INTERSECTION NUMBERS OF HECKE CYCLES ON
HILBERT MODULAR VARIETIES

JAYCE GETZ

ABSTRACT. Let O be the ring of integers of a totally real number field £ and set G := Resg,q(GL2). Fix
an ideal ¢ C O. For each ideal m C O let T'(m) denote the mth Hecke operator associated to the standard
compact open subgroup Up(c) of G(AF). Setting

Xo(0) == G(Q\G(A) /K Uo(o),
where K is a certain subgroup of G(R), we use T'(m) to define a Hecke cycle

Z(m) € IHy[g.q)(Xo(c) X Xo(c)).

Here I Ho denotes intersection homology. We use Zucker’s conjecture (proven by Looijenga and indepen-
dently by Saper and Stern) to obtain a formula relating the intersection number Z(m) - Z(n) to the trace of
*T'(m) o T'(n) considered as an endomorphism of the space of Hilbert cusp forms on Up(c).

1. INTRODUCTION

We begin by recalling the main theorem of Hirzebruch and Zagier’s famous paper [HZ]. In their paper they
examine the intersection numbers of certain “Hirzebruch-Zagier cycles” Z,,. These cycles are sums of the
closures of (affine) modular curves and certain compact Shimura curves inside a toroidal compactification of
the Hilbert modular surface SLa(Ogy \/;,))\.‘7)2. Here ) is the usual complex upper half plane, p =1 (mod 4)
is a prime and Og( ) is the ring of integers of Q(\/p). In particular, if Z,, - Z, denotes the “number
of intersections” of Z,, and Z,, then the bulk of [HZ] is devoted to proving that for each m € Z-( the
generating series

oo
(1.1) > (Zm - Zn)"

n=0
is a weight 2 modular form for T'g(p) with character (). Here Z,, - Zy is essentially the volume of Z,,, and
q:=e*™ for 2 € §.

In this paper we provide a kind of generalization of Hirzebruch-Zagier. Since their seminal work, a number
of cohomology theories useful for studying topological intersection theory on Hermitian locally symmetric
spaces such as Hilbert modular varieties have developed, including intersection homology, L?-cohomology,
and Harder’s theory of Eisenstein cohomology. These theories have intrinsic interest, but our treatment of
them is utilitarian; they provide a natural framework for studying the interplay between intersection theory
on modular varieties and the coefficients of modular forms. Our goal is to revisit Hirzebruch-Zagier armed
with these theories with the idea of proving comparison theorems for pairings that arise naturally in the
context of intersection homology on the one hand, and Hecke algebras on the other.

Concretely, we consider the graphs of Hecke correspondences on the product of two Hilbert modular
varieties associated to totally real fields of arbitrary dimension. In order to make this precise, we must
develop some notation: Let F be a totally real number field with degree [E : Q] = n, ring of integers O, and
narrow class number h™; thus AT is the order of the ray class group modulo ., the product of the infinite
places. To every ideal ¢ C O we associate in (2.3) the Hilbert modular variety

ht
Yo(c) == [ Tj\0"
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via a well-known construction (see [Ge, §1.7]). This variety has h* components, each of complex dimension
n (the T'; are discrete subgroups of (GL2(R)™)™). For convenience, denote its Baily-Borel compactification
by Xo(c). We then define in §5, for every ideal m C O, a Hecke cycle

Z(m) S IHQn(Xo(C) X Xo(C))

Here ITH, denotes intersection homology (with middle perversity, see §4). The class Z(m) is determined by
the Hecke operator T'(m) for Xo(c) (see (3.6) for the definition of T'(m)).

In (2.2) we recall the definition of the standard compact open subgroups Up(c) < (Resp/oGL2)(A7), where
¢ C O is an ideal as above and A7 denotes the finite adeles of Q. Let T, denote the Hecke algebra associated
to Up(c) (see §3); thus T, acts on the space M (Up(c)) of weight (2,...,2) Hilbert modular forms on Up(c)
(see (2.8)). Moreover, this action preserves the subspace S(Uy(c)) of Hilbert cusp forms (see (2.9)). There
are two natural bilinear pairings associated to T.. The first is just

T.xT. — C
(12) (Tl,TQ) — Tf(*Tl o) TQ),

where we view T} and T, as endomorphisms of S(Uy(c)) and the adjoint is taken with respect to the Petersson
inner product (see (3.15)). Secondly, attached to each element > ¢ T(m) of the subspace of T, spanned by
the T'(m), we have the cycle Y cnZ(m), and thus can consider the pairing on these cycles induced by the
generalized Poincaré pairing

IHQTL(XO(C) X Xo(c)) X IHQn(Xo(C) X XQ(C)) — Ho(Xo(C) X XO(C)) — (C,

(see 85).
Theorem 1.1 below, the main result of this work, is essentially a comparison of these two pairings. To
state it, we set notation for the finite sum

(1.3) ol(a):= > N 'a),

nDa
n+c=0

where N(n) := Normpg,g(n). The reader may recognize o;(a) as a generalized divisor function that appears
in the Fourier coefficients of a certain Eisenstein series (see (8.1)). One can also relate o.(m) in a simple
manner to the volume of Z(m).

We are now ready to state Theorem 1.1. In our setting, in which we consider the product of two copies of
a Hilbert modular variety X(c) associated to a totally real number field F of arbitrary degree n and narrow
class number k™, this theorem gives a formula for Z(m) - Z(n) in terms of traces of Hecke operators and
coeflicients of Eisenstein series:

Theorem 1.1. Let m,n C O be ideals. If m,n are ideals that are equivalent in the ray class group modulo
Boo, then we have the formula

Z(m)-Z(n) = 2" ((-1)"Tx("T(m) o T(n)) + h ' oc(m)oc(n)) .
Otherwise, Z(m) - Z(n) = 0.
Here *T'(m) is the dual of T'(m) with respect to the Petersson inner product (see (3.16)).
Remark. We remark that the method of proof of Theorem 1.1, which is different from the approach of
Hirzebruch and Zagier, boils down to a formal argument using a Lefschetz coincidence formula in intersection
homology and Zucker’s conjecture (now a theorem). Both of these hold for arbitrary Hermitian locally

symmetric varieties and cohomology groups with coefficients in a representation, which indicates that some
analogue of the formula in Theorem 1.1 should hold in great generality.

From the shape of the formulae in Theorem 1.1, one would expect that some analogue of the generating
series (1.1) would be modular. This is indeed the case. More precisely, we have the following:

Theorem 1.2. If S(Uy(c)) = S™(Up(c)) and either [E : Q] > 1 or ¢ # O, then for each (integral) ideal

m C O the formal Fourier expansion

o (4 7)) =000 2O+ Y 2 Zhlylett(€in) e (ee)

0KEer
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defines an element of M (Up(c)). Here we set Z(a) = 0 if the ideal associated to a is not integral, and 0 < &
means that € is totally positive.

Here

life=0
Be)=g T
0 otherwise
and S™V(Uy(c)) is the new subspace (also known as the primitive subspace, see [Sh2, p. 652]). For the
definition of e(tr(&iy~o))xr(Ex), see (2.11). The constant term (Z(m) - Z(0))(y) is essentially the volume of

Z(m) in one component and zero elsewhere (see (8.3)).

Remark. One should compare Theorem 1.2 with the formula for the generating series (1.1) obtained by Zagier
in [Za], which we now recall. Let (,) denote the Petersson inner product (we won’t specify the normalization),
and denote by fthe Doi-Naganuma lift of an elliptic modular form f for T'g(p) with nebentypus (2) (see
[Za]). From Zagier’s results, one can reformulate the main identity of [HZ] as

(1.4) Y (Zn-Za)g" =my < (m)Ep(2 2 Z (Z f(m)af(n)> q") :

n=0
Here the prime indicates the summation over the ba51s of normalized weight two elliptic newforms (i.e.
eigenforms for all the Hecke operators)
o0
)= ag(n)q"
n=1

for T'g(p) with character (?), 74 is the canonical projection to the plus space, t(m) is a rational number
depending only on m, and E, , is a weight two Eisenstein series for Ig(p) with character (2) (see [Za, (98-
99)]). In the course of the proof of Theorem 1.2 in §8, we shall see that @y, . can be similarly decomposed
as the sum of an Eisenstein series and a sum of weighted newforms.

We can rephrase Theorem 1.2 in the language of modular forms as follows: let M(T';) be the space of
classical Hilbert modular forms of weight (2,...,2) for I'; (see (2.6)). Moreover, let s1,..., sp+ be ideles of
E with (s;), = 1 for each infinite place v such that the the fractional ideals associated to s1,...,s,+ form a
set of representatives for the classes in the ray class group modulo G (see §2). Using this notation we can
phrase Corollary 1.2 in terms of classical Hilbert modular forms simply by inverting the formulae (2.10-2.11)
for converting classical Fourier expansions to adelic Fourier expansions:

Corollary 1.3. Suppose that m is in the ray class of s]l modulo Beo. If Uy(c) is new (in the sense of §3),
and either [E: Q] > 1 or ¢ # O, then
S()N(s;)(Z(m) - Z(0))(s; 1) + D Z(m) - Z(&s; " )N(s))e(tr(€z)) € M(T(c)).

ges;
0k€

Remark. The case n = 1, E = Q, ¢ = Z is not covered by Theorem 1.2 or Corollary 1.3. However, using
Theorem 1.1 in this case and an easy analogue of the argument in §8, one can prove that

214E = — +Z Zd e(nz) = N(s1)(Z(m) - Z(0))(s7 ") + Y Z(m) - Z(€sy " )N(s1)e(tr(€2)).

n>1 £€sy
0kg

Here we choose s1 = Z. The function E5(z) is not a modular form (the space M (SLy(Z)) = M»(SLy(Z)) is
zero dimensional). However, this “quasi-modular” function is often useful in the classical theory of elliptic
modular forms. Furthermore, it is in some sense the first nontrivial example of a p-adic modular form (see

[Se]).
Under the assumptions of Theorem 1.2, one can use the automorphic forms ®,, . to define a C-linear map
¥ by
¥: HC() — MU(c)) — SUo(c))
SamZ(m) — > am®Pm,
where HC(c¢) is the subspace of I Ha,(Xo(c) X Xo(c)) spanned by the Hecke cycles Z(m) as m varies over the
ideals of O and the second map is the canonical projection. In §8 we prove that this map has full image:

(1.5)
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Theorem 1.4. If S™V(Uy(c)) = S(Uo(c)) and either ¢ # O or ¢ = O and n # 1, then the map
U : HC(c) — S(Uo(c))
of (1.5) is surjective.

Here 5™V (Up(c)) denotes the new subspace (see [Sh2]).
Now that we have stated the main theorems of this paper, we pause to point the reader to some related
results in the literature:

Remark.

(1) Kudla and Millson prove theorems similar to Theorem 1.2 in their study of special cycles on orthog-
onal and unitary groups (see [KM]).

(2) Arithmetic analogues of (1.1) and Theorem 1.2 have appeared in ([BBK], [BKK]) and the program
of Kudla, Rapoport, and Yang (see [Ku], [KRY]).

(3) Lefschetz fixed point numbers of Hecke correspondences on certain Hermitian locally symmetric
varieties in weighted cohomology and L2-cohomology are computed in [GKM] and [St], respectively.

As one might guess from the above, the nature of this work involves collecting a variety of theories into
one place, and therefore requires a substantial amount of preparatory material. The author would like to
stress that the first four sections of the paper are essentially expository and were written for the purpose of
recalling relevant results and notation. With this in mind, we now outline the contents of this paper. In the
next section, we fix notation for Hilbert modular varieties and modular forms. Section 3 recalls the relevant
Hecke operators on holomorphic modular forms. In §4 we fix notation for Hecke correspondences and state
the Zucker conjecture in our situation. This theorem allows us to identify L2-cohomology and intersection
homology as Hecke-modules.

We finally define the cycles Z(m) in §5 and prove a preliminary Lefschetz-coincidence formula relating
their intersection numbers to an alternating sum of traces of Hecke operators on L2-cohomology. For the
purpose of evaluating this alternating sum, we recall an explicit description of the L2-cohomology groups
of Hilbert modular varieties due to Harder and Hida in §6. We combine this explicit description with the
Lefschetz coincidence formula mentioned above to prove Theorem 1.1 in §7. Finally, §8 investigates the
relationship of Theorem 1.1 to the coefficients of certain automorphic forms; this is where we prove Theorem
1.2 and Theorem 1.4.

2. HILBERT MODULAR VARIETIES AND HILBERT MODULAR FORMS

For concreteness, we begin the body of the paper by recalling notation and defining conventions concerning
Hilbert modular varieties and forms, our main objects of study. This notation will be used throughout the
following sections. As in the introduction, let E/Q be a totally real number field with ring of integers O,
[E:Q] =n and |CLT(E)| = h* (here CLT(E) denotes the narrow class group of E). Moreover, let

G .= RGSE/Q(GLQ).
Thus G is a reductive algebraic group whose Q-rational points are in one-to-one correspondence with the
E-rational points of GLy. We note that G(R) = (GL2(R))™ has 2" connected components; we let G(R)° be
the component containing the identity. We have a homomorphism

c* — G(R)
iy — ((57) - (5F)
The centralizer of the image of this homomorphism is
Koo = {((51 20 ) - (32 28)) 2k + i # 0} = (SO2(R)" - R¥)™
We put a complex structure on G(R)/K via the identification
(2.1) GR)/Ky «— (C—R)"
(hlv"'7hn) — (h’17’77hnz)a

az+b

otq to be the usual fractional

where, if h; is the image of (¢ %) € GLy(R) in the quotient, we define h;z =
linear transformation.
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Let G(A) = G(Ag) be the adelic points of G and G(Af) the subgroup associated to the finite adeles. We
now define, for every integral ideal ¢ of E, a compact open subgroup Uy (c) of G(A/). Let 2 be the different
of E/Q. As in [Sh2], define for every prime ideal p C O,

Vi = {(2%) € GLa(Ey) : aOp + ¢ = Op,b €0, c € 0y, d € Op}
Wy: = {z€V,:detxcO)}.

Here ¢, (resp. d,) denotes the completion of ¢ (resp. d) at the place associated to p. We then define
Uo(e): = [[we
p

(2.2) W: = GR)"x[[W, =G[R)° x Uo(c)
P

V: = G(A)ﬂ(G(R)OxHX/,g).
P

We denote by
Yo(e) i= G(Q)\G(A)/KacUo c).
the Hilbert modular variety associated to the compact open subgroup Up(c). In order to write down an
analytic realization of Yy(c), we pause to set some notation. Let Ag denote the adeéles of E. Now, for each
s € A (the ideles of E), let i(s) denote the associated fractional ideal of E. Let (o, denote the product
of the infinite places of E; thus h™ is the order of the ray class group modulo 3.. Choose h' elements
$1,...,8p+ € Ap with (s;), = 1 for each infinite place v such that i(s1),...,4(s,+) form a complete set of
representatives for the ideal classes modulo 3. Furthermore, define z; by

(1 0
zi = 5]

By strong approximation for GL2, we have a decomposition

ht
(23) GQ\GMA)/Kxlo(e) = |2 GR) o) NGQV(G(R)’/Kxo)

KT
= Ure"

j=1

for some congruence subgroups I'; of G(A)" N G(Q) (here G(A)" is the subgroup of G(A) consisting of
elements whose projection to the archimedian places is an element of G(R)?). Specifically,

(2.4) [ :=T;(c) = z;Wa; ' N G(Q) = I'(i(s;)0,¢)

where, for each integral ideal ¢ and fractional ideal b of F,

(b, c) := {(g Z) €EGQNGA)T :a,dcO,beb tcc cb,ad—bce(’)x}.

Write

Vi =T;\9"
Let Xo(c) (resp. X;) denote the Bailey-Borel compactification of Yy(c) (resp. Y;). Thus Y; is a dense,
Zariski-open subset of the normal complex projective algebraic variety X; and X; —Y; is a finite collection

of (closed) points.
We now recall the definition of a classical Hilbert modular form for T';. Let (GL3 (R))" act on $™ by

(2.5) a(z) = (a1, ..., an) (21, ..y 2n) = (@121, . -y Zp)

com — (@ b, . Gzt b
v ¢ di) " ez d;

where



6 JAYCE GETZ

Furthermore, for k = (k1,...,k,) € Z", 2 = (21,...,2n) € H”, We write

i=1
tr(k) = Zki’ tr(z) = Zzl
i=1 i=1

e(tr(z)) = exp(2mitr(z)).
The action (2.5) induces an action on functions

f:9"—=C

by the rule
flea(z) == det(a)*?(cz + d)"F f(a(2)).
We will only be dealing with the case k = (2,...,2) in this paper, and so we let
fla(z) = f|(2,4..,2)04(z)-
Let 0q,...,0, denote the embeddings of F into R. Define
to be the C-vector space of complex-valued holomorphic functions f on $” satisfying

fla(z) = f(2)

o1(a) o1(b) on(a) on(®)Y) (a b _
a€{<<01(0) o d)) \on@) on@)) \e a) €1
that are regular and holomorphic at the cusps of I';. The subspace of forms that vanish at the cusps will be

denoted by
(2.7) S(Ty) := S2,...2)(T).

for

The space M(T';) (resp. S(I';)) is known as the space of Hilbert modular forms (resp. Hilbert cusp forms)
of weight (2,...,2) for I'; (for the definitions of regular and vanishing see [F, §1.4]). We note that a Hilbert
modular form f € M(I';) can be identified with its Fourier expansion at the cusp oc:

f(z) =¢(0) + Z c(&)e(tr(€z))
0<k€i(sy)

(see [Sh2, p. 649]). Here ¢(0) € C is a constant, 0 < ¢ means that & is totally positive and £z :=
(0’1 (f)Zl, ey an(f)zn)

Due to the decomposition (2.3), it is natural to define the space of Hilbert modular forms on Uy(c) as

(2.8) M(Uo(c)) := Ma,...2)(Uo(c)) ={f = (f1,..., fatr) : f5 € M(Ly)},
and the space of Hilbert cusp forms as
(2.9) S(WUo(¢)) := Sz,....2)(Uo(€)) ={f = (f1,-... far) : f5 € S(Ty)}.

We will mostly view M (Up(c)) as the C-vector space defined by (2.8), but in §8 we will require the notion
of the Fourier expansion of an automorphic form. We now describe these expansions. To ease notation, if
a € A}, we write a = i(a), and if x € Ag, we denote by z, the image of x under the canonical projection
Ap — A% (the product of the completions of F at the infinite places).

Note that every ideal m of E' can be written as 53{1 for a unique j and a totally positive £ € s;. Given
f=(f1,..., fn+) € M(Up(c)) with

fol2) =a,(0)+ > ay(©e(tr(¢2))

0k€i(sy)
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define

(2.10) (. f) = {aj(f) [_,o,(§) ' ifm= 58;1 and m is integral,

0 if m is not integral.
Furthermore, define
1:=(1,...,1) e 2"

Then f has a Fourier expansion

(211) f((5 7)) =D+ 3 elentiem elunina e (eo)

0KEer

where y € A%, € Ap, yoo > 0. Here xp is the character of the additive group Ag/FE such that

XE(Too) = e(tr(z0)),
the function ¢y on the ideal group of F is defined by
co(nsj_l, f) = a;(0)N(s;) * for0O<ne E
and
lyl = [ylap-

Finally,
(Yoo = (01(QOy1, -+, 00 (yn),

where ¥, is the component of y., at the archimedean place associated to ¢,. This construction defines a
correspondence between the n-tuples that comprise M (Uy(c)) and a certain space of “holomorphic automor-
phic forms” on G(A). Holomorphicity in this setting is equivalent to vanishing under the Maass lowering
operators (see, for example, [Ga, §3.3]).

3. HECKE OPERATORS ON HOLOMORPHIC AUTOMORPHIC FORMS

In the last section we associated a Hilbert modular variety Yp(c) = U;L; Y; to each integral ideal ¢ C O
through a choice of a compact open subgroup Uy(¢) < G(Af) depending on ¢. We now recall the definition of
the Hecke operators associated to M (Uy(c)). These operators act on modular forms in a manner compatible
with the action of Hecke correspondences on classes in intersection homology (this compatibility will be made
precise in §4). The primary references for this section are [Sh2] and [Sh1].

The Hecke algebra T, associated to Up(c) is the C-algebra of all formal sums of double cosets

Wyw,

with y € V. In order to define the action on modular forms, we must introduce the algebra consisting of
double cosets

Fjafu
where a € G(Q) NV, " (see [Shl, §3.2] for the definition of multiplication in these algebras). Writing a
double coset as a disjoint union of right cosets

Fjal“u = UFjOéi,
define
filTal, =" filos

for f; € S(T;).
In order to define the action of WyW on M (Up(c)), it will be convenient to introduce the following
notation: For each ideal m C O, define a permutation 7, of the set of h™ elements by requiring that

—1
(3 1) ms] STm (J)

is in the ray class of the principal ideals modulo B4 for each 1 < j < h'. Now, note that we can find, for
each 1 < j <A™, an element o;(y) € ijx;dlt( o) G(Q) such that

(3.2) WyW = Waj o (y) ey, ., ) W
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(see [Sh2, p. 648]). For £ = (f1,..., fn+) € M(Uo(c) we then define

(33) f|WyW: (917"'7gh+)7

where g, . () = fj|Fjaj(y)FTdct(y)(j). Moreover, if

(3.4) T30 () r () = D L5
A

is a decomposition into disjoint right cosets, then we have a decomposition

—1
(3.5) WyW = Z ij OG AT 7 g0y (5)
A

into disjoint right cosets (see [Sh2, p. 648]). This observation is useful in determining how many right cosets
are required to define a Hecke operator “componentwise.” In particular, we use (3.2-3.5) implicitly when
dealing with the degrees of Hecke operators (defined in (3.9) below).

Finally, for each ideal m C O we have the Hecke operator

(3.6) T(m) = Z WyWw

det(y)=m

where the prime indicates that the sum is taken over a set of y defining a disjoint (finite) set of double coset
representatives for the set of double cosets WyW such that det(y) = m.
We now wish to describe the relations that the T'(m) satisfy. In order to do this we require one more

family of elements of T.. For every ideal m C O, let ay € (Aé)X be an idele whose associated ideal is m.
Define

W(“‘“ 0>W fm+c=0,

0 am

(3.7 S(m) =

0 otherwise.

The commutative algebra T, is then generated by the T'(p) and S(p) as p runs over the prime ideals of O.
This can be seen by examining the relations that the Hecke operators satisfy:

(3.8) T(m)T(n) = Z N(a)S(a)T(a"*mn),

m+nCa

(see [Sh2]). Note that the elements S(m) for m + ¢ = O act trivially on S(Uy(c)) because the elements of
S(Up(c)) have trivial character (see [Sh2]).
We will later require the notion of the degree of a Hecke operator, which we now briefly recall. For each
y € V, define ¢(y) by
t(y)
WyW =3 Wy,
i=1
where the sum is comprised of disjoint right cosets. Following [Sh1, §3.1], define a map
deg: T, — C
by setting
deg(WyW) := t(y),
and extending C-linearly. It is a standard exercise to compute that
(3.9) deg(T'(m)) = o/ (m).
This formula will be important in §7 and §8 below.

The effect of a Hecke operator on Fourier expansions is as follows:

(3.10) c(m,f|T(m)) = > N(a 'n)c(a*mn,f).

m+nCa
(a,c)=1
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In particular, if f € M(Up(c)) is a normalized (i.e. ¢(O,f) = 1) eigenform for all T'(m) with eigenvalues
ag(m), then

(3.11) c(m, f) = ag(m)N(m) ™.

Later we will want to work with these Hecke operators “componentwise.” We denote by
(3.12) Ty(m) : S(T;) — ST, )
the linear map induced by T'(m). That is,

(3.13) Tj(m) =Y Tja;ls, ()

where the «;; are chosen so that the corresponding cosets WyW defined in (3.2) form a complete, disjoint
set of representatives for the set of cosets WyW with det(y) = m. Normalize the Petersson inner product of
two cusp forms f € S(I';), g € S(T';) by

(Fg)r =@\ [ Ty Vdu(z)
r\sHn»
where du(z) :=[[_, v, 2dz,dy, for z = (21,...,2,) = (1 + W1, -, Tn + iYn) € H™ and I is a congruence
subgroup of G(A)T N G(Q) chosen so that f, g are both cusp forms for I' (such a subgroup I" always exists).
We note that p(I'\$)") is finite for any congruence subgroup. We then have, for f € S(I';) and g € S(T',,),

(3.14) (fICjalu, 9)p = (f,gICua'Tj)p
(see [Sh2, p. 652]). Here o := (det a)a™! and the action of I',a'T; is defined by decomposing the double
coset into a sum of disjoint right cosets as in (3.4). For £ = (f1,..., fr+), 8 = (91,.-.,9n+) € S(Up(c)), we
have the inner product

Kt
(3.15) (f,g)p = Z(fpgﬂpo

j=1
It follows from (3.14) that the operators T'(m) on S(Up(c)) with m + ¢ = O are Hermitian with respect
to (3.15) (see [Sh2, p. 652]). Moreover, if *T'(m) is the adjoint of T'(m) with respect to (-,-)p as in the
introduction, then its restriction to the 7, (j)th component *T7 ;) (m) satisfies

(3.16) Ty (M) = Z | NS o

where the a; are as in (3.13) above.

Remark. Noting that the measure p(Y;(c)) only depends on ¢ and not j (see [Sh2, p. 651]), we have that
g,f € S(Uy(c)) are orthogonal with respect to {,)p if and only if

(f1(2)dz, ..., fa+(2)dz) and (g1(2)dz, ..., gn+(2)d2)

are orthogonal with respect to the usual pairing of differential forms on the manifold Yy (c¢) (which turns out
to coincide with the L?-cohomology pairing in this case, see §6).

4. HECKE OPERATORS AND ZUCKER’'S CONJECTURE

In §2 and §3 we recalled the adelic interpretation of Hilbert modular varieties, the Fourier expansions of
Hilbert modular forms, and the basic properties of the Hecke operators on such forms. To relate the traces
of Hecke operators to intersection homology, we will use the isomorphism between intersection homology and
L2-cohomology given by Zucker’s conjecture (proven by Looijenga and independently by Saper and Stern).
The main result of this section states that, in our case of interest, this isomorphism is Hecke-equivariant.

We now set notation so that we can state this Hecke-equivariance property precisely (we roughly follow
the model of [Hid2, §6.3]). For each y € V, define

(4.1) D;(y) := (YT ey, (i (W) NT
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for each j. Set ®;(y)* W) := o' (y)®;(y) e (y),

(4.2) Yo,0p = ®5(y)\D"
Y<I>j(y)aj<y> = q)j(y)aj(y)\ﬁna
and let
(4.3) T Ye,) — Y
m2,5 - Y@_j(y)”j“/) - Yﬂm(y)(j)
be the canonical projections. We denote by
(4.4) m Yo y) — Yo, (i

—_~—

the map induced by multiplication by «;(y)~". The maps m j, m2 ;, a;(y) extend uniquely to continuous
maps on the relevant Bailey-Borel compactifications X;, Xg,(y), and X () - We denote their extensions
- J

1

by the same symbols by abuse of notation.

Now let T H, denote intersection homology with middle perversity and complex coefficients (as defined in
[GM2]) and let H, ('2) denote L2-cohomology with respect to the canonical Bergmann metric on the symmetric
spaces under consideration (also with complex coefficients). This metric, known also in this special case of
an arithmetic quotient I'\$)" as the Poincaré metric, is simply the metric induced by the metric on H" given
matrically by
i 0
(1 +iy1, .. Ty +iYn) — .

0 Yn®

The maps 7 j, 72, ; and ;;\(y/) are all finite, and hence induced push-forward and pull-back morphisms in

intersection homology (see [GM3]), thus it makes sense to define

(4.5) {2} = (21000 (9), 7 1, T2 pwatns (9),77 ).

The adjoint map *[{®;(y) j:l] is defined in the obvious manner, namely by

n o~ . * .
(4.6) U W) = (M (y) T30, T pwans (y) 75 40)-
Given I'; and «; as above, let

Fja] ( Tdet(y) (J U F aJ’LJ

be a decomposition into disjoint right cosets. Let z; be the local coordinate on Y; induced by the canonical

projection " — Y. For a differential form w = (w1(21), ..., wp+(2+)) € HY) (Ve ( )), define
w|{F Ozj( T(])}J 1(Z1a---7zh+) = Z wal(l)(a7_71(1)iT_1(1)21),..., Z wal(;ﬁ)(anl(hﬂ,-T_l(hﬂthr)
1) br=1(nt)

Here we set 7 := Tqet(y) to ease notation. We define w|{I';¢;yo;(y)'T'; } _, similarly starting with a decom-
position

FTdet(y) (.])aj (y)LF] = U FTdet(y) (.])’7]7,]
i

into disjoint right cosets. We now recall the following result:
Proposition 4.1. There is an isomorphism A : IHy(X) — H{,(X) such that the diagram
TH;(Xo(c)) —— HZ " (Yo(c))
[{@;-(y)};il]l l{rj%'(y)Frdet(w(j)}?;
TH;(Xo(c)) —2— HZ(Y5(0))

2
commutes. Here the La-cohomology groups are defined with respect to the Poincaré metric.
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Proof. This is a special case of the Zucker conjecture, proven by Looijenga and independently by Saper
and Stern (actually, in our case of interest, this is proved in [Zu, §6], and there is a proof complete with a
Hecke-equivariance statement in [BL]). O

Observing that the center of G(Q) acts trivially on $™, we see that Proposition 4.1 implies that the

following diagram commutes:
A n—u
TH;(Xo(c)) —— H{ ™' (Yo(o)
(4.7) f[{@ny)}?;]l l{%w<j>aj<y>trj};il
A .

TH (Xo(€)) —— 127 (Yo(o)).

5. HECKE CYCLES AND A LEFSCHETZ COINCIDENCE FORMULA

In this section we define the Hecke cycles Z(m) mentioned in the introduction. We then state and prove
Theorem 5.1, an important Lefschetz coincidence formula for the intersection numbers of Z(m) in terms of
alternating traces on L2-cohomology. Armed with this theorem, the balance of the paper is devoted to the
task of interpreting tilg\_(ﬂlantities appearing in the formula in terms of the arithmetic of Hecke operators.

For each j, let G(a;(y)) C Xa(y), ¥ X .ysn be the graph of the continuous map

()}’

o;(y) : Xow), — ch(y);xj(yw

In [GM3], Goresky and MacPherson associate an intersection homology class [G(f)] to the graph G(f) C

X xY of any placid map f: X — Y. It is easy to see that a;(y) is finite, hence placid. Therefore, we have
a well-defined homology class

—~—

[G(O‘](y))] € IHQn(X@(y)j X X@(y);j(y))-

Moreover, the canonical map

7r§./ = 7r11/7j X 7rg7j : Xo(y), X XcI)(y);mjw) — X % deet(y)(j)
is finite, so it makes sense to consider the cycle 77, [G(;(y))] € TH2n(X; X Xr,, (). We set
1 —_—
(5.1) Zi(y) == =g+ Gleg ()]
! [T @(y);]
Let

ht
(5.2) by €D THon(X; % X)) = THan(Xo(c) x Xo(c))

j=1

be the canonical injection. Moreover, for each double coset WyW, let
(5.3) Z(y) = w(Z1(y), - - Zp+(y)) € IH2n(Xo(c) x Xo(c)).
We can now finally make the

Definition. For each integral ideal m C O define the Hecke cycle Z(m) to be the intersection homology
class
Z(m) =Y Z(y) € THzn(Xo(c) x Xo(c)).
yel
where the index set I C V' is chosen so that T'(m) = 3_ ., WyW (see (3.6)).

Now that we've defined the Hecke cycles appearing in the title of the paper, we might as well recall the
intersection product that appears there as well. Let X be a pseudomanifold. Part of the charm of I H, is
the existence of a generalized Poincaré duality pairing

(54) ~:IHk(X)XIHdim]RX_k(X)—>H0(X)—>(C
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that is nondegenerate ([GM1, §3.3]). Here H, denotes singular cohomology, and the last map, which we will
denote by ¢, is the sum of the augmentation maps on each connected component. We denote the intersection
product without applying the augmentation by *:

(55) *ZIHk(X) XIHdime_k.(X) —>H0(X),

though we won'’t use this often. We remark that this pairing is truly a generalization of the typical Poincare
pairing; the two pairings agree when both are defined (i.e. when X is a smooth compact manifold).

By definition, if we can compute Z(y) - Z(y') for arbitrary y,y’ € V, we can compute Z(m) - Z(n) for
arbitrary ideals m,n C O. The main result of this section is a preliminary formula for these quantities:

Theorem 5.1. The intersection number Z(y) - Z(y') is equal to the L?-Lefschetz coincidence number
4n
i + + i i
S (=) T (4505 ()T ) i1 © T35 (0 ) Vit Hily (Yol©)) = Hiy (Yo(6)) -
i=0
The following lemma deals with a trivial case:

Lemma 5.2. If det(y) and det(y’) are not in the same ray class modulo B (the product of the infinite
primes) then

Z(y)-Z(y') = 0.
Hence if m and n are not in the same ray class modulo B, then

Z(m) - Z(n)=0.

Proof. Suppose Taet(y)(J) = Tdet(y)(j) for some 1 < j < h*. Then, since det(y)sjs;dit(y)(j) and det(y’)sjs;dlct(y/)(j)
are equivalent in the ray class group modulo S, by (3.1), it follows that det(y) and det(y’) are equivalent
in the ray class group modulo (.

Thus, if det(y) and det(y’) are not in the same ray class modulo Buo, then Tyey(y)(J) # Taet(y)(j) for all
1 < j < h", and hence the images of ¢, and ¢,/ are disjoint (see (5.2)). But Z(y) is in the image of ¢+, and
Z(y') is in the image of ¢,/; the lemma follows. O

Thus we may assume that det(y) and det(y’) are in the same ray class modulo S.

We will now state some results we require for the proof of Theorem 5.1 in the nontrivial case. First note
that if det(y) and det(y’) are in the same ray class modulo B (and trivially in the other case) we have the
identity

h+
ZW)-2W) = Zw) - Zi(y)
J=1

by analysis, similar to that used in the proof of Lemma 5.2, of the direct summands of I Hy, (Xo(c) x Xo(¢))

corresponding to connected components. Thus (for the moment at least) we can restrict our attention

to the Z;(y) and Z;(y’). Our immediate task is to give an expression for Z;(y) in terms of a basis for

THo(X; x X, (). We will use the following Kiinneth formula to write down a particularly nice basis:

J det(y) (J)

Proposition 5.3. [GM2] If X and Y are complex analytic varieties, then there is a natural isomorphism
TH (X xY) 2 THo(X) ®@ [Ho(Y).

Now let eq,..., e, be a basis for THe(X;) with dual basis e},...,e} and P := (e(e;, e;)). Moreover let
fi,.-.. fs be abasis for IHe(X7,, , (j)) With dual basis f7,..., fJ and Q := (e(fi, f;)). Finally, let |v| denote
the dimension of a homology class v. We have the following:

—_~—

Lemma 5.4. Let G = (Gyj) be the matriz of 73 ;o (y), 7], with respect to the bases ei, ..., e, and fi,. .., fs.
Then
Zi(y) = Z(_l)leil(%—lel'\)gije;f ® fe
= Z(_1)|6i|(4”)Uijei ® f]:‘
ik

where U is the matriz U = P~1GQ.
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Assuming this lemma, the proof of Theorem 5.1 is easy:

Proof of Theorem 5.1. Notice that the matrix U appearing in Lemma 5.4 has the property that ‘U is the

—_~—

matrix of the adjoint of 7r§/7 jx (y)*ﬁ’? with respect to the generalized Poincaré pairing written with respect
to the bases fi,...,fs and ey,...,e,.. A simple calculation using the projection formula for intersection

%

homology (see, e.g., Lemma 5.1 of [GG]) proves that m1 ;.o (y ﬂg’; coincides with this adjoint (justifying
the notation of (4.6)). Thus Lemma 5.4 implies that Z(y) - Z(y’) is equal to

4n
i + +
S (=0T (s ()] 0 H@5 ()] = THL(Xo(e)) — THi(Xo(c)))
i=0
Noting that (—1)? = (—1)*"~¢  the theorem now follows from Proposition 4.1. O

Lemma 5.4 is very similar to a result in [GM3], which we now state for use in the proof of Lemma
5.4. As in [GM3], let X, Y be complex analytic varieties of dimension 7’,s’ respectively. Moreover let
K1, ..., e be a basis for THe(X) with dual basis pf,...,u; and let P’ be the matrix P’ := (e(u; - p5))
where € is the augmentation. Similarly, let v1,..., v, be a basis for IH(Y") with dual basis vf,...,v} and
let Q" := (e(v; - vj)). Let ¢ : X — Y be a finite (hence placid) map, and let F' = (Fj;) be the matrix of
@x : THo(X) — IH4(Y) with respect to the bases py,...,u and vy, ..., 1v,. With this notation in place, we
have the

Proposition 5.5. [GM3] The homology class of G(¢) in IHe(X X Y) is given by

G = (DD E @,
4,3

= Syl T v
4,9

where T is the matriz T = P 1FQ’.

For sign conventions, see the appendix to [GM3].
We can now prove Lemma 5.4:

Proof of Lemma 5.4. Since 7T?1/7j is finite and is generically a degree [I'; : ®(y);] covering map, W%J* maps
the fundamental intersection homology class of Xg(,), to [['; : ®(y);] times the fundamental intersection
homology class of X;. Thus, applying the projection formula for intersection homology (see [GM3, §16.3]),
it follows that
Ll THA(X;) — TH(X;)

is just multiplication by [I'; : ®(y),].

Now choose a basis eq, ..., e, for IHq(X;) with dual basis €7, ..., ef. Using the projection formula again,
we compute:

(5.6) e(nf . (nV%ei xml%er)) = e -l mller =05 ®(y)sle; - ex

= 0l 2(y);]-
Here € is the augmentation, * is as in (5.5), and d; ; is the Kronecker é-function. As mentioned above, T?i/,j is
generically an orientation preserving degree [I'; : ®;(y)] covering map; it follows that 7T‘71!, u HO(X(I)(y)].) —
Hy(X;) just maps the fundamental class of Xg(,), to [['; : ®;(y)] times the fundamental class of X;. Thus
the computation (5.6) shows that

(5.7) (m{%e)" = m{"e;

x.
Now, since 7{ ; 77" is just multiplication by [T'; : ®(y);], it follows in particular that 7{”; is an injection.
Thus we may choose a basis p1, ..., for IH.(X¢(y)_7.) such that p; = wf:kjei for 1 <¢ <7 and 7 jups =0

for r < ¢ < t. Similarly, we may choose a basis v4,...,v, for IH.(X@( )ajm) with v; = Wg’;.fi for1<i<s
Y); >

and 7y j.v; = 0 for s < i < w. If we write F' = (Fj;) for the matrix of a(y);. with respect to the bases
Wiy, pr and vy, ..., 1, Propositions 5.3 and 5.5 yield
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=1 k=1
t u
1 1 (2n— s "
S <I>(z/)-]§:§:(_1)w(2 D Fyer i © 73 v
J I =1 k=1

1 . (2n—le:
= e S S ()l D Et () @ Y

e — — 1)l Cr=liil) gy 2y Y
TR0 i O
1 ~\ lei|(2n—le;l) y LN Yy y*
NIV IR (=1) Fiwry ju (w1 jei)” @ 7 5,55 fe
i=1 k=1
Using (5.7), we then have
1 —~ eil(2n—|e; * % *
o L0 = ey o oV Fu el © g o
Jr j

i=1 k=1

Z Z(_l)‘eil(Qn_leil)[F‘Fdet(y)(j) : @(y)?(y)j}Fmef ® fi.
i=1 k=1

We note that ([I'r,,, ., ) ¢ @(y)?(y)j]Fik) 1zicr s the matrix of
v 1<k<s

—_~—

ﬂg’j*aj(y)*ﬂ'i*j :THo(X;) — IH.(XTdet(y)(j))

with respect to the bases e1,...,e, and fi,..., fs. This proves the first equality in the lemma. The second
follows from the first by linear algebra. O

Thus we have translated the computation of the intersection numbers Z(m) - Z(n) into the computation of
the traces of {I‘jaj(y)FTdet(y)(j)}?; on L2-cohomology. Section 6 recalls a description of this cohomology
(due to Harder and Hida) which we will use in §7 to compute certain traces of this form.

6. L2-COHOMOLOGY

In the last section, we concluded with Theorem 5.1, a formula for the intersection numbers of Hecke cycles
in terms of alternating traces on L2-cohomology. To interpret such traces, we must collect some results on
the L2-cohomology of Yy(c) with respect to the Poincaré metric (see §4). In particular, our goal is to use
Harder’s notion of Eisenstein cohomology ([Har], [Hid3]) to give an explicit basis of H, (Yo(c)). The reader

might also compare [BL]. Our treatment of Harder’s theory is modeled on [F, §III].
First notice that, given any F = (f1,..., fu+) € S(Up(c)), we obtain a differential form

(6.1) Op

given on the jth component Y; by the holomorphic form f;(z)dz1 A--- Adz,. Here z = (21,...,2,) is the
coordinate induced by the canonical projection " — Y;. It follows from the existence of the Petersson
inner product defined in §3 that Qp € H{3) (Yo(c)). This yields a linear map S(Uo(¢)) — H("Z)(Yo(c)) that is
well-known to be injective.

We now show how to construct non-holomorphic forms from Qg. Consider the component group

To(G(R)) = {(1,---» )t = (F9)}.

For each b C {1,...,n}, we have an element ¢, = (71,...,7n) € mo(G(R)) such that 7; is the identity if and
only if ¢ € b. The element ¢;, induces an involution

(6.2) b:GR)/Kse — GR)/Ks

(21, y2n) — (w1,...,wy)
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where

Here we have used the identification G(R)/K, = (C —R)™ (see (2.1)). The involution ¢, induces another
involution

(6.3) tp = Yo(c) — Yo(c)

{zi ifieh
w; =

which we denote by the same symbol by abuse of notation. We then have, for every b C {1,...,n}, the forms
uQr € Hp (Yo(c)).
Using these forms we can identify a subspace of cusp classes

(6.4) Hip(Yo(e) = @ {49 :F € S(Uo(0)} < Hpy)(Yo(e)).
bC{1,...,n}

The fact that this is a direct sum decomposition is clear upon considering the variables in which a given
differential form in the decomposition is holomorphic or anti-holomorphic. By convention, Hgi,(Yo(c)) =0
for m # n.
We now identify a different subspace of the L?-cohomology. If b = {by,...,b.} with1 <b; <--- < b, <,
let
dzy =dzp, N+ Ndz,

and similarly for dz,. Let a = {1,...,n} —b, 1 < j < h™ and define the universal class 1} which is
(65) y;fdzbl A\ dEbl VANREIRWAN yb:zdzbr AN d?br

on the jth factor and zero elsewhere (universal because they are invariant under the whole group GL2(R)™).
We take the convention that 77;{1 """ "} is the function that is identically 1 on the jth component and zero
elsewhere. Because Yp(c) has finite volume with respect to the Petersson metric, each of these forms defines
an L2-class, moreover, these classes are all linearly independent. Thus we have identified a subspace of

universal classes

ht
(6.6) Hi (Vo) = @ Cnf < HE(Yo(o)).

j=1 aC{1,..., n}
#a=n—k

It is easy to see that the subspace of H ('2)(Y0(c)) spanned by the universal classes has zero intersection with
the subspace spanned by the cusp classes. By convention, H[. (Yo (c)) = 0 if m & 27Z.

The main result of this section tells us that the classes we just introduced form a basis of the of L?-
cohomology groups of Yg(¢):

Proposition 6.1. Choose an ideal ¢ C O. Then we have a decomposition
Hzy(Yo(c)) = Hisy (Yo(c) © Higep (Yo(c))-

Remark. The proof of Proposition 6.1 we give is elementary assuming Theorem 6.2 below. However, as
pointed out by the referee, a more efficient (and perhaps more enlightening) proof could be given by using
automorphic representation theory to treat L?-cohomology directly and then applying some facts about the
(g, K)-cohomology of admissible representations of GLa(R).

In the interest of recalling some relevant results, we defer the proof for a moment. First recall that if X
is a projective variety of complex dimension n with isolated singularities and regular set X'°® then

Hi(Xreg) if i<n
(6.7) IHy, (X) 2 {Im (H"(X) —» H"(X™8)) if i=n
Hi(X) it i>n,

where the H® denotes singular cohomology (see [SZ, §5.2]). Noting that X(c) is a complex projective
variety with isolated singularities, (6.7) in conjunction with Zucker’s conjecture (Propositions 4.1) gives us
the dimension of H (Yo(c)) in terms of singular cohomology groups.
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Let Y (c) denote the Borel-Serre compactification of Yy (c) and set Y ¢(c) = Yo(c) —Yo(c). For generalities
on the Borel-Serre compactification, see [Sa], [Gol; in particular compare [Sa, §5.2] and [F, p. 242]. Following
Harder, let
(6.8) H*(Yy(c)) := ker (H*(Yo(c)) — H*(9Y(c)))
where the homomorphism is induced by inclusion. Then we have the following

Theorem 6.2 (Harder and Hida). Let ¢ C O be an ideal. If 1 < m < 2n then
dime H™ (Yo (c)) = dime (HT, (Yo(c)) ® HI (Yo(0))) -

cusp
Moreover, for m < n,
dime H™ (Yo (c)) = dime H™(Yy(c))
and for m =n,
dime H™(Yo(c)) = dime H™(Yy(c)) + dime H™(8Y o(c)).

Proof. Hida, in [Hid3, Proposition 3.1], identifies Hy  (Yo(c)) as a direct summand of H™(Yy(c)). This
direct summand can be naturally identified with what Harder denotes by ngsp(SUo(c),(é) (see [Har, §3.1-
3.2] and [Sch, §4.1]). Here C is the sheaf over Yo(c) associated to the trivial representation of G. This
cohomology group can in turn be identified with a direct summand of H™(Yy(c)) (which, in Harder’s notation,
is Hm(SUO(C),(C)). _

Its orthogonal complement in H™ (Yy(c)), in the notation of [Har, p. 65], is isomorphic to the cohomology

group ]?;QS(SUO(C), C). It is an easy exercise using the descriptions of this group given in Proposition 3.2.4,

p. 62, and p. 65 of [Har] to show that the dimension of it is equal to dim¢ H. (Yo(c)). This proves the

first statement of the theorem. The second follows from the first and [Har, Theorem 2] after passing to
Up(c)-fixed cohomology. O

Now we wish to relate dime H™ (Yy(c)) to dimge H{3,(Yo(c)). For this we require the following

Theorem 6.3 (Harder). Let ¢ C O be an ideal. If n < m < 2n — 2 then the homomorphism
H™(Yo(c)) — H™(9Yo(c))
induced by inclusion is surjective.
Proof. This follows from [Har, Theorem 2| after passing to Up(c)-fixed cohomology. O

We require two more preparatory results. For the purpose of stating them, if I' < G(R)? is a congruence
subgroup, let
Yp = F\f_)n
be the associated Hilbert modular variety, Xr be its Bailey-Borel compactification, Y its Borel-Serre com-
pactification, and 0Yr := Y — Y. We have the following lemmas:

Lemma 6.4. Let I' < G(R)" be a congruence subgroup. If m > 1, then
dim¢ H™(0Yr) = dime H™ (X1, 7).
Proof. Let {k;} be the cusps of I". Choose A; such that A;x; = co. Define

Uo={z€ 9" [[vi = C}
i=1
and let
p:H" — Yr

be the canonical projection. By reduction theory, for sufficiently large r;, I'x, acts on

D; = {Ai_lz cz € H" and l_IyZ =1}
i=1
and the sets
P(AT M (UL)) Uk
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form a set of disjoint (closed) neighborhoods of the cusp x; in Xr (compare [F, Lemma 1.2.8]). Moreover
the action of I'y, on D; for each ¢ yields a homeomorphism

H Fm \Dz ~ 87p
i

Thus it suffices to prove that

(6.9) H™ ! (Xp,Yr) = H™ <H Fm\Di> '

By excision,
(X, Yr) = @Hm Ur,)) U ki, p(Dy)).

Moreover, p(A;*(U,,)) U ; is homeomorphic to the cone over p(D;) (compare [F, p. 144]), and hence is
homotopically trivial. Thus

H™(p(A7H(Ur)) U ki) =

for m > 0. The long exact sequence of the pair (p(A; '(U,,)) U /il,p(D )) then provides the isomorphism

K2

(6.9). a
Lemma 6.5. Let I' < G(R)® be a congruence subgroup. Then there is an exact sequence
—2 . H (V) —— H*(Yp) —— H*(Yy) —— H*(0V7) —2—

where HY denotes singular cohomology with compact supports and the unmarked arrows are the canonical
homomorphisms.

Proof. If T has the property that
(6.10) r/(rn{(gl):acE})

is torsion free, then Y is a topological manifold with boundary 0Y . Thus the lemma is a special case of
a standard fact from the topological theory of manifolds with boundary (see [F, A.IIL.XIX] or [Sch, §4.2]).
If T does not have the property that (6.10) is torsion-free, then choose a congruence subgroup I'V < T' with
[[' : TV] < co. The general case then follows from a standard argument using the fact that the canonical
projection p : Y — Y is a finite, orientation-preserving map. (|

We can now prove Proposition 6.1:

Proof of Proposition 6.1. Note that for a connected pseudomanifold X of dimension 2n we have TH"(X) ~
ITH?*(X) ~ C. Applying Zucker’s conjecture (Proposition 4.1) we have proven the proposition in the cases
m =0 and m = 2n.

Assume n = 1. Then there is an “Eichler-Shimura” isomorphism

H{y)(Yo(c)) 2 S(Un(c)) & S(Uo(e))

(see [Sa, §2]). A dimension count now shows that the elements of H,)(Yo(c)) given in (6.4,6.6) span the
space. B B
Now assume n > 1. Consider the long exact sequence of the pair (Y (c), 0¥ o(c)):

——— H™ (Yo(c)) —%— H™ (0¥ (c)) —— H™(Yo(c),0Yo(c)) —— H™Yo(c)) —

If m > n, then by Theorem 6.3, the map a is surjective which implies the map b is injective. Thus, by
exactness,

H™(Yo(c),0Y0(c)) — H™(Yo(c))-
On the other hand, we have a homeomorphism Y o(c)/9Yo(c) =~ Xo(c), and it follows that H™ (Y ¢(c), Y o(c)) =
H™(Xo(c)). Applying (6.7), we have that
dime H{3)(Yo(c)) < dime H™ (Yy(c)).

Applying Theorem 6.2, we see that the forms in H(, (Yo (c)) we constructed in (6.4,6.6) span the cohomology
group. This proves the proposition for m > n. If we apply generalized Poincaré duality (5.4) and Zucker’s
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conjecture (Proposition 4.1) to conclude that dimc Hy) (Yo(c)) = dimc H(22737m(Y()(c))7 we see that the forms

we have constructed for m < n span the relevant cohomology groups as well.

Thus we are left with the case m = n. Note that the homomorphism H™(X(¢)) — H™(Xo(c)™®8) induced
by inclusion factors as H™ (X (c)) — H™(Yp(¢)) — H™(Xo(c)"™®) where the two homomorphisms are induced
by inclusions. It follows that

dime Im(H™(Xo(c)) — H™(Xo(c)™®8)) < dime Im(H"™(Xo(c)) — H™(Yy(c))).
Thus, if we show

(6.11) dime Im(H™(Xo(c)) — H"(Yo(c))) < dime (HZp (Yo(c)) ® Hiie (Yo(c)))

cusp

then (6.7) together with Zucker’s conjecture (Proposition 4.1) will imply that the forms we have constructed
in H ("2) (Yo(c)) span the cohomology group, which will finish the proof of the proposition.
We now prove (6.11). The following is a portion of the long exact sequence of the pair (Xo(c), Yo(¢)):

(6.12) —— H™(Xo(c)) —— H"(Yo(c)) -2 H" 1 (Xo(c), Yo(¢)) —— H"T1(Xo(c)) —— -

We claim that « is the zero map. Let {s;} be the cusps of Yy(c), and let H? denote singular cohomology
with compact support. From the long exact sequence

—— Hf ' ({ki}) —— HE(Yo(c) —— HE(Xo() —— Hi({ri}) ——
(see [DK, §1.4]) we see that
H"™ 1 (Xo(e) = HIH(Xo(0)) = HI T (Yo(c))-

Suppose n is even. Then we claim that H" " (Xq(c)) = 0. By Theorem 6.3 and exactness of the sequence
of Lemma 6.5 there is an injection H™(Yy(c)) — H"(Yy(c)). If n is even, then H™!(Yy(c)) = 0 by
Theorem 6.2. Thus H" ™ (Yo(c)) = H" 1 (X¢(c)) = 0, which together with exactness of (6.12) implies « is
the zero map.

If n is odd, then similar reasoning implies that H"*2?(Xy(c)) = 0. Thus, looking at the next few terms of
(6.12), we have

(6-13) —2— "+ (Xo(c) —2— H™(Yo(c) —— H"2(Xo(c), Yo(c)) 0
Now, H"t1(Xy(c)) = HY(Yo(c)) by (6.7) and Zucker’s conjecture. By the dimension n + 1 part of the

(2)
proposition (which we already proved), dime(H/%5 ! (Yo(c))) = dime(H™E(Yo(c))). Moreover, Theorem 6.3

. (2) univ
and the definition of H"™!(Yy(c)) imply that
dime H" 1 (Yy(c)) = dime H" (Yo (c)) = dime H" ' (Yy(c)) 4 dime H"1(8Y o (c)).

Combining all these dimension formulae with Lemma 6.4, we know the dimension of every group in the long
exact sequence (6.13). A simple dimension count implies that [ is injective, which implies in turn that «
must be the zero map. Note that here, in order to apply Theorem 6.2, we use the fact that 2n —2 >n+1
for odd n > 1.

Now that we have established that « is the zero map, we’re essentially done. Theorem 6.2 and Lemma 6.4
give us the dimensions of the second and third terms of (6.12), and this is enough to establish the dimension
bound (6.11) using the fact that 0 is surjective by exactness. |

7. INTERSECTION NUMBERS OF HECKE CYCLES

As always, fix an ideal ¢ C O. Let m,n C O. Our goal for this section is to compute the intersection
numbers Z(m) - Z(n) using the explicit description of the L2-cohomology of Hilbert modular varieties given
in the previous section together with Theorem 5.1.
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Note that T;(m) induces maps

(7.1) Ti(m): Hioy(Y;) — Hy(Yo,()
.
wo— Y Wl )
Wyw
det(y)=m
(7.2) "Ti(m) s Hipy (Y, () — Hiy(Y))
. +
w o= > wl{Tr,hes @) T
de‘?z'g)w:/m

(see §4). Likewise T'(m) induces maps
T(m): Hiy) (Yo(c)) — Hy(Yo(c))
TT(m): Hyy(Yo(e)) — Hiy(Yo(e))

that are just T;(m) (resp. *T;(m)) on the jth (resp. 7m(j)th) component.
The main result of this section is the following:

Theorem 7.1. If m,n C O are ideals that are in the same ray class modulo B, then

ST () 00y (Yo(6) — iy (Va(6)) = 2 ((~1)" (T ) o () + o)
where the trace on the right is taken with respect to the action of the Hecke operators on S(Up(c)).

Theorem 7.1, in conjunction with Theorem 5.1 and Lemma 5.2, proves Theorem 1.1.

Remark. Notice that Theorem 7.1 relates an alternating trace over the entire graded cohomology group
H (’2)(Yo(c)) to a trace on the holomorphic subspace of the cohomology. We have such a formula because of

the symmetry in mixed Hodge structures on H,, (Yo(c)) that exists because of the involutions (6.2). This is
also why the 2" appears. The same Hodge symmetry underlies the proof of Lemma 7.2 below.

We require one more lemma before we can prove Theorem 7.1:
Lemma 7.2. Let F € S(Uy(c)). For each subset b C {1,...,n}, let v be as in (6.2). Then

T(m),Qp = 1, T(m)Qr = 1, Qp|7(m)
T(m)e; Qr = 4, ("T(M)Qr) = 15 Qpp=1(m)

We give the proof of Lemma 7.2 (which is a calculation) after the proof of Theorem 7.1:

Proof of Theorem 7.1. In the notation of (6.6), note that

(7.3) T(m)n; = oe(m)n? ;)
“T(m)n? = ol(m)nd
simply because the number of right cosets defining 7 (m) is o.(m) for each 1 < j < h*. The theorem follows

from this observation, Lemma 7.2, and the explicit description of the L2-cohomology given by (6.4), (6.6)
and Proposition 6.1. O

We now give the proof of Lemma 7.2:

Proof of Lemma 7.2. The equalities T'(m)Qp = Qp|7(m) and *T'(m)Qp = Qp|«7(m) follows from (7.1) together
with the adjoint relation (3.14) for the Petersson inner product. For the other equivariance statements,
consider ¢, as a matrix in 7o(G(R)), and write Tj(m) = >, I'jay. Then the equality T'(m);Qp = ¢;T(m)Qp
follow from the fact that ¢y, = agep. Similar remarks imply that *7'(m) and ¢; commute with eachother. [
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8. CONNECTION WITH FOURIER COEFFICIENTS OF AUTOMORPHIC FORMS

In this section we show that the intersection numbers Z(m)- Z(n) arise in a natural way as the coefficients
of Hilbert automorphic forms. We begin by interpreting the ol (m)ol(n) term that appears in the expression
for Z(m) - Z(n) given by Theorem 1.1. We recall that, just as in the case of elliptic modular forms, the
functions o’ (m) are coefficients of Eisenstein series. More precisely, define

N
neo
n+c=0

Then, provided that n > 1 or ¢ # O, the automorphic Fourier expansion

(5.1) B (4 7)) =002 90l + 3 oltenbletucineten)

0KEERE

defines an Eisenstein series E. € M (Up(c)). Here

5(c) = {1 ifCZC?E

0 otherwise.

The calculation of this Fourier expansion is a special case of [Sh2, Prop. 3.4]; to see this let a =¢, b = O,
and 7 be the trivial character modulo ¢, x the trivial character modulo (. See also Corollary 6.2 of
[Hid1].

Let z (resp. w) be the local coordinate for X, (resp. Xj) induced by the projection ™ — Y; (resp.
H™ — Y}) and denote the universal class associated to b C {1,...,n} and the jth (resp. kth) component of
the first (resp. second) factor of Yy(c) x Yo(c) by 1%(2) (resp. nj(w)). Now define vy, € H2%, (Yo(c) x Yo(c))
to be the class which is equal to

ht

Z Z 77?(2)/\7731,%(;‘)(1@

where my, is any ideal in the ray class of 5,;1 modulo S and a = {1,...,n} —b. Here 7y, is the permutation
defined by (3.1), and s1,..., s,+ are the finite ideles we fixed in §2 whose associated fractional ideals form
a complete set of representatives for the ray classes modulo (.

For each 1 < k < h™, there is a linear map

(8.2) /A_1(~) Avg i THyp(Xo(c) x Xo(c)) — C

v o= [aTe)Am.

Here A is the Zucker isomorphism of Proposition 4.1. Since we may write A~*(vy) with respect to the basis
given by Harder’s theorem (Theorem 6.2) and the Kiinneth formula (Theorem 5.3), it is easy to see that this
map is well-defined. By duality (5.4), the linear map (8.2) defines a class

Zk(O) S IH27L(XO(C) X Xo(c))

Remark. Tt would seem more natural to define Z(0) to be A(v), given the Zucker isomorphism of Theorem
4 above. Actually, it follows from the results of [GG, Chapter 4 and §6.3] that Z;(0) = A(vy), but we won’t
need this fact.

Now, for each class v € IHa, (Xo(c) x Xo(c)), define

h+5 i
(8.3) (Y- ZO0)(Y) == — Z 7+ Z1(0))char - (y)

for y € A%, where charszl is the characteristic function of the ray class of s,?l modulo B, and 1 <t < h™

is chosen so that s; ! is in the ray class of the principal ideals modulo .. This provides the definition of
the constant terms of the ®, . of the introduction. We are now in a position to prove Theorem 1.2, which
states that the @y, . are modular if S(Up(c)) = SV (Up(c)):
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Proof of Theorem 1.2. We simply construct the form ®, .. Let Fy,...,F; be a basis of normalized newforms
on S(Up(c)) (that is, we stipulate that ¢(O,F;) = 1). For each ideal a C O, denote by *as(a) be the
eigenvalue of *T'(a) associated to Fy (it is the eigenvalue of T'(a) if a + ¢ = O by (3.14)). Finally, for the
unique 1 < j < h'* such that sj_l and m are in the same ray class modulo B, let

m M(Up(c)) — M (Uy(c))
(fireooifar) +— (0,...,0,f;,0,...,0)

be the canonical projection. Then

(8.4)

3

Qe = (—1)"2" Z *as(m)m;Fs + 2" hT ol (m)m;(E.)
s=1
has the desired Fourier coefficients for all integral ideals in the ray class of m modulo 3,. For all ideals
n not equivalent to m in the ray class group modulo (., the nth Fourier coefficient of ®, . is zero, and
Z(m) o Z(n) =0 by Lemma 5.2.
We are left with checking that the constant terms of ®y, . and 2"h* ol (m)7;(E,) coincide. To prove this,
it suffices to show that if m is in the ray class of sj_l modulo (4, then

(8.5) Z(m) - Z;(0) = oL(m)Z(0) - Z,(0).

It follows from the explicit description of H, (Xo(c)) given by Harder’s theorem (Theorem 6.2), the Kiinneth
formula (Proposition 5.3), and Lemma 5.4 that the projection of A=*(Z(0)) to H2™_ (Xo(c) x Xo(c)) is equal
to cv; for some ¢ € C*. Notice that

o (m)

(T(m)g(2) = Y nj(amz) = or(m)nf(w)

m=1

for some av,, € Y. It follows that A='(Z(m)) = o.(m)cv;. Applying the explicit basis of H(’z)(XO(c) x Xo(c))
obtained by using Harder’s theorem (Theorem 6.2) and the Kiinneth formula (Proposition 5.3) along with
the definition of Z;(0), this implies (8.5). O

As in the introduction, let HC(¢) < IHa,(Xo(c) x Xo(c)) be the subspace spanned by the cycles Z(m) as
m ranges over the integral ideals of O. We now prove Theorem 1.4:

Proof of Theorem 1.4. Using the notation of the proof of Theorem 1.2, we have

V(Z(m) = (~1)"2" Y “ay(m)m;Fy + 720’ (m); (Eo).

s=1

We claim that

d
U(Z(m) = (~1)"2" > “a(m)F, + hT2"0' (m)m; (E).

It suffices to show that Tr(*T(m)oT(n)) = 0 if m and n are not in the same ray class modulo . To see this,

assume that m and n are not in the same ray class modulo o, and write the matrix of *T'(m) o T'(n) (as an

endomorphism of S(Uy(c))) with respect to any basis such that each cusp form in the basis is supported on

one component. Then this matrix has zeros along its diagonal, as *T'(m) o T'(n) leaves no component fixed.
Thus we are reduced to showing that as m runs over the integral ideals of O, the forms

d
> *as(m)F,

span S(Up(c)) (which equals S™*V(Uy(c)) by assumption). This follows from multiplicity one for Hilbert
modular forms (multiplicity one for Hilbert modular forms is proven in [Mi]). O
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