = P;;q) , and ¢ is given in Remark 2.2.
Clearly, it holds that

1 1 1 1
1 1
/(—ﬁ + D)(—r?x)dr =/r2)(2dr + /(A — D)r’ydr > 3 /(rx)zdr - cheg. (2.26)
€0

€0 €0 €0

On the other hand, with the definition of (¢, c; and Lemma 2.2, it is easy to see

1 .
J 2 2 Cega 2 2
?Qr(_r x)dr < puillx IIL; + T(CZ +1A-p) (2.27)

€
for a suitably small constant @1 > 0.

69



M. Mei, X. Wu and Y. Zhang Journal of Differential Equations 277 (2021) 57-113

Finally, substituting (2.24)-(2.27) into (2.23), we have
X072 + xe 172 < CUAAG + Jg + Cleg + % (C3 + |Ar[)]
< Ca(e* (1 + C2)* + Cied). (2.28)

Let

Cy =2,/ C4Cy (2.29)
and let €g be small enough to satisfy

1 C a—1
1+ 2)60 <1, (2.30)
Cy

then we get

15 = Al =llxIl + lx-ll <2y CaC1 = Ca, 2.31)

where C; is some positive constant to be determined.
To derive the estimate of rx,., we multiply (2.20)(a) by r2x,, and take an integration of it
over [€p, 1] to get

1 1
AF  ~ _\ 20F - _ , . 5
(—(q,J)pr> roxprdr + | ——(q, D) porr" xrrdr + | (=p + D)r< x,rdr
daq r r aq

€0 €0 €0
1

1.
d 20F J
+/[(8 ~(q,J)J) +—§J ]r erdr~|—/—2qrr Xrrdr =0. (2.32)

€0 €0

From the definition of ¢, c; and (2.31), it holds that
6:Il < Co+ 1Al < Ceg + C2 (2.33)
and

Irgrlo < 2(lrg, Il + llgr Il + lrgrr 1) < 4(Ceg + C2 + C3), (2.34)

which yields, in view of (2.25), that

1
/ —(q D) 7 rovdr

€0
1 1 1 -
oF P’(q) P'(q) 3J? 4j?
=/—r2X,2,dr+/< — 2 + >Qr,0rr erdr+/ _3)0r72erdr
dq q q q* rq

€0 €0
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1

BF
25/ S dr = CArg 11+ I 17 1)

€0

L L S Rt T o C2+ CrC3)? —Ce 1+ )2 (235
z 5 arxrrf”—((+2+3)€o+2+23)—60 (I+Cp) (2.35)

and

1 1
20F 20F 20F
/ @ Dy = / @ D s + / P DA

€0 €0 €0

C
< el + 2=(1+ €)%, (2.36)

where (1 is given in (2.27).
For the third integral in (2.32), the constrains on D(r)

max {rlA(r) D(r)|} < Cie

relep, 1

given in Theorem 1.1 yields that

/ (= + D) xprdr = / (= + A gprdr — / (A — D) xprdr

€0 €0 €0

2 ¢ 2 ¢ 2
< tllxrr s + —lixliz2 + —Ir(AGr) = D)l
r /'Ll r Ml
2 ¢ 2.2
< il |7, + (€1 + o, (237)

2

Moreover, with f, J and J = 6{ , we get

1

/[(E( f)i) +g£1~]r2 dr
% q, r), r a7 r Xrr

€0

1 - 1 -
4J? 6J°
= Tererdr + —2erdr
q q
€0 €0
CclJ C ., _
<m||xrr||L2+—||qr|| o ey’
S,U«IHer”L%-FC(] + ). (2.38)
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Similarly, we have

|
7 c
/ ?ererrdr < il gz + Eeé"‘(l + 0 (2.39)

€0

Finally, we substitute (2.35)-(2.39) into (2.32) and hence that

17 % || < Cs[(1 4 C1 + C2 + C3)eg + 1 + C2 4 C3 + C2C3). (2.40)

Now, we wish to choose suitable Cy, C» and C3 such that p € ¢, c;.
Indeed, for any K > 0, C‘o >0, let

Ky = 6'5(2 +2 6460(1 + K1) +4é4é§)’

Kléo
Cl =
1+ K+ K>
and
C3; :=Kj.
Then, we deduce from (2.29) that
€y 2 lnc, < WGCKL ) fae
= <e— <
2 41_1+K1+K2_ 4Co
and
2 646()1{1

K, <2 6460(1 + K1) +4é4é§.
(2.41)

Cor+ C2+CrC3 <2/ CaCo+4C4Cr+ ———
2+ (0 + (3 =< 4Co + 40+1+K1+K2

Therefore, we substitute (2.41) into (2.40) to get

1Bl = llr o Il < €52 42y CaCo(1 + K1) +4CaCi) = K2 = Cs
provided that
(I+C1+C+Cl)ep <1

for ¢g < 1.
Next we will show that C_ < p < C4, where C_, C are given in (1.17). Define

D () D()+(3F( i)i) L20F; T
r).= r —=q, e — —5d4r.
1 aJCI r raJ r qZQr

r

72



M. Mei, X. Wu and Y. Zhang Journal of Differential Equations 277 (2021) 57-113
Then, we can rewrite (2.20)(a) as
JIF =\ . oF ~ . 20F ~ -
(5-@. D) b+ =@ D+ =g, D = 5 ==D1 (1. (242)
aq r aq r dq

On one hand, the conditions 0 < ¢ < D(r) and r?axll{r|A(r) — D(r)|} < Cyep assure that
releop,

0 < c_ < D(r) < c4+ for some positive constants c_ and c4. On the other hand, there holds that

‘(BF( j)j) +23FJ~ J
a.i q, r . I’Bf r q2Qr

J24+JJ,, forqr>~ 2700, Jld, J L
== - Jo4 22 T g < el
‘( 72 PE ) 92 2r 0

Thus, 0 < 5 < Dy (r) < 5 + ¢4 holds when 0 < ¢g < 1 and o > 2.
Then, setting p; = p — C+ we get

oF <\ L oF . 20F ~ _
(5@ D) A+ 5@ Do+ 5@ Doy —pr ==Dir) + Co. (243)
aq r aq r dq
We assume that p; achieves the maximum value at point x;.

We claim that pj(x1) < 0. If not, p;(x1) > 0, in view of the definition of C, which yields
that x| € (g, 1). Then it follows that p;,(x1) =0 and p1,,(x1) < 0, which leads to

oF N\ L oF ~ 20F - _
((5-@. D) o1+ 5@ Db+ 5@ Do =) <0, 244)
aq r aq r dq
However, the value of terms on the right-hand side of (2.43) at point x; is equal to —Dj(x1) +
C; > 0, which contradicts (2.44). Thus, p1(x1) < 0 holds, which implies that p(r) < C;..
Similarly, by setting o = p — C_, we may show that p(r) > C_. Thus, the proof is com-
plete. O
Next, we turn to the BVP of nonlinear elliptic equation (2.19).
Lemma 2.4. For 0 < g < 1, (2.19) has a solution p € Uc, c,. Furthermore, the stationary
system (2.1)-(2.2) has a pair of solution (p, JIP1, Y[AD(r) with C_ < p < Cy and J[p] < Jo,
where Jy is given by (1.15).
Proof. To do this, we first define a mapping S: Ac,.c; = Uc,,c; with p(r) = S (g) given
by (2.20). And, we claim that S is continuous.

Indeed, given g1, 2 € ¢, ¢y, and Ji = J[q1], Jo = J[g2], then 1 = S(q1), 2 = S(q2) sat-
isfy

oF -
(51 DGy = ) =1 =)
qi r
YL N R
—-(r (@(Ch,h)—@(Q2,J2))pzr>r+f1—fz, (2.45)
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where

_(20F iy T
fi= r aj (qi, Ji)Jir) + 6]2 gir — D, i=1,2.
i r i

Then, we multiply (2.45) by —(p1 — p2) and take the integration over [€g, 1] by parts to get

1 1
or ~ ~ oF ~ oF ~ N\~ . -
frz—(Q1, I (B1r — par)dr + / rz(—(Qh J1) — —(q2, Jz))pzr(m — p2)rdr
aq1 g1 g2
€0 €0
1 1
+ / (31— po)dr = — / (i — (1 — pydr. (2.46)

€0

Notice that

Pl(q) JE P (@)

qf q2

(1.3 = 5t )| = | =

2
e + 2| < Clgr — gal + 1 — .
92

together with Lemma 2.2, we have

oF = OF i\, (7 5
‘/rz(—(ql, J1) — —(qo, J2))p2r(101r - pzr)dr‘
aq1 92

C|0F
< wallrpir = ool + | —\ I o 2
q1
~ ~ 2 Ceo 2
< wallrpir —rpall” + Ellfh — a2l (2.47)

for a suitably small constant py > 0.
On the other hand, an easy computation shows that

_/(fl — f2)(p1 — p2)dr

) ) r2J; r’ho 1.
=—/[(—72—~(91,11)11r+72—~(612, Jz)er) +—5q1r = —zqzr](pl — p2)dr
aJq 0> ql 9

€0
: 2rJ~12 2rJ2 - : r2f1 r2f2 - -
= ( 7~ )(mr par)dr — (—2q1r_—2q2r)(pl — p2)dr.
q7 CI2 91 q;

€0 €0

£ £
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Then, it is easy to see that

2(11 + Jz)(fl J) 1 1 . B
|Il|—‘/ +2J22(?—?):|(rp1r—rp2r)dr
i 2

g — g2l

< wallrpir —rporll +—(e2“ 20— Bl + e
~ ~ 2 C 20 2
< wallrp1r —rp2rll +E€O lg1 — q2ll

and

| N . g
| = ‘/[_ (rJy —r)qir +rha(qir — qar)

- 1 1
—rJagor (— - —)](”,51 —rpp)dr
qai a4

- - C
< allrpr —rpall* + Eeé‘”nql -3,

which show that

1

- . - - - - C
= [ = 21 = | < ol =1l + b = 1P+ e e —
€0

(2.48)

72
Substituting (2.47)-(2.48) into (2.46), together with 2 = 1 (P/(ql) _ ;—;) C—l, yields that
1

Irp1 — rpall® + Irpir — rparll> < Cedllqr — qa 13- (2.49)

Now, to estimate the || o1, — p2rr|l, Wwe multiply (2.45) by p1,- — p2rr again and integrate it
over [€p, 1] to get

1 1
oF ~ L - - - - - -
/ <f’28—(6]1, JD(o1r — er))r(plrr — p2rr)dr + / —”2(01 — 02)(P1rr — P2rr)dr
€ 0 €
1

oF ~ oF -
2 e 0 -~ -~ o
+/(V (Bql (g1, J1) o0 (6]2,Jz)>,02r>r(/01rr P2rr)dr

€0

= / (f1 = f2)(P1rr — p2rr)dr. (2.50)
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A straightforward computation shows that

4, OF ~ L - - -
(V —(q1, JD) (o1, — p2r)) (O1rr — P2rr)dr
3q1 r
€
: oF : oF
:/ZV_(ﬁlr - K;Zr)(lalrr — p2rr)dr +/72_(/31rr - /52rr)2dr
9q1 9q1

€0 €0

/ 2(82[? BZF j )(~ 50) (5 Garr)
r — _— — [— ’/‘.
3 12 qir 9q1071 1r ) (O1r — 027)(P1rr — P2rr)d

€0

1>

I

Using the fact of (2.34), we obtain

0 3 )(ﬁlr — 020)(P1rr — P2rr)dr

! s .
S (P (qDqir  P'qq  3JEqnr  201J1r
=] | ( - 4
o q1 q1 q1 qi

< N C T2y, - ~
< wallrbury = e P+ (11l + || Y Irir = ro 2
u3 r 10
~ = 2, C 2
< u3llrprrr = rp2rr I” + o g1 — a2l

together with (2.49), which leads to

1 oF
)/ (Vz—(CIh jl)(ﬁlr - ;52r)> (O1rr — P2rr)dr
8q1 r
€

1

1 oF - ~ 2 2
> = | —@p1r —rp2r)"dr — Cllgr — qally. (2.51)
2 oqi

€0

For the second integration of (2.50), it follows from (2.49) that

1
2x o~ ox ~ ~ - 2, C 5 2
‘ —r(p1 — p2)(P1rr — err)dr < w3llrotrr — 7 o2er II° + zeo g1 — 6]2||1 (2.52)

€0
for a suitably small constant 3 > 0 to be specified.
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For the third integration of (2.50), it holds that

1
oF
/ —(611, Ji) — —(612, Jz))pzr) (O1rr — P2rr)dr

1
oF oF N . . - oF O0F -
= / 2)’(— - —>,02r(,01rr — p2rr)dr +/ (— - _),Oer(,Olrr P2rr)dr

dq1  9q2 dq1  9q2
€0 €0
1
oF oF -
+ ( ) P21 (P1rr — P2rr)dr .
dg1 g
€0
A

Then, we deduce easily from (2.34) that

1
P"(q)q1,  P'(qDqir  P"(g2)q2r | P'(q2)qor\ . - .
|I4| = )/72( 491 - qzq L 42)92r + qzq r)p2r(p1rr_p2rr)dr
q1 q2 q5

1 - - o~ ~ -~ o~
372q1, 2010y 372qy  20adaN . L 5
+/F2( 14 - 3 L 24 - + 3 r)p2r(plrr _P2rr)d”’
q, qi q, a3

€0

N - C
SMﬂVmw—ﬁwyw2+;jM1—qﬂi

which implies that

)f —(611 Jl) - _(an J2)>p2r> (ﬁlrr - /52rr)dr
- C /10
< el =il (|5 = 5| o P+ e = S )
q1 g
C - -
+—wm—mﬁsmwmw—mmW+—wm—@ﬁ (2.53)
U3 M3

For the last integration of (2.50), we use Lemma 2.2 to obtain

1

| [5i= 22 = s

€0

1
,0F - 5 OF - -
-r _Jlr +r ﬁJZr) (O1rr — P2rr)dr
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1
27 27
r<Jj r<Jo - -
+/ (—q2 qir — —>5 q2r)(,01rr — p2rr)dr
1

€ 12
1 - ~ ~ ~ ~ ~
4rJ2q 4riZqy,  6JF 6JF  rtl r2J, . .
- )/ <_ 13 : + 23 - —21 + _22 + —5 q1r — —2q2r>(plrr — p2rr)dr
o 97 q; 9] q; 91 q;
Jo\2 - - C
< (w3 (50) Jrder = e Pl = 2l (2.54)

Finally, we substitute (2.51)-(2.54) into (2.50) to get
I7B1rr — rporrI* < Cllgi — @217 (2.55)

for €y and 3 satisfy C 68‘ 24 Su3 < % which can be reached by the smallness of €g and 3.
Accordingly, (2.49) and (2.55) imply that

P -1
o1 — o202 < Ceyy " llg1 — q2ll1,

which shows that S is a continuous mapping in ¢, ¢, for given ¢g <« 1.

Having checked this claim, we can now return to the proof of Lemma 2.4. In fact, since
H%([ep, 1]) is a compact embedding into C!([eg, 1]), then c,,c; 1s a compact convex set of
c! ([€o, 1]). Together with the Schauder fixed point theorem, there exists a fixed point p € ¢, ¢,
such that 5(,5) = p. That is, p is a solution of (2.19) in ¢, c;.

Finally, thanks to Lemma 2.1, we see at once that (p, J [p], \1’[,5])(1’) is a pair of solution of
(2.1)-(2.2) with p € %, c;, and f[ﬁ] < Jo. Thus, the proof is complete. O

Based on the Lemma 2.1 and Lemma 2.4, we will complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Thanks to Lemma 2.1 and Lemma 2.4, it suffices to show the uniqueness

of solution of (2.19) with C_ < p < C;..
Let 5V, 52 be two solutions of (2.19) with C_ < 5 < C,.. Then, sV, 5@ satisfy

2 (F D, TV~ F®, IO, + 2 (FEP, TV - F®, 7)), —r2 (3" — 5@)

N
(L _ 1
e ( 0 50

- - 1
)r ey N r2J®)(ﬁ)r —0, (2.56)

where J@ = J[p®], i =1, 2. Setting ¢ = oM — 5@ then we rewrite (2.56) as

202 —2( M2 5
rg? ()

i . . 1
2+ r2](1><g(r)§>r ey r2J<2))<ﬁ)r —0, (2.57)

k(M) + (rz( [(J D) - (f(z))zl)))r

where
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1
(52 S() _ 5(2) F(1)y2 /
k(r):/ (P (P +v(p 7)) ) )dv c

1
PTG @) GO e ey )M Ee 0 @Y

and

1

1
g(r)= _0/ ((/5(2) +u(pD — 15(2)))2)dv'

We regard (2.57) as a new work system and multiply it by k(r)¢. Consequently,

lr (kO I? + VAP <0 (2.59)
follows from the classical energy method, where the boundary condition ¢ (€p) = ¢(1) =0 and

the smallness of ¢y have been used. Therefore, we conclude from (2.59) that { = 0, namely,
oM =5 for 0 < g « 1. Thus, the proof is complete. [0

3. Stability of steady-state

In order to obtain the stability of solution (p, j, ®)(¢, r) of (1.6)-(1.9), we consider the per-
turbation equations around the steady-state solution. Denote

oci=p—p, ni=j—j, ¢p:=d—, U::(;), 3.D

where (p, f, &J)(r) is the solution of (2.1)-(2.2) given in Theorem 1.1. Then (o, 1, ¢)(¢, r) sat-
isfies the perturbation systems

o+, + 2L =0, (a)

. ) 2 ko) ~
0+ (f7 —5) + %(f7 - %) +(P(p) = P(9)r — poy —0®, +n=0¢,, (b) (3.2)
b+ 22 =0, (©

with the initial and boundary value

o(t,e)=0(t,1)=¢t.)=¢1)=0, (6. n)0.r)=(p0—p. jo—)Nr). (33)
By multiplying (3.2)(c) by 72 and integrating it over [€g, r] with respect to r, we get

r

r2¢.(t,r) =/s20(t,s)ds+C3(t) (3.4)

€0

for some function c3(¢). Dividing (3.4) by 2 and integrating it over [¢q, 1] again, with the bound-
ary condition ¢|3q = 0, we have
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r

1
c3(t) = 1__620 / (r_z/-sza(t,s)ds>dr.
€0

€0

Then, we get the explicit formulas of ¢, (¢,7) on o (¢, r)

r r

1
r2¢r(t,r)=/s2cr(t,s)ds _ fr_2</s20(t,s)ds>dr. (3.5)
€0

1—60

€0 €0

Thus, setting

vi=rlo, wi=ry,

we may rewrite (3.2)(b) as

-2

2j .~ 2P'(p) - -
w; + (P’(p) - ]_Z)Ur + L, + (P”(p)pr - —<I>r>v+w —r?pg, =r’oc¢. — R — Ry,
o o
(3.6)
where
2r(2f 2rj?0 2ro(j242jn+n?
RIG. 1) = — r@j+mn rice ro(j +2m+n)
o 0P o
r2(2j + 6 225 (25 +0)o
o Jp277)77,0r L prp(2§2 ) 3.7)
and
Ry(t,1):=2(P'(5) — P'(p))ro +r*(P'(p) — P'(5) — P"(5)0) - (3.8)
Furthermore, the problem of (3.2)-(3.3) is equal to that of the following matrix system:
Vi+ AV, + MV + L =N, (3.9)
with the initial value and the boundary condition
v(t,€0) =v(t, 1)=0, (v, w)(O0,r)=(>(po — p)., r*(jo — D). (3.10)
where
0 1 0 0 0
v 2
V= =r°U, A:= . ], M:= , L= ~ ,
(w) ' (a(p,n %’) <k1<r> 1> (—r2p¢r)
N(t,r):= 0 (3.11)
T\ rPode(t,r) — Ri(t,r) — Ra(t, 1) ) :
and
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2 2P'(p) -
a(p. j) = P'(p) — f)—z k() = P () — 2P . (3.12)

By standard theory on symmetric hyperbolic system and the weighted energy estimates, we
get the local existence of solution of (3.9)-(3.10), namely, the local existence of solution of
(3.2)-(3.3). For the proofs we refer the reader to [26] and omit here.

Theorem 3.1 (Local existence of perturbation equations). For an arbitrarily given 0 < €9 < 1,
let (p, j, ®)(r) be the solution of steady-state system (2.1)-(2.2) in Theorem 1.1, and assume that

Po po—p 2(P0=P
Oy ar | . v
Jo— ] Jo—J Jo—1J
fork > % and some positive constant C. Then, there exist some positive constants ty = to(é , €0),

such that (3.2)-(3.3) has a unique local solution (o, n)(t,r) € [x2.r([0, tol; 1P satisfying
(1.13)-(1.14). Moreover, there holds that

H (Z > (t)‘ e " EOH ( ?9(7; ) (t)‘ e " X H (gijz ) (t)
(3.13)

for some positive constant C' = C’ (é ), where 8! means a derivative in both r and t of order
1(=1,2).

A~k
+ €0 < CG()

<’ 60, Vvt € [0, o],

L2(Q) —

The remainder of this section will be devoted to the proof of Theorem 1.2. By Theorem 3.1 and
(3.5), we know that the problem (3.2)-(3.3) with (1.18) has a unique local solution (o, 1, ¢) (¢, r)
with (3.13) for ¢ € [0, #o(C4, €0)]. Thus, by the continuity theory, it suffices to establish the a
priori estimates. Denote

n(@) =[0Iz +elUr @2 + 6(%||Urr(t)”L} + e 22 (3.14)
and
N*(t):= sup n(s). (3.15)
0<s<rt

Let t* € (0, oo] be the maximal time of existence of the classical solution. We claim that the
following Theorem holds.

Theorem 3.2 (The a priori estimates). Suppose that the initial perturbation satisfies (1.18) and

t* € (0, 00] is the maximal time of existence of the classical solution (o, n, ¢)(t, r) to (3.2)-(3.3).
Then, there exist some positive constant Cs > Cy4 such that, ¥Vt € (0, t*),

N*(t) < Cse] (3.16)

withy > §, where N*(t) is defined as in (3.15).
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Let

T =sup{t <t*; N*(t) < 2C56g, vt €0, t]}, (3.17)
where Cs > Cy4 is a positive constant to be determined. It is obvious from (1.18) that T € (0, t*].
Next, we will use the following eight lemmas to prove Theorem 3.2, where we require ¢ € [0, T')
in Lemma 3.1-Lemma 3.6 of this section.

3.1. Basic energy estimates

Lemma 3.1. Fort € [0, T'), there holds that

1
d 205 =2 i . 242 ’
E[/(% + (G o) — G(5) — G (o) + 2 )(z,r)dr—m/” pd’ (t,r)dr |
€0 €0
[ 2o — 3vi
4 [ L+ P o @1, + 0 01
op ;
€0
1 1
T / n(t, r)dr / L, r)dr — i Clln)l2,
— €0 0 r
€ €
U
< (20 D)o 0l + 1801, + O, + lewrort P+ ln O G189

for some positive constants vy, C¢ and C, where T is defined as in (3.17) and vy will be specified
later.

Proof. To prove this Lemma, we introduce

207 2
Fe.t.ry =G ey + (TI ) 2450y 4-0),
p+eo r
—r2(p + £0) (P, + £y) +r2(j + €n), (3.19)
Z(e.t.r) = F(e.1, )({H”). (3.20)
p+éeo

Then we consider Z(1,¢,r) — Z(0,¢,r) — Z:(0, t, r) and integrate it over [€g, 1] with respect
to r. Following from (1.6)(b) and (2.1)(b) that F(1,¢,r) = F(0,t,r) =0, we have

1
/(Z(l, t,r)—Z(0,t,r) — Z:(0,t,7r))dr

1

/[F(l :, r)——F(O :, r)~ _F.(0,1, r)——F(O :, )(

€0

f+8n)
p+eo

](t, r)dr

ele=0
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’ g
:/[F(l’tvr)_F(O’t’r)_Fg(O,t,r)]%dr
€

1 -
:/FSE(Q’I’ r)i,«dr7 (321)
0

€0

where 0 <6 <1 is a constant.
From the Sobolev inequality, there holds that, for ¢ > 0,

[U® = V21U, 17 < V2eg ! ||IU||E;||1Ur||ig <3y MUl +eollUy ), (322)
10,0l < VAN 131017 < V26 UL 10,1,

< Ve, @l Uz + U 13), (3.23)
U0l < VI 131U 13 < V2e5 10151011

< Vaey HeollUill 2 + U2, (3.24)

Furthermore, if ¢ € [0, T'], we hence from the definition of 7 and the smallness of €( that

_3
2

[U®)o + €0l Ur (D)o < 2v2Cse) * K 1. (3.25)

Thus, the straightforward computations, together with Theorem 1.1 and (3.25), show that,

leoFee (e, 1, 1)| < C(Irgy 1> + ro|* + |rnl? + leoro, |* + leorn, %), vVt €[0,T),

which yields that

1
/(Z(l,t, r)—Z,t,r) — Z(0,¢,r))dr

€
1
J
<ch / (€0 Fec (0,1, ) ldr
€0
€

Jo
< cgumnig +llo 172 + Inl72 + lleoor 17> + lleonrII72) (3.26)

for t € [0, T), where C is independent of Cs and €.
On the other hand, inspired by the methods mentioned in [12], we may rewrite Z(1,¢,7) —
Z(0,t,r) — Z:(0, t, r) into another expression.
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In fact, (3.2)(a) and (3.2)(c) imply that
() + (r*), =0 (3.27)
holds. Then, from the fact rzf = My[p] = constant and (3.27), we have
(r*(p+e0)); = (o) = —e(r?n)y = —((J +em)s (3.28)
and
(r(®y + ed)ir + (] +em)r =0, (3.29)
which gives
(r2(@y + ) + 12 +em) = Be (1)

for some function B¢(#). By integrating it over [ep, 1] and using the boundary condition
o (t,€0) =@ (t, 1) =0 we hence that

1

Bele) = Mol] + —— / (0 — 2ry)dr,

o
€

which leads to

1
~ ~ 1
—rA +em) = (2 (@t ed) — T / e(r*n = 2ry)dr — Mol3]. (3.30)

€0

Based on (3.28)-(3.30), a straightforward but tedious computation shows that the each term
of Z(1,t,r)— Z(0,t,r) — Z.(0, t, r) can be rewritten as

<r2j2 _r o rzfch) _ ((rfcI —rﬁn)z) 331)
20 2P p 2p% /i 2pp? ‘ '
<r2q>2 rzcin2 2% ) - (rz 2) 332
S0 =S8 —r28g,) =(597) (3.32)
(r2j3 - r2]73 _r2(3]"-2n . ]~3_<7)) _ <3,,2]7772 ”2773 r2j3(r . r2j3 (2'50 +02)>
2,02 252 2152 153 r 2/32 2'52 153 2,02[)2 r
(3.33)
(r2G'(p)j —r*G'(p)] — r (G (D)o j + G (BYn)r = (r*(G'(p) — G' () j — r*G" () j)r,
(3.34)
and
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- o, ~
2r¢)dr — @, Mo[p] + ©,Molp] + T—e /(rzn —2r¢)dr + ¢ Mo[p]

€0 €0

1
__ / (P — 2ry)dr, (3.35)
1—¢p

where G”(p) is defined by G”(p) = £ /y’ .
After integrating (3.31)-(3.35) over [€q, 1], with o (¢p) = o (1) = ¢ (e9) = ¢ (1) =0, we have

/(Z(l, t,r)—Z2(0,t,r) — Z:(0,¢t,r))dr

€0

1
d 205~ N2 ) . 242
= —[/(M +r3(Gp) — G(B) — G'(P)o) + ’f )ar]

dt 2002
€
1
207 ~ \2 272 2.3
re(jo —pn) 3rcjn”  roy !
+f N dr+( A/ ) (3.36)
pp? 22 22
€0
Following Theorem 1.1 that
Frlo <2075l + 160+ I ) < 4(C2 + C3), - and |Jr|o—\—\ scl=c.
(3.37)
which yields that
~ 1 ~ ~ ~ ~
3r2jn” |1 3rjn* 3% 3r%jmm,  3r7in’p
—~2=(~2+~2+~2_~3)dr
2p% e 12 20 o 2
€0
<Cﬁ 2 2 2
< 60(||77(t)||Lg+eollnr(t)|IL;)
and

2,311 3 3 2.2 2.3~
r rn renTny oy pr> Inlo
= — — d t € t
25 /(52 + 257 7 r<C (Iln()||L2+ ()||77r()||L2)

€0

Therefore, it follows from (3.26) and (3.36) that

| 2 Y 2.2
/ ("’ 14 PG~ G3) ~ G (Do) + Y, rar]
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1
205 = N\2
+/M(mdr
PP

€0

Jo . Inlo
< C(g + —)(nq»(t)ni; +llo DI + In@I72 + €gllor N7z +egllne ©l172)

€0
(3.38)
for t € [0, T'), where C is independent of Cs and €.

Compared (3.38) with (3.18), we have to estimate the term f 610 (o2 + qﬁf)dr. To the end, we
divide (1.6)(b) and (2.1)(b) by p and make difference of the resultant equations to get

P(p) — P(p - 1/ j2 j? 1,22 2j2
"—f+w—@<br+<br+2=—r[(]—) —(JT)]—r(i—%).
p p o pl\p/r \p/rl p\pr  pr
(3.39)
On one hand, é,:%[(%JrP(ﬁ)) +2gif+j] (see (2.1)(b)) gives
r
0 o o -
—_..cbr+q)r=_¢r__¢r__~cbr
0
o oP'(p)p i2po 2j*c o
=t T - T T T 9T (3.40)
o o p pr P

On the other hand, it is easy to see

(P(p) = P(O))r _ (P(p) - P(ﬁ)) . (P(p) — P(p))pr

2 2 r 0?

_ (P(p) - P(p)) n P (/i)zapr n (P(p) — P(pzz— P (p)a)pr‘ (341)
2 r 2 2

Thus, substituting (3.40)-(3.41) into (3.39) leads to

P(p)—P(p +
R L[ (3.4)
r P
where
1o PO =P@) = PP o Pho 2j%0 o]
10-="= 52 R i e 52
P P o pr P
and

I _1[(£> _ (5_2) B 1(242 _ 2£)
pLNp/r p/rl p\Npr  pr
Multiplying (3.42) by —r2¢, and integrating it over [eo, 1] by parts, together with (3.2)(c),

we get
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1

1 1
/(M)rzodr—i-/(rd)r)zdr:/ 7]‘;711 2d),dr—/(ho—l—ln)r ordr. (3.43)

€0 €0 €0 €0
From (1.2), the first term on the left-hand side of (3.43) can be treated as follows

1

1 1
/(@)ﬂad;’:/(/Mds)rzozdrzcona(t)niz (3.44)

P
) €0 0

for some positive constant cg. With the smallness of |U(z, -)|o for ¢ € [0, T') (see (3.25)) and the
boundedness of |rp,|o < C (see (3.37)), we get

’/(110 + L)rig.dr

Jo | UM
sc(—+ - )(||¢r(r>||i;+||a(z)||ig+||n(t)||§;+e3||ar(r>||i;+e§||nr<r)||§;>.

(3.45)
In addition, differentiating (3.5) with respect to ¢ and r gives
r 1 r
"2¢zr = /szo,(t, s)ds — 7 <0 / (r72 / s20,(t, s)ds)dr
—€
€0 0 €0 €0
== = Gntt.on + 1 [ 1202000~ Gt eondr
—€
0 o
2 €0
=—rnt,r)+ —— / n(t, rydr, (3.46)
1—¢p

which yields that

n:+n
P

r qﬁ,dr

an
O\
—_

1

1
/ nr qbr 1J7r dm] dr + / n¢r
o )2

€0

1

d ([ nri¢r 1
z( / 5 <t9r)dr)+1||¢r(r)||§;+c6||n(t)||§%

€0

IA
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1 1

S / n(t.r)dr / Dt rydr (3.47)
I—¢o 0

€0 €0

for some positive constant Cg.
Then, substituting (3.44)-(3.47) into (3.43), we have

1 1

3 €0 n
A fn(m)dr/ La.rydr

€0 ()
1
d 2¢r LSO
< S([enar) +cotnol + o2+ B0
€0
x (o OII7 + - D172 + @172 + €llor Ol + €l 7). (3.48)

Finally, by taking the step as (3.38) 4+ v1(3.48), we conclude that (3.18) holds. Thus, the proof
is complete. O

Before establishing the first order and higher order energy estimates, we deal with the nonlin-
ear terms in Lemma 3.2 in advance.

Lemma 3.2. For 0 < €y < 1, there holds that, fort € [0, T),

N (@) = CUo + UM (rUG )|+ rgr (1. r))), (3.49)
NG = €(2 4 R OR) 50, )+ eor 1)
+CUo + U IIrUO olr prr (1) (3.50)
Wi (1) < C( Lo +0'r¢’(”'° +1UA0)]0)(rUs(t, 1) + leor Uy ¢, 7)|
v (. 1)) + € o + [TM10)F U 1) ol e ()] (3.51)

where C is independent of Cs and €y, N'(¢t,7) and T are defined in (3.11) and (3.17) respectively.

Proof. For 0 < ¢y < 1, by using (3.7) and (3.8), we have

|R1(z, r)| + [Ra(t, )| = C(Jo + [U®)|0)[r Uz, r)l.

Then, (3.49) follows from (3.11).

Similarly, differentiating (3.7) and (3.8) with respect to » and further differentiating the re-
sultant equation with respect to ¢, by a straightforward but tedious computation, we derive these
estimates (3.50)-(3.51) presented in Lemma 3.2 for |U(¢)|o 4 €0/ U, (¢)]o small (see (3.25)) and
for |rp,|lo < C bounded (see (3.37)). Thus, the proof is complete. O
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3.2. First order energy estimates
By observation, we get the relations between U; and U, in Lemma 3.3.

Lemma 3.3. For 0 < €y < 1, there holds that, for t € [0, T),

U0l = (10l + = 410, @)

IrU:(®)lo = C(ré()lo + IU(t)Io + Uy (0lo),

012
€0

101z = (e 0l + + 1T 0llz2),

U@l
€0

10,012 = (I, Oz + + 10 O)- (3.52)

Proof. Firstly, (3.2)(a) gives
2n

or =1 ——,

which implies that

|77( o

o7l = C(In-®lo+ ). ror(lo = Crnr®lo + In(®)lo),

In(@)l 2
otz < Cin- DNz + @) < C(Ilnr(t)lng + T>

and

In(@ll 2
€0 )

I-Ollz2 = CAor®ll 2 + In®ID = € (lor 2 + (3.53)

Secondly, (2.1)(b) gives

2 2

- Ir/j B 2j ~
& ==[(5+P®) +2+]]
oL\ p roopr
which, together with (3.37), yields that

r®,(rlo<C and [|®,|<C. (3.54)

Then from (3.2)(b), we get

20Gr +0) 2] ol AN 2D+ o .1
[:_n]r ) ]nr_zj r(__j>+77 ]er J r+]2pr(_2_?>

o P

/! / !y~ ~ 2 +2~ ~ 1 1 - ~
—P'(p)oy — (P'(p) = P' () — ;(% + (= 5)) #0608,
—n+od. (3.55)
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Thus, using the boundedness of |rp,| + |jr| + ‘H < C (see (3.37)), the smallness of |U(z, -)|o
for t € [0, T) (see (3.25)), we derive from (3.54) that

U
()10 = € (16 O)lo + % +1U0l0).  rn®lo = € (Irgy 0o + U0 + 11U, (1))
and
vl
IOl = C(——— + 10,0l + I8 O3 )
€0
fort [0, T).

On the other hand, we can rewrite (3.55) as

2 2 2

(P =5 Yo ==(P0 =L = (P9~ L))o == (2 - zfpf)
_g(]’; - %) +pd, +0D, —n+0od,.

We claim that for 0 < €9 <« 1, there exists a positive constant ¢ such that the subsonic condi-
tion
j2
inf (P’(p) - —2) e >0, tel0,T) (3.56)
re2 0

holds, which is clear from the smallness of ] and |U(?)]o.
Thus, by using the estimates (3.53) and (3.56) we get, for t € [0, T'), that

j2
etllorOloz = ||| o) = 7700

lo @l L2+ lIn@)ll 2
- C( €0

+ IOl 2 + o Ol 2 + 16, Ol2)-

The proof is complete. O

.2 - )
As shown in (3.12), a(p, j) := P'(p) — /])—2, we naturally denote a(p, j) := P'(p) — ,{3_2' Now,

we look for a diagonal matrix D = 0 >, where § = a(p, f)ﬁ(r), and h = h(r) is a weight

s

0 h

function and will be technically specified later. It will act as an approximate symmetrizer of (3.9).
We multiply (3.9) by matrix D and get the following system:

DV, +AV, + MV +L=N, (3.57)
where
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A=DA, M=DM, L=DL, N=DN,

and A, M, L, N are given in (3.11).
Differentiating (3.57) with respect to  and making use of (3.57), we obtain

DV,, + AV,, + (A, — Dy A+ MYV, + (M, — D, M)V + L, — DL = N, — D, .
(3.58)

Lemma 3.4 (First order energy estimates). For 0 < €9 < 1, and for t € [0, T), there holds that

1

d h b
dt(f[ 2(v(t,1))* + Eeg(wr(t,r))z] i (2 2w e, ) 2ar

€0 €0

L2PB) | G " () pr)rhel ’ 1
220 —p hes(v(t,r ~
(= r (Z,O)Pr)r o, 1)) dr_/mhegwrv(t,r)dr)

€0

€0

1 = =
+ (5 = v2Cr) eV, 012 + - eoV rur (1)
< (2 4 O+ VOl
€0

€0
X (U2, + U012 + eV RV, (012 + CUg- 012 + o012 (3.59)

+ U0l + U0l

for some positive constants vy, C7 and C, independent of Cs, T and €q, T is defined as in (3.17),

where vy will be specified later. Here V = r>U = r? (; and
~ r P (p)pr q’r
fi(r) = hor—2elo P O (3.60)
for any positive constant hy.
Proof. Multiplying (3.58) by V, and integrating it over [€g, 1], we have
1
[DV,, -V,dr + f AV, -V,dr + f(A, — D, A+ M)V, -V,dr
€0 €0 €0
1 1
+ /(Mr - D, M)V -V, dr + /(Lr —D.L)-V,dr
€0 €0
1
= /(N, —DN)-V,dr, (3.61)
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while

1

1
= 50 Urr Uy
fDVtr~Vrdr_/<0 ﬁ> (wtr)'<w,>dr
€ &
d = h
= E(/[E(vr(t’r)) +§(wr(t,r)) ]dr). (3.62)
€0

We decompose matrix A as

_A+AT A— AT

A ) + ) = Asymm + Askew> (3.63)

where A7 is the transpose of A. Then, for the second term in (3.61), by the symmetry of Agymm
and skew symmetry of Aggey, we have

1 1
1
/ AV, -V dr = f [SCAV, V), = 4,9, ) + AV -V, Jar. (364

€0 €0

By the boundary condition w;(e9) = —v;(€g) = w,(1) = —v;(1) =0 (see (3.2)(a) and (3.10)),
we have

1

1
1 - 27 ~
/ (AV, - V)dr = AV, V)| =[5wv, + @o, vy + Liwpw,]| =0
€0 P

€0
€0

Now, we collect all like terms of the type V, - V, in (3.61) and (3.64) and get the following,

1
1
/(A, ~DrA+M = S AV, - V,dr
€0

1

=/ (M + M)V, -V, dr

€0

1

= / (q11(v)* + (q12 + @21 vrw, + goa(wy)?)dr, (3.65)

€0

where
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1. |
Q2 =—755= —E[a(p, Drh+a(p, j)hr],
_ ha(p. j)r = hra(p. j)

P(2) _ 2
h('o)r hrp T

+ ki (r)h,

[\

q22 =

For the coefficient of cross-term v, w, in (3.65), we have
h . - h . . = .
qi2+ g2 = E[a(p, Dr—ap, j)rl— g[a(p, D +ap, Hl+ki(r)h
L r . . _ - h . . =
=—P(p)hr +ki(r)h + Ehr + E[a(p, Dr—a(p, j)rl— E[a(p, D —ap, I,

where ki (r) = P"(p)pr — @ —®, is given in (3.57). Thus, we may choose h > 0 as follows:

fz:hor_zexp(/%( )ds )

€0

for a positive constant %, such that
P'(p)h, = ki (r)h,

which yields that

e h hy
q12 + 21 = Zhy + 50(U), — -b(U), (3.66)
P 2 2
where

b(U) :=alp, j) —a(p, ). (3.67)

Furthermore, the boundedness of r o, rf, r®, in C 0(SZ) (see (3.37) and (3.54)) and the small-
ness of |U(z, -)|g for € [0, T') (see (3.25)) ensure that

j2 2

1
1bU)(t, r)| = ‘P’(p) T P'(p) + % <ClUMIy = Ce5 K 1, (3.68)

2 2j%p s 20 2)%P
DU 1Pl =[P )0 = =5+ =2 = (P11~ o+ =)

(' Wl 4y, (t)lo) (3.69)

and
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P2 02
qzz=h(>’fhr" iz i (Ul +

LIOTN
h 3.70
- 60) (3.70)

for t € [0, T), where C is independent of Cs and €
Therefore, substituting (3.66)-(3.70) into (3.65) gives

1
1
/(A, ~DrA+M = S AV, - V,dr

€0

1
> [ [- e+ Z20 4+ L),

€0
U
+ (7= (1wt + =20 4 )i,
= U J =
> [Viw, 0] - ¢ (v, <r>|o+' Oy DY av, @ e,

where we have used the fact that |4,| < Cr—h from |k (r)| <
On the other hand, from the definition of matrix Agkey (3.63) and the equality w,, = —vy

(3.71)

(see (3.2)(a)), we get
1 ~ -
skewVyr - Vp = _(b(U)UIrvrh —bWU)v,rveh)

- (’”’(U) w)?) - gb(U)t(vr)z - (gb(wrw)r
(3.72)

h, h
— Eb(U)v,wr — Eb(U)rvrw,.

Similar with (3.68), from the definition of 5(U) given in (3.67), we get
2jj  2j%p
s ‘< clu @l

1b(U)| = |P"(0)pr

which yields, together with (3.68) and the boundary condition of v, (€p) = v;(1) = 0 (see (3.10))

that

1
‘/Askewvrr 'Vrdr‘
€0
s%(/ﬂh(rxvr(r Pr) +C
€0
x (IWhve 012 + IV w0 17).
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where |h,| is replaced by Cr'h.
For the fourth term of the left-hand side in (3.61), we use the fact w, = —v; (see (3.2)(a)) to
get

1
/(M, — D, M)V -V, dr = —fklr(r)ﬁvv,dr

€0 €0
_ . d 4 / ki (MA@, n)? | @) 3.74)
dt 2
€0
where k1, (r) is the derivative of k() given in (3.57).
Next, from (3.54) and Theorem 1.1, we notice that
®, — P’ (p)pr . .
< C(||®D <
\/ o <CUG N+ 151 <2
holds for some positive constant ¢y, independent of €y. Thus, it follows that
hoe 2r=2 < h(r) < hoe2r 2. (3.75)

Therefore, with the boundedness of 75, (see (3.37)) in C%(2) and the definition of £ given
in (3.11), in view of (r2¢,), = r2o (see (3.2)(c)), we can deal with the fifth term of the left-hand
side in (3.61) as follows:

1
‘/(L,—D,/L)-(;))’r)dr
€0

1
= ‘ — /(ﬁrrqur + prio)hw,dr

€0

1 1
c/|\/1§r¢,||\/ﬁw,|dr+c/|\/Zw,||r2\/ﬁa|dr

€0 €0

1 /=
= 7 IViw, O +Cgr 012+ 10 1), (3.76)

where, in the last step we have used (3.75).
Finally, using Lemma 3.2 and (3.75) again, we get the following for the last term of the left-
hand side in (3.61),

1
‘/(Nr—DrN)-(;)]rr)dr
€

1
< c‘fﬁ/\/, -V,dr)
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U)o+ Irér -
< ¢ (2 4 BT D0 g2 4 40, 02 + VRV, 012)
€0 €0
1
+CU+ U@Vl [ Firp |1V, ar 377
€
21n
In view of ||r oy || < C (see Theorem 1.1) and (3.75), we have
1
= (L ODICO) [\
N/ U =
< (200 Ly ) g ViV, 01
€0
Jo+1|U =
< (PR GUO IR + 10,01 + VAV 1P
which leads to
‘/(N ~D,N)- ( r)dr‘
(3.78)

U - h
i [F0t W (I)b)(nww + 10O + VRV, 0 1.

< C(
€0
Therefore, substituting (3.61), (3.64), (3.71), (3.73)-(3.78) into (3.61), together with Lem-
ma 3.3, implies that, for t € [0, T'),

1 ~
S b 1. /-
gus ”h(r)(vr(r rYdr]+ IV 012

%[/ (%(vr(t,r))2 + g(wr(t,r))z)

€0 €0

1 -
d ([ ki (D), r))?
—‘E(f : > dr)+C(||¢r<t)||2+||o<t)||§3>

€0

+C< F1U (0o +

P tolwr(%)(nwa)nz + 1012, + VAV, 0.
(3.79)

To the proof end, we still need additional estimates for

1
/ﬁ(r)(ur(z, m)2dr.
€
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Multiplying (3.58) by — <S> and integrating it over [eg, 1] gives

1

1
fma,.(— <S>)dr+/[AV,,+(A,—DrA+M)V,]~(— (8))@
€

€0

1 1

 fo - (2 fe -0 (- (2)

€0 €0

1
_ /(N, —D)- (- (8>)dr (3.80)

€0

With the fact w, = —v; (see (3.2)(a)) and a(p, j) = P'(p) — i—i > c1 (see (3.56)), we get

1 1 1
—/DV,, : (8>dr= —%([ﬁw,vdr) —fﬁ(r)(w,(z,r))zdr (3.81)
€0 €0

€
and

1

I
—/AV,,~<8>dr—/(Ar—DrA+M)Vr~(S)dr

€0 €0
1 5 1
=/(a(p,j)ﬁvr + %fzw,)vrdr—i—/(DVA— M)V, - (S)dr
€ €

1
c — = 0
> 31||\/Zvr||2 — CWhw,|? - /(DrA — M)V, - (U ) dr.
€0

Recall that |rk; ()| < C and |h,| < Cr~'h. Together with (3.75), we have

1
/(D,A— M)V, - (S)dr
€0

1
=/ [(a(p, Dy =k (P, + <%}~1, - ﬁ)w,]vdr

€0

< %n/ﬁvr(r)n’*’ +Clo®? + CIVaw, ()]
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Thus, it follows that

1 1
—/AV,,~<S)dr—/(A,—D,A+M)V,~<S>dr
€0

€0

> Vi @12 = Clo 01 = CIVw, 01 (3.82)

Next we consider the third term of the left-hand side in (3.80). Differentiating ki (r) =
P"(p)pr — w -, (see (3.12)) with respect to r, and by straightforward computations we
get

o)1 = € (5 + 1), (3.83)

which, together with the inequality || o,-|| < C in Theorem 1.1 and (3.75), implies that

‘—/(M — D, M)V - < )dr

‘/klrh(r)(v(t m)2dr

<| / =5+ 17nr] ) (e ) |

<Clol*+Clalidlol + liro)
cl . /=
< §||\/;Ur(t)”2+c||0(t)”2~ (3.84)

Here in last step we have used ||ro, || < C(||\/Zvr O+ lNle®I).
For the last two terms of the left-hand side in (3.80), we carry out the same argument as in
proof (3.76) and (3.78) to prove

‘—/(L —D,L) - ( )dr /(prr ér + pr a)hvdr)

€0

= (IO, + o 012) (3.85)

and

1
‘—/(N,—DrN)~<S)dr

<C( |U(I)Io+|r¢r(t)|0)
T \eo €0

U+ 1U-01)- (3.86)
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Then, substituting (3.81), (3.82), (3.84)-(3.86) into (3.80), we get

SIVhv o)
d 1
: a(/ﬁwrvdr) + Ol P + oI + 6, 011
€0

—|—C(ﬁ 4 WDlo +Irér0lo
€0 €0

)<||1U<r>||2 +1U17). (3.87)

And by taking the step as 63[(3.79) + v2(3.87)], we verify that (3.59) holds. Thus, the proof
is complete. O

3.3. Second order energy estimates
Similar with Lemma 3.3, we can get the following relations between Uy, and U,,.
Lemma 3.5. For 0 < €9 < 1 and for t € [0, T), it holds that
U (0122 = C Ui Ol 2 + IOl 2 + 1T 2 + 19Ol 2).  (3.88)
U0l < CENUH O 2 + U Ol 2 + 1T 2 + gDl 2). (3.89)

where U = <(; ), T is defined as in (3.17), and C is independent of Cs, T and €.

Proof. Differentiating (3.9) with respect to r, we have
Wtr + ArVr + Avrr + Mrw + Mvr + ﬁr = JV;

Since V = r2U, we replace V by U to get

—r AU, =rU,, + (# F A+ M)rlU, + (%4 FA M+ rM,)IU

L, 2L Ny 2N
H -2+ G -) (3.90)
In the same way as in proof (3.25), it follows that, for ¢t € [0, T'),
1 1 1
rU-(0lo < V2Ir0O12 N0l + 17U (0)ID2 <€ < 1, (3.91)

which leads to |rp,|o + |7jrlo < C due to the boundedness of |rp,|o + |rf,|0 as shown in (3.37),
where C is independent of Cs, T and €.
Consequently, it is easy to verify that

Hez(z%‘ + A+ M)rU 0| < Ceollr U, )
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and

(5 = 350 = | (P )|

€0 0 =CllerDl 2 +lo®liL2)-

r

In addition, using the inequality (3.83), we have

1 -
Ir MU = Clirkiyefoll < C| (= +Irl Jedo | < Clol +eollor .2).
On the other hand, note that
1 1
6 (Do < V2l D12 1Ir " by (1) + 0 (1) 2
_3 1
< V26 (- Dl 2 + oDl 2) <€ <1, Vre[0,T) (3.92)

holds, together with the smallness of |U(z, -)|o (see (3.25)) and Lemma 3.2, which yields that

(5 -3

r2
= C(Jo+ €l ()]0 + U ) (s (1)l 2 + VD 2 + €0 [T, ()] 2)
< CUgr @2 + NV 2 + €0 U @) 2)

fort [0, T).
Therefore, it follows from the above relations that

legr AU ()| < Cleg I Usr () 2 + €llUr )12 + U2 + lgr (D11 22). (3.93)

Recall that

2
2 €5 Nrr
-AU:J —_ . ] )
cor " <a(,07 J)G(%rorr + _2p] Ggrﬁrr )

thus, in view of the inequality (3.56), we have
SN0 2 < CEUsr ()l 2 + €l U Ol 2 + 1T 22 + (O]l 2).
Similarly, (3.89) can be deduced from (3.90). Thus, the proof is complete. O

Lemma 3.6 (Second order energy estimates). For 0 < €y < 1 and for t € [0, T), there holds that

1 ~ . .

(i h b() ~ kirh

E[/ <§68(U")2 + Eeg(w”)z)dr B / heg (vir) dr — / lzr eg(vz)zdr]
€0

2

€0 €0

~ ])3C1 ~
= Cvs ) gV w02 + 226§y oy )]

(!
2
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U
< (2 + 10Ol + 100l + =

+1rgr ()]0
x (10013 + €10 02 + eénor(r)niz + VRV O + eV RV, (1)

+ 1§V v 1) + Clln@) 12, + Colleoy s, (01 (3.94)

2
. . reo
for some positive constant v3 to be specified. Here V = r?U = <”277 ), C, Cg, Cy are some

positive constants independent of Cs, T and €o, and ki(r), h, b(U) are respectively given in
(3.12), (3.60) and (3.67).

Proof. Differentiating (3.58) with respect to 7, we get

[Do; + A9, + (Ar — Dr-A + M)V, + DM}'VI + AV, + DAtrVr + ,Dﬁtr = DMra
(3.95)

where D = 2) A=DA,M =DM and A, M, L, N are givenin (3.11).
.95

s
0
g ) by V- and integrating it over [€g, 1], we have

Multiplying (3
1

/ (D3, + Ady + (Ar — Dy A+ MY)Viy - Vi + DMV, -V, 1dr + / A,y - Viydr

€0 €0

+/DA,rV, -V,rdr—i-/Dﬁtr -V,Mr:/DJ\/}, - Vypdr. (3.96)

€ €0 €0

In the same way as in proof of Lemma 3.4, then we get

1
/ (D3, + Ady + (Ar — Dy A+ MYV, - Viy + DMV, - Vi 1dr

1

- ][ oo o)) [P rar) - ([ 5o

€0 €0 €0

= U
Vi 01 = €24 28 0, 010) Vv OFF + 1w, 0. 697

Note that

1 2j°p 2j 2jp
jap. ])z|+‘< )‘—‘P”()t—ﬁJr Jj‘ﬂ%— /])2t‘§C|Uz|0, (3.98)

which yields
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1 1
T
‘/Atvrr 'Vtrdr‘ = ‘/- (a(p7 Pihver + (_J) hwrr)wtrdr‘
o/t

< CIUO (Vv O 17 + Vv O + IV Rw, 01, (3.99)
For the third term of left-hand side in (3.96), it holds that

1 1

- 27 -
/DA"V,-Vtrdr=/a(p,j)trhvrwtrdr+/(%)trhw,wtrdr — I3+ (3.100)

€0 €0 €0

It follows from Lemma 3.3 and the relations (3.25), (3.91)-(3.92) that

1
IrU,(H)lo < Crér (o +1UMo + IrUslo) < Cey <1, Vre[0,T),  (3.101)

together with the boundedness |rprlo + |rjrlo < C (see (3.91)) and relations oy = vy —
2ro;, Ny = Wy — 2rn;, which yields that

[113]
1

- | / (P"0)pr0 + 1" (D)o —

€0

2+ 2jme  Aimpr | 4jjror+ 2500 6j2o,p,>

p? o3 o3 o4

2 p =
+ Wk |2 + Vi 1)

(3.102)

U h
x fvpwiedr| < c( + ﬂ 1010+ 100 )| fr”’

and

2 2 2 2j 4
[T14] = ‘/ i _ Z;Or - ],a,l;i—z J9r JZ;pr)hwrwzrdr‘

2 = =
+ W >+ Wiy ?). (3.103)

<c(2+ 20w i+ )] ’iw’

Thus, we may conclude that

) / DAV, - V,,dr(
€

< C( IU(t)Io

10, Ol + 10010 IVAVe O + 1 VAV, 0. (3.104)
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For the last term of left hand-side in (3.96), we get
1

1 1
~T . € ~
/Dﬁtr . V;rdr == —/hl:pr< - r277 + —0 / ndr) + Pr20't:|wtrdr
1—¢o
€ €0 €0
(3.105)

Whw, O1F |
<+ 0 IOl + e Ol g),

where we have used the boundedness of 75, (see (3.37)) in C%(R) and (3.75).
Similarly, by the method applied in (3.78), the estimates of A;, in Lemma 3.2 give

1

1
]/DN[WV"dr) sc/ﬁmr-vnur

€0

€
N/ U)o+ [ror
5C(—0+| o+ Irerlo +|Ur(t)|())
€ €

< (IVEV, 012 + 10,012 + T N7z + llor @11, (3.106)

Thus, substituting (3.104)-(3.106) into (3.96), we have
1

1 - 1 .
d 5 i b(U) - kb 1
E[/ (%(Utr)z + E(wtr)z)dr - —(2 )h(r)(vtr)zdr —/ ]2 (vt)zdr] + E||\/Zwtr(t)||2
€0 €0 €0
Jo U ,
=c(2+ Wl 1o |y, 1y + U0l
€0 €0
X (VR 02 + 10,01 + [0 012, + o1 + 1V ko 01 + 17~ VRV, 0)]1)
(3.107)

+ Ceg (@7 + egllon®17)-

To the proof end, we still need additional estimates for

1
/ h(r) () dr.

€

We multiply (3.95) by — < 3 ) and integrating it over [, 1] and have
13

1 I
/[D3I+Aa,+(A,—DrA—i-M)]Vtr'(—(S))dr_’_/DMth'(_(l(i)z))dr
t
€

€0
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+/1Atvrr-(—<3>)dr+jDA,rV,.(—(g))dr+jl>£,r~(—(g))dr

€0

1
:/D,/\/,r . <_ (g))dr. (3.108)
€

Similarly, in the same way as in (3.81) and (3.82), it holds that

1
/[Da, 4 AB, + (A, — Dy A+ M)V, - (— ( 0 ))dr

Uy
€0

1
3c = d ~ =
> 2 Wi 01 = ([ Fuwar) = Vi, 0

€0
—Cey 2 llor 7 ~ C IV hw, )] (3.109)

And from (3.75) and the estimates of |rkj,| shown in (3.83), together with ||rp,|| < C, we
obtain

1 1
‘—/DMth : (3 )dr‘ - )/klrfz(r)(v,)zdr‘
t
€

€0

1

<c f (ri2 + 16rr1 ) (o) dr

€0

€l = _
= Wi, OF +Ce o 012, (3.110)
where in last step we have used the fact ||ro;. || < C(|lo: || + ||\/thr ).

Moreover, note that ||\/th || < C||roy||. From (3.98), we get

1 1

—/A,Vr, . (l?z )dr = —/ (a(p, j),fwrr + (%)tﬁwrr>v,dr

€0 €0
< U0V R O + VR O + lIrod). (G111
Now, we have to deal with the fourth term of left-hand side in (3.108). It is easy to see

1 1 1
0 o 27\ -~
—/DA,rVr . <v )dr:—/a(p,]),rhv,v,dr—l—/ (—]) hwyv dr =: I15 + I16.
t p /tr
€0

€0 €0
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In the same fashion as in (3.102)-(3.103), we get

1
2jrne 2 Ajmep,
|115I=‘/(P’”(p)proﬁp”(p)on— Jr tpz S Jp; !

djj.o; +2j%0 620,
+ JJr t"f:5 J Otr _ J 4tpr>hv,vtdr
o o

2 = = =
o+ Wk 12 + Vv 12 + Vi)

(2 20w+ o) | ‘/év’

and

1
2 2 27 2j 4 -
|I16] = ‘/ Ntr _ nlfr _ ]rat+2 JOtr + ]U;pr)hwrvtdr)
Y Y P
€

U
< (24 L4 1wlo + Inrlo)

(]

which implies, in view of ||\/Zvl I < CJ|ro||, that

1
‘—/DA#V~<g>d4
€

Vi 2 = ~
Vi, |+ @12, + Vv O + Vi, ),

|U(t)|o . -
< c(60 + U)o + ITUt(t)|0>(H Yo+ WAV O + 10012,
(3.112)
Similarly as in (3.105) and (3.106), using the fact ||\/Zv, | < C|lro;| again, we have
1
0
- [ (vt>dr)
€
1 1
- ‘f(ﬁr< +,0r 0t>hvtdr
€0
< Cey % nl? + Cliroy |? (3.113)

and
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1
‘—/DNtr.(g)dr‘
€

1
5c/ﬁ|f\@r||v,|dr
€
S LI

+ |Ur<t>|o)(||wt>||2 N0 Ol72 + lor 1) (3.114)
€0 €0 r

Substituting (3.109)-(3.114) into (3.108), we have

c =
Zlnx/ﬁvn(r)uZ

1
d I 7 7 —
< ([ Fwirwar) + Gl i 01 + Vi @0 + €201 + 1001
€0
o, U@l +Irdrlo
€0

” + 10 Olo + 0010 ) (1T 12 + 1T 013 + o ()]

+¢(

= WV, (1) 2 =
+ oI, + VAV, 01 + | @ |+ Wi, o1?) (3.115)

for some positive constant Cg.
By taking the step as eg[(3.107) + v3(3.115)], we deduce from the fact EO”"t(f)”L; =

<C ||eo\/Zwr || that (3.94) holds. Thus, the proof is complete. O

€
"

€0
T Wr

ul =
By straightforward computation, we get the following lemma.

Lemma 3.7. For t € [0, T), there exist positive constants ¢y, C2, C3, C4, independent of € and t,
such that

aumIz, + U017 < U7, + leoVRV, (]2 < (UM, + € IU-O1172).
and
&(lgr 72 + IUMIZ; + €5 IUOl172 + €1V (0)117)

< g 12, + IV, + 0012, + eIV V(0]

< a(ler O3 + 10O + U072 + U 01 72)-
Proof. We claim that there exist positive constants ¢y, ¢ such that
U)? + (€0rU,)? < & (rU)? + Ea(eoV i V,)2

106



M. Mei, X. Wu and Y. Zhang Journal of Differential Equations 277 (2021) 57-113

To see this, compute

& (U + EeoViV,)? — (1) — (eorU,)>

- . ho _
> cl(rlU)2 + ¢ e%r 268(2rU + VZTU,)2 — (rIU)2 — (eorlUr)2

. . ho 2 (€2 ho 2, 4~ ho 2
> (cl - 8cz672>(rTU) n (7672 . 1)(eorTUr) +48 2 (cU)
>0,

provided that
N 2e€? N )
Ccy > , and ¢y >148c,—.
0 e

Thus, it follows that

- - = 1 =
U117 + 10072 < &0, + &rlleoV RV, ()2 < a(nw)ni; + lleoVAV, (0.
(3.116)

Moreover, from (3.75), it holds that
U + (Vi V)2 < (rUY? + (eov/hoe2r— 2rU + r2U,))2
< (14 8hoe)[(rU)* + (eorU,)?],

together with (3.116), which shows the first inequality in the lemma.
For the second one, we can do it in the same way. Thus, the proof is complete. O

Before we prove the Theorem 3.2, we give the following lemma.

Lemma 3.8. Let g(x) =x — x0 — dxP for x > 0, where constants 3, xo, d satisfy § > 1,x9 >0

—1/1\5y
andd > 0.If0 < xg < ﬁ—(—) ? l, then there exist xi“ > 0 and xi“ > 0 such that

B \Bd

(1) gx) <0 forx €0, x}) U (x3, +00),
(2) gx)>0forx e (x},x3).

Proof. Take the derivative of g(x),

dg(x)
dx

1 —dBxP1,

1\ 771 d d
and let x, = <d_) 7' Then 8(x) > 0 for x € [0, x,) and )
X

lead to the desired result (1) and (2) provided that

< 0 for x € (x4, 00), which
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_ Bl \p
glxy) = B (,B_d) —x0>0. O

Now, we complete the proof of Theorem 3.2 as follows.

Proof of Theorem 3.2. By taking the step as (3.18) 4+ v5[(3.59) + v4(3.94)], we have

dEq (1)
R IO
U)o + Irér
< C(60 M 100l + 100l ) (1712, + IV, + 1T ()12,

+ U2, + U 12, + VAV O + 16§V RV, @)
+ ||e§\/ﬁv,r(z)||2), vt €[0,T), (3.117)

where v4, V5 are some positive constants to be determined. Here we use the notations,

Voo a0 2.2 ~ i
Evi= [ (r(J;pipzpn) +PG0) = G~ G Do)+ 2+ TG + 2 G wn?

€0
1 1

; ; -y b0
s ef(un? +vsvag ef(wn?)dr v [ rar =[5 S hgwnar

2
€0 €0

1 - 1 1
_/‘Usklrheg(zﬂdr—/vwzfzegwrvdr—/v5v4|b(§D|fzeé(vn)2dr
€ € €
1 - 1
—/vw;;%eg(v,)zdr—v5v4v3/eéﬁwtrwrdr

€0 €0

and

1 1
2.7 ~ \2
re(jo —pn) 3v; V€0 U
Fi(1) :=/7p dr +vicollo @I, + == 19 Ol7, + 1_—60/77dr/ 54
€0 €0

52

€0
1 = vaCy =
— 01 Colln(®) 13 + vs(5 = v2€7 = Cova)lleoV (O +vs = eV vy (0
1 V5U4V3C1
+ vsvi (5 = Cava ) 6§y Inwn, 1 + 22 |GV iy (012

—vsCro(ler (ON17; + llo @17, + IIn(t)IIL;)-
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Firstly, we use (3.75), and Lemma 3.3, Lemma 3.5, and Lemma 3.7 to derive that
u@ﬁﬁwmm@+%Mum@+%wmw@+éwmm@+k&ﬁmmn
< Cgr 12, + IVOI2, + leoV BV, O + VRV 1. (3.118)
Thus, denote
E@) = ViV 01 + leo/ BV 12 + 1UO12, + 16 0112,.

And it follows from Lemma 3.5 and Lemma 3.7 that there exist positive constants ¢5 and c¢ such
that

Gsn’(t) < E(1) < cen>(1). (3.119)
On the other hand, by Lemma 3.3 and by (3.22)-(3.23), we get

[U®lo + Irérlo
€0

+1U,@)lo + [U:(®)lo

_3
< Cey (e (Ol 2 + 1UD 2 + €0 U (Ol 2 + €10 )] 2)
_3
= Ce, n(1), (3.120)

where we have used the (3.92).
Thus, by (3.119) and (3.120), we may estimate the right-hand side of in (3.117):

dE(t)
dt

+Fi(t) < C(Z—(‘j + eo_%\/E(t)>E(t). (3.121)

For the E(z) and Fi(¢), we claim that there exist positive constants Cy1, C12 and C13 such
that

CLE@) <E(t) <CnE®), (3.122)
Fi(t) > Ci3E(2). (3.123)

To see this, first we have

P'(p)
2p

r?G(p) —r’G(p) — r’G'(p)o = (ro)? > c7(ro)?,  pis between § and p.

Secondly, we handle the terms containing kj, in E;(z) by the same method as in (3.84)
and (3.110).

109



M. Mei, X. Wu and Y. Zhang

Journal of Differential Equations 277 (2021) 57-113
Finally, it follows from (3.75) and (3.68) that

E1(1) = Cual(l = ™" —vs —vsu)llo 017, + (1 = ™" —v) 901172 + (1 =v)ligr (DI
(1= = 3 )leoV RO +v5(1 = v — vyuaed — v leo @)

+vsug(l — €2 — a3V OIF + vsua(1 = v3)ledy g (1)1
for some constant C4

Likewise, it is easy to show that

Fin = Cis[ (1= e~ = v = vsCio)ln 113, + (

Vi€l
R vscm)na(z)nig
1 V5V4V3c1
+(5 = v5C10) I8 012, + =22 GV w02 + =22

L fleo o, 01
1 1
v (5 — Cova ) gV I, 01 +v5(5—vzc7—v4cg)||eof w, ()]

for some constant Ci5

Now, we may choose some suitable positive constants v; (i = 1, 2, 3, 4, 5) and ug satisfying,
1 1 1
l—e)—mszg - -

=

| =

1 1
, 5—(1+C8)V3>

_Za
1—68‘_1 — v —v5(1 +v2 + Cyp)

| B
NI —

—— 1+ Cpv — V4(v3€0 + 1+ Cy) >
V1C1

_ u—=

2cy vicy
—en(1+51)=
5 € vsCro| 1 + 3 )2

4>|~

4
for €y sufficiently small with & > 2, which leads to

E1(t) >CnE®)
for some constants Cq; and Cy3.
On the other hand, we note that

and Fi(t) > Ci3E®)

Ei(t) <CpE(@)

for some positive constant Cy,. Therefore, our claim (3.122) and (3.123) hold
Accordingly, we can rewrite (3.117) as

dE
d‘(’) +CieEr(0) < (e

-3
2

>+ 6 VE(D) Er(0)

with @ > 2. Furthermore, for 0 < ¢g < 1, it holds that

dE(t C
dl( ) 4 B0 = Crey PNOL

Vi €0, T), (3.124)
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for some positive constant C17, independent of Cs and €.
Now, let

, C
M@) = sup “TE (1), ¢ <—=2.
7€[0,7] 2

Then, we derive from (3.124) that

t
-3 3 (ST Cig_ v -3 3
M(t) < M(0) + Ci7¢, *M2(r)e ™2 1< ”/e(T—C)fdr < M(0)+Ci7¢y *M2(1). (3.125)
0

To get the upperbound of M (t), we consider g(x) = x — xo — dx? mentioned in Lemma 3.8.
5

_s 1, 2 2
Letx =M@), xo=M(0) >0, d = Cy7¢, 2>0and B = % > 1.Forxg=M(0) < —( eé’)

3\3Cy7
2 2 1, 2 2
and x, = (Fe(’;) with y > %, there holds that g(x,) = 5(3C eé’) —xo > 0. By (3.125),
17 17

Lemma 3.8 and by the continuity of M () respect with to 7, we get

260 2 1
( ) < <3C17) [ ) ( )
namely,
/ 260 2
Ei(t)<e = s Vt € O,T . 3.127
l( ) = (3C17> [ ) ( )

Note that C11 E(t) < E1(t) < C12E(t), in view of the equivalence between n(¢) and E (¢) (see
(3.119)), we get the equivalence between n(¢) and E;(¢), which implies that there exist some
positive constants C4 and Cs5 with C4 < Cs such that if

n(0) = U ©O)ll 12 + €U O) 1 .2 + [UO) 1 2 + 16Ol < Cae

then it holds that

n(t) = U 0l 2 + €0l Ur (0l 2 + [U@ Il 2 + 19 D)ll 2 < Cse™ T e, Vi €0, 7).
(3.128)
That is,

N*(T) < Csefy, (3.129)
which implies, together with the definition of 7', that
T=t".
The proof is complete. O
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In the end, we prove the Theorem 1.2.

Proof of Theorem 1.2. It suffices to prove that t* = co.

If t* < oo, using Theorem 3.2 we get N*(¢*) < CSE(’)/ with y > % Then, we regard ¢* as the
initial time and use Theorem 3.1 to draw a conclusion that there exists a #o(Cs, €g) > 0 such that
(3.2)-(3.3) exists a unique solution (o, n, ¢)(t,r) € [x2.-([t*, t* + 16(Cs, €0)1; Q)]°. This is a
contradiction to the definition of #*, thus, t* = co.

Therefore (1.6)-(1.7) has a unique solution (p, j, ®)(t,r) € [x2,- ([0, 00); Q)PP with N*(r) <
Cseg fort > 0.

Moreover, let

m() == U2 +€oldU 2 + 1> U2 + 6,0l 2 (3.130)

Differentiating (3.9) with respect to ¢, we get the following

U0l 2 < C@NUi Ol 2 + €l U )l 2 + [T 22 + b D1l 2),
U2 < CE@NU D2 + €l U )l 2 + [T 22 + b DIl 2),

which, together with Lemma 3.3 and Lemma 3.5, gives the equivalence of m () and n(z).
Then, it follows from (3.128) that

dr
2

m(t) < Ce~ 7 e, Viel0,00), (3.131)

for some positive constant C, where y > % Thus, the proof is complete. O
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