Applicable Analysis. Vol. 75(3-4), pp. 317-340 © 2000 OPA (Overseas Publishers Association) N.V.

Reprints available directly from the Publisher Published by license under
Photocopying permitted by license only the Gordon and Breach Science
Publishers imprint.

Printed in Malaysia.

Convergence to Diffusion Waves of
the Solutions for Benjamin-
Bona-Mahony-Burgers Equations
Communicated by A. Jeffrey

Shin-ichi Kinami! and Ming Mei® and Seiro Omata’

L Department of Computational Science, Faculty of Science, Kanazawa University
Kakuma-machi, Kanazewe 920-1192, Japan
and
2 Institute of Applied Mathematics and Numerical Analysis, Vienna Universily of Technology
Wiedner Hauptstrasse 8-10, A-1040 Vienna, Austria

Abstract

This paper is concerned with the large-time behavior of solution of the Cauchy
problem for the Benjamin-Bona-Mahony-Burgers equation. We prove that the so-
lution unique globally exists and time-asymptotically tends to its corresponding
diffusion wave, when the initial perturbation is small enough. The corresponding
diffusion wave is constructed by the heat equation or the Burgers equation. In
particular, we obtain the convergence rates in Lf-spaces (2 < ¢ < 00). The math-
ematical proof is based on the Fourier transform method and the energy method.
Furthermore, we take the numerical computations on such a problem. The numer-
ical simmulations show that the convergence rates obtained theoretically seem to be
sharp.
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1 Introduction and Main Result

Considered here is the time-asymptotic behavior of solutions to the Cauchy problem of
the Benjamin-Bona-Mahony-Burgers (BBM-B) equations in the form

Uy — Uy ~ Qllyy + By + vPu, =0

(1.1)

ttzp = ug(r) = 0, as x— =
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where x € R, t > 0, p > 1 is integer, & > 0 and 3 are any given constants. Without loss
of generality, we may let @ = 1/2 here and after here, because we may make a suitable
scale to variables  — 20x and ¢ — 2wt such that Eq. (1.1) becomes

u 1 1 N ﬁ + JJ n
Up = e, - =1, 1, U Uy == 1.
t doe? Tt 2" gz T PUg :
Since D. H. Pergrine [27], T. B. Benjamin, J. L. Bona and J. J. Mahony [2] pro-
posed the alternative regularized long-wave equations for the physical phenomenon of

bore propagation and water waves as follows
Uy = Upgt + Uy + Uy = 0,

go-called the Benjamin-Bona-Mahony (BBM) equation, this subject has become a hot
spot and attracted many mathematicians and physicists. There are a number of works on
the time-asymptotic behavior of solutions, see [1-6,8,19-23,28] and the references therein.
The asymptotic state of the BBM-B solution u(z,#) is usually considered as zero in the
previous works. However, we find that its corresponding diffusion wave, a solution of
corresponding parabolic partial differential equation to (1.1), is a better asymptotic profile
than the 0 in such a sense that the convergence of u(x,%) toward the diffusion wave is
faster than that of u(z,t) toward the 0. This will be theoretically proved and numerically
experimented in the following four sections, which is our main goal in the present paper.
At first, let us recall the so-called diffusion waves. Let p (> 1) be integer and let

) 2Pl
= fu+ , 1.2
flu) = Bu+ =, (1.2)
we consider the following parabolic equation
B — $0, + [F(0) + F1(0)0 + £ f"(0)6*]; = 0
(1.3)
Bli=o = Bo(z) — 0, as z — +oc.
We call this solution as the diffusion wave to the BBM-B equation (1.1). Nole that
1 _ nees 1, for p=1,
f(O) —ﬂ ) f \0) _{ 0, f()r »>2, (14)
when p > 2, Eq. (1.3) is equivalent to
6, — %gmz + 80, =0,
(1.5)
Bli=0 = bo(z),
which is a linear heat equation, and has a unique solution in the form
1 o0 (z~Bt=y)*
bzt = == [ o)y, 16
( ) \/ﬁ o ¢ O(y) Y ( )
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This solution is called the linear diffusion wave for Eq. (1.1) with p > 2.
When p = 1, we may reduce (1.3) into

}f O~ 30o0 + B: + 60, = 0,
l Ble=0 = Bo().
By using the Hopf-Cole transformation
Oz, ) = —(lnyp)y, e, olzt)= o e PR
to Eq. (1.7), then it can be reduced to
@1+ B¢r = 3P0 =0,

JZ o bolo)dy

o= ¢ =: wo().

It is well-known that the above linear heat equation has a unique solution

1 00 (repimy)?
o(x,t) = / e poly)dy.
-0

V2t
Thus, from (1.8) and (1.10), we obtain the solution for (1.7)
o) = (o) = -2

_ [ exp ('LE;H;T_QZ) exp (—ﬂx Uo(ﬂ)dﬂ) Yo(y)dy
B 2 e (———JM’{[ 2) exp (—ffm Gu(n)lin) dy

This solution is called the nonlinear diffusion wave for Eq. (1.1} with p=1.

319
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~

=

(1.8)

(1.9)

(1.10)

(1.11)

For a parabolic conservation law, Chern and Liu [7], Jeffrey and Zhao [11} studied
that, for a given initial data 6,(z) € L' N H?, the diffusion wave solutions of (1.3) decay

in the form
16(t)llz2 = O(t™*),

furthermore, if

o0
/ Bo(z) dz = 0,

then

18(2)l1z= = O@%).

On the other hand, for the BBM-B equation (1.1), corresponding to the restriction on the

initial data

/m up(z) dr #£0 or =0,

the same decay rates
(@)l = O™ or 0@
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were also showed by Amick-Bona-Schonbek [1], Bisognin- Menzala {3,4], Bona-Luo [5,6],
Dix [8], Mei [20,21], Namkin-Shishmarov [24] and Zhang [29], and so on.

In the present paper, we are interested in the convergence of solution u(xz,#) of the
BBM-B equation (1.1) to the corresponding diffusion wave solution 6(z, ) of the parabolic

equation (1.3), when the initial perturbation is small. Explicitly speaking, in the case of
I8, O(z)dz # 0 and 5 ug(a)dz # 0, according to the previous results mentioned above,
the diffusion waves 6(x, ¢) and the unique solution u(z, ) of (1.1} have the same decay rates
6@®)]l2 = 0@~ and Jju(f)||z: = O(t~}/*), which implies naturally that ||(u—8@)(t)||z> =
O(t~!1), however, this decay rate is not satisfactory if the initial perturbation up(z)—8y(z)

satisfies -
[m['uo(w) — By(z)l dz = 0. (1.12)

In fact, we expect that the solution u(z,?) converges to the corresponding diffusion wave
8(x, 1) faster than O(¢~V/*) in L?-sense, namely, we will prove that
o@~GM+y forp=1
[(w—0)(t)ll = ¢ O(%*log(2+1)), forp=2
O3y, forp>3

where ¢ is ‘any given positive constant, of course, we may let 0 < ¢ < 1. This means that
the diffusion wave 6(z,t) is a better asymptotic profile of u(z,) than the 0.

Now let us compare our results with the previous interesting works in this field. In
the framework {7] by I-L. Chern and T.-P. Liu, they investigated that the solution of the
Cauchy problem to a n x n hyperbolic system of viscous conservation laws including the
single equation case as follows

U+ Flw)s — e =0 with F7(0) £ 0, w(z,0) = upla),
tends to the nonlinear diffusion wave for the Burgers equation
B + [(0)6 + f(0)00, — Op =0, B(z,0) = bo(z),
under the restriction [ [us(z) ~ 8(z)]dz = 0. The L?-convergence rates of u(z,t) to
8(z, t) is O(t~3/9+7) for any given small constant ¢ > 0. This is quite same to our result

in the case p = 1. Recently, G. Karch in [12] and {13] studied the convergence to the
diffusion wave for the KdV-Burgers equation

Up + Uty — gz + Ugge = 0
and the BBM-Burgers equation
Up + Uy — Ugy — Uy = 0

respectively, and showed the L2-convergence rate to be O(#'/%). But it is less than ours
for the case p = 1.
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When p > 1, it is clear that |uPu,| is much smaller than |uu,| if ju(z,t)| is small,
namely, |uPu,| decays much faster. On the other hand, u,. is also a faster decay term.

Thercfore, to consider the long time asymptotic behavior of the solution to Eq. (1.1), the
effects by both of wPu, and u..; in Eq. (1_1) for p > 1 may be deleted, and the main

144
ericCts DYy Dot OF ana 4y 10r agie Im

controlling part of the BBM-B equation (1.1} is expected to be the linear part
1
uy + SBug — 5“21 =0.

This is why we can expect that the solutions u(z,?) of the BBM-B equations for p > 2
converge to the linear diffusion waves 6(x,t). We further prove that the decay rates
are faster than that for p = 1. Indeed, as stated above, we obtain the L2-decay rates
O(t=%41og(2 + 1)) and O(=*/4) for p = 2 and p > 3, respeciively. Regarding the con-
vergence of solutions to diffusion waves for other types of viscous hyperbolic conservation
laws, we refer to those works in {7,10,15-18,25,25).
Now let o
£ = / (160(2)] + [260(z)]) dz < +o0,
S —oc

we are going to state the main results as follows.

Theorem 1.1 Suppose that (1.12) and
oo(y) = [ [uo®) — olo)ldy € WP (R) (114)

hold. Then there exists a positive constant 6y such that when Jjugllwar + & < &, then the
Cauchy problem (1.1) has a unique global solution u(zx,t) satisfying

u(z,t) — 8(x, 1) € C(0, 00; ' (R))
and the followings:
(i) If p =1, for any o > 0, then the following estimates hold
It = )@l 2 = O +1)75+7,
fl(w = O)s()ll 2 = OL)A + )77, (1.15),
(e — 6)(B)|| oo = O(L)(L + 1)~ 777,
(1) If p = 2, the convergence rates are as follows

[l = )l = O(1)(1 + 1)~ 7 log(2 + 1),

[H(w— &)z}l = O)(A + )7, (1.15)2

[l = 0)(t)]] oo = O (1 + )75 flog(2 +1).
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(i1i) If p > 3, the convergence to the diffusion wave are much faster as follows

l(w = )@l 2 = OW)(A +1)7F,

(s — B)a(t)l],. = O(L)(1 +1)7F, (1.15)s

i FaLy >

l(u = 6Dl = OL)(1+1)",

Using L?, L*-results in Theorem 1.1 and the interposing inequality
1 lle < WANEPPSIE, for 2< g < oo,

we can obtain immediately LY-decay rates as follows.

Corollary 1.1 Under the assumptions in Theorem 1.1, it follows

O(1)(1 + 1)~TB+0HD+e - for p=1
N~ O)()lz0 = { OQ)(1+1)~ O+ (log(2 4 1))/ for p=2  (1.16)

o)1+ t)y~TWA for p>3

for 2 < g < .

For the mathematical proof of Theorem 1.1, as showed in [20,21}, we are going to
adopt the Fourier transform method and the energy method. These will be carried out
in Sections 2 and 3. Finally, in Section 4, we take the numerical computations on the
two Cauchy problems of BBM-Burgers equation and the corresponding parabolic equa-
tion (diffusion wave’s equation), respectively. The numerical simulations show that the
convergence rates obtained theoretically to the diffusion waves seem to be sharp.

Notations. We now make some notation for simplicity. C always denotes some positive
constants without confusion. 85f := 8 f/dx*. LP presents the Lebesque integral space
with the norm || - ||»- Especially, L? is the square integral space with the norm || - ||z,

and L* is the essential bounded space with the norm || - ||,0. H* and W*? denote the
usnal Sobolev space with thc norms || - [[g+ and || - |jwes. respectively. Suppose that

f(z) € L* 0 L*(R), we define the Fourier transforms of f(z) as follows:
d = f = N —izé
FIAQ) = f = [, fa)e e,

Let T and B be a positive constant and a Banach space, respectively. C*(0.7%; B) (k > 0)
denotes the space of B-valued k-times continuously differentiable functions on [0, T, and
L*(0,T; B) denotes the space of B-valued L*-functions on [0, T]. The corresponding spaces
of B-valued function on [0,00) are defined similarly.
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2 Reformulation to the Original Problem

From Egs. (1.1) and (1.3}, we have

(1= 0)y =tz (= Bhan + () — (0) = F(0) - O, =0 (@)

Since 8(%o0,t) = 0, and we expect u(®oo,t) = 0, ug(oe, 1) = 0, then after integrating
(2.1) over (~o0,c0), we have formally

d e

2 / [u(z,1) - 0(z,1)] dz = 0. (2.2)

dt J-x )
Thanks to the essential assumption (1.12), we integrate (2.2) over [0,t] with respect to0 ¢

to have oo .
/ [u(z, ) — O(x,t)|dz = / (u(z) — Bu(z)]dz = 0. (2.3)
~00 —00
Therefore, it is natural to introduce
v(z,t) = /I [uly,t) — 6(y, Ddy, ie, velz.t)=ulzt)- 0z, 1), (2.4)
which satisfies

tnt = Ve — Bt = ez + [F(0 4 1) = F(0) = [0 = 31O, =0 (25)

Integrating it over (—oo,] with respect to z, and noting u(Eoo,t) = 0, 8(£o0,1) = 0,
we obtain

Vp = Vgt — %U:n:r. - ()fnt + f(9 + U.T) - f(o) - f’(O)H - %[“(0)92 = 07

. (2.6)
Uli=p = /_ [ua(y) — fo(y)ldy = vo().
Noting f(u) = fu + ’;:11 , we have from (2.6) that, if p=1
Ut — Vgazt — %U:m: +r/3vz = F]a
(2.7)
v)=0 = vy(z),
where 1 ) 1
Fy =0y - [5(9 + 1)’ = 67] = b — 507 = v (2.8);
and if p > 2,
Vg — Vzgy — %er + Bu, = F,
i (2-7)11
V)i=0 = vo{2),
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where
P+l

Fy =0, - ET(” Fu )P =6, - — Y afertih p>2 (2.8),
i=()

I()r some pOblblVL constanis a; = Up+l
Now we are going to state the following theorem for the Cauchy problem (2.6) which

implies Theorem 1.1 directly.

Theorem 2.1 Under the same assumptions in Theorem 1.1. Then there exits a positive
constant 8;, such that when Jugllwsa + & < 81, then the Cauchy problem (2.7), (p 2 1)
has a unique global solution v(z,t) sotisfying

w(z,t) € C(0,00; H*(R)).
Furthermore, we have the following estimates.
1. When p=1, for any given o > 0, the solution v(x,t) of (2.7)1 satisfies

S+ e + (1 + 0 o (®)e < Clllvollws +2). (210,

J=0

2. When p =2, the solution v(x,t) of (2.7)y satisfies

L
Z 1+t) log YR+t Ilu(t) e + (1 + Dllvea (D22 < Clllvollwss +€). (2.10),

3. When p > 3, the solution v(z,t) of (2.7), (p = 3) satisfies
2
Z(l +t ||6]’U( ”L‘ < C(H’U()”W\H +¢ ) (210)3
=0
By Theorem 2.1 and the well-known inequalities

o)z < V2N@5E e ()11,

Joa ()20 € V22 [vaa2,

we can obtain the decay rates for ||u(t)|l;= and |[v.(#}|| L= as follows.
Corollary 2.1 Under the ussumptions in Theorem 1.1, it follows

oM +1)~ "'”), for p=1
fullze = O +1)"3log(2+1), for p=2 (2.10)4

OM(A+1)"%, jor p=3
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and
OM(A+1)~G=7,  jor p=1

U,

I

)z = 1 om(+1)73 flog2+1t), for p=2 (2.10)5

t oM+, for p=3.

Once Theorem 2.1 is proved, by Theorem 2.1 and Corollary 2.1, and noting (2.4), i.e.,
va(z,1) = u(z,t) — 8(z,7), we can prove Theorem 1.1 immediately. Therefore, to prove
Theorem 2.1 is our main purpose in the rest of this paper. We are going to prove it based
on the following local existence and the a prior: estimates by the continuation argument.
Before stating these two results, we now define the solution spaces as follows, for any
7 > 0 and given § > 0,

X,(0,T) = {ve C(O,oo;Hz)lMp(T) <d}. p21,

where

My(T) = sup {Z (L0 Bu ()l + (18 freas (8122

0<i<T =0

1
My(T) = sup  { S2(1+8)*F log™ (2 + 1)1 8e(t) 12 + (1 + 1) a2}

0Kt<T  © j=p

M,(T) = sup Z (1 + )5 |2, for p 23

0<IST 335

Now we give the theorems of local existence and a prior: estimates.

Proposition 2.2 (local existence) Suppose that vy € H 2 holds, then there erists a
positive constant To such that the Cauchy problem (2. 7y (p > 1) has o unigue solution
o(z, 1) € Xp(0,To) satisfying My(Ty) < 2M,(0) for allp 2 1.

Proposition 2.3 (a priori estimate) Lel T be a positive constant, and v{z,t) € Xp(0,
T) (p > 1) be a solution of the Cauchy problem (2.7),. Suppose that the assumptions in
Theorem 1.1 hold, then there exist positive constants dy and C independent of T" such that
if My(t) < 62, then for t € [0, T} the following esiimates hold:

1. Whenp=1, forany o >0

Z(lH) E-7jotu(t) |2 + (1 + 1) oar (a2 < Clllwollwsa +). (211);

j=0
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2. Whenp=2,

™-

(1+t)  log ™ (2 + OO0 (t) e + (1 + Olvas(t)] 22 < C(llvollwa +). (2.11)z

i
<

3. Whenp> 3,
S+ t) HBJU( Mz € Cllivollws, +2)- (2.11),

j=0

As showed in [21], using the continuation argument based on Propositions 2.2 and 2.3,
we can prove Theorem 2.1. We omit the details. So, Lo prove Propositions 2.2 and 2.3 is
our goal. Since Proposition 2.1 van be proved in the standard way, our main effort will
be made on the proofl of Proposition 2.2 in the next section.

3 A Priori Estimates
For the cases p > 1, by use of the Fourier transform to (2.7), (p > 1), we obtain
1 —~
By — (i€)%d, — 5(ig)%} +i€ft = F, (3.1)

namely,

v

oy 2EHiBE B
MrTE T ixe

Thus we have

) - - F(&s)
( oA, Ag)(t-5) 2p\S3 5)
B, 1) = o +/ e ds (3.2)
where - -
162+ ifE ¢
‘4 = 2———————-— = v = 2 . .
€ =515 BlO=ReA® =g (33
Taking the inverse Fourier transform to (3.2), we have
, = L [ g aterg s)(z—s)F(f’b) .
v(z,t) = gy /_Doe e g d{—t— / / i dtds. (3.4)
Differentiating it with respect to z, we have
Ohualet) = o [ou(iEFE e O ) o5

- ~8 l‘ 5)
—5 Jof—oo(lf)Jel'sx A )—{i—ﬁ—.ﬁ—)dfds.

Now we give several preparation lemmas as follows.
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Lemma 3.1 ([7, 11]) Let 8(z,t) be the diffusion waves of (1.8). If

e= [ (ola)| + oo}z < +oo. (3.6)

o 1826(8)ll.2 = O(V)e(1 + )=, (3.7)
1)l = Ol +8)™F, 1<g< o0 (3.8)

[26,(8) ]l = O)e(@ +1)7'72 (3.9)

hold for allt > 0.
Lemma 3.2 ([28]) Let a > 0 and b > 0 be constants. If max(a,b) > 1, then
/(:(1 b= $)"(1 + 5)"bds < O(1 + )~ mied), (3.10)
If max(a,b) =1, then
/;(1 Ht— )1+ 8)bds < C(1+1)” ™ log(2 4+ ). (3.11)
If max(a, b) < 1, then
/Ot(l i s) (14 5) s < CL+HT (3.12)
The applications of this lemma can be found in many works, e.g. in [19-22].

Lemma 3.3 ([20,21]) It holds

S i
L e anagy e searo (3.13)

Lemma 3.4 ([20,21)) If vo € W'(R), then
L[, 0 e _atons
|5z [ Geyetse*@an(e)

for j=0,1,2.

12 < Cllvollwsna (1 + #= (3.14)

Lemma 3.5 Suppose that v(z,t) € X;(0,T), then

/”2 / if)iemg= A0 s>F1(€ )
e

< Cle + (e + My (T))*(L + f)-JFM (3.16);

[ e o R o
< Cle+ (e + 6My(T))? }(1 + t) +e, (3.16)2

for j =0,1, and



328 SHIN-ICHI KINAMI ET AL.

Proof. Let v(z,t) € X,(0,T). Since

P < 1B0i] + Sl + 1usf) (317)
1= Wat) T 51l Uz, N J
[Fig) < |Ozat| + |vnellve] + Juzef] + [v262], (3.18)

using Lemma 3.1, the properties of Fourier transform and the definition of M;(T’), we
obtain

supeen |FL(E, 8)] < [ IFi(z, 5)]dz
< 2% lBat] + 3lval? + [va6l)dz
< Cll8ae(9)llzs + v (8122 + fva ()22 10(s) ]l 2]
(3.19)
< Cle(1 4 5)73 + My(T)X(1 + 5)~(3-2)
+eMy(T)(1 + 5)~{1-9))

< Cle + (e + My(T))?)(1 + 5)~t-)
provided 0 < 0 < 1/2, and

supge [E1F1(E,9)] < [, |Fo(w, 9)ldz

L S lBzzt] + 1ozzlvz] + |vezb] + |vr02}dz

S zze(9)lzr + [vas ()2 flvellze + llvee(s)l| 2 10(s) |2

+livz ()2 10z ()] 2

3

L Ce(l+8)72+ My(T)2(1+ )72 L e My(T)(1 + 5)~(57)

< Cle + (e + My(T)(1 + )5~
(3.20)
for 0 <o <1/2.

Applying the Parseval’s equality and using (3.19), (3.20), Lemma 3.3 and Lemma 3.2,
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we then have

B e sﬂfilmds

—A)(t~5) 73 Fl(g’ )

TTiAEr

_fo

=l ( 2o en(zlli:?;)i—;s} IFi(€, 5)12d5)543
< fsupger Fi(€, 9) I(foo g—zzaT(sE);C 5) (3.21)
< Cle+ (e + My(T)?) JH(1 +8) U= (1 + ¢ — 5)"Fds

< Cle + (e + My(T)H(1 + 1))+

=Cle + (e + M(T))(1 + 1)),

and

|| 1 [oo lfelfza A(f)(t—s)Fl f, df” ds

= Jiie =S e o) s

= 1 (2 M By ) )

(1+€2)?
-2B(E)(t-s L 3.92
< Jisupger | F1(E s )I( ol KL%:;W-dE)st (3.22)

< C[E -+ (E +]L11(T))2] fnt(l +$)—(1—u)(1 it S)"%ds
< Cle+ (e + My (THHE + )0~ o)m2

= Cle + (e + My(T)?)(1 + t)~=,
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and

” foo lf 2 1gme—A(E)(t—s) Fi(e,s dfn

= B T Rie 9)] Lds

(U, O B, 5) ) s

(e

4, - 2B(ENt~s )

< JEsupgen(( + [ENIFLE ) (1250 By o€
< Cle + (e + My (T))?]

X JA 4 8)70= 4 (14 8)~G=2)(1+ 1 — 5)"¥ds
< Cle+ (e + M{(T)Y JH1 + 8)" 01+t — 5)"Fds
< Cle+ (e + My(T)?J(L +¢)~ (-,

Thus, we proved (3.16); for j =0,1,2.

Lemma 3.6 Suppose that v(x,t) € X2(0,T), then

e Mo (-5
/Hzﬂ/ et 1+E-2~— 2(€,5) dﬁ“

< Cle + (e + Ma(T)))(1 + t) 10g(2 t)

for j=0,1, and
—A(g)(t-s
./ H27r / 2 ZE : 1+52 Fy(€ dﬁ”

< Cle+ (e + Mu(T)*(1 +8)7"

Proof. Let v(z,t) € X2(0,T). Since

|| <|‘91t}+ 16+Um}3
< 8ae] + 510 + 316 [ve] + 316]]vs* + fual)

Fog| € 10ase] + 16202 + 2100,,] + 18,02] + |0%050] + 2/00ati00| + [v3Uz ],
x x

(3.23)

(3.24),

(3.25)

(3.26)
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applying Lemma 3.1, we get
suPger Bo(6,8)| < %, P, o)lda
< C 1]+ 10 + 18] + [0l + o)
<l + 1013100+ ol 612l
0+ Joullm 2]

< Cle(1 +5)73 + 31+ 6)7 + E2Mp(T)(1 + 5)~% log(2 + 5)

+eM(T)*(1+5) "5 log2(2 + 5) + My(T)*(L + 5)~ % (log(2 + 5))3]

SCle+ e+ Mx(T)H(1 +5)7 L.

(3.27)
Similarly, we can prove
subeer [EFo(E,5)| < [, [Faglz, 8)da
< C IS l10zatl + 1626 + 06,0 + 10,02
+102 05| + |0vzvea| + (V050 dz
< Clliaatlizr + 161172 16zl + (1612 [162 ]| 2 (| e
+all = flvallZz + 161w 16122 l[vzall 12
+6l| zoo vzl 2 vzl 2 + vl oo lvall 2 foze | 2
(3.28)

SCle(l+8) 2 +e3(1+s5)%
+E2My(T)(1 + 5)~F log(2 + 8)
+eMy(T)*(1 + 8)7% 1og?(2 + 8) + e2My(T)(1 + )%

“HEM(T)2(1 + 5) 7% log(2 + )

+MTY (1 + 5)~F (log(2 + 1))3)
< Cle+ (e + My(T))P)(1 + 8)7372.

Therefore, making use of the Parseval’s equality, and Lemmas 3.1, Lemma 3.2, we can
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prove

ks

ien A=) 2
3 [ o0 P T F2(€, 8)d¢

t || e AENE=2) 15
0 H ErEaE

Pofe, )de) s

i

ft( oo em2BENI-s)

o | Joeo “TrrEy—
2o (3.29)
< Jt supeer |Bo(€, )| S5 Serrde ) ds
< Cle+ (e + My(T)P) L1+ 8) (1 + 1 — 8)"7ds
< Cle + (e + My(T))P}(1 + 1)+ log(2 + 1)
In a similar way, we can prove the higher order case
ty 1 oo isze~A(€)(t—5) -
/0 H27r /_wlfe e Fy(€,8)dE L‘st
< Cle + (£ + My(T)*J(1 + )% log(2 + 1) (3.30)
and A(g)(t—s)
L e i T S ,
/0 “é;/;m(lf) € m—Fz(fgé)df’lLZdS
< Cle+ (e + My(T))(L+8)7" (3.31)
Therefore, we have completed the proof of Lemma 3.6. O
Furthermore, we can prove that
sup B (€, )] < 1Pl < Cle+ (e + Ma(T)PHL+1) 75, (3.32)
and .
oun 3 _p+l
sup IEF(E )] S 1Faallr < Cle + (e + My(T))](1+8)7 7, (3.33)
€

and note p/2°> 1, (p+1)/2 > 1 due to p > 3, then, by using the Parseval’s equality, and
Lemmas 3.2 and 3.3, we can similarly prove the following lemma. We omit here the proof
details.

Lemma 3.7 Let v(z,t) € Xp(0,T) (p > 3), then

t, 1 oo jz«&e—A(E)(f—-ﬂ')A ) y e
/OHQ_%/_OO(@E _m_ﬂ,(g,s)dgﬂmdsgC{e+(5+.pr(T)y](1+t) # (3.34)

for §=0,1,2.
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Proof of Proposition. 2.8 (A Priori Esitmetes). Let v(z,t) € X,(0,T) be the unique
solution of Eq. (3.4), p > 1. From (3.4) and (3.5), we obtain

IBZu()lze < |2 S22 (i€ eleze=4Ehug (6)de |,

(3.35)
. : dexe Lg) 2
+ 13| I i)l SR By (€, s) e ds
for 5 =0,1,2.
When p =1, thanks to Lemma 3.4 and Lemma 3.5, we have
1090(t)llr2 < Cllvellwsa (1 + £~ + Cle + (e + My(T))?)(1 + )~
Ny (3.36);
-~ < Clilollwas + € + (e + My(T)2)(1 + 1))
for 7 =0,1, and
Nvaa(®)liz2 < Cllvollwas (1 +1)7% + Cle + (e + M (T))2)(1 + 1)=0-7)
(3.36),

< Cllfollwss + ¢+ (e + My(T)))(1 +1)0-7),

We multiply (3.36); by (1+ t)bﬁﬁ"" for j = 0,1, and (3.36), by (1 + t), respectively, we
then add them to have )

Mi(t) = supgerer { =l + £) 550 |9l t) |2 + (1 + t)l—"””m(t)”m}
< C[”'UO”W?"‘ +e+ (E + M}(T))zl,

namely,
MI(T)[]. - 2Ce — CM1(T)] < C[”Uo“w:&.l + £+ 52].

Now we choose d; in Proposition 2.3 as

1
L
2w

When ¢ < min{1,d,}, M;(T) < &, , we obtain
M;i(t) < 8C]|lvollwsa +¢] forall 0Kt<T.

That is,

1 24 .
301+ ) 3 (t) e + (14 ' e (8)e < 8Cluolusa +e]
=0

[N

for ¢ < min{1,8,} , M;(T) < 6, , and ¢t € [0,T]. Thus we have proved the a priori
estimates for Case p=1. . e . ]
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When p =2 , Lemma 3.4 and Lemma 3.6 give us

18iv(t): < Cllvollwaa (1 + t)“l_tgi + Cle + (g + Ma(T)))(1 + t)'l—t‘zi log(2 + t)

< Olllwoliwas + & + (& + Mp{T))}(1 + )" log(2 + 1),
(3.37);
for j = 0,1, and
oae(t)llzz < Clivollwss (14+)7F + Cle + (e + Ma(T))*] (1 + )71
(3.37),

< Clllvoljwsn +& + (e + Ma(T))3)(1 + 1)

Multiplying (3.37); by ( +t)l”%zi log™'(2+t) for j = 0,1 and (3.37)2 by (1+1t), respectively,
and adding them, we obtain

Mo(T) < Cllfwoliwss + £ + (£ + Ma(T))°),
which implies that
M,(T)[1 = 3Ce? = 3CeMy(T) — CM(T)?] < Clllwollwaa + & + £°].

Thus, there exists o satisfying
1
0y £ —==

VBC’

when ¢ < min{1,6,} and M,(T) < é, , then
Mz(t) _<_ 80{”1}0”1}(13,1 + &+ 53] < 16C“|’U()st‘! +€] for all O <t < T.

That is,

S+ og7 24+ )0 122 + (1 + Dllvas®lzz < Cllloaliwan +€), ¢ €[0,T):
i=0

Thus, the proof for case p = 2 is complete.
Finally, when p > 3 , in the same way, making use of Lemma 3.4 and Lemma 3.7, we
can prove the a priori estimates (2.1). Here we omit its details. o

4 Numerical Computations

In this section, we introduce our numerical results, which should be another positive
answers to our theoretical results~Theorem 1.1. Our numerical method carried out here
is the explicit finite difference method. For the consideration of the Cauchy problem,
we adopt. a suitable IBVP for a sufficiently large domain @ C R with zero Neumann
boundary instead of the original IVP.
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We denote 6(z,t) and u(z,t) the solutions of the Burgers solution (1.3) (diffusion
wave’s equation) and the BBM-Burgers equation (1.1), respectively, and choose the initial
data 6o(z) and ug(z) as

1
Bo(z) = uo(z) = T
Thus,
/ Gg(r)dzzf uo(z)dzzf 1—j;;d.7:> 0
but

Now we are going to divide to three cases to carry out our numerical computations.
Firstly, we treat Case 3: p = 3.
Let 0
T,t ulz,t
Fi(t) := max —!-—(—)—[1 and  Fy(t) := maxL—(-———)'—,
seR (1+1)"% ceR(1+1)7%
according to the previous theory, we believe that the ratios F(t) and Fy(t) should be
constants as time ¢ goes to infinity. Indeed, our numerical result shows us that it is really
true when time ¢ is large enough, see Figure 1 beiow.

’

0.88

0.875

o0.885 | Faa 1

0.855 | F1m 1

0.85

0.845 |

0.84
2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 1: Case 3. p = 3: Decay rates of u(z,t) and 8(z, t)

By use of the above data, we check further the behavior of the difference between two
solutions #(z,t) and u(z,t). Let

u—0,
Fiy = ey q +”tL)_§R),

our numerical calculation Figure 2 presents that F(t) seems also to be a constant line
when  is large enough. This means that, the convergence rate for the solution u(z, ) to
the corresponding diffusion wave 8(z,1) is (1 + t)~%, namely, |ju — Ol oo py = C(L+ )7}
for some positive constant C as ¢ > 1.
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Tr F(

-1 t
2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 2: Case 3. p = 3: Convergence rate of u(z,t) to 8(z, t)

Secondly, we treat Case 2: p = 2. We are going to show the numerical simulations for

the ratios ot ;
Gi(t) := max——lﬁr;)l—1 and Gs(t) = J\—Iy—(—{—-lt—
zeR (1+1)72 IER(1+f) B

as follows.

0.88
0.8785
0.87 q

0.865 G2t 4

0.86 7 .
0.855 | G E
085 | «

0.845 -+

0.84
2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 3: Case 2. p = 2: Decay rates of u(z,1) and 8(z, 1)

Put
Jlu — BHLW(R)

T +1)75ylog(2 +1)

the numerical result further shows that G(t) seems to be also a constant line as ¢ is large,
see Figure 4 below, which illustrates that |lu — 6| Leo( Ry decays fast just as the function

(1+ t)“\/log(Q +1) does.

Finally, we treat Case 1: p = 1. As before done, we let

1) oyl )]
B =rgiryr = Bi= aX( 1+ ) )
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2000 3000 4000 5000 6000 7000 8000 8000 10000

Figure 4: Case 2. p = 2: Convergence rate of u(z,t) to 8(z, 1)
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0.855 |- 4
H2(t)

0.845 1

(1)
0.84 q

0.835 4
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2000 3000 400C 5000 6000 7000 8000 S000 10000

Figure 5: Case 1. p = 1: Decay rates of u(z,t) and (z, t)
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Our numerical calculation makes the following figure.
Furthermore, let
u— 0},
H() = ug@
(1+ty=te

3

we compute it numerically for o = 0.05, 0.1 and 0.15, see Figure 6.

0.3

a2 F H(tys

o1 | sigma=0.05 sigma=0.1 sigma=0.15

0.05 i/

1]
2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 6: Case 1. p = 1: Convergence rate of u(z,1) to 8(z,t)

All of these show that H(t) for each o = 0.05, 0.1 and 0.15 are almost the constant
lines for the large ¢. These represent also that ||u—8l . g, decays fast just as the function
(1 + )=+ does.

Therefore, we conclude that, due to these numerical simulations, it seems our conver-
gence rates in Theorem 1.1 are sharp.

Acknowledgements. The second author (MM) would like to express his sincere
thanks to Professor Christian Schmeiser for his helpful discussion in preparing this paper.
The research of the second author (MM) was supported in part by the Austrian Science
Foundation project No. M542-MAT, and the research of the third author (SO) was
supported in part by the Grants-in-Aid for Science Rescarch from the Ministry of Culture,
Education and Science, Japan No.11640159.

References

[1] C.J. Amick, J.L. Bona and M.E. Schonbek, Decay of solutions of some nonlinear
wave equations, J. Differential Equations, 81 (1989) 1-49.

[2] T.B. Benjamin, J.L. Bona and J.J. Mahony, Model equations for long waves in non-
linear dispersive systems, Philos. Trans. Royal Soc. London A, 272 (1972) 47-78.

[3] V. Bisognin, On the asymptotic behavior of the solutions of a nonlincar dispersive
system of Benjamin-Bona-Mahony's type, Boll. Un. Mat. Ital. B(7), 10 (1996) 99-
128.



BBM-BURGERS EQUATIONS 339

[4] V. Bisognin and G. Perla Menzala, Decay rates of the solutions of nonlinear dispersive
equations, Proc. Roy. Soc. Edinburgh Sect. A, 124 (1994) 1231-1246.

[5] J.L. Bona and L. Luo, Decay of solutions to nonlinear, dispersive wave equations,
Differential and Integral Equations, 6 (1993) 961-980.

(6] J.L. Bona and L. Luo, More results on the decay of solutions to nonlinear, dispersive
wave equations, Discrete and Continuous Dynamics Systems, 1 (1995) 151193,

[7] I-L. Chern and T.-P. Liu, Convergence to diffusion waves of solutions for viscous
conservation laws, Comm. Math. Phys. 110 (1987) 503-517, 120 (1989) 525-527.

[8] D.B. Dix, The dissipation of nonlinear dispersive waves: The case of asymptotically
weak nonlinearity, Comm. Partial Differential Equations, 17 (1992) 1665-1693.

(9] M. Escobedo, J.L. Vazquez and E. Zuazua, Asvmptotic behavior and source-type
solutions for a diffusion-convection equation, Arch. Rational Mech. Anal. 124 (1993)
43-65.

(10] L. Hsiao and T.-P. Liu, Convergence to nonlinear diffusion waves for solutions of sys-
tem of hyperbolic conservation laws with damping, Comm. Math. Phys. 143 (1992)
599-605.

[11] A. Jeffrey and H. Zhao, Global existence and optimal temporal decay estimates for
system parabolic conservation laws. I. The one-dimensional case, Applicable Analysis,
70 (1998) 175-193; II. The multidimensional case, J. Math. Anal. Appl. 217 (1998)
597-623.

G. Karch, Self-similar large time behavior of solutions to Korteweg-de Vries-Burgers
equation, Nonlinear Anal. 35 (1999) 1999-2019.

12

[13] G. Karch, Large-time behaviour of solutions to non-linear wave equations: higher
order asymptotics, Math. Methods Appl. Sci. 22 (1999) 1671-1697.

(14] S. Kawashima, Large-time behavior of solutions to hvperbolic-parabolic systems of
conservation laws and applications, Proc. Roy. Soc. Edinburgh 106A (1987) 169-194.

[15] T-P. Liu, Nonlinear stability of shock waves for viscous conservation laws, Mem.
Amer. Math. Soc. 56 (1985) 1-108.

[16] T.-P. Lin and M. Picrre, Source solutions and asvmptotic behavior in conservation
laws, J. Differential Equations, 51 (1984) 419-441.

[17] P. Marcati and M. Mei, Convergence to nonlinear diffusion waves for solutions of
the initial boundary problem to hyperbolic conservation laws, Quart. Appl. Math.
56 (2000), in press.



340 SHIN-ICHI KINAMI ET AL.

[18] P. Marcati and A. Milani, The one-dimensional Darcy’s law as the limit of a com-
pressible Bular flow, J. Differential Equations, 84 (1990) 129~147.

[19] A. Matsumura, On the asymptotic behavior of solutions of semi-linear wave equation,
Publ. RIMS, Kyoto Unin. 12 (1976) 169-189.

[20] M. Mei, Large-time behavior of solution for generalized Benjamin-Bona-Mahony -
Burgers equations, Nonlinear Anal. 33 (1998) 699-714.

[21] M. Mei, L,-decay rates of solutions for Benjamin-Bona-Mahony-Burgers equations,
J. Differential Equations, 158 (1999) 314-340.

[22] M. Mei, Long-time behavior of solution for Rosenau-Burgers Equation (I) & (II),
Applicable Analysis, 63 (1996) 515-330 & 68 (1998) 333-356.

[23] P.L Namkin, Large-time asymptotic behavior of a step for Benjamin-Bona-Mahoney-
Burgers equation, Proc. Roy. Soc. Edinburgh, 126 A (1996) 1-18.

[24] P.I. Namkin and 1. A. Shishmarov, ”Nonlinear nonlocal equations in the theory of
waves”, Trans. Math. Monographs, 133, 1994.

[25] K. Nishihara, Convergence rates to nonlinear diffusion waves for solutions of system
of hyperbolic conservation laws with damping, J. Differential Equations, 131 (1996)
171-188.

[26] K. Nishihara and T. Yang, Boundary effect on asymptotic behavior of solutions to
the p-system with linear damping, J. Differential Equations, 156 (1999) 439-458.

[27] D.H. Peregrine, Calculations of the development of an undular bore, J. Fluid Mech.,
25 (1966) 321-330.

[28] L.E. Segal, Quantization and dispersion for nonlinear relativistic equations, Math-
ematical Theory of Elementary Particles, M. I. T. Press, Combridge, Mass., (1966)
79-108.

{29] L. Zhang, Decay of solutions of generalized Benjamin-Bona-Mahony—Burgers‘ equa-
tions, Acta Math. Sinica (New Series), 10 (1994) 428-438.



