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Abstract. The aim of this paper is to study the stability of travelling wave solutions with shock profiles
for one-dimensional viscoelastic materials with the non-degenerate and the degenerate shock conditions by
means of an elementary weighted energy method. The stress function is not necessarily assumed to be convex
or concave, and the third derivative of this stress function is also not necessarily assumed to be non-negative
or non-positive. The travelling waves are proved to be stable for suitably small initial disturbance and shock
strength, which improves recent stability results. The key points of our proofs are to choose the suitable
weight function and weighted Sobolev spaces of the solutions.

1. Introduction.

In this paper we study the asymptotic stability of travelling wave solutions with
shock profiles for the system of one-dimensional viscoelastic materials with non-convex
nonlinearity in the®orm

P

‘517 v,—u, =0, (1.1)
=0 (V)= pu,, , (1.2)

with the initial data
(v, “)L:o:(vo: uo)(x)a(v.i,ui) as x— +o0 . (1.3)

Here, xe R' and 1>0, v is the strain, u the velocity, u>0 the viscous constant, ¢(v) is
the smooth stress function satisfying

a(v)>0 for all v under consideration , (1.9)
d'(v)s0 for v50 under consideration , (1.5)

so that ¢(v) is neither convex nor concave, and has an inflection point at v=0. We find
that the system (1.1), (1.2) with u=0 is strictly hyperbolic, with the characteristic
roots :
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A=+ v}, where  A(v)=./c'(v)

and with the corresponding right eigenvectors

1
'“”=<¢Mm>'

Moreover, we see that both characteristic fields are neither genuinely nonlinear nor
linearly degenerate in the neighborhood of v=0. In fact, the quantity

VA©) - r ()= ()= 0"(v)/2./c'(v)

changes its sign at v=0, where V denotes the gradient with respect to (v, u).
The travelling wave solutions are solutions of the form

@ u)t, x)=(V, U)¢), (=x—st, (1.6)
(V> U)(f)*(”i—:”i): 5'—')-4_—03, (17)

where s is the shock speed and (v 1. Uy ) are constant states at + co. Let the system (1.1),
(1.2) admit the travelling wave solutions, then (v4,u.) and s satisfy the Rankine-
Hugoniot condition

{~S(v+—v_)——(u+—u_)=0, (1.8)
—s(uy —u_)—(o(vs)—o(v_))=0,
and the generalized shock condition
—%M@Eé{~s%wﬂg}+dw—a@g]{ig: LU o

We note that the condition (1.9) with (1.4) and (1.5) implies

Moy)<s<ivl) or —Ap)<s<—Av.), (1.10)
and that, especially when ¢"(v)> 0, the condition (1.9) is equivalent to

Ao )<s<Ho_) or —Mvy)<s<—io_). BERRT)

which is well-known as Lax’s shock condition (Lax [5]). We call the condition (1.10)
with s=/(v,) (or s=—A(v,)) and the condition (1.11) as the degenerate and non-
degenerate shock condition, respectively.

Throughout this paper, without loss of generality, let us suppose ¢(0)=0. In fact,
if 0(0)#0, setting o,(v)=0a(v)—o(0), then 01(0)=0 and ¢,(v) satisfies equations (1.1),
(1.2) and (1.4), (1.5), (1.8), (1.9) corresponding to ¢(v). Thus, we may denote o,(v) by
o(v) again.

The stability problem of travelling wave solutions for systems has been one of hot
spots and interested many mathematicians (see [2,3,4,6,7,8,10, 117). In genuinely
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nonlinear cases, the stability theorems have been studied by many authors [3, 6, 7, 10]
ete. See also the references in [8] for the single equation. Recently, the stability in the
non-degenerate shock case of (1.11) without convexity of o(v) was investigated by
Kawashima-Matsumura [4] for the first time. Although it seemed hardly to solve the

Nishihara [10] successfully showed the stability for the System (1.1), ( 1.2) provided that
the integral of the initial disturbance over (—o0, x], say (o, ¥o)(x), have a polynomial
decay O(] x |-t T 0<g< 1) as x> + o0, In the bapers [4, 10], the authors supposed
as sufficient conditions that the third derivative of the stress function o"(v) is positive
and the shock Strength |(v, U uy—u)|is suitably small,

In this pPaper, we have two purposes. One is to show the stability of travelling wave
solutions without the condition o"(v)>0. Another is to improve the weight in [10] in
the degenerate shock case. The stability theoremg are shown even in the degenerate
shock case with the improved weight. Here, the smallness of both the shock Strength
and the initia] disturbance is assumed. In the degenerate case, the initia] disturbanceg

2. Notations and an embedding theorem,

L? denotes the Space of measurable functions on R which are Square integrable,

with the norm
172
HfH=(flf(x)ldeJ .

H' (1> 0) denotes the Sobolev space of L2-functions Jon R whose derivatives 0if )=
1, -+, 1 are also L*"-functions, with the norm

! ) 1/2
HfH1=(._O Hﬁ;fH"‘) :
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L}, denotes the space of measurable functions on R which satisfy w(x)}?fe 1.2, where
w(x)>0 is a weight function, with the norm

1/2
lflw=<fW(x)lf(X)lde> :

H., (I=0) denotes the weighted Sobolev space of L2-functions JSon R whose derivatives
8if.j=1,--,1 are also L}-functions, with the norm

1 . 172
mz,w=< ) fa;fla> .

C, (1=0) denotes the weighted /-times continuously differentiable space whose functions
S(x) satisfy w(x)d] fe C% j=0,1,---, 1 with the norm

' 4
I/l = sup _;0 wix)[8{1(x)] .

Denoting

T+x?, if x>0
_ 2.1
0 {1, if x<0, 1

we will make use of the Space Lf,m and Héx>+ (/=1,2). We also denote Jx)~g(x) as
x—awhen C7lg< f<Cgin a neighborhood of a. Here and after here, we denote
generic positive constant by C, without confusions. When C™* <w(x)< C for xeR, we
note that L2=H°=L5=H3 and ||« =" fo~[|, =] “lo,w- Especially, when W(x) =
{x> ., we have the following embedding theorem.

EMBEDDING THEOREM. There exists the embedding relation He. <5 H, e, if
feH ’<x>+, then fe H' and the Jollowing inequality holds:

L Cl S sy, - (2.2)
Moreover, if fe H., for 1<2, then x>V feH' and it holds
”<x>£-/2f”l—<~crfll,<x>+ . (2.3)

When [> 1, then He\, = C?x>x+/z s C°%ie., JfeHey,,, then (x>Y%fe C° and it holds
SRS Csup AN < C e, (2.4)

Furthermore, the embedding relation H' A L, <, Cluyie = C°, and
Sup If(x)!scilelxl? ey * ON<CUS N+l exs ) (2.5)

hold for any 1> 1.
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PROOF. Noting that (x), >C for all x€R, and |(d*/dx*)(x>Y21<C for xe
(=00, —0] and xe[+0, + o), and using Sobolev’s embedding theorem H'=,C°
(/= 1), we can prove the embedding results (2.2)~(2.4) by simple but tedious calcula-
tions. By Hélder inequality, we have

* 4
VPP flxy = j E(@)i’ *f0)%)dy

X 1 X
=f 7(1 +3%) 73y f(y)dy +J W22 f(3)dy

SCUSIP+ Ry, #1407,
which proves (2.5). :

Let T and B be a positive constant and a Banach space, respectively. We denote
CY0, T; B) (k>0) as the space of B-valued k-times continuously differentiable func-
tions on [0, T], and L? (0, T'; B) as the space of B-valued L*-functions on [0, T']. The
corresponding spaces of B-valued functions on [0, o0) are defined similarly.

3. Properties of travelling wave solution with shock profile,

In this section, we state the properties of travelling wave solution with shock
profile. If (v, u)(t, x)=(V, U)¢) (E=x~—s1) is the travelling wave solution with shock
profile connecting (v_, u_)and (v,,u,), then (V, U)(&) must satisfy

{—sV’—U’=O

(3.1
—sU —o(VY=pU".

Integrating (3.1) over (=00, + ), we have Rankine-Hugoniot condition (1.8). We
integrate (3.1) and eliminate U, then we obtain a single ordinary differential equation
for V(&)

usV'= —~s*V +o(V)—a=h(V), (3.2)

where

2

a=—s5%v, +0o(v,). (3.3)

Letting (v, u,)#(v_, u_)and s>0, we are now ready to summarize a characterization
of the generalized shock condition (1.9) and the results on the existence of shock profile
studied in [4]:

PropostTioN 3.1 ([4]). Suppose that (1.4) and (1.5) hold. Then the Jollowing
Statements are equivalent to each other.

(1) The generalized shock condition (1.9) holds.

(1) ow.)<s% ie, Av.)<s.
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(i) o'(v)<s?<a'(v_), ie, A ) <s<(v).
(iv) There exists uniquely a v, e (v, v_) such thar o'(v,)=5? and it holds

o'(v)<s? for ve(v,, v,  s°<a'(v) for ve(v,v_), (3.4)
ie.,
Rv,)=0, K@)<0 for ve(vy,v,), H@)>0 Jorve(@,,v_). (3.5)

Moreover, if one of the above Jour conditions holds, then we must have v_ #0. In addition,
vy Sv_and v, 20 hold when v_ 20,

PropostTioN 3.2 ([4]). Suppose that (1.4) and ( 1.5) hold.

(1) If (1.1), (1.2) admits a travelling wave solution with shock profile (V(x—st),
U(x—st)) connecting (Vs uy), then (v, u.) and s must satisfy the Rankine-Hugoniot
condition (1.8) and the generalized shock condition (1.9).

(i) Conversely, suppose that (1.8) and (1.9) hold, then there exists a shock profile
(V, U)x—st) of (1.1), (1.2) which connects (ve, us). The (V, UXE) (E=x—s1) is unique up
to a shift in & and is a monotone Junction of £. In particular, when v, Sy_ (and hence
Uy Zu_) we have

us2UQ2u_, UL 9=z0, (3.6)
v SVIOsv_,  vso, (3.7)

Jor all e R. Moreover, V, UN&) - (v, uy) exponentially as & — + 0, with the following
. exceptional case: when Avy)=s, (V, UNE)—(vy,u,) ar the rate [E7 as &> 4 0, and
(V) =] usVe|=0( £]72) as £~ oo,

For the graphes of o(v) and h(v), see Figures 3.1 and 3.2.

o(v)

*
I

vy, i ' v
T .
: v, v_
d
G
.
.
.

FiGURE 3.1. Non-degenerate case
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FIGURE 3.2. Degenerate case

Now we give a function of the form

g

h

G{v)= h(v)s"(v) — I (v)o’ (v) = h(v)? <

h(v)

R ETT I

/((UD)) ), , vel0,v,],

(3.8)

which plays an important role in our proof. We know that G(v) is continuous, and G(v)

satisfies, by virtue of (3.5),

GO)=—cOH(0)>0,  Glv,)=hv,)e"(v,)<0.

(3.9)

According to these facts, we know that there exist some finite or infinite points in
(0, v,) such that G(v)=0. These points divide [0, U] into sub-intervals such that G(v)>0

or =0 or <0 on these sub-intervals.

We now only pay our attention to the case in which there are finite number of the

points v;€(0, v,) defined as follows:

vy =sup{v| G(v)>00n[0, v]},
v;=sup{v| Gv)<Oon[v,,v]},

Vai-y =sup{v| G(v)=00n [v,,_,, vl},

vy =sup{v| G(v)<0on [v,;_,, 1]} .

In this case, the graph of G(v) looks like the following Figure 3.3.

G(0) G(v)

Q
Q
C

L T

FIGURE 3.3

(3.10)
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The function G(v) may have infinitely many v;’s, whose case will be remarked later.
See Remark 5.6. By our choice (3.10), we get the properties of G(v) as follows:

PROPOSITION 3.3.  There exist the odd number points, without loss of generality, say
1 points (n is an odd number), v, €(0,v,), i=1,- -+, n, such that G(v)=0 and

{G(D)ZO on 12j—lE[UZj~2avzj—1]9 j=1>2:"'>(n+1)/2>

. 3.1
Gv)<0 on IZjEEUZj-—I:Uija ]=1’2>"',(”+1)/2,

where vy and v, | denote 0 and Uy, respectively. Especially, G(v)<0 on (vm v,.].

PROOF. By the continuity of G(v) and (3.9), and our choice (3.10), we see easily
that Proposition 3.3 is true.

We also denote 7, and 1, + 5 as the following intervals
l=@0], L.,=[v,0.]. (3.12)

Since V(¢) is monotonic on [vs,0_7 (see (3.7)), there exist the unique numbers &,
¢ (i=1,2,+--,n), and ¢, such that V{Co)=1vo=0, V(&)=0, i=1,-++ n and Vié,)=
Ve =0,4; (see Proposition 3.3). Here, we also denote by R, (i=0,1,---, n+1,n+2)
the following sub-intervals of (=00, +00): Ry=[¢,, + ©), Ri=[¢, & i=1,---, n,
Ryv =T, E1=[¢,. ], Ryi2=(—00, &7, respectively. It is clear that R — U :’:02 R,

4. Stability theorems.

In this section, we shall state the stability theorems of travelling wave solutions
with shock profiles for (1.1)—(1.3) without the condition 0"(v)>0. To state our result
in the degenerate case, we set

o(v)=0o(v)—a'(0)v . 4.1
Then we have 6(0)=&"(0)=&"(0), ¢"(1)s0 for v0 and
0<—5(v+)<—v+6'(v+) for v, <0<wv_ (4.2)

by an observation of the graph of the function G'(v), v, V<0 (see Figure 4.1).

FiGure 4.1



NONLINEAR STABILITY 249

We assume that there is a constant § (0< &< 1) such that
—6(v )< —6v,6(vy) as v,——0. (4.3)

We note that § can be taken as 5= 1/4+¢ if 6"'(0) (=0"'(0))>0, where >0 is any
given constant. In fact, we have

R O,/f/ O .
—6(0s)= ——7(,—)v3++o(vi), 0, F0,)= —

which mean that (4.3) holds for §> 1/3 as v, —0.
Now, without loss of generality, we restrict our attention to the case

5>0 and v, <0<v_, ie, usV,=h(1)<0. (4.4)

Let (V, U)(x ~ st) be a pair of travelling wave solutions connecting (v, #,). We assume
the integrability of (v,— V, uy— U)(x) over R and express that integral in the form

fw (Wo~V, ug—U)x)dx =xo(v4 —v_, up —~u_)+fr_(v_), (4.5)

where r_(v_) is the right eigenvector evaluated at v=1v_. We note that the coefficients
B and x, are uniquely determined by (4.5) provided that (v, —V, uy— U) is integrable
over R. Throughout this paper, we assume that B=0. Then the shifted function
(V, UNx—st+x,) is also a pair travelling wave solution with shock profile connecting
(v4, u4) such that

f ) (Wolx) = V(x4 xo), tig(x)— U(x + Xo)dx =0, (4.6)

We also suppose x,=0 for simplicity.
Let us define (¢, ¥/,) by

(b0, Vo)) = f " oV, to—U)3)dy . @)

Our main theorems are the following.

‘THEOREM 4.1 (Non-degenerate case: Mvy)<s<Mv.)). Suppose (1.4), (1.5), (1.8),
(4.4), (4.6), and (¢g, o) H?. Then there exists a positive constant 8, such that if
[y —v_, uy —u )|+ [l(¢g, Yolllo<6;, then (1.1)~(1.3) has a unique global solution

(v, W(t, x) satisfying
v—=VeC[0, w0); HY)n L*([0, w0) ; HY,
u—UeC[0, 0); HY)NLX([0, c0) ; H?).

Furthermore, the solution verifies
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sup | (v, u)(t, x) —(V, UMx—st)| =0 as t—ow . (4.8)

THEOREM 4.2 (Degenerate case: /l(v+)=s<2(v_)). Suppose (1.4), (1.5), (1.8), (4.4)
and (4.6). Assume [0y —v_,u, —u_ )|« and (4.3), then the following holds:

(i)  Suppose that (fo, Vo) H Sy, then there exists a Ppositive constant S, such thar
T o, o)l 245, <0y, then ( 1.1)~(1.3) has a unique global solution (v, u)(z, x) satisfying

v—Ve CO([Oa OO), H%x)+)mL2([Os OO) N Héx}ﬂr/z) 5
u=UeCU[0, w); Hi,y ) L0, o) HZ ).

Furthermore, the solution verifies the asymprotic Stability (4.8).

(1)  Suppose that (¢, o) e H *nL2,, and Pox€LZy3s. Then there exists g posi-
tive constant 85 such thar ¥ 1 bos Wo)lla+1 (¢, Yo)lexy, +1 ¢0,xl<x>s+/4<53, then (1.1)-
(1.3) has a unique global solution (v, ul(t, x) satisfying

v=VeCY[0, 0); H! NLZ, )n L0, o) H? ﬁL%x>3+/4) ,
u—UeCY%[0, o) ; H'nL%, )n L0, ©); H*nLZ,, ).
Furthermore, the solution verifies the asymptotic stability (4.8).

REMARK 4.3. In the stability results in [4, 107 both ¢"”(v)>0 and smallness of
shock strength [(vy—v_,u, —u_)| are assumed as sufficient conditions. In the non-
degenerate shock case, Theorem 4.1 deletes the condition ¢”'(v)>0. In the degenerate
shock condition, Avy)=s<A(v_), the condition (4.3) in Theorem 4.2 seems to be much
weaker than the condition a”'(v)>0, and also the weight is improved compared to that
in Nishihara [10]. As an example of o(v), we have

v Xx 1
a(v)=bv+f f y"(sin~+2>dydx, k=1,3,5"---,
0J0 y

v 1
f x"(sin——-l—Z)dx
o X

Then, note that o"'(v) does not exist for k=] and ¢’"(v) changes the sign on [v,,v_]
for k>3.

where b is a constant satisfying

b> max

vy <00

In order to show the stability, we make a reformulation for the problem (1.1)~(1.3)
asin [3,4,6,7,10] by changing the unknown variables as

( w)(t, x)=(V, U}&)+(s,, Ut &),  E=x—st. (4.9)
Then the problem (1.1)~(1.3) is reduced to the following “integrated” system
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¢r"‘5¢.§ - Wg“:O
‘/’z‘SW§*0”(V)¢§“#W§;’=F (4.10)
(9,40, E) = (o, Yo)(&)

with
F=a(V+q§€~)—a(V)—a’(V)¢: .

For any fixed T€(0, o), let us define the soluﬁon spaces of (4.10) by

Xo0, T)={(¢, ¥) e C[0, T; H?), $,eLX[0, T]; HY), veeL*([0, T1; H)},
X1(0, T)={(¢, ) C[0, T1; H,, ), ¢, LX([0, T]: Hig),
Ve L3([0, ) ; HY, )},
X0, T)={(4, ¥) e C°[0, T1; H*A L2, ), e LA[0, T] ; H N LE39),

Y.eL*([0, T]; H*n L%, )} .

Setting

No(t)=os<gg , (@, ¥v)H,, N l(t)=os<urgt He, (D e, s

N Z(t);;oilig @ V@41 V@ Ly, + 9e(D) 1 0y39) ,

we have, by the embedding theorem in Section 2,

Supeer | (8, Y)(, &) <CNy(1),
SUPger [ (6, Y)(t, )1 < Csupe g [<EVY2(6, ¥)(1, £) | <CN, (1), @.11)
SUPeer [Y(2, )| S Csupecr | <EXY*Y(, £)| < CN,(1) '
SuPeer | (@, W)(t, &) | <CNL(1) .
Theorem 4.1 and Theorem 4.2 can be regarded as the direct consequences from
the following theorem.

THEOREM 4.4. (A) (Non-degenerate case): Suppose the assumptions in Theorem
4.1. Then there exists a positive constant 04 such that if (¢, W) l2<dy, then (4.10) has
a unique global solution (¢, ) e X, o(0, ) satisfying

(&, lﬁ)(ﬂll%v“f b+ (D)3} de < Cli(o, P0))12 (4.12),
0

Jor any 1>0. Moreover, the stability holds in the Jollowing sense:

§ugl(¢¢, Y@, EH1-0  as > . (4.13)
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(B) (Degenerate case): Suppose the assumptions in Theorem 4.2, then we have the
Jfollowing:

(i) There exists a positive constant &5 such that if | ($o, Wo) |2,¢zy. <05, then (4.10)
has a unique global solution (¢, Y)€ X (0, ) satisfying

(&, ) 13,¢e +J {lp(0) li(é)‘f'{" [ e(D)3.ce5. T
0

<Cl(¢os ‘//0)@,(5)+ (4.12),

for any t=0. Moreover, the stability (4.13) holds.
(ii) There exists a positive constant &g such that if [[(¢o, Yo)l2+1(do, ¥o) ey, +
[ ot lceyare < s, then (4.10) has a unique global solution (¢, V) € X ,(0, o0) satisfying

1, VD341 (B, O By +1 60) ey

LI VAN P

+J {1013 +1¢e) 1z + 1M+ e() 2 . 1

< Cl(o. ‘Po)“% +{(do, ¥o) i%§>+ +1 ¢0,5 I%gﬂ“) (4.12),
for any t=0. Moreover, the stability (4.13) also holds.

Theorem 4.4 is proved by a weighted energy method combining the local existence
with a priori estimates.

ProPOSITION 4.5 (Local existence). For any 6, >0, there exists a positive constant
T, depending on 8, which satisfies the following.

(A) (Non-degenerate case): If (¢, ¥o) € H? and [[(¢o, Wo)ll» < 6o, then the problem
(4.10) has a unique solution (¢, ¥) € Xo(0, To) satisfying (¢, YY)l <20, for 0< 1< T,

(B) (Degenerate case). (i) If (¢po. Vo) EHZey, and | (o, Yo) l2,czy . 0o, then the
problem (4.10) has a unigue solution (¢, )€ X,(0, Ty) satisfying [, Y1) |3,¢y, <200
for 0<1t<T,.

() If (¢o,ho)eH? mL%é)u and ¢0,.§€L%§>éj“, [(Do> o)z +1 (Do, ¥o) lcey, +
| Go,¢l¢ey2re <6, then the problem (4.10) has a unique solution (¢, ¥) € X,(0, Ty) satisfying

(@, VYO +1(D, YXE) |, +1 D |<§>3+/43250 Jor 0<1< T

PROPOSITION 4.6 (A priori estimates). (A) (Non-degenerate case): Let (¢, ¥)€
Xo(0, T) be a solution for a positive T. Then there exists a positive constant 64 inde-
pendent of T such that if No(T)<6,, then (¢, ) satisfies the a priori estimate (4.12),
for 0<t<T.

(B) (Degenerate case): (i) Let (¢, ¥)eX,(0, T) be a solution for a positive T.
Then there exists a positive constant &g independent of T such that if N{(T)<6g, then
(¢, ) satisfies the a priori estimate (4.12), for 0<1<T.

(i) Let (¢, W) e X,(0, T) be a solution for a positive T. Then there exists a positive
constant 8y independent of T such that if N(T)< 8, then (¢, ) satisfies the a priori




NONLINEAR STABILITY 253

estimate (4.12), for 0<t<T.

Proposition 4.5 can be proved in the standard way. So we omit the proof. We shall
prove Proposition 4.6 in the next section.

5. The proofs of a priori estimates.

The section is a key step to complete the proofs of the stability theorems. At first,
we introduce our desired weight functions which play a key role for our a priori esti-
mates. Let us define a weight function w(v) by

wo(v) = (v* —v3)/h(v), vely,

W(U)= WZj—-l(U)szj—lli(_1)/}Z(U), UE’IZj—l s (51)
sz(v)=k2j'1/0'(l’)a vel,;,
W, 2(0)=k, ;- 1/d'(v), vel,,,,

where j=1," -, (n+1)/2, ,(i=0,1, -, n+1,n+2) are as in (3.10)3.12) and k, =v?%,
ky=—kyo'(v;)/h(vy), ij— 1= _k2j—2h(v2j—2)/a/(uzj—2)a k2j= —ij—l J’(UZj—l)/h(UZj—l);j=
2, -, (n+1)/2. Note k;>0 (i=1,2, - -, n+1). We also denote by r(&) another weight
function in the form

1+ E=8,  as £z,
r(é)—{l’ as E<t,. (5.2)

where &, is defined as such number that V(£,)=0 in the section 3. Then we know that
w(V)e Co%vs, v ], wV) ¢ C vy, v ], but w(V)e C3(I), i=0, 1, - -, n+1,n+2, and r(§)
has the same property as w(}'). Moreover, we find

non-degenerate case:  w(V(£))~Const., Li=L?, (5.3),
degenerate case: w(V(EN~HE~(E>,, Li=L1=L7, . (5.3),

Now we are going to prove part (B) of Proposition 4.6 by the following two subsections.
Since part (A) of Proposition 4.6 can be proved in the same procedure as (B), we omit
its details and only give a remark in the following sub-section.

5.1. The proof of Proposition 4.6 B(i). Let (¢, y)eX (0, T) be a solution of
(4.10). On the every interval R; (i=0,1, - -+, n+2), multiplying the first equation of
(4.10) by (w;c}(V)¢ and the second equation of (4.10) by w; (V) and adding these
equations, we have

1
5 {w:a)V)2 + (VW2 — {(wi )V IS + pw (VW

—%{(Wicr’)(V)a52 +Fwi(VW2 te+ pwi(VIZ + At &)= Fw, (V) 5.4
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where

A, f>=§<w,-a')'<V)V¢¢2 + W (VIV all,s
+(wia’)’(V)Vé¢¢ +%w§-(V)V¢¢2 R i=0,1,---,n+2. (5.5)

Integrating (5.4) over R, and adding these integrated equations, we obtain

n+2

d
é—;i? f (o) V)$ 4wV W)dE+p | wirwiag

R
n+2

+ 3| Al odz= f Fu(Vpd¢ . (5.6)

Step 1. When £eR,, ie., vely=(v,,0], we can check the facts wo{v) <0,
(wWooY(v)<0 and (woh)'(v)=2, similar to Nishihara [11]. By (5.5), (4.4) and Cauchy’s
inequality, and noting

1 1—
~ 2 We OO, &) = _<31+2is) WoOMRON(r, &)? ,

where o is a constant which will be suitably chosen as 0 <x <1, we obtain

, f Aolt, O)dE = —%' wo(O)ROW(z, £o)?

+| i?’-[(»voa')m@ rry) - D) v Ju
Ro N s

> =L MOt £+ w0 f 2 i, e+ f Lty
2s 25 Ro af Ro s
S Wo(OJR(OW (s, Eo)? ~£ f wo(V)zdE + f —~V—f'pa(V)¢2dé : (5.7)
2s 2 Ro Ro 2s
where
PolV) =2~ awy(OR (V) + o2w)(0) (V) wo(V) . >-8)

Lemva 5.1, Suppose that (4.3) holds. Let a=(1—3)?, then PAV)=8(2-6).

PROOF. Since ¢"(V)<0(V <0), and d'(V)>0 (i.e., ¢'(V) is decreasing on I, and
o(V) is increasing on [v,,v_]), we have O<(sz—-a'(V))/(sz—a’(O))s1, O0<—-(V—v,)
(F+v.)<l, and 0<(s*~(o(V)—o(v YV — v /(s> = (0(0)—o(v, ) (— v, ) < 1. Noting
wo(0)= vZR'(0)/h(0)* and (5.8), we obtain
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(v KO 2{52—0’(V)
pd=2 “( H0) ) = o(0)

e <S2_ a(V)-a<v+>>2 /<_ o(0)—o(v.) )}
V—HJ.,_ V—U+ -0,

>2—ofl +oc)< ”‘;l?(;()o)y . (5.9)

By (4.3), we find

v+h/(0)‘__ —v.6@w,) 1
| KO | G-, 1-5

Due to (5.9) and a=(1—4§)*, we obtain p,>35(2—3§). This completes the proof of
Lemma 5.1.

Lemva 5.2, Consider the non-degenerate case. For any fixed a (O<a<l), if
lv,—v_| is suitably small, then there exits a positive constant C, depending on o, such
that p,(V(E) = C, for any EeR.

Proor. Let H(v.)= —v,h(0)/h0)>0 be a function on v,. Due to (1.9), (5.10)
and $*=(o(vy)~o(_))/(v, —v_), where, v, and v_ are independent, we know
lim,, o H(v.) exists with the type of “0/0” as follows:

—v4(0'(0)=5?)

lim H(r )= lim =1. 5.11
be0 v+) ve-0 0(0)—o(v,)+s%, G1D)

For an arbitrary given constant ¢, >0, by (5.11), there exists a 0=20(e;)>0 such that
if |v, | <4, then 0<H(v,)<1+e¢, holds. Thus, by (5.9), we get

V() =Z2—ofl+a)l+e)*=C,, for £eR
by choosing such positive constant e, that ; <./2/(a(1 +a)) —1 for any xe(0, 1).
By Lemma 5.1, substituting (5.7) into (5.6), we have

1 4 5 )
5 E—L {(wa V)2 +w(V i }d€+~§~Lo wo(V ) dg

n+2 1—
tu X | wVRdE—— L W OROWE, Eo)?
i=1 R; S
; j — Lot rae+ S | A de< f Fu(Pidz.  (5.12)
Ro 2s i=1 Jp; R

Step 2. Due to the continuity of w(V), ie., wi(v)=w; 4 (v), and wy(0)=
~w(OR(0)/h(0), I (v,)=0 (see (3.5)), we have h
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WO, €0)* =, (O OWt, Eo)?
1_ n+1
= - 0 DG ooV = wi )R (e, £7)
n+1 —0 n+1
—-—(w VI, ) f B O, (513)

where

Bi(t, O)=[wi(NK(V)+w,(V)H'(V)IV 4
+2w (MK (VW , i=1,--",n+1. (5.14)
Substituting (5.13) into (5.12), we have

L4 f (w110 +wrm)az+ 2 [ worzae
dt Jp 2 ),

n+2 o B
iy, | wdVwEdes f 53, 7
+"ilf (Afe, &+ 123 -Bi(t, 5))d€+j A, 4ot f)dfgf Fw(Vdé.  (5.15)
Ri R

Using Cauchy’s inequality and usVe=h(V}, we obtain

n+1

Z (A , ¢)+—B (t, &)d¢

— i Y 2_ —o wi(V)
—fRi {23 (w; Y (V)V{sp+ ) 5 (V)Vé[wl(V) KV)+h (V)Jw

+uw,-<V)[ Wg; o+ S;“ h’(V)Jwg}df
> L ——;/Si'{rxwi(V)zi(VW—yl-(r/)(sczwW}d‘f——’zi L wi(VWRdE
=1, nt1, (5.16)
where ‘
2 V)= W (V) R(V) xgi . h(;/) UEZ; +(1_a)l:(%)]2, 5.17)
yiV)=(w;aY (V). (5.18)

We can prove the following
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Lemma 5.3, It holds
z(V)=0, yv:(V)<0  for Vel,, i=1,---,n+1, (5.19)
provided the shock strength is suitably small.

ProOF. Since the weight functions w,;(V) on I,; are different from wy;- (V)
on ly;_q,j=1,""+, (n+1)/2, we have to divide the arguments into two parts to discuss
(5.19) as follows.

Part 1. When Vel,;, ie., £€Ry, j=1, -, (n+1)/2, noting wa;=k,;6'(V) 71,
o(V)=h'(V)=0 and G(V)<0, i.e., 0<H(V)/h(V)<a"(V)/o'(V), we have y,;(V)=0 and
§2 a'(V) + V) "__ ¢"(V) W) T

V)= +(l—g)r)
== " T

_ a"'(V) N V) (a”(V >2=s2 a"(V)
o'(V) o o' (V) o'(V)

(1 —q2j,zz(V))20 3

where

HYeW)

(V)y=— >
925.4V) sfad'(V)

3

and maxyy, g5 (V)<1if v, —v_ [« 1.
Part 2. When Vel,;_y, le, £eRy_y, j=1,,(n+1)/2, since wy;_ ;=
—ka;oy [HV), a(V)=h'(V)20, h(V)<0 and G(V) >0, we have
Yaj- 1(V)=(W2j-1UI)I(V)=lej—1(V)°'/(V)+sz—1(V)O'H(V)
KW' (V) o"(V)
=k2j—1 2 -
h(V) h(V)

} —yyo 1 GVYR(V S0,

; i1 h V ,Zj‘l V h’ V 2
25 (V)=H'(V)+H (V) vwvzj EZ; + (oc ) [VWV EV; =) h((V))]
2j-1 2j-1

w(V)?

=r'(V)—(1—a) )

=0.

Thus, we have proved Lemma 5.3.
By (5.15), (5.16) and (5.19), we obtain

14 f (w0 (V)2 +w(V)2)dE +2 J wo(VWAdE
2 dt Jr 2 Jre

n+1
+E£y J Wz(V)l//§d€+#j W, (VW FdE
2 =1 R¢ Rn+2

+J ——V—55(2—5‘)t,[/(t,€)2d€+j Ayt §)dE
Ry 28

Ry+2
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Sf Fw(V ) dé . (5.20)
R

Step 3. Now we consider the last term in the left hand side of (5.20). When
Vel, s ie, EeR, . ,=(— oo, ¢4 ], due to Kawashima and Matsumura [4], we have

Wn+2(V) W:1+2(V) ' 1" 2
S e LGN w e

J‘ An+2(la g)déz
Rns2

Rus2

+J %(W,,+ZJ')'(V)(S¢+gb)zdfﬁ—uf W::+2(V)V¢j¢l/’§df
Ry+2

Rp+z

y
= —% { Wn+2(V)‘//§df+ [ —2’S€yn+2(V)(5¢+W)zd€

VRn+2 o Rp+2

—f e (VIR (5.21)
Rysq 28

En+

where y,;»(V)=(w,,,0')V) and

zn+z(V)=h”(V)+h/(V)TMV’&+2h(V)[%Jz |
n+2 n+2

As in [4], it is easily checked that
Yur2V)=0 and z,.,(V)=0 (5.22)

provided |v, —v_ |« 1.
Substituting (5.21)—(5.22) into (5.20) and integrating the resultant inequality over
[0, £], we have the following first Key Lemma.

Key Lemma 5.4. It holds that

(¢, l//)(f)|?¢>++j |¢g(f)!?§->+dr+ff [Veld(z, &) dedr
0 0 v Ro

SC(I (G0, Vo) ‘?:p +N1(t)J [@e(T) f?@yzdf) . (5.23)

REMARK 5.5. In the non-degenerate case, noting Lemma 5.2 and (5.3),, we
get

(@, l!/)(f)llz*'J H%(T)szf-Ff f | Velp(z, &)*dedr
0 0+ Ro

< C(H(Qf)o, Yol + No(t)j a1 df) :
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Thus, we can prove part (A) of Proposition 4.6 corresponding to the procedure in
4, 103.

REMARK 5.6. G(v) may have infinitely many »,’s defined in (3.10), so that there
are cluster points. But, both endpoints 0 and v, are not cluster points by (3.9). Denote
a cluster point by 7 with v} — # as j— co. Then, we have lim;, , ki=k'< + oo and also
lim;, o, kb 4 /Ky ;= — h(5')/o’(7). Due to this, at each cluster point, by changing Z;’:g to
Zur the procedures in steps 2-3 are still available.

The next Key Lemma is to estimate the last term in (5.23) for suitably small N ().

Key Lemma 5.7. It holds that

| i AN 74 —~ = e PR rt N N
[ D) I?:)ijz +{1—-CN 1(t))J [ @7) [22§> v2dt < C(|(d, Vo) l?§>+ +| o, l?@*ﬁ) - (5.24)
0
PrROOF. From equations (4.10), we have

#ff)gr“sll@b:{‘f’gl(V)qbg‘*‘Sl//c_‘ﬁr'—" ~F. (5.25)

Since Li(V)=L,2(§)=L§§->+, consider our problem in the weighted space L}, at first.
(1) Ontheinterval [¢y, +0)=R,, ie., ve(vy, 0], multiplying (5.25) by r(£)'/2 g
(here H({)=1+¢—¢&,, see (5.2)), we get

%{r(f)%é},—%“—{r(f)“z¢§}¢+%‘r(é>-”2¢§

+H(O P VIGE + (O P e —r(E) = —Fr(&)"¢,. (5.26)
By the first equation in (4.10), we note that
=) b= —{H OB+ (O Yy = — (MO} +r( O Y (s + ),
= {”(é)“zwﬁb:}z"‘ {r(f)llz‘//(5¢5+ !05)}5_S”(f)mwi(pg—r(f)l/zl//?

——}r(@*”w—{%r@-”ZW}“—é—r@)ﬂ“wz , (5.27)

[

and

<er(8) 20 (V)Z +(160(0)e,) ™ s2(8) 32y (5.28)

{ — Sy,

where 0<eg, <1.
Substituting (5.28), (5.27) into (5.26), and integrating it over R,, we have

+ +

L N PYP o 4
R GRS R

0 ) S/,L + o
5 1/2 B d + f & 1/2 2d
2 @), . HE) Fpapdé s ()~ Fozdl
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+

_ P A2 2y s* _1_ +°o. ~3/2,12
+(1 Sz)LO & Pa'(V)pzdl (——-———160,(0)82+8>LO HE) ™ AR dg

+

-J wl‘(5)1’2¢§d5+—[1£r(5o)_”W(L éo)zs—f ()¢ Fadz, (5.29)
&

Zo

O]

where {- -} = —(sw/2)r(E) 127 + (&) *(s¢ps+ ). Moreover, by Cauchy’s inequality,
we find the fact

1 1 o9
*Zr(io)'”zl!/(t, £o)* = ——Zr(éo)‘”‘J — (&)™ (e, &) de

Zo 62,‘

=gy ( ) %'__/11_;-(5)“5/‘%2+r(f)_1/42’,//x//§}df

A
+ J %o L J

> L[ {%r(é)“s/“wz—r(ﬁ)”’zt/ﬂ—r(@d/?}d@a (5:30)

4-’50

where (o) =1
Substituting (5.30) into (5.29), we have

d t o d + o
g"d—t*J r(5)1/2¢§d5+{”'Ném&;*‘ELO r(&)Pgapde

&o
HE) o (V) B2dE + j "ot

o

+i4‘ij ) r(é)-1/2¢§+<1—sz)fm
éo o

+ +

" e gRde+C f " nowrae, (531)

Zo

SCNl(t)J

o

where

_r(f)”m S ENA 5? __}
C.(O)= 16 {’(é) m 60 . (5.32)

Since H(&)=0( &) as £ o0, we know there exists a larger number £, (>&) such
that

Co(Dz0 on [y +0),  [C,(DI<C on [Lo, &yul- (5.33)

. Dueto (5.23) in Key Lemma 5.4 and the boundedness of | V| on [{,, £,.,.], noting (5.33)
and w(Vy~ (&>, ~r(§), we obtain

[N < t
J J [ Cer(O) ¥ (z, c’)zdédrsC(I(% Vo) ey, +N,1(8) J !¢g(r)|?§>yzdf>, (5.34)
G

0vio

f | CL@WG, 0. (5.35)
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Then we can rewrite (5.31) as

+

wod [T —
S MOV P2dE+{- -}, _,,

d

d + "
= L (&) papdl

[}
+ 0

+(1-ep) r(ﬁ)l’za'(Vj¢§df+J i Co,(Oy?d¢
o £

[ + 0
Sf lez(é)llﬁzderCNl(t)j r(€)1’2¢§d€+cf r(EWide . (5.36)
%o o o

(i) On the another interval (— oo, &4], i.e., ve[0, v_], multiplying (5.25) by ¢,
and integrating it over (— oo, &,] (here r{&)=1), we have

u d [P

fio
S a _

o
¢¢l//df+J o'(V)gzdé

5 . df
8= Ve |

¢

0 o
SCNI(I)JF ¢§dg’+cf YidE . - (537)

The continuity of r(¢) at £, admits the addition of (5.36) and (5.37). Noting

+ o 1
f HEY? R déﬁ‘gi yop fr2<§>!/2+7’ 1 Irz(g) )

@«

and (5.34)~(5.35), Key Lemma 5.4, and (&), ~r(£), we obtain (5.24).
By Key Lemma 5.4 and Key Lemma 5.7, we have the following
LemmA 5.8. It holds that

[(&, Y025, . +j WD) 2, dT<C o, Vo) 22y, + o e 2512) . (5.39)

| ¢5(f) l%o 12 +j | ¢§(T) |?§> 12 dt<C(] ¢y, ¥o) |?§> .t | ¢o,§ |%.§>§{2) s (5.40)
0

provided N(T) is suitably small.

Next, we shall derive the higher order estimates on the solution (¢, ). Let us
differentiate equations (4.10) in &, and multiply the first equation by w(V)a(V)¢, and
the second one by w(¥)y,, respectively. We add them and integrate the resultant equation
over [0, £] x R, similar to the procedures in Lemma 5.1-Lemma 5.8. Then, by the fact
W)~ (&> ~r() and L2, =12, =12, we have

LEMMA 5.9. It holds that

[(@e W) I\zv(V)+J\ [Wee(7) l»zv(V)dT < Cl (o, o) l%,w(V) +| Goee fi(V)!/Z) ) (5.41)
. 0.
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[ Peelt) !vzv(V)‘/z +f | $26(T) Iy dt < C(| (@5 Vo) |:ll,w(V) +| do,e [a/(V)UZ) (5.42)
0

Sor suitably small N,(T).
Similarly, the second order estimate of the solutions can be proved as follows.

LemMma 5.10. It holds that

[(Pees W 2)(2) '%§>+ +J. | eze() !%5>+ dr<C|(¢o, ¥o) |§,<.§>+ (5.43)
0

Jor suitably small N,(T).

THE PROOF OF PROPOSITION 4.6 B(i). Combining Lemmas 5.8-5 .10, we have

[ (¢, ¥)(1) |§,<5>+ +[ {J ‘{bg(f) I%,(@‘JH‘ l ‘pg('f) ]§,<§>+}drg Cl (¢, ¥o) |§,<¢>+

for suitably small N(T).
Thus, we have completed the proof of (i) of part (B) in Proposition 4.6.

3.2.  The proof of Proposition 4.6 B(ii). Let (¢, y)eX. 2(0, T) be a solution of
(4.10). By the same procedures as in the last sub-section, we establish the key estimates
corresponding to Lemmas 5.4-5.7 by the weight functions w(V) and r(&). Noting w(V) ~
&>+ ~r(€), and Ly =L}, , =LZ,, we obtain the following lemma.

LeMMA 5.11. It holds that

(@, )0 25, +J e Gg. AT < Cl (o, o) 2z, +1 o e 2y (5.44)
0

| ¢§(t) l%@i{“ +f | 45:(7) l%:ﬁ"’df S C({(@o, Vo) [%§>+ +] ¢0,§ |?¢>3+/4) . (5.45)
0

Next, we shall derive the higher order estimates on the solution (¢, ¥) without
weight function. This procedure is simpler than the previous one. According to Lemma
5.11, we can prove the following Lemmas by the same way as in [4, 10]. So, we only
give the sketch of the proofs.

Multiplying the second equation of (4.10) by — ¢, and integrating it over [0, 7]
x R, we have by Lemma 5.11

LemMMA 5.12. - It holds that

”l/’;“(t)uz‘f'f ”‘ﬁgg(f)flzd'fgc(”@bo,gz Wo,c)”z +1 (o, ¥o) |%§>+ ‘Hd’o,; Iéﬁ/“) (5.46)
“Jo

Sfor suitably small N,(T).
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When we differentiate (5.25) in £ and multiply it by ¢,, and integrate the resultant
equation over [0, 1] x R, we get

LemmA 5.13. It holds that

Il¢¢¢(t)!|2+f I¢e(r)]*de
0

< C(”¢0,§”% + |Wo,;‘“2 +{(¢o, o) i%:>+ +1 o |§§>3+/“) (5.47)
Sor suitably small N,(T).

Differentiating the second equation of (4.10) in ¢ and multiplying it by — /s,
and integrating the resultant equation over [0, 1] x R, we obtain

T, 7. :

LeMma 5.14. It holds that
t
ng(t)ll”rj ||¢§§§(T)”2d‘f
0

<C(ll9o,e l//o,gﬁ +[ (@0, ¥o) |%.:>+ + G I?@gn) (5.48)
Sor suitably small N,(T).

Finally, combining Lemmas 5.11-5.14, we complete the proof of Proposition
4.6 B(i).
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