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Abstract

In this paper, we study the steady flows to the compressible Euler-Poisson system for semiconductors
with the nonzero angular velocity in a radially symmetric way in an annulus. The main purpose here is to
elucidate the effect of the angular velocity in the structure of the steady flows. We show the well-posedness
of all kinds of types of radially symmetric spiral flows including radial subsonic/supersonic/transonic flows,
and further give a specific classification of the flow patterns under the assumption of various boundary con-
ditions at the inner and the outer circle. Additionally, different from the purely radial case, the uniqueness
of radial subsonic flow can not be obtained due to the nonlocal effect caused by the angular velocity, conse-
quently we prove the uniqueness of the radial subsonic solution in the case without the semiconductor effect
or with a small current assumption. Moreover, some new patterns of spiral flows with or without shock are
observed, such as a smooth transonic flow and a supersonic-supersonic shock flow for a large relaxation
time parameter.
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1. Introduction

In this paper, we consider the steady compressible Euler-Poisson system with the semicon-
ductor effect as follows:

div(pu) =0,
div(pu®u+p]n)=pV<I>—pT—u, (1.1)
qu)zp_b(x)a

which is usually described for the local behaviors of the electron density p and the electron
average velocity u in semiconductor devices. The equations (1.1) express the conservation of
electrons, the conservation of momentum and the local change of the electrostatic potential ®,
respectively. In the second equation of (1.1), pV® represents the Coulomb force of electron
particles and % stands for the effect of the semiconductor damping where the constant parameter
T > 0 is the momentum relaxation time. The given function b(x) > 0 is the impurity density,
also called the doping profile for semiconductors. Physically, p is the pressure as a function of
p, typically stated as

the isothermal case: p(p)=Tp and the isentropic case: p(p)=Kp”,

where T is the constant temperature, and K > 0, y > 1 are constants.

The system (1.1) is a hyperbolic-elliptic coupled system, which is elliptic in the subsonic
states (|u| < c(p)) and hyperbolic in the supersonic states (|u| > c(p)) for the local sound speed
c(p) = +/p'(p). For this system, our aim of this paper is to investigate the structure of radi-
ally symmetric subsonic/supersonic/transonic steady-states with nonzero angular velocity in a
two-dimensional annulus with different boundary data on the inner and outer circle, especially
involving the sonic degenerate boundary.

Actually, the system (1.1) is simplified originally from the hydrodynamic model of semicon-
ductors. The full model since its first introduction by Blgtejer [5] has been paid much attention
for its ability of simulating hot electron effects, which is not considered in the classical drift-
diffusion model [24]. Here we refer to [23,27] for more derivation in physics and mathematics.
Importantly, the study of the stationary flows is known to be the cornerstone of the whole re-
search subject for the hydrodynamic model of semiconductors. Especially for the unipolar steady
model represented by Euler-Poisson equations, Degond and Markowich [10,11] first investigated
the existence and uniqueness of subsonic steady-state with a strong subsonic condition in one di-
mension and for potential flow, in three dimension, respectively. Thereafter more contributions
related to the steady subsonic flows were made in [2,3,17,18,26], see also the references therein.
On the other hand, Peng and Violet [28] proved the existence of a unique supersonic steady-state
with a strong supersonic background in one dimension, and Bae et al. [4] studied the case of two-
dimensional supersonic flow without the semiconductor effect, i.e., T = co. Regarding the steady
transonic flows, Ascher et al. [1] and Rosini [29] first observed the transonic shocks via phase
plane analysis, where the boundary was subsonic but the doping profile was supersonic. Then,
Gamba [14] and Gamba and Morawetz [15] technically constructed the transonic shocks via vis-
cosity vanishing method, but the artificial boundary layers were presented. After then, Luo and
Xin [22] and Luo et al. [21] studied the well-posedness of the one-dimensional transonic steady-
states with non-sonic boundary conditions without the semiconductor effect. To sum up, all the
results mentioned here were related to the non-degenerate states only.
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When the boundary is assumed to be sonic, a degenerate case of the boundary, Li-Mei-Zhang-
Zhang [19,20] first showed in great depth the structure of all types of the one-dimensional
steady-states to the system (1.1) when the doping profile is restricted in subsonic/supersonic
states. Latterly for one-dimensional case, there are some remarkable contributions in this topic,
such as the transonic doping profile case [6], the case of structural stability [12,13], the case of
C°°-smoothness [30] of transonic steady-states, and even the bipolar case [25]. For the multi-
dimensional case, Chen, et al. [7,8] only concerned purely radial flows in an annulus where the
angular velocity is not considered, and they further proved the well-posedness of all types of
radial steady-states to the system (1.1) with sonic boundary.

Subsequently to the previous work [7,8], it is quite natural for us to study spiral flows [9, Sec-
tion 104] of the system (1.1), which are the superpositions of symmetric flows with the angular
velocity and radial velocity being both nonzero. The so-called spiral flows substantially possess
richer and more interesting properties on the structure of these steady-states due to the nonzero
angular velocity. Particularly for transonic spiral flows with/or without shocks, we expect to dis-
cover more new flow patterns compared with the purely radial case. Therefore, combining the
ideas of the obtained results for the steady Euler system [31] and Euler-Poisson system [7,8], we
will study the well-posedness of radially symmetric spiral steady-state solutions of the system
(1.1), and give a fairly complete classification to these solutions with suitable boundary condi-
tions on the inner and outer circle of a two-dimensional annulus

Ai={x=(x,x)iro<r=,/x}+x3<r}, 0<rg<ri <+oo.

Here the most significant point is that we consider the degenerate boundary in this paper.
For this purpose, we introduce the polar coordinate (r, 6) as

x;1=rcosf, xp=rsinb,
and denote the radially symmetric spiral solutions to (1.1) of the form
u=ui(rje.+ux(rjeg, p=pr), E=VP=E()e

and the corresponding boundary conditions

(0, o) | \x|=ro = (00, pOUO),  Plix|=r; = P1. (1.2)
with
o — cos@ 0 — —siné o — e, 4 tione
r — Sln@ ’ 0 — COSQ El 0—1410 r u20 0 -

Based on the assumption of the radial condition b = b(r) € L*(ry, r1), the system (1.1) can be
written as

(rpul)rzoa r0<r<rls
u
(rpud), — pud+rp, =rp (E= 1), ro<r<n,
rouy T (1.3)
(rputuz), + puiuy = — mt rg<r<ri,
(rE), =r(p—>), ro<r<ri,
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and the boundary conditions (1.2) become

p(ro) = po, (1.4)
p(r1) = p1, (1.5)
(u1(ro), ua(ro)) = (w10, u20), (1.6)

for positive constants (pg, o1, #10) and a nonzero parameter uo. Consequently, the goal of our
work below is to look for the steady-state solutions of system (1.3) with the conditions (1.4)-(1.6).
To solve the problem (1.3)-(1.6), one can set a steady current in the radial direction by

J1=pui,
and gets from the first equation of (1.3) and (1.6) that
rJi(r) =roJ1(ro) = ropou1o =:roJ1o for r€lro,r1]. (L.7)
Thus, one has

J1 _ ropouro _ roJio

up = (1.8)
ro rp
For convenience, let us denote a new variable
rp P 1
n(r) == =—=—, (1.9)

roJio  J1 up

and consider the isothermal case, i.e., p(p) = Tp. Here let T = 1 without loss of generality such
that the local sound speed cz(p) = p’(p) = 1 and the Mach number M can be defined by

2
u
2= |2| =u?i=1,2,
c*(p)

then the flow is referred to be in the subsonic/sonic/supersonic state if
> = u} +u3 § 1 : the local sound speed.

Now from (1.7), (1.8) and (1.9), the system (1.3) is reduced to

1 1wl 1
l—=|n=n|E+-+—=——), ro<r<ri,
n ror n

1 n
w2)r =—\ -+ = )uz, ro<r<ri,
r T

(rE)r =n—rb, ro<r<ry,

(1.10)

with the corresponding boundary conditions
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n(rg) = no, (1.11)

n(ry) =nq, (1.12)

u2(ro) = u2o, (1.13)
for the constants ng = £~ > 0, n| :1;)‘ > 0 and upg #0.

What’s more, from the second equation of (1.10) and the condition (1.13), it’s easy to get

r

—%/n(s)ds , relrg,ril. (1.14)

ro

uz0ro
ex

ur(r) =

Defining a function E by

E@r) _E(r)+ + 2(), re(ro,r1), (1.15)

we can simplify the system (1.10)-(1.13) to the following problem

1 P |
<1__2)nr=nE__’ re(r()ar])’
n T

(rE),:n—rb—K(r;n), (1.16)
n(ro) =ng, n(ry)=ni,
where the function K (r; n) is denoted by
,
Ko =222 (2 + 2 ex —Efn(s)ds (1.17)
’ ._ 2070 7'3 'L'I"2 p T ’ '

ro

Similarly as formula (7) in [19], the system (1.16) can be changed as a nonlinear elliptic system

1 1 r
[r (Z‘F)”’+E]r:”_rb_l<("")’ reon (L18)

n(rg) =ng, n(ry) =nj.

It is clear that equation (1.18) is uniformly elliptic when n(r) > 1 or 0 < n(r) < 1 for r € [ro, r1].
Meanwhile, equation (1.18) will be degenerate at the boundary points when ng =1 or ny = 1.
We realize that, given different boundary data ny and 71, the system (1.18) may present entirely
different properties. Therefore, our goal of the paper is to investigate the well-posedness of the
system (1.18) when the constants ng and n; are in a variety of sizes, and make a fairly complete
classification of solutions as far as possible.

To this end, we first assume a doping function b(r) :=rb(r) € L*°(rg, r1), and

b:= essinf rb and b:= esssup rb.
relro,r] relro.ri]

Then some different types of the solutions to (1.16)/(1.18) are introduced as follows.
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Definition 1.1. Suppose that a function # satisfies

ri 1
1 1
) ey
n n T
ro ro
equivalently,
1] 1 [
_/ |:r(n-: ) ((n B 1)2) N L] ¢rd,+/(n —b— K(r:n))pdr =0, (1.19)
2 n r T
ro "o

for any test function ¢ € HO1 (ro, 1), and (n — 1) € H(ry, r1). Now we define that

(1) f0<n(r)<1forre(rg,r) withO<ng<1and 0<ny; <1 such that u;(r) > 1 and
|u|(r) > 1 over [rg, r1] with uzg # 0, then
e we call n(r) a radial supersonic/or supersonic-sonic and totally supersonic solution to
(1.18).
(i) If n(r) > 1 for r € (rg,r1) with ng > 1 and n| > 1 (correspondingly, 0 < u1(r) < 1 over
[r0, r1]), then the solution n(r) is called to be
e if |u|(r) < 1 on [rg, r1], a totally subsonic solution to (1.18);
e if lu|(r) > 1 on [ry, r1], a radial subsonic/or subsonic-sonic but totally supersonic solution
to (1.18);
e if |[u| > 1 and |u| < 1 both exist on [rg, 1], accordingly a radial subsonic/or subsonic-
sonic but totally transonic solution to (1.18).

Particularly, when ng #% 1 and n # 1, it follows that n € H(ro, r1); when ng=n; = 1, one gets
(n — 1)*> € Hy (ro, 1) for the weak solution 7.

Definition 1.2. Let (n, E )(r) be a pair of the solution to the system (1.16).
(i) If (n, E) € C(ro, r1) x W'(rg, r1) with 0 < ng < 1 and n; > 1, and there exists a point

z0 € (rg, r1) such that

(n, E)(r) = (”S“P’?up)(r) for r € [ro, zol,

(sub, Esup)(r)  for r €[zo,r1],

where 0 < ng,, (r) < 1 on (ro, z0), hsup(r) > 1 on (29, 1), and

Mup(20) = nup(20) = 1. nly,(20) =nfyy(z0)  and  Egup(z0) = Eup(z0).  (1.20)
then n(r) is called to be a C'-smooth transonic solution in the radial direction, corresponding
too a totally supersonic solution when |u|(r) > 1 on [rg, r1];

e a totally transonic solution when |u|(r) < 1 on some intervals of [rg, r1].
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(iv) If 0 < ng <1 and n1 > 1, and the function n(r) is split by a point zg in the form of

n(r) = nsup(r) <1 for r e (ro,20),
() > 1 for re(zo,71),

satisfying the entropy condition at z,

0< Nsup(z0) < 1 < ngup(z0), (1.21)

and the Rankine-Hugoniot condition,

_ 1 .
Nsup (ZO )+ ———= nsub(zg) + Esup(Z() )= Esub(Zg)» (1.22)

Rsup (Za) nsub(za_)

then n(r) is called to be a transonic shock solution in the radial direction, corresponding to
e a totally supersonic shock solution for |u|(r) > 1 on [rg, r1];
e atotally transonic shock solution for |u|(r) < 1 on a subset of [rg, r1].

For the smooth solutions in Definition 1.1 and 1.2, once we solve the boundary value problem
(1.18) for the solution 7, in virtue of the first equation of (1.16), then the solution (n, E) of the
problem (1.16) can be derived where

L1 1 1 n+l a1
E=(-——)n+—="rla-0?] +—,
n nd ™ 2n3 roon

which in combination with (1.14) and (1.15) gets a solution (n, u», E) of the system (1.10)-(1.13),
and further coincides with a corresponding solution (p, u1, u», E) to the system (1.3)-(1.6).

Now by Definition 1.2, we are able to study the shock solutions to the system (1.3) with differ-
ent boundary values. Recall that, a piecewise smooth function (uli, uzi, pt, ET) e [CHAD)]? x
W12 (A*) with a jump on a circle r = zq is a radially symmetric spiral shock solution to the
system (1.3) in A, if (uT, uzi, p*t, ET) satisfy the system (1.3) in A™, respectively, and satisfy
the entropy condition [p] > 0 and the Rankine-Hugoniot conditions

[puil = [pu? + p] =0,
[puiu2] =[E]=0,

where [X] = X1 (z0) — X~ (z0), which exactly corresponds to the conditions (1.21) and (1.22).
From now on, according to Definition 1.1 and 1.2, we divide the well-posedness problems
(1.16)/(1.18) into the following four problems. That is,

(i) find the smooth solutions of (1.18) satisfying0 <n <1, if0O<no<1, O<n; <l
(i) find the smooth solutions of (1.18) satisfyingn > 1, ifng>1, n;>1;

(iii) find radial transonic solutions without shock to (1.16), ifO0O<ng <1, n;>1;

(iv) find radial transonic solutions with shock to (1.16), ifO0<ng<1, n;>1.
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For the above four problems, in the case of zero angular velocity, it has been proved in [7,8] that
there exists at least one interior supersonic solutions 0 < n(r) < 1, a unique interior subsonic
solution n(r) > 1 over [rg, r1], infinitely many transonic shock solutions for t >> 1, and infinitely
many C'-smooth transonic solutions for T < 1 when the boundary is radially sonic and the
doping profile is greater than the sonic curve, i.e., b > 1.

In this paper, the presence of the nonzero angular velocity brings us more new phenomena on
the structure of solutions. For this case, we observe the following features of problems (i)-(iv):
(1) when the boundary is radially sonic, the difficulty caused by the degeneracy of the equation
is still a key point we need to solve such like that of [7,8], which will affect the well-posedness
and regularity of solutions. Precisely, for the degenerate equation, the standard methods applied
for the uniformly elliptic equations in [10,28] can’t be effective and the solutions only belong
to C> Holder continuous at the degenerate points; (2) the system (1.16) is non-autonomous,
however, different from a truly one-dimensional autonomous system, we can not work on the
overall phase plane by the phase plane analysis, thus the local analysis method will be the only
way to solve the problems; (3) with the joining of the nonzero angular velocity, it could be a
barrier to obtain the well-posedness of the solutions and draw a clear classification of the flow
patterns.

In order to overcome these difficulties, we still adopt the approaches combined by the techni-
cal compactness method, the phase plane analysis and the local singularity analysis in the critical
position (see [7,8]), to deal with a non-autonomous system with the degenerate boundary. More
importantly, our purpose here is to explain the effect of the nonzero angular velocity in proving
the well-posedness and classifying the flow patterns of all solutions. Based on the rigorous proof,
we have two findings for the role of the angular velocity played in this paper. The first finding is
that the nonzero angular velocity will bring a nonlocal term in the equations, which mainly pre-
vents the proof of the uniqueness of the radial subsonic/subsonic-sonic flow. So we are obliged
to confirm the uniqueness results for the radial subsonic flow without the semiconductor effect or
with a small current condition. The second finding is that the system possesses more new types
of the flows, and particularly there exist a smooth transonic flow of being subsonic in the radial
direction and a supersonic-supersonic shock flow of being transonic in the radial direction when
the relaxation time is large enough, that is quite different from the case of zero angular velocity.
The representations are given in Theorem 2.1, Theorem 3.1, Theorem 4.1 and 4.3.

The paper is organized as follows. In section 2, we prove the existence of the supersonic
solutions of problem (i) with the flow being supersonic in the radial direction. In section 3,
we show the existence of the steady-states with |uzo| < C4/T and the uniqueness of solution
with T = 400 or a small current constant Jjg = rgpp to problem (ii) when the radial velocity is
subsonic/or subsonic-sonic, and classify the flow patterns by the size of |uyg|. In section 4, our
aim is to investigate the steady flows with being transonic in the radial direction. We show that
there exist infinitely many smooth radial transonic solutions of problem (iii) if 7 < 1, and there
exist infinitely many transonic shock solutions if 7 >> 1 and |up9| < 1, and supersonic shock
solutions if T >> 1 and |upp| > 1 for problem (iv).

Remark 1.3. Note that all there conclusions in this paper are obtained in the isothermal case,
which can be similarly extended to the isentropic case. Besides, all radial spiral flows we study
above start from the inner circle to the outer one. For the fluid flows from the outer circle to the
inner direction, we believe there exist still some corresponding results.
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2. Supersonic/supersonic-sonic flows in the radial direction

In this section, we consider the steady-state solutions to the system (1.18) where the radial
velocity is supersonic/or supersonic-sonic with the boundary condition 0 <np <1 and 0 <nj <
1. For the elliptic system

1 1
|:r<___3>nr+L] :n—b—K(r,n), re(r()vrl)»
n Tn |,

n

2.1
n(ro) =ng, n(ry) =ny,

according to Definition 1.1, we summarize the following problem and results.
Problem I. Find the smooth function 0 < n < 1 in Type (i) of Definition 1.1, which solves the
system (2.1) with the boundary conditions:

O<np<1l and O<n; <1,
when the doping function is in the subsonic state, i.e., b > 1.

Theorem 2.1 (the steady-states of Type (i)). Let the doping profile satisfy b € L (rg, r1) and
b>1.When0 <ng <1and0 < ny <1, there exists at least one smooth steady-state solution n €

1
C2[rg, r1] for the degenerate case, or n € CH g, r] with 0 < o < %for the non-degenerate
case, to the system (2.1), satisfying

O<n=n(r)<l on (rg,r1),

where n = n(ng, ny, E, T,70,71, u%o) is a positive constant. Then in view of the fact that
1
u(r)=——=>1 and |u|(r)y>1 on [ro,r1],
n(r)

the solution n(r) corresponds to the totally supersonic flow of the equations (1.1).

Remark 2.2. In Theorem 2.1, the condition b > 1 can be replaced by a weaker condition, i.e.,
b+ % > 1. Indeed, with a case of a strong supersonic background, just like 0 < ng, n1 < 1, the
above condition can be further weakened, inspired of [7,28]. Nevertheless, when the boundary
data ng, n; are less than the sonic value 1, there maybe exist no solution for the problem (see
[20] for instance), which confirms the necessity of the condition b > 1.

Remark 2.3. In Theorem 2.1, for the non-degenerate case 0 < ng,n; < 1, we further obtain

a solution (p,uy, us, E) € [C'¥[rg, r1]]2 x C?T[rg, r1] x WH*(rg, 1) to the system (1.3).
2

However, the fact is that (o, uy, us, E) € [C%[ro,rl]] X C”%[ro,rl] x WLy, 1)) for the

degenerate case of no=1orn; =1.

Proof of Theorem 2.1. For this situation, we are interested to get a radial velocity u(r) =

1/n(r) = 1 over [rg, r1]. Thus it implies by (1.14) that the total velocity |u| = ,/u% —I—u% > 1,
physically corresponding to the totally supersonic flow.
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Note that (1.18) is a degenerate system whenever ng = 1 or n; = 1. To deal with the case of
the degenerate boundary, we define an approximate system of (1.18) as follows (see [7]):

1 k> rk
r{— )y +—| =ngk—b—K(@;nr), re(ro,r),
Tng |,

ne ()’ 22)
ni (ro) = no, ng(r1) = ny,
with a constant k > 1. Let the function vy = k/ny, then system (2.2) is changed as
LYoo+ 2% =X o koo, e
r\v% ——3 | W — | =— —b—=K({r;k/vg), relror),
)T T L T w ¢ 0-71 2.3)

vk(ro) =k/no =k, v (r)) =k/ny > k.

Clearly, (2.3) is a system of non-degenerate and nonlinear elliptic equation. So our task is to find
a weak solution vx € H'(rg, r1) to (2.3) such that k < vy < 400. Recalling [7, Theorem 3.2, Step
1], we first establish a mapping F : n — v by solving the following quasi-linear elliptic equation

rn+1) ro. ko )
[T(v—l)vrl—i— . _77 b . K(@r;k/n), re(ry,r), 2.4)

v(ro) =k/ng > 1,v(r1) =k/n; > 1,
with n € D. Here the solution space D € C [ro, r1] is denoted by

D:={we C'lro.rllk <o <M, w(r) =k/no, 0(r1) =k/ni,

l@llcatrg,r < Ay @l et = T(A)}

for some undetermined constants M, A and Y(A). Next our intention is to look for a unique
fixed point of the operator F in D by the Schauder fixed point theorem [16], that is exactly a
solution of (2.3).

In order to obtain the fixed point, the first step is to assert that (2.4) has a unique solution
v e C*¥rg, ] for 0 < & < 1. To prove this, an operator Fo : { — £ is defined for any fixed
n € D by solving the linear equations

T(C—l)& +T+G(V;77)=0, re(ro,r1),
E(ro)=k/no > 1,E(r) =k/n1 > 1,

[rm +1) ] r,
, 2.5)

where
¢ €Dy:= {v € COlro. |k < v < K, v(ro) = k/no, v(ry) = k/m]
for a constant C to be determined later and
n k
Grim = K(rik/m+b+—— .
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We prove that (2.5) has a solution £ € H 1 (ro, r1), and by the compact imbedding H 1 (ro,r1) —
COrg, 11, the image set Fo(Do) is precompact. Also, it is seen that the operator Fy is continuous.
Next we will prove Fo(Dgy) C Dp. As in [7, Theorem 3.2, Step 1], it is directly shown by b +
1/t > 1and K(r; k/n) > 0 that

E(ry=k for relrg,ril,

and

ry—ro

1 —K)rll2¢g,r) = m

IG T M L2,y
so it follows from Poincaré’s inequality that

£ <k+C(ro,ri, )IG; Ml 2 < C(ro,r1,k, 7, 6,135, M) = K(M),

(ro,r1)

which implies the result that & € Dy. Therefore, applying the Schauder fixed point theorem, one
easily gets a fixed point v € Dy for the operator Fy such that Fo(v) = v, that is the solution of
(2.4). Further, with the help of the regularity theory [16] and Sobolev imbedding theory, it holds
that v € C'%[rg, 1] with 0 < & < % and k < v < (M) satisfying
”U||C"[r0,r1] S C] (r()a ri, ka T, Ea u%()a M)a
||U||C1+a[r0,rl] S C2(C1 IRAVTRAT ka T, Ea M%Oa M)7
for constants C; and C,. At the same time, the uniqueness of the solution v is directly obtained

by using [7, Lemma 3.1]. Thus, the above assertion is proved.
Now the second step is to verify the condition F (D) C D. As similar as [7, Theorem 3.2, Step

1], it is checked that
- M
kSU§k+C(r0,r1) Kmax+b+7a (26)

1 1
K(r;k/n) SZM%O (% + ;) = Kmax(“%ov 70, T). 2.7

where

One can see from (2.6) that v(r) < M over [rg, r1] when M is large enough by taking

N C%(ro,r1) 1

C2 , 2 _
M=k A +§\/<2k+#) +4C2(r0, 1) (Kpmax + ) — 4K2.

Finally, we choose A = C1(rg,71,k, 7, b, u%o) and Y(A) = Co(Cy, ro, 71, k, T, 6, u%o) such
that 7 (D) C D is qualified. Meanwhile, we know that the continuous operator F is compact de-
fined in the closed convex set D C C![rg, 1] due to the compact imbedding cHe — Clrg, r1].
Therefore, a unique fixed point vy is a solution of (2.3) for any fixed k, which is obtained by the
Schauder fixed point theorem. What’s more, we find that ny = % is the solution of (2.2).
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Asin [7, Theorem 3.2, Step 2-3], we give a uniformly bounded estimate of the function vy for
any k > 1. Hence let k — 17, then the limit of the sequence solution {rny}x~ is a solution to the
system (2.1) satisfying formula (1.19) and

O<n<n(r)<1 for re(ry,r),

where a constant 7 is a constant only depending on (rg, r1, T, b, u%o) with the degenerate case.
But for the non-degenerate case of 0 < ng, n; < 1, it implies by [28] that the lower bound 7 is
also dependent on ng and n;. Afterwards we discuss the regularity of the solution n. Especially
for the degenerate case of ng = 1 or n; = 1, the optimal regularity we only getisn € C : [ro, r1]U
Cl(rg, r1). But if 0 < ng, ny < 1, the regularity of n will be raised to n € C'*[rg, r1] for any
O<a< % by the regularity theory and the Sobolev imbedding theorem. We can see [7,19] for
details.
Thus we complete the whole proof. O

3. Subsonic/subsonic-sonic flows in the radial direction

Our purpose of this section is to investigate the essential effect of the nonzero angular ve-
locity on well-posedness and the flow pattern of the system (1.18) when the radial velocity is
subsonic/or subsonic-sonic. Main problem and results are stated below.

Problem II. Find the smooth function n > 1 in Type (ii) of Definition 1.1, which solves the
system (2.1) with the boundary conditions:

no>1 and n;>1,
when b > 1.

Theorem 3.1 (the steady-states of Type (ii)).

P1. the existence result: Assume that b € L°(rg,r1) and b > 1 hold. For no > 1 and n; > 1,
there exists a constant oo = 0o(+/T) such that if

0 < |uzo| < 00,

. . . . . 1
then the system (2.1) admits a radial subsonic-sonic smooth solution n € C2[rgy, r1] for the
degenerate case, or a radial subsonic smooth solution n € CHry, ] with0 < o < %for
the non-degenerate case. In addition, we have

1+Asin<n-r O)gn(r)gc for relro, r1l, G.1)

r—ro

where . = A(rg, T, b, ng,ny) and C = C(ro, t, [_J, luzol, no, n1) are the positive constants.
P2. the uniqueness result: (ul) if |uxg| > 0 with T = +00, the above solution is unique;
u2) if 0 < |ugg| <K 1 with 0 < © < +00, further assume the constant Jig = pou1o is small
enough, then there exists at most one smooth solutionn € C Ia g 1] to the system (2.1).
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P3. the flow patterns: Assume that the relaxation time t is large enough, i.e., T > 1.
(1) For the degenerate case of no =1 orny =1o0rnyg=n| =1, it is proved that

Subcase 1.1. if luyg| > 1, then n(r) is called a totally supersonic solution with the fact
that |u|(r) > 1 over [ro, r1];

Subcase 1.2. If luyg| <K 1, then n(r) is called a totally transonic solution where the cases
of lul(r) < 1 and |u|(r) > 1 both exist for r € [rg, r1].

In particular, there exists a positive constant o = o1 such that if \ux| = o1, then n(r) is

called a totally supersonic-sonic solution, corresponding to |u|(r) > 1 over [rg, r1].

(2) For the non-degenerate case of no > 1 and ny > 1, we have

Subcase 2.1. if luyo| > 1, then n(r) is a totally supersonic solution. That is, |u|(r) > 1
on [ro, r1l;

Subcase 2.2. if |uxo| K 1, then n(r) is a totally subsonic solution with the fact that
|u|(r) <1 over[rg,ril;

Subcase 2.3. if \uyg| belongs to a domain [o2, 03] with the constants 0 < 03 < 03, then
there exist both \u|(r) < 1 and |u|(r) > 1, so n(r) is known to be a totally transonic
solution on [rg, r1].

In addition, there must exist two constants o, and oy such that 0 < 0y < 03 < 03 < 03,

then for |uxg| = o, n(r) is a totally subsonic-sonic solution, i.e., lu|(r) < 1 over [ro, r1],

and for |uso| = ag, n(r) is a totally supersonic-sonic solution, i.e., |u|(r) > 1 on [rg, r1].
Assume that T and |uyg| is small enough, i.e., T <K 1 and |uyy| K 1, there are still corre-
sponding classifications of solutions as similar as the case of T > 1.

Remark 3.2. In P1 of Theorem 3.1, we emphasize the fact that the restriction |uz9| < C4/T is
needed in the case of 0 < 7 < +o00. Obviously, the above condition is not necessary for the Euler-
Poisson system without the effect of semiconductor, i.e., T = +00. Additionally, the Holder index

% is optimal only in the degenerate case, which is also found in [7,19].

Remark 3.3. The uniqueness of the purely radial case, 0 < v < +00 and upy = 0, has been
proved in [7]. However, in P2 of Theorem 3.1, the uniqueness results are obtained only in the
two special case when uso # 0. In fact, we have no way to prove the uniqueness of solutions
in the general case since the comparison principle applied in [7,19] can’t work owing to the
nonlocal effect caused by the nonzero angular velocity.

Remark 3.4. In P3 of Theorem 3.1, the solution n > 1 only represents a subsonic-sonic flow
in the radial direction, and physically the final categories of the solutions of system (2.1) are
determined by the size of |usp|. Therefore, it is essentially different from the purely radial result
[7, Theorem 2.1].

Proof of Theorem 3.1. Part 1. The proof of the existence result. The part of the proof is split
into three steps.

Step 1. We first deal with the degenerate case with np =1 orn; =1 or ng =n; = 1, and focus
on the solution n(r) > 1, i.e.,, ui(r) <1 to (2.1) over [rg, r1]. Without loss of generality, let’s
directly consider the case: ng = n; = 1. To prove this, one constructs an approximate system of
(2.1) as follows:
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[(1 j2>(>+r] b—K(rinj). re(o.m)

r{\————=\)n; —| =n;—b—-K(r;n;), reor),

g 3 ) eny ] ! (3.2)
nj(ro)=n;(r1) =1,

with a constant 0 < j < 1. Here the function K is given by (1.17).

Step 2. the existence of the approximate solution n; € C Uro, 1] 10 (3.2). Concretely, we
define a mapping 7 : S — C%rg, r11, T(m) = i ; by solving the linearized system of (3.2)

L_EY G| - aipe =it —b— - —KGim, 7€ o)
r{———=|@; ——Wmj))=nj—b———K(r;m), re(r,ri),
m  m3 I . Tm? I J ™m 071 (3.3)
nj(ro)=n;(r) =1,
where we have denoted a closed subset of C%[rg, 1] by
S={we COlro, rlll <w<C,w(rg) =w(r;) =1} for an undermined constant C,
and m € S. Therefore we have a solution n; € H L(ro, 1) to (3.3) by the elliptic theory, and it
is easy to see that 7 is continuous and compact by the continuity argument and the Sobolev
imbedding theorem respectively. Now it suffices to prove the condition 7(S) C S in applying

the Schauder fixed point theorem. Similarly to the proof of [7, Lemma 2.3], and by the weak
maximum principle [16, Theorem 8.1], one has

1§flj <C,
provided that
1
1<b4+—+K@r;m)<C foranymEeS. 3.4
™m

To get (3.4), noting that b > 1 and

1 — 1 » (1 m 2
b+ —+K(@r;m) <b+ —+2uj, + —)expy —— [ m(s)ds ¢,
™m T T T

ro

ro
we choose
JT
< X
luoo| < 5
and
1 243
czz(b+—+ﬂ), (3.5)
T ro
such that
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_ 1 1
b+—+2u§0< +ﬂ>sc.
T T

ro

So the condition (3.4) holds. Therefore the system (3.2) admits a solution n; € C lro, r1] for any
0 < j < 1 by using the Schauder fixed point theorem. Also, n; € C ro.r1] directly follows from
the regularity theory and the Sobolev imbedding theorem.

Step 3. the existence and regularity of a weak solution n(r) > 1 of the system (2.1). For any
0 < j < 1, the uniformly bounded estimate of (n; — 1)? in HO1 (ro, r1) is derived by the same
methods in [7, Theorem 2.1]. Let j — 17, then the system (2.1) has a limit solution n(r) > 1 on
[ro, 1] satisfying (1.19) and (n — 2e HO1 (ro, r1).

From the proof of [7, Theorem 2.1] and [19, Theorem 2.1], we can see that the optimal reg-
ularity is n € C%[ro, r1] for the degenerate case: ngo = n; = 1, so does the case of nop =1 or
n1 = 1. In addition, we define the solution of (3.3) by m; when K (r; m) =0, and it follows from
[7, Lemma 2.3] that

r—ro

mj(r)zl+ksin<n-
ry—ro

>, r €[ro, 1],

where A = A(r9, 7, b) is a small constant independent of j. Imitating the idea of the comparison
principle in [7, Lemma 2.2], and due to K > 0, it is easy to obtain that

nj(r)>=m;r) for relrg,rl.

Furthermore, we consider the non-degenerate boundary case: ng, n; > 1. Actually, as in [10,
Theorem 1], there exists a solution n € H>(ro, r1) < C't¥[rg, r1] with 0 < & < %, and

1 < Ci(minfng, n1}, b) < n(r) < Ca(max{ng, n1}, b, |uzol), (3.6)

for the bounded constants C; and C». Therefore, the inequality (3.1) is true.
Part 2. the proof of the uniqueness result.

Case 1. |uzo| > 0 with T = +00 for the degenerate case. When t = 400, it is checked that
2

2u? r .
K@r;n)= % In this case, we also have

r —ro

nj(r)zl+ksin(n- ), r € [ro, r1],

rn—ro

where A = A(rp, b) is a small constant independent of j. Afterwards the uniqueness of the limit
solution n in Part 1 is obtained by coping the idea of the proof of [7, Theorem 2.1].
Case 2. 0 < |uzo] < 1 with 0 < 7 < 400 and 0 < Jig K 1 for the non-degenerate case. In
Jio

this case, we have the equations for the solution 7 := % = = Jion as follows:

1 I\ . o . .
r\=— =35 |ir+—| =ron—b—K(@r;n/Jio), reror),
non mo| 3.7

A(ro)=po>1, A@r)="2>1

373



L. Chen, M. Mei and G. Zhang Journal of Differential Equations 373 (2023) 359-388

Here the solution 7 € C'[rg, r1] has been derived by Part 1 satisfying 7 > 1. Now referring to
[10, Theorem 2], it suffices to show the uniqueness of the solution n. Let 7] and n be two

solutions of the system (3.7), then subtracting two equations one gets
[r(ai(r)e)rl, — Jo(raz(rje), =roe — az(r)

where e(r) =n, —n; and

PN A ~ R 1 1120
ai(r) = | F' (1 +n(iz—n1))dn >0, f(n)zﬁ_ﬁ_y

1 R R
ax(r) = Thihs >0, a3(r)=K(2)— K(n1).

Multiplying (3.8) by aje and integrating it over [rg, r{] we have

r r r

/F|(01€)r|2dr - Jlofraze(ale)rdr +/roa1e2 —ajazedr =0.

ro ro ro
We estimate, using Young’s inequality:

r

/raze(ale)rdr <= /rJ_azezdr+ /r—|(a1e)r| dr,

ro ro

and calculate a3:

az(r) = udolg1 (r; An)e(r) + ga(r; A1, A2)), 1 €lro,r1l,
where

r

i) 2r} 2 / ) 2
rifin) = exp{ ——— | Ar(s)ds $} < —
&1 2 Jl()tr2 P JioT 2 JioT

1o

and

3.8)

(3.9)

(3.10)

1A 2 2
g (r;ny, nz)—2r0 —+ L exp ——/ﬁg(s)ds —exp ——/ﬁl(s)ds
Jiotr? Jiot JioT

7o o

_ Clo.0.B)
T

C(r07 rl"E) E) A A
T i = Al 2y .
10

/(ﬁz —An(s)ds| <

such that
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r r
/a1a3edr=/ale(g1€+gz)d’”
ro ro
2 2 " C( E) 2 /
U ro,r1,T,0)u ~ A
< 20/alezdr+—220””2_”1||L2(’0>r1)/aledr (3.11)
Jiot Jio
ro o
u 2 ) C( E) 2 /
u, 2 ro, 71, T, buyy / 2
< —= are“dr + ——— = ||la 2 e dr7
TroT 1 _]120 I 1||L (ro,r1)
ro ro

where we have used Holder’s inequality. Therefore it follows from (3.9), (3.10) and (3.11) that

r

1
7
/r (1 - 21%_?) l(are), [2dr

ro

(3.12)

10

r
2u C-u3
+/ |:i’0a1 - —n/ 1ay — 7 - E ||a1||L2(r01r1):| dr <0.

1o

Accordingly, there exists a small constant J 0= flo(ro, r, T, E) such that if 0 < Jyg < flo and
0 < |uy| < Ijz for a small constant Uz = lA]z(ro, r, 7,0, J10), then both terms on the left hand
side of (3.12) are positive, which get a contradiction to the assumption that i1] # 715. The proof
of uniqueness result is complete.

Part 3. the classification of flow patterns. We note from (1.14) that

2 2, 21 2r<% 2 [
|u| (r)=u1+u2=;+u20r—zexp = n(s)ds ¢,

ro

and the function u% is strictly decreasing in . Here let’s define

Upy ‘= max |u|2(r) and wu, = mm |u| r).
relro,r refro,r]

For the degenerate case, it is seen that
2 2
wn = max fluP o), [wlP(ry) | > 1,
and one has

= min {ju? o), [P (r0), [l ran) |

2

r 2(r1 —ro)n(r

> 2+u%0_gexp{_ (ri —ro) (M)}
n(ry) ri T
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where ry; is the maximum point of the function n(r) in (rg, r1). By (3.5), we get 1 < n(ry) <
406 + 2u20) if T > Thus, it’s checked that

b+2 3
2 8(r1 — r0) (6 + 2
5 75 r1 —ro)(b+ =5
Um > Uy —5 o exp{ —
r T
Now if T >> 1 such that
5 In2-rot — In2-rgt

< - 7 <— 3.13
0= 50— "= 1601 — o) G139

we have 8(r1 — ro)(b + 20) <In2- 7. Thus,

2.2
’0“20

Um =
2}’1

So it follows from (3.13) that u,, > 1 for sufficiently large t and rorﬁ < |uy| < “2 / (rlrorro),

which means that the flow is totally supersonic. As we know by [7], the flow is subsomc sonic
when |ug9| = 0. When 0 < |ugg| < 1, it is easy to see from (3.1) that ups > 1 > u,,. This is a
totally transonic flow. Of course, due to the continuous dependence on the parameter |usg| > 0
for the solution n(r), there must exist a constant o € [0, r’ﬁ] such that |uyg| = o1, satisfying
upy > Uy = 1, which corresponds to a totally supersonic-so(;lic flow.

For the non-degenerate case with ng, n; > 1, we show that the flow is also totally supersonic
if 7 > 1 and |ug0| >> 1 similarly to the foregoing case. In fact, it is checked from (3.6) that

n(rm) = min n(r) > Ci(minfng,n1}, b) > 1.
relro,ril

Hence if 7 >> 1 and |ug| < 1, it is easy to see that O < u,, < uy < 1. This is certainly a totally
subsonic flow. What’s more, because of the continuous dependence between the function |u| and
the parameter |u2|, there exist two critical points ¢ and o such that

luzo| =05 = um <upy =1 (the subsonic-sonic flow),
and
luzol =05 = um =1 <upy (the supersonic-sonic flow).

When |uyg| belongs to a certain subarea of [02, 03] C [oé, 03/], we can show that uy; > 1 > u,,,
which points directly at a totally transonic flow.

All the above are the results of 7 >> 1. Then when t < 1, it is easy to get that the flow is totally
transonic only if |uyg| < 1 for the degenerate case, and the flow is totally subsonic if |uso| < 1
for the non-degenerate case.

The proof is complete. O
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4. Transonic flows in the radial direction

In this section, we concern with the steady flows being transonic in the radial direction. Here
the system (1.16) is written as

1 L1

<1 — —Z)nran— —, re(o,ry),
n T

rE), =n—b—K(r;n),

n(ro) =ngo, n(ry) =ny.

“.1

4.1. Radial transonic flows without shock

We now study the structure of the smooth solutions with a transonic flow in the radial direc-
tion.

Problem III. Find the smooth function n in Type (iii) of Definition 1.2, which solves the
system (4.1) with the boundary conditions:

O<ng<1 and n;>1,
when b > 1.

Theorem 4.1 (the steady-states of Type (iii)). Let b € L*°(rg,r1) and b > 1. For 0 <ng < 1 and
ny>1,

(1) if T is large enough, then there is no smooth steady-state solution of Definition 1.2 to the
system (4.1);

(2) if T is small enough with no = ny = 1, and assume that |uzy| < C/T and b € C%ro, 11,
then there exist infinitely many C'-smooth radial transonic solutions to (4.1) satisfying

O<n(r)<1 on (rg,z0), n@r)>1 on (z0,r1),
with a point zg € (ro, 1), and the smoothness condition (1.20) follows.
Remark 4.2. From Theorem 4.1(2), we can recognize the C'-smooth radial transonic solutions
in the situation of ng = n1 = 1, and the conclusions are true even when the boundary value ng, n;
be extremely close to the sonic state, i.e., | —ng < Ct and n; — 1 < Ct. But for more general
cases with any ng < 1 or ny > 1, it is found that whether the continuous solution exists remains

unanswered.

Proof of Theorem 4.1. (1) The non-existence of the smooth solutions with t >> 1. For conve-
nience, we denote

A 1
F:r(E——), o=n—1,
n

then (4.1) can be converted into
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Q_(g+1)3 F
r— T A< T
re+2) o
Foeptl-ps 2L F ! K(rig+1) 2
= - AN T TN r; )
r=e to+2) o tlo+]) €
and
o(rg)=np—1=<0, o@1)=n—-1>0. (4.3)

Obviously, each solution of (4.2)-(4.3) always corresponds to a solution of (4.1). Here and in
what follows, we extend the continuous function b(r) periodically to [rg, +00). Therefore, all
trajectories of the non-autonomous system (4.2) satisfy

dF _re+1-b@+2) ¢ r rlet? o re+2)Kre+D o
do (0+1)3 F tle+1?2 t(0+D* F (0+1)3 F’
(4.4)

Now suppose that (g, F)(r) is a smooth solution to the system (4.2)-(4.3) over [rg, 71] such
that

(QSZ!]% Fsup)(r)a re [r()’ ZO],

) F =
© =N b Fun) ), 7 €20, 1],

where

_1<qup(r)<0 on (rg, 20), Osub(r) >0 on (z0,71),

Osup(20) = 0sub(z0) =1, Fyup(20) = Fsup(z0) with  zg € (ro, r1).

Firstly, let’s assert that Fy,,(z0) < O for a sufficiently large 7. Aiming to get a contradiction,
we assume that Fy,,(z0) > 0. For this situation, we argue by two cases. That is, Fy,, (r) > 0 and
Fsup(r) <0 as r tends to z;, . As aresult, if 9g,,(r) <0 and Fy,(r) > 0 near z;,, we get from
(4.2); and (4.4) that o, (r) <0 and i—g > 0 in a small neighborhood of z; , which implies that
the trajectory of the smooth solution can’t be close to the sonic line ¢ = 0 in the region of F' > 0.
This is a contradiction to Qgup(20) = 1. If 05up(r) < 0 and Fy,p(r) < 0 near z;;, we should prove
Fsup(zy ) = 0. Now it implies by (4.2); that o, > 0 near z,; . From (4.4), it follows that

e (1), b, luzo) %+ | <0

— < —— | =C(@rp, max r), b, lup)—=+—| <0,

do ~ (e+1)? O rergrn 2 VT

if % < % near z, and T > 1. Hence, the trajectory of the solution can’t go to the line ' = 0 at the

point r = zg, which leads to a contradiction; so we have to consider the case of ‘2—5 > 0, however,

it is check that ili_g < % near z,, . Clearly, if 7 >> 1, then the trajectory of the solution also can’t
reach to the point (0,0) in the (o, F) plane at r = z¢. Therefore, the assertion of Fj,,(z0) <0 is
true.

Secondly, since Fyyup(z0) = Fsup(zo) < 0, then o, < 0 near za'. Due to gsup(z0) = 1, it is
impossible to derive a radial subsonic trajectory of ¢ > 0 on (zg, r1). Thus the smooth solution

does not exist if T > 1.
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(2) The existence of infinitely many C'-smooth transonic solutions with 7o =n; = 1 and
T « 1. In this case, our goal is to find the C!-smooth steady-state (o, F)(r) over (rg,r1) to
equations (4.2) with the boundary conditions

o(ro) = 0(r1) =0. 4.5)
satisfying
o(r) <0 for r e (ro,20),
o(r) >0 for re(zo,r1),
and

0(zg) =0(z5) =0, 0'(zg)=0'(zg), F(z5)=F(z])

for a number zq € (rg, r1).

In other words, by analyzing the characters of the trajectories of (4.4), we will construct a C'-
smooth radial transonic trajectory to equations (4.2) with the sonic boundary (4.5) in the (o, F)
plane. The proof is divided into three steps.

Step 1. The radial supersonic part of the trajectory. In this step, we prove that there exists a
number zq € (rg, 71), then the system (4.2) with (4.5) has a trajectory in radial supersonic region
—1 < o <0 over (rg, zo), such that this trajectory ends at the point (0, 0) in the (o, F') plane.

To do this, for o <0, we denote an autonomy system

e+ A
r— A~ T
20@+2) o
Foe ot B4 o+1 F 1 B for ro <r <z, 4.6)
vr=e e+ ¢ te+n ™
where Kpax is defined by (2.7). Thus,
dFy _ ((e+1-b@+2) o I @+ o @+)Kmax o
do 0+ 1)3 Fi  tle+1)? te+D* F e+13 R
=:20- H(o, F1§E’ Kmax)-
“@.7

With regard to the equation H (o, Fi; b, K max) = 0, the critical curve is shown as follows:

_(©@+20  t@+20Kmx Tl@+1-b)0+2)0

Q(Q)_(QH)Z o+1 o+1
u2 —
2o+ D+l +De T+ 1- T2 D)o +2)e “8)
0+ 1)? o+1
[2ud,(0 + 1)+ 11(0 +2)0
=: Y(p).
@12 +¥)
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Thanks to the fact that

2[4%0 —
V(o) 2042 Wy _H_Tm O
= —T — — —
@ € ro (0+1)?
2M2 _
20 4

Vi)=-2t|1+-2>
() 1)

we check from b > 1 that

E(o) < E(0) =0,

2[uy0+ 1)+ 1]

PEEE + W (o) >2t(b—1)>0, (4.9)

E'(0) = 2u3, +

g"(0) <0, lim E(g)=—o0,
o——1

on the domain ¢ € (—1, 0).
Suppose that F1(0) = —//2 < 0, and because of ‘ZL(O) = % > 0, we will consider the region
of o <0and F <0. As similar as [8, Lemma 3.4], it is seen from (4.7) and (4.8) that

dF) Fi—BE —DE
dFi _ =z 2_(1 pE L B-1D ) 4.10)
do t(o+1) Fi F
where B8 > 1 is a constant to be determined later. From (4.9) and (4.10), we show
(F} — B?8%) =2F F| —2p*EE'
200(F1 = B8) o [m(ﬁ—l) zﬁ/}
=———5— ) 72—/3 o)
@+ 1) T+ 1) @.11)
ZZ F2_ ZEZ
R R0
0+ D (F1 +BE)
where
2B 1) w5 B 287 2u3 ]
I :'7_2142 2 20 _ + 21, 2 +2_ 20_5_ o
@= o+ P i T TP ro @+ 12

First observing that the function I (¢) must change sign in (—1, 0), but as in [8, Lemma 3.4], one
can get

1
I(0) >0 for Q€|:—l+270,0], 1 <ky< 400,
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with a sufficiently small constant T = 11(r9, 20, ko, b, “%0) and a constant S = f; (Zo, %) > 1.
Therefore it follows from (4.10), (4.11) and F2(0) — B2E2(0) > 0 that

1
F{(0) — B*E*(0) > 0 mrge[—r+ﬁpﬂ,

and further
1
Fi1(0) < BE(0) <0 for QE|:—1+%,Oi|. 4.12)
From (4.10), we obtain
2ko’

dF 1
— () >0 for QE[—1+— O:|.
do

Now let F:= F — F1 and suppose that F(0) = —[ <0, so ﬁ(O) =F0)— F(0)=-1/2<0.
Note that

rT(0)o
F

dF — — 1
d_Z"H(QaF;b’Kmax)_ZOH(QaFl;b»Kmax)+ for —1+%§Q§0,F0§I‘SZO,

4

where we know

(b—b+Knax —K@r;0+1))(0+2) -
(e+1)

1
T(o) = 0 for —1+2TOSQ§0,I’0§I‘§ZO.

By local continuation method similarly as [8, Lemma 3.3], it is easy to see that

dF() dFl() 0 f ) L
—_— > — > or — —, 01,
0@ 5@ 0 7

which leads to

1
F(o) <BE(0) <0 for Q€|:—1+270,0:|.

Now it is certain that the trajectory ending at (0, —/) with / > 0 can pass through the line F = 0 at

1

7 |- As aresult, by integrating the equation (2.1) over (s, zo),

apoint r = sq for o € [—1, -1+
we have

r=

|:r(g+2)g r }
e+ " T T+

r=

20
. /(g +1-0—K())dr.
50
50

Notice by the first equation of (4.2) that
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_r(e+2o

RTESIE or=0 on (50,20,

then it implies

Erel
t(o+1)

which indicates to

z
=-\0—"——F7"=]= —b— rydr,
=0 T\ olso)+ 1 ¢
50

S — .
— 0 20 <t(zo0—s0) sup (b+K —1—0)(r) <Ct(zo—s0), if luzg| < C/T.
o(so) +1 re(s0.20)

then we obtain

Choose 7 sufficiently small such that o(sg) + 1 <

—21\0 —r+1’
C C (r 1 C
10—802—<2k080—20>2—(]+ So—zo)i—, ifr <1,
T T o T

which is contradiction to 0 < rg < sg < zg < r1 < +00. Hence the trajectory of radial supersonic
solutions ending at the point (0, —I) can’t satisfy the boundary condition o (rg) = 0. Obviously,
the trajectory can’t end at the point (0, /). In conclusion, the solution trajectory of (4.4) with (4.5)
ends at the point (0, 0) in the (g, F) plane if |uzg| < C/T.

Step 2. The radial subsonic part of the trajectory. In this step, we prove the existence of a
radial subsonic solution ¢ > 0 to the following system

e+ F
c—, I’EZ,}"
r r(Q+2) 0 L (; 1) 1
Fr=o+l-b+-27 " = ©  Kyrio+), (4.13)

t(e+2) o 7T+
0(zo) = 0(r1) =0,

with

Q_"_l 2 20 ) r
5 )exp - /(Q(S)+ 1)ds+/(@(s)+ 1)ds
0 20

1
Ko(r; Q+1)—2”200< + o

Here —1 < ¢ < 0 is the radial supersonic solution of (4.2) and (4.5) on [rg, zo]. The second result
we want to show is that the solution trajectory of (4.13) starts from the original point (0, 0) in
radial subsonic region o > 0 of the plane (o, F).

First of all, it is known from Theorem 3.1 that the solution o(r) > 0 of (4.13) exists over
[z0, 1] when |u9| < C/T. Then let’s consider the system (4.6) on [zg, 1]. That is,

e+ R
r— = 7 A~ T
20@+2) o
B o+1 P 1 for zo<r<r. 4.14)
(FP)r=0+1-b+——r - — = ———— — Knux,

(e+2) o tle+1
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Assume that 0(zp) = 0 and F»(z0) = % > 0. Similar as the proof of [8, Lemma 3.3], we can
get the results that

7 2“%0
F2(0) > BE(@) >0 for 0<p<b+—=,
ro
and
dF; — 2u%0
—>0 for o>b+—,
do ro

with a small constant T = 75 (ro, zo, b, u3;) < 1 and a constant 8 = B, (ro, %) > 1. Therefore the

trajectories of (4.14) starting from the point (0, é) go to infinity. Let F(z9) =, then we apply
the local continuation method in [8, Lemma 3.3] to obtain

dF
— >0 for >0,
do

which indicates that the trajectories of (4.13) starting from the point (0, /) can’t go back to the
line o = 0. Furthermore, it is impossible that the trajectories of (4.13) start from the point (0, —/).
So the second result is proved if 7 < 1.

Step 3. C'-smoothness of the solution. From Step 1-2, it has been shown that there exists a
continuous solution to the system (4.2) and (4.5) with a critical point zg. Thus it just needs to
prove the C!-smoothness of the continuous solution in the neighborhood of z.

By (4.4), the slope of F(p) at the point o = 0 can be calculated in the form of

1 2
o =3 (Z_O _ \/(Z?O) —820[(b(z0) = D+ 1/7 +é])

T
or
1 {zo 20\2 R
=2 (2 +/(2) —8a[0e) - D+1/r+¢]
2\ 1 T
where
20
Y & T 2
¢=2uzry | 3+ -—|expy—= [ (@sup(s) + Dds
Zb ‘CZ() T
ro

Then copying the methods used in the proof of [8, Theorem 3.6], one can get

. dF() . . dF(o)
lim exists = lim

exists = F/(0) = 6.
0—0~ o o—0t

Accordingly we have a C 1_smooth solution of (4.1) with ngp = n; = 1. Since the choice of the
smooth point zg € (rg,r1) is arbitrary, the C !_smooth radial transonic solutions are infinitely
many. The proof is finished. O
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4.2. Radial transonic flows with shock

In the study of radial transonic flows with shock, we find that the radial velocity will jump
from supersonic to subsonic and the angular velocity is continuous across the shock, but the total
velocity may be supersonic, sonic or subsonic after the shock. Based on this, we prepare to list
various types of the flows with shock with different conditions.

Problem IV. Find the discontinuous function #n in Type (iv) of Definition 1.2, which solves
the system (4.1) with the boundary conditions:

O<npg<1l and n;>1,

when b > 1.

Theorem 4.3. Let b € L (rg,r1) and b > 1, and 0 < ng <1 and ny > 1, then

(a) assume further that t is large enough, i.e., T > 1; the system (4.1) admits a shock solution
in the form of

(nsu[h ESM]J)(r)s r € (ro, 20),

~ 4.15)
(Msub» Esup)(r), 1 € (20,11),

(n, E)(r) = {

satisfying the entropy condition (1.21) and the Rankine-Hugoniot condition (1.22) at the

Jump point 7, where zg can be uniquely determined when the value of ny,(zo) is fixed, and

since the choice of ng,p(z0) is arbitrary, the shock solutions will be infinitely many.

Furthermore, we have the following results:

1. for luxo| > 1, there exists a supersonic-supersonic shock at the point 7o, and the pair of
the shock solution (n, E )(r) is totally supersonic;

2. for luzo| K 1, there exists a supersonic-subsonic shock at the point zg, and the pair of the
shock solution (n, E )(r) is totally transonic. Here the solution jumps from supersonic to
subsonic at the critical point z.

(b) assume further that t is small enough, i.e., T K 1; there is no shock solution to the system

@. 1) withng=n; =1.

Remark 4.4. In Theorem 4.3(a), when |upg| = o4 with a constant o4 and n; > 1, the solution
(4.15) is totally supersonic-sonic. If |uzg| belongs to a subset of [0, 04), there may exist a totally
transonic solution and a supersonic-supersonic shock, and the solution (4.15) changes smoothly
from supersonic to subsonic in (zg, 7).

Proof of Theorem 4.3. (a) the existence of the infinitely many shock solutions with t > 1.
Without loss of generality, let’s consider the degenerate case of ngp = n; = 1 directly, whose
adopt method can be also used in the non-degenerate situation. The proof is divided into four
steps.
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Step 1. First we focus on the following system with 7 >> 1,

1 A 1
l1——=|n,=nE——, re(oro+L),
A n? T
rE),=n—b—K(r:n), (4.16)
n(ro)=1, n@o+L)=1,

where L > “77 is a length of interval, and the doping function b has been periodically extended
from [ro, r1]to [ro, +-00] here and below. It follows from Theorem 2.1 that there exists a solution
(np, Er)(r) to (4.16) on [ro, ro + L].

For the solution (17, Er) of the system

1 -
<l — ﬁ—2>ﬁr:ﬁE, re(rg,ro+ L),

~ 2
(rE), =i —b— 2%, @17)

n(ro)=1, n(o+L)=1,

by [7, Lemma 2.1] and a standard energy estimate, it is seen that

Ep(ro+L) < —p(L,|ul, b) <0.

Then as in [19, Theorem 4.2, Step 3], and subtracting (4.16) by (4.17) we have
. A ~ C
lnp —np|+1EL — EL| < =
Therefore it holds that
- ~ C woo
EL(ro-I-L)SEL(ro—i—L)—l-—S—E if T>1. (4.18)
T
Step 2. Let € be a small number such that 0 < € <« 1. In light of (4.18), it is easy to observe
that the solution ny (r) of (4.16) keeps decreasing in r near the end point r = rg + L. So as
in the proof of [19, Theorem 4.2] and [8, Theorem 2.2], we show that there exists a number

ro < y1 < ro + L at which the solution n last arrives the line n = 1 — €, and it follows that
|EL(n) — EL(ro+ L) <Ce, np(y)=1—¢, ro+L—y <Ce.
Hence, for the ODE system
1 1
== )n=nE—-—, r>ro,
n T

(rE), =n—b—K(r;n),
n(ro) = no < 1, E(ro) = E (ro),

(4.19)

we are able to construct a shock solution on an interval [rg, y2] for a number y; in the form of
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(nsup’ Esup)(r)» r € [ro, y11,

(n, E)(r) = X
(Msubs Esup)(r), 1 €[y1, y21,

where we have 0 < ngp <1, ngp > 1, (ngup, Sup)(r) =(ng, EL)(r) for r € [ro, y1], and

1 A N
nsup(yl) =l—-e<1, nu()= : > 1, Esup(yl) = Exup(y1)-

Indeed, it follows that

nsub () =1, |Esup(32) — Esup(y1)| < Ce,  y2 — y1 < Ce,

whose proof is referred to [8, Theorem 2.2, Step 2] and necessarily needs the inequality (4.18) in
Step 1 and the conditions b > 1 and K > 0.

Step 3. We will apply the continuity argument to obtain a shock solution. Let L = L1 = 2570
and we denote the solution of the system (4.16) by (ng,, E 1,)- Thus there exist a jump point z1
and a number y3, such that the corresponding shock solution of (4.19), denoted by (nD, E My,

satisfies

1 .
nVeE)=1-¢, n(1>(z;f)=:>1, EW(z)) <0,

ro+n

2

A A ro+r
nMy3) =1, 'y3— <Ce and ‘E(l)(y3)—ELl(0 l)‘fCE.

That is, we derive a shock solution by Step 1-2 as follows:

1 ~(1
(S, ES) (), 7 €Tro, 211,

1 1
(n Eu)b’Egu)b)(r)’ r € [z1, y3l,

D ED)(r) = {

where the Rankine-Hugoniot condition and the entropy condition are satisfied at the point z;.
Similarly, let L = Ly = 2((1 — rp), so there exist a jump point z and a number y4, then it
shows a shock solution (72, E?) to the system (4.19) in the form of

2
(G, ESo)(r), 7 €ro, 22l

(n<2>,12"<2>><r>={ ) A
n2 E@HN),  relz, il

satisfying
2 A
= Cri—rl =Ce nl o0 =1, |EG, 00— Er@n —ro)| = Ce,
sup Rsub

1
napE)=1—e <1< =ng ).

which also meets the Rankine-Hugoniot condition and the entropy condition at the point z5.

386



L. Chen, M. Mei and G. Zhang Journal of Differential Equations 373 (2023) 359-388

Hence we could take € small such that 7| € [y3, y4]. It is seen that the solution of (4.19)
continuously depends on the initial value E(ro). Then by the continuity argument, there must
exist a constant E,l_m (rg) € [JE'A?LI (ro), ELZ (ro)] as a initial value of (4.19), corresponding to the
length of interval 7| — rg. As a consequence, we obtain a shock solution to (4.19), written by

(nfronlv Efront)(r)’ r € [ro, zol,

] (4.20)
(Mbacks Epack) (1), r € [zo,71],

(Mshocks Eshock)(r) = {
satisfying 0 < 1 fyons (r) < 1 0n (r0, 20), Rpack (r) > 1 on (zg,r1), and

1 A ~
”front(ZO) =l-e<l< : = Npack (20), Efront(ZO) = Epack(z0) <0,
nfront(FO)zly Npack(r1) = 1.

Clearly, the function (4.20) is truly a shock solution to (4.1) with ng = n| = 1. Additionally, there
exists a constant € such that 0 < € < €g, and due to the arbitrary choice of €, the shock solutions
are infinitely many.

Step 4. As in the proof of Part 3 of Theorem 3.1, it is known that the shock solution pro-
duced in Step 1-3 is totally supersonic if 7 3> 1 and |uyg| > 1, and naturally the solution jumps
from supersonic to supersonic at the point zg. Here we call the shock supersonic-supersonic.
Additionally, the shock solution is totally transonic if T >> 1 and |upg| < 1, and the shock is
supersonic-subsonic.

(b) the non-existence of the radial transonic shock solution with t << 1. If T <« 1, we know
that there exist infinitely many smooth steady-states shown in Theorem 4.1. Applying the proof
by contradiction similar as [19, Theorem 5.13], we prove that there is no radial transonic shock
solution to (4.1).

The proof is complete. O
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