Champlain College — St.-Lambert
MATH 201-203: Calculus II
Review Questions for Final Exam

Instructor: Dr. Ming Me:

. Find integrals.

(a) / ehn@@®+1) (b) / e® cos zdz,

2 +1
1
(C) /msinQ:de, (d) /‘md.’ﬂ

. Evaluate each integral and test if it is convergent or divergent.

0 2 1
(a) /_Ooxexdx, (b) /0 :r;2—2xdx'

2

. Let A be a region bounded by y = x* and y = x, and V be a solid obtained by

rotating A about the z-axis.

(a) Find the area of A.
(b) Find the volume of V.

. Find the solution to the differential equation:

y =aye ™, y(0) = e

. Test convergence or divergence of the sequences:

_2n—|—1

(8) 60 = 3 =%

. Test convergence or divergence of the series:

. n+2 = 5" 41
- b .
<a)n§::1n3+n+1, (>n§:;




7. Find the interval of convergence of the power series:

= nz"
an—f-l

n=1

8. Find Maclaurin series of the function:




Solutions to Review Questions

1(a). Method 1.

1 1
/ gh(@+1) [ substitute: u = a2 + 1, du = 2xdz |
|
Inu d 1 1
— nuau /Mdu [ substitute: v = Inu, dv = —du ]
u

1
Q/UdU_ZU +C’—4(1nu) +C

1
= Z 1112(1'2 + 1) + O

Method 2. Substitute u = In(z? + 1), then du = Igfrldx. So,

zln(z? + 1) 1 u? 1.5,

1(b).

/ e® cos xdx

[integration by parts: f(x) =€, ¢'(x) = cos,
= [(z) =€, g(x) sin ]
=e’sinx — /e"” sin zdx
[again, integration by parts: fao(x) = €”, gh(x) = sinz,
S () = ¢, g2() = — cosa]
=e"sinr — < —e"cosx — /[—e‘” cos m]dx)
=e"sinx + e* cosT — /e“” cos xdx
which implies
2/excosxdm =esinx + e* cosx + C.

So,
X 1 X : 1 X
e cosxdxzﬁe smx—i—§e cosz + C.



1(c). Since sin®z = =22 then

1— 2
/:csiandx = /:1:' cos x
1 1

5/ dx——/xcos?xdx

1
= % ~3 /xcos 2xdx [ substitute: u = 2z, du = 2dx]
2 1
= Z—é/ucosudu

[ integration by parts: f(u) = u, ¢'(u) = cosu,
= f'(u) =1, ¢(u) = sinu]
2

T 1 . .
= Z—g[usmu—/smu du]
T 1 .
= Z—g[usmzw—cosu] +C
72

[\

L s 2 20 +C
4~ p%sinZz— ccos2y .

1(d). Since 2 — 22* + x = x(x — 1)?, we then try the following partial fractions

1 A B C A(x —1)*+ Bz(z — 1)+ Cx

x3—2x2+x_:v+x—1+(x—l)2_ x(r —1)2

for some constants A, B and C. Comparing the numerators, we have
A(x —1)*+ Ba(r — 1)+ Cx = 1.

Thus, let x = 0, we get A =1, and x = 1 we have C' = 1. Furthermore, let x = 2, and
use A =C =1, we obtain B = —1. So, we can integrate

1 1 1 1 1
= [—— de =In|z| —ln|z — 1| — —— + C.
/m3—2x2+xx /m :E—1+(:17—1)2 v =nfe] =Infr—1] x—1+




2(a).

0 0
ze®dr = lim ze®dx
S t——o0 ¢

[integration by parts: f(z) =z, ¢'(x) =¢",= f'=1, g = €]

0
= lim <a:ex—/ e“dx)
t——o0 t

= lim (ze” —¢€%)

t——o0

= lim [-1— (te' — )]

t——o0

= [F1-(0-0)]=-1,

where lim;_,_, ¢! = 0, and by the 'Hospital law,

t t)
lim te! = lim — = lim ®) = lim = lim ¢ =0.
t——00 t——oc0 ¢t t——00 (e_t)/ t——00 —e_t) t——o0

So, this improper integral is convergent.

2(b). Since 2? — 2z = z(x — 2), so x = 0 and = 2 both are singular points of the
integrand, and the integral is improper at both the upper-limit 2 and the lower-limit 0.
On the other hand, the integrand can be reduced to the partial fractions

1 _1( 1 1)
22—2x 2\x—2 z/’
thus, it holds

2 1 2
1 1 1
de = d d
/Omz—Qa:x /0x2—2x x+/1 22—t

1 s
= i d li d
0t . w2 —2x x—i_siglf . 2?2 —2x ‘
1 s
1 1 1 1 1 1
[y e [ D)
i A s Ry R S 1 s ey R

1 1 1 s
= lim S(Infr =2/~ In |x])’t + lim S(nfr 2/ —In \:c])‘l

1
= T S[(In[1] = In 1)) — (it — 2| — In ¢

1
+ lim 5[(111 |s — 2| —1In|s|) = (In|1] — In [1])]

§—27
1 1
= 5[0 —(In2 —In0")] + 5[(111(?L —1In2) — 0]

= —o0, [ because In0" = —o0.

5



So, it is divergent.

3(a). The intersection points of y = 2% and y = z are (0,0) and (1,1). For 0 < z < 1,
the top curve is y = x and the bottom curve is y = 2. So, the area bounded by these
two curves for 0 < x <1is

b 1 2 3.1 1
A= Yiop — Yoottom = — 2’ :<x__x_>‘ = .
/a[tp bottom) AT /O[ac x°|dx 5 )= 6
3(b).
1 1 2
V' = Vouter — Vinner = 7T/ (13)26117 — 7T/ (.172)2dl‘ = —T.
0 0 15

4. Separate the variables to the equation to have

d
& re " dz.
Y
Then integrate it to yield
/dy / 2
— = [ xe " dx.
Y

2

By substituting © = —x*, we have

2 1 1 1 o
/xe‘x dr = /e“(—é)du =——e"+(C = —56_’” +C.

So, we then have

namely,

1, —22 1, —22 1.—
y=4e ¢ 10 = 4l 27" = Cle 2¢"

Y

where C is an arbitrary constant. Notice that y(0) = /e, we have

\/E = 0167%7

i.e., C1 = e. So, the particular solution is

a2
y=e"2°" .
5(a).
, 241 . (2n+1D)/n . 241 1
lim a, = lim = lim ——— = lim ==

6



So, it is convergent.
5(b). Since
5n+1 (_1)n5n+1 5n+1
- < a’?’L - S bl
™+2 ™42 ™42

and +1 +1 5
n n n 5(5\n
lim 2 g Ty SO

By the squeeze theorem, we have

) ] (_1)n5n+1
1 n=1 = 0.
So, it is convergent.
6(a). Let a, = 25 and b, = 5 = 5. Since
2 1
lim 2 — Jim L =1,

n—o00 0y, n—>oon3—|—n—|—1

by the limit comparison test, the series > " a, = > >0 2 and the Series Yo b

n=1 n34+nt+1 =

e’} _ [ee} 1

> n2 | = both have the same convergence or divergence. Notice that, > oo n= Zn:12p
is convergent, because it is a p-series with p = 2 > 1, so the series anl ap = anl #J;H

is also convergent.

6(b). Let a, = 2t and b, = (2)". Since

7n+9 =7 = (

. Gy . o"+1 /5,
lim — = lim

by the limit comparison test, the series > °°  a, = > o/ 241 and the series Z b

n=0 7749 -
o0 _ oo 5\n
> oo o(2)™ both have the same convergence or dlvergence Notlce that, Y " b, = ;n:0(7)
is convergent, because it is a geometric-series with r = 2 < 1, so the serles Zn:O a, =
0o 541 .
> om—o Fntg 18 also convergent.

7. The radius of convergence is

1 1341
R = lim = lim — / n—i— —lim n((n+1)° + ):1.
n—00 | Q41 n—oo n3 + 1 n—oo (n3 +1)(n+ 1)
. o n(z+1)" .
So, the series Y > | A s convergent for z in (a—R,a+R) = (0—1,0+1) = (-1, 1).
n
Furthermore, at the endpoint « = 1, the series becomes >~ | %, which is convergent.
n



In fact, let b, = 75 = n—12, since

a n 1
lim % — /—:1 0
Jm ==l s =70

by the limit comparison test, the series ™ a, = > 7, 55 and the series Y 7 b, =

> o | =5 both have the same convergence or divergence. Notice that, > 0 by, = > 0| =

is convergent, because it is a p-series with p =2 (> 1), then . a,, = > 7| 5 is also
—1)"n

convergent. While, at the other endpoint = —1, the series becomes »_>° | %, which
n

(—1)”n) _n
nd4+11 n3+1’

showed before. Therefore, the interval of convergence for > °° T i [—1,1].

. n .
is absolutely convergent, because ‘ and Zzozl — 1 is convergent as
n
n

n=1 TL2
8.
— X — 1 _ - 3\n __ - n,.3n __ - n,.3n+1
for z € (—1,1).



