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Abstract

In this paper, we consider the compressible Navier—Stokes—Maxwell equations with a
non-constant background density in R. We first show the existence and uniqueness of
the non-trivial equilibrium (steady-state) of the system when the background density
is a small variation of certain constant state, then we prove the asymptotic stability
of the steady-state once the initial perturbation around the steady-state is small. Fur-
thermore, by establishing the time-decay estimates for the corresponding linearized
homogeneous equations, we artfully derive the time-algebraic convergence rates. The
proof is based on the time-weighted energy method but with some new developments
on the weight settings.
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1 Introduction and main results
1.1 Introduction

This paper is concerned with the compressible Navier—Stokes—Maxwell equations,
where the background density n; is a function of spatial variable and the electrons
flow is isentropic (see Duan (2012) where n;, = const.). This system of dynamical
equations represents the model of plasma dynamics for the electric contact flows and
ionized gases Krall and Trivelpiece (1986); Nicholson (1983), and it usually presents
in the form of

on + div (nu) = 0,
1 1
ou—+u-Vu+—-Vp=—(E+ux B)+ —Au,
n n

0 E -V x B =nu, (1.1)
#B+V xE=0,

divE = np —n,

divB =0,

for (¢, x) € [0, 4+00) % R3. Here, n = n (t,x) > 0 is the electron density, u =
u (¢, x) € R3 is the electron velocity, E = E (t,x) € R3, B = B(t,x) € R?, for
t > 0, x € R, denote electronic and magnetic fields, respectively. The pressure
function p (-) of the flow depends only on the density and satisfies the power law
p () = nY and y > 1. np (x) stands for the equilibrium background ion density
satisfying

np(x) > 1, as |x|] > oo.
System (1.1) is supplemented with the initial condition
(n,u, E, B)li=o = (no, uo, Eo, Bo), x € R, (1.2)
which satisfies the compatibility conditions
divEg = np (x) —ng, divBp =0, xR’ (1.3)
Different from the previous study Duan (2012) with the constant background den-
sity np, our background density is variable in x, so the expected steady states of
system (1.1) should be non-trivial rather than the constant states (1, 0, 0, 0). Here,
the equilibrium equations to the initial value problem (1.1)-(1.2) targeted in this

paper are (ny, Uy, Ey, By)(x) with u, = 0, B, = 0, but n.(x) # constant,
E.(x) #% constant, satisfying
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Vp (ny) = —nyEy,
VxE,=0, (1.4)

divE, =np (x) —ng, x € R3.

The existence of the equilibrium solutions to problem (1.1)—(1.2) was addressed in
Liu and Zhu (2013).

Lemma 1.1 (see Theorem 1 in Liu and Zhu (2013)) For integers m > 2 and k >
0, suppose that ||np — Lfym2 is small enough. Then, the equilibrium problem (1.4)
k

admits a unique solution (n, — 1, E,) € W,;"’z X W,;"il’z which satisfies

m—12 < C ||nh - 1”

”Wk Wl?1,2 B (15)

I = Uz < C llmp = Uy, |-

for some constant C, where the weighted norm ||-|| W2 is defined by
k

1
2

lelype = [ X [0+t 10¢sPds

loe|<m

Navier-Stokes—Maxwell equations have been one of the interesting topics and
extensively studied. For incompressible Navier—Stokes—Maxwell equations, by means
of the Fujita-Kato’s method in /'-based functional spaces, Ibrahim-Yoneda Ibrahim
and Yoneda (2012) showed the local existence of unique solution and loss of smooth-
ness of the velocity and magnetic field for periodic problem. Later, Ibrahim-Keraani
Ibrahim and Keraani (2011) proved the existence of global small mild solutions in
3 dimensions and the same results in a space ‘close’ to the energy space in two
dimensions. By using the a priori L%(L;o)—estimates for solutions of the forced
Navier—Stokes equations, Germain-Ibrahim-Masmoudi Germain et al. (2014) showed
the local existence of mild solutions for arbitrarily large data in a space similar to the
scale invariant spaces classically used for Navier—Stokes equations and refined the
results in Ibrahim and Keraani (2011). With the help of Littlewood—Paley analysis,
Yue-Zhong Yue and Zhong (2016) established the global well-posedness of solutions
in the Besov spaces Bi,22,1 X B322,1 X B3y2,1 provided that the initial data are
sufficiently small.

For the compressible Navier—Stokes—Maxwell equations, Fan-Li-Nakamura Fan
et al. (2016) showed the convergence of the non-isentropic equations to the incom-
pressible MHD equations in a bounded domain. By using the Green’s function method
and energy estimates, Duan Duan (2012) and Chen-Li-Zhang Chen et al. (2016) further
proved the large time decay rates of global smooth solutions near a constant steady-
state for one-fluid isentropic model. By use of the weighted energy methods and the
techniques of symmetrizer, Wang-Xu Wang and Xu (2015) generalized their results
to the non-isentropic models. Recently, Feng-Li-Mei-Wang Feng et al. (2021) studied
the large time decay rates of global smooth solutions near a constant steady-state for
the two-fluid models.
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When we neglect the friction forces in charged fluids, the Navier—Stokes—Maxwell
equations become the Euler—Maxwell equations. By using the fractional Godunov
scheme as well as the compensated compactness argument, Chen-Jerome-Wang Chen
et al. (2000) proved global existence of weak solutions to the initial-boundary value
problem in one space dimension for arbitrarily large initial data in L'. Jerome Jerome
(2003) provided a local smooth solution theory for the Cauchy problem over R3 by
adapting the classical semigroup-resolvent approach of Kato Kato (1975). Peng-Wang
Peng and Wang (2008) established convergence of the compressible Euler—-Maxwell
system to the incompressible Euler system for well-prepared smooth initial data. Much
more studies have been made for the Euler—-Maxwell equations in all kinds of cases;
see Hajjej and Peng (2012); Wasiolek (2016); Yang and Wang (2011); Yang and Hu
(2019); Zhao (2021); Deng et al. (2017); Guo et al. (2016); Germain and Masmoudi
(2014); Duan (2011); Feng et al. (2014); Peng et al. (2011); Ueda et al. (2012); Xu
(2011); Liu and Zhu (2013); Peng (2015); Dumas et al. (2021) and references therein
for discussion and analysis of the different issues such as the asymptotic limits on
small physical parameters Hajjej and Peng (2012); Wasiolek (2016); Yang and Wang
(2011); Yang and Hu (2019); Zhao (2021), the existence of global smooth irrotational
flow Deng et al. (2017); Guo et al. (2016); Germain and Masmoudi (2014), longtime
behavior of global solutions near a constant equilibrium state Duan (2011); Feng et al.
(2014); Peng et al. (2011); Ueda et al. (2012); Xu (2011), large time-decay rates
of small non-constant steady-state solutions Liu and Zhu (2013), stability of large
non-constant equilibrium solutions Peng (2015) and the instability of WKB solution
Dumas et al. (2021).

Note that, in the previous studies mentioned above, they focus on the case of
np = const. However, the physical case for the dynamic system is with non-constant
equilibrium background n,(x). The natural but also challenging question is how the
solutions to problem (1.1)—(1.2) behave in large time, provided that n;, depends on x?
This will be the main target of the present paper.

Before stating the main results, let us introduce some notations.

Notations. For a multi-index o = («q, a2, @3) € N3, we denote

3% = 9y 9y oy = 971057033,  with || = + s +as.
For @« = (a1, a2, @3) and B = (B1, B2, B3) € N3, B =< a stands for B; < a; for
j=1,2,3,and B < « stands for 8 < @ and 8 # «.

C denotes some positive (generally large) constant and A denotes some positive
(generally small) constant, where both C and A may take different values in different
places. For two quantities a and b, a ~ b means la < b < %a for a generic constant
0 <X < 1.Weuse (-, -) todenote the inner product over the Hilbert space L? (R3), ie.,

(f.8) = /HA{ Tgdx, Vf = f(), g =g(x) € L®).

For all integer s € N, we denote by H*, L? and L the usual Sobolev spaces
H*(R?), L>(R?) and L>®(R3), and by || - ||s, || - || and || - ||z~ the corresponding
norms, respectively.
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Now we are stating the main result.

Theorem 1.1 Let integer s > 4. Assume that ||np — 1| o2 is sufficiently small and
0
(1.3) holds. There exist two constants 8o > 0 and Cy > 0 such that, if

then problem (1.1)-(1.2) admits a unique global solution (n,u, E, B)(t, x) which
satisfies

(n — ny,u, E — Ey, B) € C([0, 00); H*(RY)),
n—ny € L*((0, 00); H'(R?), Vu € L*((0, 00); H*(RY)),
V(E — E,) € L*((0, 00); H*2(R%)), V2B e L*((0, 00); H 3 (R?))

and

Sup ”(n — Ny, U, E - E*s B)”S S CO”(”O — Ny, UQ, EO - E*7 BO)“S'

t>0

Furthermore, there exist §1 > 0 and C1 > 0 such that, if
|(no — ny, uo, Eo — Ex, Bo)lls+2 + [[(no — nx, uo, Eo — Ex, Bo)llp1 < 61

and ||np — 1| ,s+3.2 is small enough, then the solution (n, u, E, B)(t, x) satisfies that,
0
foranyt > 0,

(1 = g, E — Ey, B)lly < C1(1+1)7%, (1.6)

5
IV(n —ny,u, E— Ey, B)[s—1 < Ci(14+1)78. (1.7)
More precisely, if
[(no — ns, uo, Eo — Ex, Bo)lle + [(no — ns, uo, Eo — Ex, Bo)llp1 < 61

and ||\np 7.2 1s small enough, then we have

— Ly
5
I(n =y )]l < C1(141)75, (1.8)

Remark 1.1 In the proof of the global existence of Theorem 1.1, we modify the energy
estimates by choosing a weight function 1 + o, + ®(0,) which plays a vital role in
closing the energy estimates.

Remark 1.2 'We only capture the same time decay properties of # and B as that in Duan
(2012) except both n — n, and E — E, decay as (1 + t)_% in a slower way, because

1
the nonhomogeneous terms containing p, decay at most the same as (fo(-)) z.
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Remark 1.3 Inthe process of establishing the time decay rates of the perturbed solution,
the main difficulty is to deal with these linear nonhomogeneous terms containing p..,
which cannot bring good enough time decay rates as expected, whereas in Duan
(2012), the nonhomogeneous terms are at least quadratically nonlinear. In order to
remove this obstacle, we make iteration for inequalities (4.8) and (4.9) together.

The proof of Theorem 1.1 is based on the classical energy method but with some new
developments. We proceed first by using the time-weighted energy estimates, and then
by combining them with the dissipation time-decay bounds for the linearized equation.
In particular, we choose a new time-weight function 1 + o, + ® (o) to establish the

energy estimates and introduce two new functions 2)(¢) = sup (1 + t)% (’3? V(1))
0<t<t

and§o(r) = sup (1+7) i (7, 1) ||* to obtain the time decay rates for each component
0<t<t
of the solution to problem (1.1)—(1.2).

Regarding the other models involving a non-constant background density, for exam-
ple, the Vlasov—Poisson—Boltzmann equations and the non-isentropic compressible
Navier—Stokes—Maxwell equations, there are also some significant contributions, see
Duan and Yang (2009); Duan and Strain (2011); Duan et al. (2007a,b); Feng et al.
(2021) and the references therein. In Duan and Yang (2009), by using the combination
of Fourier analysis and energy estimates, Duan and Yang considered the stability of the
equilibrium states which were given by an elliptic equation. In Duan and Strain (2011),
Duan and Strain obtained the optimal time decay of the Vlasov—Poisson—Boltzmann
system in R3. The optimal convergence rates for the compressible Navier—Stokes
equations with potential forces were obtained by Duan-Ukai-Yang-Zhao Duan et al.
(2007a) and Duan-Liu-Ukai-Yang Duan et al. (2007b), respectively. Recently, for the
non-isentropic compressible Navier—Stokes—Maxwell equations, Feng-Li-Wang Feng
et al. (2021) proved the global existence of smooth solutions once the size of the non-
constant equilibrium states is small enough, and the initial perturbations around the
equilibrium states are also small enough.

In what follows, let us state the main idea for the proof of Theorem 1.1 and the vital
difference of the study on the time decay rates between the Euler—Maxwell equations
and the Navier—Stokes—Maxwell equations. The key point is to establish the a priori
estimates

t
V(1) + 2 / D,(V(s))ds < &(V),
0

where V (¢) is the perturbation of solutions, and & (-), D, (-) denote the energy func-
tional and energy dissipation rate functional. Here, if we make the energy estimates
like what Duan did in Duan (2012), it is difficult to control the highest-order derivative
of E because of the regularity-loss type in the sense that (E, B) is time-space inte-
grable up to s — 1 order only. We overcome this difficulty by looking at the evolutions
of several different quantities (i.e., quadratic forms of the unknown functions) which
have different gains and losses, and construct the energy functional as a suitable linear
combination of them. Specifically, we introduce the weight function 1 4 o + ® (o)
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which plays a key role in closing the energy estimates (see (3.1) and (3.2)). Fur-
thermore, for the time decay rates of perturbed solutions in Theorem 1.1, we cannot
analyze the corresponding linearized homogeneous system of (1.1) around the steady
state (ny, 0, Ex, 0) directly. In this case, the Fourier transform doesn’t work due to the
fact that the coefficients are no longer invariant. Here, the main idea follows from Liu
and Zhu (2013) by combining energy estimates with the linearized results in Duan
(2012). However, the techniques used here are different from Liu and Zhu (2013).
For instance, in order to estimate || B||, Liu-Zhu Liu and Zhu (2013) introduce two
functions

SV () = sup (14 )IE(V () + (1 +5)2ENV (s)}

0<s<t

and

5 _ _
Loty = sup (14 )3 (151229, + 1112 2055,) -

0<s<t

Since the function ES,OO(\_/(I)) contains both & and Esh, they have to consider two
cases, namely, 1 </ < 2 and 2 </ < 3. Hence, the regularity of the initial data are
needed to be s +4. However, for the Navier—Stokes—Maxwell equations, we introduce

V(1) = sup (1 + )3V (5), Fo) = sup (1+5)7 @ 0>

0<s<t 0<s<t

to estimate || B||. The regularity of the initial data is lower than that in Liu and Zhu
(2013), s + 2 is enough. This is based on the fact that the function J)(¢) contains
only QE?. Indeed, after carefully carrying out the estimates, we obtain that both )(¢)

and Fo(r) can be controlled by C ||V()||il A2 Therefore, it follows that ||(;p, u)|| <

c(1+ t)’% ”VOHLIHHH’Zs the details can be seen in Sect. 4.

We end this section by stating the arrangement of the rest of this paper. In the next
section, we give a useful lemma and the transformation of the initial value problem.
In Sect. 3, we show the detailed estimates for the proof of the global existence of
solutions. In the last section, we study the time decay rates of global smooth solutions
by combining the L? — L4 time decay property of the linearized homogeneous system
with time-weighted estimate and complete the proof of Theorem 1.1.

2 Preliminaries

First of all, let us recall the following Moser-type calculus inequalities, which will be
often used later for energy estimates.

Lemma 2.1 (Moser-type calculus inequalities, see Klainerman and Majda (1981);
Majda (1984).) Let s > 3 be an integer. Suppose u € H®, Vu € L™, v € H*~'NL>®
and f is a smooth function. Then, for all multi-index o with 1 < |a| < s, one has
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9% (uv) — ud%v € L* and

18% (uv) — ud®v|| < C(IVull oo | D' ol 4+ | D1Nu vll L),
18 f )| < €1+ llull)* Hlulls,

where the constant C may depend on ||u||p~ and s, and

1D ul = " 18%ul.

la|=s’

Next we are going to reduce system (1.1)-(1.2) by introducing a suitable transfor-
mation. Suppose (n, u, E, B) to be a smooth solution to system (1.1) with the initial
condition (1.2) which satisfies (1.3). We introduce the transformation

ot x) =2y -1 ((n (r

Bl—
=
=
SN~——"
.
|
S~—
<
Il
<
|
<
—~
<
|
=
=
=
SN—"

2.1
~ 1 1 ~ 1 1
E:yffE(yfft,x), B:yffB<y77t,x>.
Then, Eq. (1.1) becomes
y —1 .
0,0 + 5 o+ 1)divv+v-0 =0,
J/_
ov—+v-Vu+ o+1)Vo
(y 2 E+vxB)+y72 Av 22
= — X _ .
Y v v d0)+o+1’ (2.2)

B,E— y7%V x B = yf%v—i—y*% (®(o)+0)v,
#B+y 2V xE=0,

divE = —yf% (®(0)+o0)+ yfé (np(x)—1), divB=0, t>0, xeR
supplemented with the initial condition

Vlizo = (0, v, E, B)li=0 = Vo = (00, v0, Eo, Bp), x € R%, (2.3)
which satisfies the compatibility condition
divEy = —y 7 (® (00) + 00) + 72 (np (x) — 1), divBop =0, x e R>. (2.4)

Here @ (-) is defined by

o)=L "6+ 1)7T —0 -1, 2.5)

y —1
2
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and Vy = (09, vo, Eo, §0) is given from (ng, ug, Eo, Bp) according to transformation
2.1).
Moreover, we also introduce the transformation

Oy =

S (@ 1), Ee=y iR, 2.6)

then the equilibrium Egs. (1.4) turn into
Y — 1 1~
5 ox+ 1| Vo,=—-y 2E,,

V x E* =0, @7

L~ _1 _1
divE, =y~ 2 (np (x) — 1) — y 7 2(P(04) + 04).
Based on the existence result in Lemma 1.1, we want to investigate the stability
of the equilibrium state (o, 0, E,, 0). Let us introduce the perturbations (o, v, E, B)

by

—E—E., B=B.

|

0O=0—04, V=0,

It follows from (2.2) and (2.7) that

—1
3,5+<V2 E+1>v-v+v.a+v-a*+ Y= o.divi =0,

oVo, + L4

am+v-w+<y E+1)va+y 0 VT
AT
@ +o)+o+o+1°

WE—y IVxB=y 104y (0@ +0,) +5+00)7,

=—<7/—7E +vxE)+y—% 2.8)

3B+y 2V xE=0,

dGVE = —y "2 (D (T 4 04) — P(0y)) — 7, divB=0, >0, xeR3,
supplemented with the initial condition
V=0 = @V, E, B)li=o = Vo := (00 — 0w, vo, Eo — Ex, Bp),  (2.9)
which satisfies the compatibility condition
divEy = —y—% (® (G0 + 0x) — P(04)) — 00, divBg =0, xeR>. (2.10)
Notice that system (2.8) is quasi-linear symmetric hyperbolic—parabolic, then the
local existence of smooth solutions to the initial value problem (2.8)—(2.9) can be

obtained from the classical results of Kato Kato (1975) and the pioneering work of
Matsumura-Nishida Matsumura and Nishida (1979, 1980).
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3 Stability of equilibrium solution

In the following, we assume the integer s > 4. Meanwhile, for V = (3,7, E, B), let
us define the full instant energy functional €;(V (7)) and the high-order instant energy
functional &"(V (¢)) by

EV) = Y (1+0s+ D(0n), [0 + [0°0%) + |(E, B)}

ler] <s

+R Y (T VIT) R Y (Y X EL6UY xT) 5y

la|<s—1 lo|<s—2

+8& Y (0%(=V x B),d"E),

1<|o| <52
and

V)= Y (I+o.+ D). 0% +10°0*) + IV(E. B)II;_,

I<la|=s

R (0Va)+ R Y (VX EL0UV xT) (3
I<|a|=s—1 I<|a|<s—2
+8 Y (0%(=V x B),d"E),

2<|o|<s=2

respectively, where 0 < R3 <« Ry K K| < 1 are small positive constants to be
chosen later. Notice that since all constants &; (i = 1, 2, 3) are small enough, we have

&V N) ~ 1@ v, E, B, €(V@)~I|V@E, v E B
We further define the dissipation rates D (V (1)), ’Dﬁ’ (V (1)) by
Ds(V(0) ~ 515 + IVUII; + IVEI? 5 + IV*BI?_5 3.3)
and
DIVO) ~ IVl + IVVIF, + IVPEI; 5 + IV'BI; . (34

Then, concerning the transformed initial value problem (2.8)-(2.9), we get the
following global existence result.

Proposition 3.1 Assume that ||np, — Hlyys+12 is sufficiently small and (2.10) holds.
0

There exist €;(-) and D(+) in the form of (3.1) and (3.3) such that, if@x(vo)_> 0
is sufficiently small, then problem (2.8)-(2.9) admits a unique global solution V. =
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(0 — 0%, v, E— E*, §) which satisfies, for any t > 0,

V € C([0, 00); H* (R3)),
o — o, € L}(0,00); H'(RY), Vv e L*(0,00); H'(RY), (3.5
VE —VE, € L%((0, 00); H*"2(R?)), V2B e L%((0, 00); H* 3(R?)),

and

t
& (V1) + )»/ D5 (V(s))ds < €(Vo). (3.6)
0

3.1 The a priori estimates

In the following, we prove that the equilibrium solution obtained in Lemma 1.1 is
asymptotic stable under small initial perturbation. We start to use the classical energy
method but with some new developments to establish the a priori estimates for smooth
solutions to problem (2.8)-(2.9). For this purpose, we introduce

8= [Tullysr2 = > / 0% 0| 2dx (3.7)

|| <s+1

for convenience. By (2.6), direct computation gives

2 O«

Ox = — 1 1 ~ O,
V(5-0i+ D2+ 1

which implies that § < C”Q*”Werl 2 < Clinp — 1||Wr+l » is small enough. Here, O
is defined by

(y—1DQu=ynl —1.

The main task of this subsection is to prove

Theorem 3.1 (The a priori estimates). Suppose 0 < T < 00 to be given. Assume that
= (7,7, E, B) € C([0, T); H*(R%)) is smooth for T > 0 with

sup [V()ls <1 (3.8)
0<t<T

and suppose that V solves system (2.8) for t € (0, T). Then, there exist €;(-) and
D () in the form of (3.1) and (3.3) such that, forany 0 <t < T,

S e,V 10,V = € (&)t +) 0,V (39)
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Proof We use five steps to complete the proof.
Step 1. Tt holds that

1d _ _ S
577 | 22 1+ o+ @00, 1051 + [0°T) + I(E, B}
le|<s
1
+y71 Y Ve
loe] <s

< C (VI + 815, 1l +OAVTIZ + 1712 + IVEIZ)

(3.10)

In fact, for @ € N3 with |a| < s, applying 9% to the first two equations of (2.8) and
taking the inner product of them with (1 4 o, 4+ ®(04))9% and (1 + o + P (04))0%V

in L%(R?), respectively, and then using integration by parts, we have

2 dt

1 o A%V
- 2<(1+0*+<I>(G*))3 v, >

1 +0,+5 + (0, +5)
=L+ Y CH{1+ 0, + D(0.)0", 9P

B<a
1 B
— — | AdPv
140, +0+ (o +0)

DA NIOE S erd AT

B<a B<a

where
_l _ a=2 a2
I(t) = 5 Vv, (1 + 0+ @(0x)(|0%F | + |0%V]7)

—1
+1 5= (V7 - 05, (1 + 0. + ©(0,))05)

— (U x 3“B, (1 + 04 + ®(04))37)

V_l(

4 V0.7, (1 + 0x + ©(04))3°5)

y —

1
(60 Vo, (140, + ©(0.))3"7)
(v- 8O‘VJ*, (1 + 04 + ©(0,))0°)

s

)’

a+ 1)3%v, V(14 o+ @(a*))3“6>

(0*8"‘_ V(1+ 0y + ®(04))0°C)

2
47 . <v, V(1 + 0y + B(02)) (1095 + |a°‘v|2)>

@ Springer
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9
2 le,j(t),
j=1

1@ = (075 - VP, (1+0.+®(0.,)0°5)

-1
o= (P70 - T, (1404 8(0:))0°5)

~1
4;/_2 (0%~B 5,V - 0P, (140, + D (0,))9°7)

+% 03PV - o, (140, +P(04))3°F) ,
and

140 = (070 - VoPD, (1 + 0, + ©(02))0“)
—1

—1
+ J/T (05, VPT, (1 + 0y + D(0,))0%7)
+(8%7Po x 3P B, (1 + 0 + ®(04))9°D)

—1
+ L= (0" 5V oo, (1 4 0. + (0:))0"7).

First, for the second term on the right-hand side of (3.11), we have

1
ctla q> 9°7, 9« P AYPT
ﬂg o,<( + 0y + ©(0,))°T (1+U*+E+¢(G*+E)> v>
1
< CZCO€<|3“5 : a“ﬂ< — — )Aa/’v>
fe 140, +0+ P(ox +0)

< Cl13“7P5 ) 31 A8P0)119%0l 16 + ClI8% Pyl 13 11AP0I[|0% V|l 16
< C(I5ls + VT2

Similarly, for the last term on the left-hand side of (3.11), we obtain

N
_y—£<(1 + 0y + D(04))0°T 07v >

"14o0x+0+ P(oy +0)
D(0y) — 7 — BP0y +7)
140, +0+ P(ox +0)
> y~2|Vo*D|)% — C|I5 |, | VT2,

— 71| Ve —< 997, a“Av>
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Then, it follows that

1d
S (1ot @), 09T+ )4y IV )
4y (0°E, (14+ 04+ (0,))]07) (3.12)
< CUFNs +OIVTIZ+ N0y = Y CEI) ) — > b,

B<a B<a
We estimate the term 7 (¢) on the right-hand side as follows. When || = 0,

110y <CIIY - BTNl oo + [T o)
+ CIVE ] [Tl 6 + CITI3 1B + 0 + (o]
+ ClIVa [Tl 1T + CIVou Tl 655
+ ClF Tl 7] + ClI Vo [Tl ol 2
+ ClIVoll [Tl 6111 13 ol o + CIVo Tl 6l 3 171
+ CITl s Vo 1Tl 3 T o
<C(I@. 5. B)lls + 5+ 81T FI2 + [VT]2).

which will be further bounded by the right-hand side of (3.10).
When || > 1, we get

Latt)+ 5 70)+ 11 8(t) + 119(2)
< ClIVoull=199TN 11 + o + P ()l 10°F || + Cl18°T9°T ||| Vo
+ ClIVoull = 199TN 1T [l 2 8T || + C | Vol oo 10T ol L 18T
+ Il e Vol = V@, D112,
< CO+ 8@ DDA + VT2,
L)+ 120 < CI@E D IVE, D2,

and
Lis(t) + 150 + Tie(t) < C(Blls + )V (@, DI
By combining the above three estimates, we have
L) < CUI@. 0. B)ls + 8+ 81@. DIDUFIZ + VI,

which is bounded by the right-hand side terms of (3.10). On the other hand, since each
term in / 0((‘7;; (t) and I 0%0) is the integration of the four-terms product in which there
is at least one term containing the derivative, we get
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-y ¢t Io(fﬁ) -y ct Io([f’g )

B<a B<a

< ClF 15113 + IVOlI) + C3 (IS5 + IVl
+ Clolls IVOlI} + ClIB IVl

< C(I@.v. B)lls + &)FI3 + Vo],

which is also bounded by the right-hand side of (3.10).
From (2.8), standard energy estimates on 0% E and 9% B with || < s give
1d o/ D2 -1 a— aa T
5710 E B =y 2 (1 + 0% + (0200, 0E)
=y 72 (0% (®@ + 0%) — D)D), 3°E) + 12 (3% (@), 0°E)
1 —
+y 2y CH P + 0w + B(0:)07D, 9°E) (3.13)

B<a

2
= le,j(f) + Z Cglz,,s(l‘).
=1

B<a

In a similar way as before, when |«| = 0, it suffices to estimate

2
> L) < CIE|VYllI7].
j=1

When || > 1, these terms can be estimated as

2
> ) < CIE[sIVUlls-11VE 51,
j=1
and
Y Clh () < CSIVI-1IIVEll—2 < CSIVIIS_, + CSIVE]_,.
B<a

which will be further bounded by the right-hand side of (3.10).

Then, (3.10) follows by the summation of (3.12) and (3.13) over |¢| < s. Then,
the time evolution of the full instant energy || V (¢) ||§ has been obtained but its dissipa-
tion rate only contains Vv. By introducing the interactive functionals as follows, the
dissipation from contributions of the rest components &, E, and B can be obtained in
turn.
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Step 2. Tt holds that

d _ _ _ _ = _ _ _
— > (070, voUs)+ Al < CU@. B)ls + OHUVIIE + 51 + V1.
ler|<s—1
(3.14)
In fact, the first two equations of (2.8) can be rewritten as
95 +V-1="%R (3.15)
and
3T +VG+y IE—y 2 Av R (3.16)
v o — = . .
! Y Y 1Yo, 45+ ®(0, +0) 2
Here
-1 -1
R =-—T-Vo—Y " 5V.7—-7-Vo,— L —06,V.7,
(3.17)
-1 — -1 -1
Ry=-T-Vi— ¥ 5Vo-vxB-L"6,Y5- ¥ 5Vo,.

For a € N3 with |a| < s — 1, applying 8 to (3.16), taking the inner product of the
resulting equation with 8 V& in L?(RR3), and then using integration by parts and also
the final equation of (2.8), replacing d;¢ from (3.15) imply that

d
- (8*Vy, Va*VG) + [Va“Va |2 + y~|8* V|2

=~y H3%( @@ + 0,) — ®(00), 3°F) + (%R, V3“T) + |V - 37|
AV
l4+0.+0+ P(ox+0)

— (%R, V - 9%%) + <a“( ), va“a>.

Then, by the Cauchy—Schwarz inequality, we get

d
b (0% Vv, Va*VF) + A(IVI*TII* + 3°VF||?)
< C(I@, B)lls + & UIVTI? + [F112) + C VT2,

which implies (3.14) by taking summation of it over || < s — 1.
Step 3. It holds that

di D (Vxv*V xE)+1 Y [[9“VE|?
o] <s—2 || <s—2

= ¢ (IVTI2 + SIVEIZ, + 1712 + IV?BIZ;)
+CUI@. . B)ls + 8 UIVIIT + IVEIT ).

(3.18)
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Taking the rotation of the equation of (3.16), we have

1 — 1 Av
IV XVU4+yYy 2VXE=V xR +y 2V x — — ).
t ’ 2 (1+a*+o+<b(o*+a)>

For o € N? with |a| < s — 2, applying 3% to the equation above, taking the inner

product of the resulted equation with 9V x E in L*(R?), using integration by parts
and replacing d; E from the third equation of (2.8) yield

d _ _
0V x 0.0V < E) + y28°V x E|?
— yTI(09V X T, 99V x V x B) + 2|39V x 7]

+(3°V x Ry, 39V x E)

1oy Av o —=
+y72(0%V x — — ],0“V x E
l+os+0+ DPloy +0)

+y 209V x 5,89V x (@ (0 +7) + 05 +0)D)).

which together with the Cauchy—Schwarz inequality further implies
d o — aa T B 2
Z<8 V x0,0%V x E)+y 2[0°V x E||
— — —n2 12
= C(I (7.5, B) Is + & (IVTI2 + IVEI,)
+C(IVOI2 +SIVE|Z, + 1512 + IV*BIZ_5).

Thus, (3.18) follows by the last equation in (2.8) and taking summation of these
estimates over |o| < s — 2.
Step 4. 1t holds that

d _ _ _

o 2 (VX BLE)+a Y 19°VEBI
1<|a|<s-2 1<|a|<s—2 (3.19)
< C(lEls + & UIVTlZ + IV?BI2_3) + CIVE|2,.

In fact, for @ € N? with 1 < |ar| < s — 2, applying 8“ to the third equation of (2.8),
taking the inner product of the resulted equation with —9“V x B in L%(R3), and then
using integration by parts and replacing d; B from the fourth equation of (2.8), we get

d
dt
=y 721°V x E|> — y 2 (3°V x B, 9°7)

(0%(=V x B), 9E) + y 2 [0°V x B2

7339V x B, 3% (D@ + 04) — D(0:))7))
—y 2 (0%V x B, 3% (1 + 04 + ®(0:))D)) — y 2 (3°V x B, 3% (D))
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£y "2(3%V x B, 8°7),

which gives (3.19) by further using Cauchy—Schwarz inequality and taking summation
over 1 < |a| < s — 2, where we also used

10%8; Bll = 1; A™'V x (V x 3*B)|| < |IV x 8*Bll,

foreach 1 < i < 3, due to the fact 9; A~!V is bounded from L? to itself for 1 < p <
00.
Step 5. Now, following the four steps above, we are ready to prove (3.9). For

VD)= Y (1 +0u+ P(02). [0°G* + [0°D) + |(E. B)|}
ler] <s
+ /Y (0. VG) + Ky Y (09V x E, 0%V x 1)
ler] <s—1 ler|<s—2
+8& Y (0%(=V x B),d"E),

1<|a]<s—2

where constants 0 < R3 < Ry < R < 1 to be determined. Notice that as long as
0 < R; < 1issmall enough fori = 1, 2, 3, and o, + ® (o) depending only on x is
sufficiently small compared with 1, then &; (V(t)) ~ ||V(t) ||f holds true. Moreover,
letting 0 < &3 < & < #1 < 1 with 8> < &s, the sum of (3.14) x &), (3.18)
X Ra, (3.19) x K3 implies that there are & > 0, C > 0 such that (3.9) holds true with
D, (). Here, we have used the following Cauchy—Schwarz inequality:

_ — 1/2,,— 3/2
28|05 IVB 52 < &Y% 9)2 + &

IVBIS
Due to ﬁ;/ 2 <« 83, both terms on the right-hand side of the above inequality can be
controlled. This completes the proof of Theorem 3.1. O

Since system (2.8) is quasi-linear symmetric hyperbolic—parabolic, the local time
existence can be obtained as that in Feng et al. (2021). From Theorem 3.1 and the
continuity argument, it is easy to see that &; (V (1)) is bounded uniformly in time under
the assumptions that &; (Vo) > 0and lnp — 1] w2 are small enough. Therefore, the

global existence of solutions satisfying (3.5) and (3.6) follows in the standard way;
see also Duan (2012). This completes the proof of Proposition 3.1, namely, the global
existence result in Theorem 1.1. O

4 Decay in time for the nonlinear system

In the following, we continue to study the time decay rate of the smooth solution which
convergence to the steady state (n, 0, E, 0). For this goal, let us introduce

P =N — Ny, EZM, E1=E_E*7 B]:B, p*zn*_ly
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then U = (p, u, E, B;) satisfies

0o +divu = gy,

ou+ E1+yVp — Au = ga,

0E1 —V x Bl —u = gz, “.1)
0:B1+V x E; =0,

divE; = —p, divB; =0, t>0, xeR3,

with the initial condition

Uli—o = Uo := (P, Ho. E1,0. B1,0) = (no — n, uo, Eo — E«, By), x € R?,

4.2)
which satisfies the compatibility conditions
divE; o = —pg. divBjo=0, xeR> 4.3)
Here the nonlinear source terms are
g1 =—div((p+ px) u),
=7 Vi—ix B~y (@+p.+ 1 2=1)Vp
- - 1 4.4
—y (P4 + 1772 — (0 + 1 —)v —(1—_—>Aﬁ,
V((,O px+ 1) (o« + 1) P R
g =@+ pHu.
Next, we investigate the linearized homogeneous equations
o p + divu =0,
ou+E+yVp—Au =0,
#E -V xB—u=0, 4.5)
%B+VxE=0,
divE = —p, divB=0, r>0, x¢€ R3,
with the initial condition
Uli=o = Uy := (P, o, E1,0, B1,o), x €R’, (4.6)

also satisfying the compatibility conditions (4.3).

For the above linearized equations, the L? — L9 time decay property was proved
by Duan Duan (2012). We list only some special L? — L9 time decay properties in
the following Proposition.
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Proposition 4.1 Assume that U (1) = e'L Uy is the solution to the initial value problem
with the initial data Uy = (ﬁo,ﬁo, Ei0, BI,O) which satisfies (4.3). Then, U =
(p, u, E, B) satisfies the following time decay property:

oIl < C(1L+ 673 1B 7)1 12,

@)l < CA+D"F1Poll ping2+CA+07 3|0, E10) 102
+CU+07F[Brolling2,

IED] < C(1+ D F ol in2 + C+ D73 Eroll iz + IV Erol)
+CU+D7 8 (IBiolling + IV3Biol), .7

IBOI < €1+ 1) Fliioll 1g2 + C(L+ DS E 1ol pin2 + IV Evol)
+C(+D78(IBrolling: + IVBiol),

_71 _3
IVB@®)|| < C(1+0) "8 [moll a2 +CA+D) "5 (I(E10, Bro)linz2
+IV3(E10, Br.o) D)

In the sequence, due to the fact that we shall apply the linear L” — L7 time decay
property of the homogeneous system, the mild form of the nonlinear initial value
problem is needed here. From now on, we usually denote U= (p,u, Eq, By) as the
solution to the nonlinear initial value problem. Therefore, by the Duhamel’s principle,
the solution U can be formally written as

t
T = LT + / UL (¢1(1), g2(1), g3(1), 0) d,
0

where /LUy denotes the solution to the linearized homogeneous initial value problem.

For establishing the time decay rates of the perturbed solution, the vital task lies
in dealing with the linear nonhomogeneous terms. In order to solve this problem, we
make iteration for the following two lemmas which give the full and high-order energy
estimates.

Lemma 4.1 Suppose V= (o, 6,_F, B) to be the solution of problem (2.8)-(2.9) with
initial data Vo = (09, vo, Eo, Bo) which satisfies (2.10). If €;(V) and |np(x) —

1| w2 are sufficiently small, then

%es V(1) +1D,(V (1)) <0, (4.8)

holds for any t > 0, where €;(V (1)), D5(V (1)) are defined in the form of (3.1) and
(3.3), respectively.

Proof It can be seen directly from the proof of Theorem 3.1. O
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Lemma 4.2 Assume that V_: (0,7, E, B) is the solution to problem (2.8)-(2.9) with
initial data Vo = (60, vo, Eo, Bo) satisfying (2.10). If €;(V o) and ||np(x) — 1 IIWJ+1.2
0

are small enough, then there exist the high-order instant energy functional @?(-) and
the corresponding dissipation rate ®(-) such that, for any t > 0,

%@? V() + 12"V @) <o. (4.9)

Proof The proof can be done by slightly modifying the proof of Theorem 3.1. In
fact, by letting the energy estimates made only on the high-order derivatives, then
corresponding to (3.10), (3.14), (3.18) and (3.19). we get

1d B ~ e
S| X @, TP TR+ IVE B
I<|a|<s
1
+y7T Y IverT)?
I1<|x|<s

= CUIV@E. Dlls- 1+ OV, + 1F12)
+C(IV@ E,B)ls—1 +IV@, T, B>,
d _ _ —2
o > (0%9.Vo°T) + AlIVFIE,
1<|a|<s—1
< C(IV (@, 0) lls—1 +OUVTIZ, + 1712 )
+ ClT =1 11Tlls—11Blls—1 + CIIVZT|2_,,
d _ _
— Y {3V x0,0°V x E)+ A|VZE|} 4
1<|a|<s—2
< C(I (.9, B) ls—1 + O UIVIZ_, + IVFIZ_, + IVZE|Z_5)
+ CIIVOlls—1IVBls—1 IVE -1
+ CIVBI;_4 + C8IIVYIT_,
and
d _ _ _
- Z (=8"V x B), 9“E) + 1|V’ B| >,

2<|a|<s—2
<C(1@,0) ls—1 +OUVTIZ, +IVIBIZ_, +1IVZIZ)
+CA+8UVHIE, + IVPEIZ_S).

Here, the details of proof are omitted for simplicity. Now, similar to (3.1), set

VW)= Y (1+0.+ Do), 101 +0°01%) + |V (E, B) I,

1<|a|<s
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+R Y (0%D.0°Ve)+ /Ky Y (0°V x E,9°V x )

1<]|a|<s—1 1<|a|<s—2

—f5 Y (0%(=V x B),9"E). (4.10)

2<|a|<s—2

Similarly, due to the fact that o, + ®(0,) depending only on x is sufficiently small
compared with 1, we choose 0 < A3 K Ry < R < 1 with ﬁg/ 2 <« £3 such that
(‘3? V(@) ~ I vV () ||§71 . Furthermore, the linear combination of previously obtained

four estimates with coefficients corresponding to (4.10) yields (4.9) with Dﬁ.’(-). This
completes the proof of Lemma 4.2. O

Recalling the definition of g1, g2, g3, we have

g1 =—div((p+ p)u),
g~u-Vu+uxBy+p-Vp+ p.Vp+pVpe + pAu + piAl,
83 = (p+ ps)u.

We begin with the time-weighted estimate and iteration for the Lyapunov inequality.
To this end, let us define

X(0) = sup (1+0)i€(V(r), =0.

o<t<t

In fact, we have

Lemma4.3 If ||V | z1ngs+1 is sufficiently small, then

SupX(t) < CVoll7 1 ppee1- (4.11)

>0

Proof By using the smallness assumption of || V|| Lings+1, we have
d  — _
EGS(VU)) +A90,(V(1)) <0,

for any ¢ > 0. This is the beginning point to deduce (4.11). In fact, fix a constant € > 0
small enough. Then, the further time weighted estimate on (4.8) gives

t
1+ t)%+€€c(v(l)) + )»/ (I+ T)%J%@s(v(f))df < &(Vp)
0
t
+ G + e)/ (1 4+ 7)1+ ¢, (V(1))dx.
0

It follows from
V)~ VI < D51 (V) + @, E, B)I* + | VB])?
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and
t — —
f Dy41 (V(0))dr < CE(Vo)
0
that

3 J— t 3 J—
(1+niee, V@) +A/ (1 + 1) +D, (V(1))d<
0

t 1 o
<& (Vo) +C / (1+ 1) HD, . (V(2)dr
0
t

+cf (1 + )5 @, E. B)(0)|Pde
0 (4.12)

1 p—
+ c/ (14 1)~ 3| VB(1)|%dt

0

t
< &1 (Vo) +C/ (1 +1)751) @, E, B)(0)|*dz
0

t
e / (1 + 1)+ VB (D).
0
Due to Proposition 4.1, we have

_3 /=
IBill <C+ )78 (Il@oll Ling2 + 1 E10ll pinr2ngs + IBollLingt)

t
5
+c/ (41— 1) 3 82Dl 1 p2d
0

t
_9
+ C/o (I+t—1)5(lg3(Ml pinr2+ IV g3(0) Ddx,
3
IEW <C(L+0)7% (ol pinze + IE10ll inz2ng2 + 1B1oll inz2ngs)

t
3
+c/0 (14 1= ) g2l 1np2d
t
_3
+ cfo (1t 1= (gl ne+ 1V2g (@ Ddx,
_ s ! _s
i@l <C + 1) s||Uo||L1mLz+C[O (41— ) g @ lpinpd

t
. c/o (A +1— 073 (g20). &30l ipp2dT
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and

s,
IVBi| <C(+ )78 ([0l L1nr2 +I1(E10, BLo)l L1nr2nm3)

t
7
+c/ (41— 1) ¥ g0l i p2dT
0

t
+ Cfo (41— T)_%(Ilgs(f)llleLz + IV g3(0) d.

It is straightforward to verify

[(g1(2), g2(), g3(NlIpinr2 + llgz (@) |5 < C5€2(T) + C&, D).
In view of
&[T () < C&V(y2n),
we have
¢,(V(yi) < (14730 Xy 0.
Then, it follows that

1 3 1
l(g1(7), g2(7), g3 N lL1np2 + llg3 (D)3 < CS(1 + Vif)_gxi(l/%f)
FC(+y20) 31Xy 21).

Then, || B;| is estimated by

3
| B1]l <C(1 + )" 8|(uo, E1,0, B1,0) I .10 g3

t
+C/ A+1—0) 31 +yio) ddeX(y 1)
0
! s 13 11
+C§5 | (I1+t—1) 8(1+y2t) 8dtX2(y21)
0
_3 _ 1 1 1
=C(+07F (o, Evo, Brollpings + X0 + 8% (1)
and in the same way, it holds that
3 j— 1 1 1
1@, Er, Bl = €+ 075 (IVoll s + X020 +62X3 (i)
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and
5.
VBl <C(1 +1)"8|(wo, E1,0, B1,o) |l L1nm3
! _s 13 1 [
vl d+r—o 30 +y20) 4dr(x(yzt)+53€z(yzt))
0
_3 _ 1 1 1
=C+075 (G0, Evo. Bl + X 20 +6X3 ().

Therefore, we get

t
1 _
/0 (1+ )73 @), E1 (1), Bi(1)|*dt
! _l+€ _3 7 n2 1 2 1
§C/(1+r) STy dr (VoI + 20202 + 8%/ 10)
0
—_ 1 1
=CU+ 0 (IVol s + X707 +8X(r 1))
and
f 1
/(1+r)_Z+GIIVBl(r)||2dT
0
! —l-‘rE _3 I n2 1 2 1
=C [ A+ A+ dr (IVol} s + X0 20% + 8% 20)
0

J— 1 1
= CU+0° (IVol2ipp + X302 48X 20)

Since |B()|| < C|IBi(y~20)| and (B, @, E1, By) is equivalent with (@, 7, E, B) up
to a positive constant, we have

t
(1 +nitee, (V) + x/ 1+ 1)i+D,(V(1))dt
0 (4.13)
= CA+0° (IVol s + X0 +62(1))
which implies that
1+ 03V =C (IVol21 e + X +3X0)) .

Therefore,

X0 = sup (1+D)IEV(@) = € (Vo ipypors + X7 +8X0)).

0<t<t

and then
20 = € (IVol ot + X0?).
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Since || Vol Lings+! 1s sufficiently small, we have X(¢) is bounded uniformly in
time, and we also obtain

SupX (1) < ClIVoll7 101

t>0
holds true, which gives (1.6) in Theorem 1.1. O

Next we start with the high-order energy inequality time-weighted estimate and
iteration for the Lyapunov inequality. For this purpose, let us define

D) = sup 1+ 03"V (x). Fot) = sup (1 + )3 @, D).

0<t<t O<t=t

Similar to obtain the uniform-in-time bound of X(¢) in Lemma 4.3, we have the
following result to show the boundedness of )(¢) forall > 0.

Lemma4.4 If |V | 1A ps+2 s sufficiently small, then

sup) (1) < CIVoll3 1 pyss2- (4.14)
1>

Proof Under smallness assumption of || V| L1ngs+2, We obtain that (4.9) holds true
5
1+€

forany r > 0. Fix € > 0 small enough, multiplying (4.9) by (1+1)
the resulting equation over [0, ¢], we have

and integrating

t
A+ 0 V) +r] A+0)iT@"V(1)dr < € (Vo)
0 4.15)
e (
+ c/ (1+0)3Tee(V(r))dr.
0
Because

V)~ IVVIE_ = D51 (V) + VB, (4.16)

we have
(1 +0i+<e! V() + 1 /O (14 1D (Vo)
<e¢hWVy+cC /Ot(l + )i, (V(D)dt + C /Ot(l + )i VB(1)|dx.
From (4.13), we have
/0 ,(1 + I (V(0)dr < CU+ D Vol2 1 pgens 4.17)
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which implies that

t
¢! +t)%+fezﬁ’(7(t))+/\/ (1 + )it (V(2))dt
0

t
1 — —
< c/ (1+ D)3 VB@)Pdt + CA+ D Voll7 1 g2
0
From Proposition 4.1, we have

s ! 7
VB <CA+0)"8Uollp1nps + C/ I+t =1 8lg2() p1np2dT
0

t
_s
+¢ [(a+r=0 la@ine: +IVamhdr.
0
It is easy to verify

I(g2(), g3l inrz + 1V g3
< C&(U) + C8,/ € U) + C5| (B, w) |

1
<CA+yIn) 3X@ )+ C8(1+y20) FY2(y21) + C8(1 + 1) 3 T2 (1).
Then,

VBl
i ! _s 13 1
<c+1 8||U0||LlnH3+C/ (+1-07 A +yin-iarxpin
0
! 5 1 5 1 1
+C8/ (I4+t—7) " 8(1+y27) 8d1Y2(y21)
0
! 5 5 1
+C8/ (I41—1)"8(147)"3dTF] (1)
0
< (14073 Toll v+ +0 "3 X(y 21

F8(L+ 03I +8(1 + t)_%$§ )

_ 1 11 1
<Cd+ t)_%(”UO”L'ﬁHH" +X(y20) + 82 (y21) 4 85 (1)).

Next, we begin to estimate §o(¢). From (4.7), we have

_ s ! s
loll < C+1) 4||(p01u0)||L1ﬂL2+/0 A+t —1)"%(g1, 82) (Dl 1nL2dT,
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and

_ s — ! s
lull <C(1+1) 8||U0||L1mL2+/ (I+t—1)"2g1 (D)l 1n2dT
0

t
_3
[ =0 i @)@l
0
It is straightforward to get

(g1, g2, 83) (@) lLinL2
< C&(U)+ C8/&h(U) + Cs||(p, w) ||

1
<C(+y2t) Xy 1) + C3(1 + y11) ¥ (y21) + C8(1 + 1) 332 (1),
Therefore, we have

(o, w|

5 — t 3
<CU+1)"8|Uollp1nr2 +/0 (I+1t—1)"%(g1, g2, 83) (Dl 1n2dT
s ! 3 13 1
<C(+1) 8||Uo||L|mL2+C/(1+t—‘L’) (14 y2r) 4dtX(y2t)
0
! _3 1 s 11
+C8/(1+t—7:) i(1+y2r) 3dsY2(y2r)
0
! 3 5 1
+C8[ (+t—1)"3(1+1) " 3dtF2 (1)
0

< CU+0) "8 Tollpinp2 +CA+0) 3 X(y 20 +CS(1+1) 3P 2 (1 21)
1
O3 +0)7FF (1)

_ 1
<Cc+n7% <I|U0||leL2 + IO+ 8D (20 + 83 (r)) .
Then, by the definition of Fo(¢), we have

— 1 1
3o(t) < ClUG7 1,2 + CEX(y20) + C8Y(y 21) + C8*Fo (1),

which further implies that

J— 1 1
So(t) < CIToI2, 2 + CX2(y 1) + CEY(y 11). (4.18)
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Then, we have
2
_3 - 2 2, 1 2 1 %
= CA+07F (8 (100131 + B (20 +6*D(r 21)
1 1 1 —
Y} A0+ X001 Tol i )
5 _— 1 1 1
= CA+07F (I00llpingeet + X0 + 692 (r0).

Due to the fact that | VB|| ~ ||V B, we have

IVBI = C(1+075 (IVolling + X0 +897 ().
The inequality above together with (4.16) and (4.17) give

t | _
/ (14 )stee (V(r))dr

0

< CU+DVoll7 1 hpss2

o2 2 2 ! lye _3
+ C(IVolljiqgst1 + X7 @) +87D(@) A (I+7)3 (A +1) 4dr

< C(+0)e <||VO||ilme+z + X200 + 5293(;)) :
Substitute it into (4.15), we obtain
t
(1 +0iteeh V() + x/ 1+ )it (V(0))dr
0
= CEL Vo) + C+ D (IVol2 2 + 220 +82D(0))
Taking the limit € — 0, we have
t
(403 € T(e)+2 /0 (140 IDNT(0)dr < C&, (Vo)
HCIVoll7 1 jger2 FCEX (O +CE Y (D),

which implies that

V(1) = sup (1+1)3€"V(0))

0<t<t

< CE(Vo) + ClIVoll7 12 + CXX(1) + CS*Y (),
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and then
D(1) < CIVoll7 1 pges2 + CE ().
It follows from lemma 4.3 that
D) < ClVolFingssz + CIVol T 1npgert < CIVOIT 1 pgssa-

Therefore, (4.14) holds true since || V|| L1ngs+2 1s sufficiently small. This completes
the proof of Lemma 4.4. O

Due to the fact that @ff (V (1)) ~ |[VV||%_,, it follows from (4.14) that

s—1°
— 5
IVVis—1 = A+ 8[[Vollpings+2, (4.19)

which yields (1.7) in Theorem 1.1. On the other hand, by (4.11), (4.14) and (4.18), we
have

30(®) < ClIVoll7 12 + CUVol i mgsit + C Vo7 1 pss2 < CIVolF 1 sz

which further gives

— — _3 =
(o, Wl = CA+1)"3VolLings+2,
then (1.8) follows. We have completed the proof of Theorem 1.1. O

Acknowledgements The authors would like to thank two anonymous referees for their helpful comments
and suggestions, which led to an important improvement of our original manuscript. This work was done
when Y. Feng visited McGill University supported by China Scholarship Council (CSC) for the senior
visiting scholar program (202006545001). He would like to express his sincere thanks for the hospitality
of McGill University and CSC. The research of the authors was supported by the BNSF (1132006), NSFC
(11831003, 11771031, 12171111, 12101060, 12171460), the project of the Beijing Education Committee
(KZ202110005011), the general project of scientific research project of the Beijing Education Commit-
tee(KM202111232008), the research fund of Beijing Information Science and Technology University
(2025029), and partially supported by NSERC grant RGPIN 354724-2016 and FRQNT grant 2019-CO-
256440.

References

Chen, G.Q., Jerome, J.W., Wang, D.H.: Compressible Euler-Maxwell equations. Transp. Statist. Phyd. 29,
311-331 (2000)

Chen, Y., Li, E.C., Zhang, Z.P.: Large time behavior of the isentropic compressible Navier-Stokes-Maxwell
system. Z. Angew. Math. Phys 67, 91 (2016)

Deng, Y., Ionescu, A.D., Pausade, B.: The Euler-Maxwell system for electrons: global solutions in 2D.
Arch. Rational Mech. Anal. 225, 771-871 (2017)

Duan, R.J.: Global smooth flows for the compressible Euler-Maxwell system?: the relaxation case. J. Hyper.
Differ. Equ. 8, 375-413 (2011)

Duan, R.J.: Green’s function and large time behavior of the Navier—Stokes-Maxwell system. Anal. Appl.
10, 133-197 (2012)

@ Springer



Journal of Nonlinear Science (2022) 32:2 Page 31 of 32 2

Duan, R.J., Yang, T.: Stability of the one-species Vlasov-Poisson-Boltzmann system. SIAM J. Math. Anal.
41(10), 2353-2387 (2009)

Duan, R.J., Strain, R.M.: Optimal time decay of the Vlasov-Poisson-Boltzmann system in R3. Arch. Rational
Mech. Anal. 199, 291-328 (2011)

Duan, R.J., Ukai, S., Yang, T., Zhao, H.J.: Optimal convergence rates for the compressible Navier—Stokes
equations with potential forces. Math. Models Methods Appl. Sci. 17, 737-758 (2007)

Duan, R.J., Liu, H.X., Ukai, S., Yang, T.: Optimal L” — L4 convergence rates for the compressible Navier—
Stokes equations with potential force. J. Differ. Equ. 238, 220-233 (2007)

Dumas, E., Lu, Y., Texier, B.: Space-time resonances and high-frequency Raman instabilities in the two-fluid
Euler-Maxwell system, preprint (2021)

Fan, J., Li, F.,, Nakamura, G.: Convergence of the full compressible Navier-Stokes-Maxwell system to the
incompressible magnetohydarodynamic equations in a bounded domain II: global existence case. J.
Math. Fluid Mech. 9, 443-453 (2016)

Feng, Y.H., Li, X., Mei, M., Wang, S.: Asymptotic decay of bipolar isentropic/non-isentropic compressible
Navier—Stokes-Maxwell systems. J. Differ. Equ. 301, 471-542 (2021)

Feng, Y.H., Li, X., Wang, S.: Stability of non-constant equilibrium solutions for the full compressible
Navier—Stokes-Maxwell system. J. Math. Fluid Mech. 23(2), 17 (2021)

Feng, Y.H., Wang, S., Kawashima, S.: Global existence and asymptotic decay of solutions to the non-
isentropic Euler-Maxwell system. Math. Models Methods Appl. Sci. 24, 2851-2884 (2014)

Germain, P., Ibrahim, S., Masmoudi, N.: Wellposedness of the Navier-Stokes-Maxwell system. In: Pro-
ceedings of the Royal Society of Edinburgh, (2014)

Guo, Y., Ionescu, A.D., Pausader, B.: Global solutions of the Euler-Maxwell two fluid system in 3D. Ann.
Math. 183(2), 377-498 (2016)

Germain, P., Masmoudi, N.: Global existence for the Euler-Maxwell system. Annales Scientifiques De L
école Normale Supérieure 47(31), (2014)

Hajjej, M.L., Peng, Y.J.: Initial layers and zero-relaxation limits of Euler-Maxwell equations. J. Differ. Equ.
252, 1441-1465 (2012)

Ibrahim, S., Keraani, S.: Global small solutions of the Navier—Stokes-Maxwell equations. SIAM J. Math.
Anal. 43, 2275-2295 (2011)

Ibrahim, S., Yoneda, T.: Local solvablity and loss of smoothness of the Navier—Stokes-Maxwell equations
with large initial data. J. Math. Anal. Appl. 2(396), 555-561 (2012)

Jerome, J.W.: The Cauchy problem for compressible hydrodynamic-Maxwell systems: a local theory for
smooth solutions. Differ. Int. Equ. 16, 1345-1368 (2003)

Kato, T.: The Cauchy problem for quasi-linear symmetric hyperbolic systems. Arch. Rational Mech. Anal.
58, 181-205 (1975)

Krall, N.A., Trivelpiece, A.W.: Principles of Plasma Physics. San Francisco Press, Ny (1986)

Klainerman, S., Majda, A.: Singular limits of quasilinear hyperbolic systems with large parameters and the
incompressible limit of compressible fluids. Comm. Pure Appl. Math. 34, 481-524 (1981)

Liu, Q.Q., Zhu, C.J.: Asymptotic stability of stationary solutions to the compressible Euler-Maxwell equa-
tions. Indiana. Univ. Math. J. 62, 1203-1235 (2013)

Majda, A.: Compressible Fluid Flow and Systems of Conservation Laws in Several Space Variables.
Springer-Verlag, New York (1984)

Nicholson, D.R.: Introduction to Plasma Theory. Wiley, New York (1983)

Matsumura, A., Nishida, T.: The initial value problem for the equation of motion of compressible viscous
and heat-conductive fluids. Proc. Japan Acad, Ser A 55, 337-342 (1979)

Matsumura, A., Nishida, T.: The initial value problem for the equation of motion of viscous and heat-
conductive gases. J. Math. Kyoto Univ. 20, 67-104 (1980)

Peng, Y.J.: Stability of non-constant equilibrium solutions for Euler-Maxwell equations. J. Math. Pures
Appl. 103, 39-67 (2015)

Peng, Y.J., Wang, S.: Convergence of compressible Euler-Maxwell equations to incompressible Euler equa-
tions. Comm. Partial Differ. Equ. 33, 349-376 (2008)

Peng, Y.J., Wang, S., Gu, G.L.: Relaxation limit and global existence of smooth solutions of compressible
Euler-Maxwell equations. SIAM J. Math. Anal. 43, 944-970 (2011)

Ueda, Y., Wang, S., Kawashima, S.: Dissipative structure of the regularity type and time asymptotic decay
of solutions for the Euler-Maxwell system. SIAM J. Math. Anal. 44, 2002-2017 (2012)

Wang, W.K., Xu, X.: Large time behavior of solution for the full compressible Navier—Stokes-Maxwell
system. Commun. Pure Appl. Anal. 14, 2283-2313 (2015)

@ Springer



2 Page32o0f32 Journal of Nonlinear Science (2022) 32:2

Wasiolek, V.: Uniform global existence and convergence of Euler-Maxwell systems with small parameters.
Comm. Pure Appl. Anal. 15, 2007-2021 (2016)

Xu, J.: Global classical solutions to the compressible Euler-Maxwell equations. SIAM J. Math. Anal. 43,
2688-2718 (2011)

Yang, J.W., Wang, S.: The diffusive relaxation limit of non-isentropic Euler-Maxwell equations for plasmas.
J. Math. Anal. Appl. 380, 343-353 (2011)

Yang, Y.F., Hu, H.E.: Uniform global convergence of non-isentropic Euler-Maxwell system with dissipation.
Nonlinear Anal. Real World 47, 332-347 (2019)

Yue, G.C., Zhong, C.K.: On the global well-posedness to the 3-D Navier-Stokes-Maxwell system. Dis.
Continu. Dynam. Syst 36(10), 5817-5835 (2016)

Zhao, L.: The rigorous derivation of unipolar Euler-Maxwell system for electrons from bipolar Euler-
Maxwell system by infinity-ion-mass limit. Math. Meth. Appl. Sci. 44(5), 3418-3440 (2021)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Convergence to Steady-States of Compressible Navier–Stokes–Maxwell Equations
	Abstract
	1 Introduction and main results
	1.1 Introduction

	2 Preliminaries
	3 Stability of equilibrium solution
	3.1 The a priori estimates

	4 Decay in time for the nonlinear system 
	Acknowledgements
	References




