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Abstract. Let O be the ring of integers of a totally real number field E and set G := ResE/Q(GL2). Fix

an ideal c ⊂ O. For each ideal m ⊂ O let T (m) denote the mth Hecke operator associated to the standard

compact open subgroup U0(c) of G(Af ). Setting

X0(c) := G(Q)\G(A)/K∞U0(c),

where K∞ is a certain subgroup of G(R), we use T (m) to define a Hecke cycle

Z(m) ∈ IH2[E:Q](X0(c)×X0(c)).

Here IH• denotes intersection homology. We use Zucker’s conjecture (proven by Looijenga and indepen-
dently by Saper and Stern) to obtain a formula relating the intersection number Z(m) ·Z(n) to the trace of
∗T (m) ◦ T (n) considered as an endomorphism of the space of Hilbert cusp forms on U0(c).

1. Introduction

We begin by recalling the main theorem of Hirzebruch and Zagier’s famous paper [HZ]. In their paper they
examine the intersection numbers of certain “Hirzebruch-Zagier cycles” Zm. These cycles are sums of the
closures of (affine) modular curves and certain compact Shimura curves inside a toroidal compactification of
the Hilbert modular surface SL2(OQ(

√
p))\H2. Here H is the usual complex upper half plane, p ≡ 1 (mod 4)

is a prime and OQ(
√

p) is the ring of integers of Q(
√

p). In particular, if Zm · Zn denotes the “number
of intersections” of Zm and Zn, then the bulk of [HZ] is devoted to proving that for each m ∈ Z>0 the
generating series

∞∑
n=0

(Zm · Zn)qn(1.1)

is a weight 2 modular form for Γ0(p) with character (p
· ). Here Zm · Z0 is essentially the volume of Zm and

q := e2πiz for z ∈ H.
In this paper we provide a kind of generalization of Hirzebruch-Zagier. Since their seminal work, a number

of cohomology theories useful for studying topological intersection theory on Hermitian locally symmetric
spaces such as Hilbert modular varieties have developed, including intersection homology, L2-cohomology,
and Harder’s theory of Eisenstein cohomology. These theories have intrinsic interest, but our treatment of
them is utilitarian; they provide a natural framework for studying the interplay between intersection theory
on modular varieties and the coefficients of modular forms. Our goal is to revisit Hirzebruch-Zagier armed
with these theories with the idea of proving comparison theorems for pairings that arise naturally in the
context of intersection homology on the one hand, and Hecke algebras on the other.

Concretely, we consider the graphs of Hecke correspondences on the product of two Hilbert modular
varieties associated to totally real fields of arbitrary dimension. In order to make this precise, we must
develop some notation: Let E be a totally real number field with degree [E : Q] = n, ring of integers O, and
narrow class number h+; thus h+ is the order of the ray class group modulo β∞, the product of the infinite
places. To every ideal c ⊂ O we associate in (2.3) the Hilbert modular variety

Y0(c) :=
h+⋃
j=1

Γj\Hn
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via a well-known construction (see [Ge, §I.7]). This variety has h+ components, each of complex dimension
n (the Γj are discrete subgroups of (GL2(R)+)n). For convenience, denote its Baily-Borel compactification
by X0(c). We then define in §5, for every ideal m ⊂ O, a Hecke cycle

Z(m) ∈ IH2n(X0(c)×X0(c)).

Here IH• denotes intersection homology (with middle perversity, see §4). The class Z(m) is determined by
the Hecke operator T (m) for X0(c) (see (3.6) for the definition of T (m)).

In (2.2) we recall the definition of the standard compact open subgroups U0(c) ≤ (ResE/QGL2)(Af ), where
c ⊂ O is an ideal as above and Af denotes the finite adèles of Q. Let Tc denote the Hecke algebra associated
to U0(c) (see §3); thus Tc acts on the space M(U0(c)) of weight (2, . . . , 2) Hilbert modular forms on U0(c)
(see (2.8)). Moreover, this action preserves the subspace S(U0(c)) of Hilbert cusp forms (see (2.9)). There
are two natural bilinear pairings associated to Tc. The first is just

Tc × Tc −→ C
(T1, T2) 7−→ Tr(∗T1 ◦ T2),(1.2)

where we view T1 and T2 as endomorphisms of S(U0(c)) and the adjoint is taken with respect to the Petersson
inner product (see (3.15)). Secondly, attached to each element

∑
cmT (m) of the subspace of Tc spanned by

the T (m), we have the cycle
∑

cmZ(m), and thus can consider the pairing on these cycles induced by the
generalized Poincaré pairing

IH2n(X0(c)×X0(c))× IH2n(X0(c)×X0(c)) −→ H0(X0(c)×X0(c)) −→ C,

(see §5).
Theorem 1.1 below, the main result of this work, is essentially a comparison of these two pairings. To

state it, we set notation for the finite sum

σ′c(a) :=
∑
n⊃a

n+c=O

N(n−1a),(1.3)

where N(n) := NormE/Q(n). The reader may recognize σ′c(a) as a generalized divisor function that appears
in the Fourier coefficients of a certain Eisenstein series (see (8.1)). One can also relate σ′c(m) in a simple
manner to the volume of Z(m).

We are now ready to state Theorem 1.1. In our setting, in which we consider the product of two copies of
a Hilbert modular variety X0(c) associated to a totally real number field E of arbitrary degree n and narrow
class number h+, this theorem gives a formula for Z(m) · Z(n) in terms of traces of Hecke operators and
coefficients of Eisenstein series:

Theorem 1.1. Let m, n ⊂ O be ideals. If m, n are ideals that are equivalent in the ray class group modulo
β∞, then we have the formula

Z(m) · Z(n) = 2n
(
(−1)nTr(∗T (m) ◦ T (n)) + h+σ′c(m)σ′c(n)

)
.

Otherwise, Z(m) · Z(n) = 0.

Here ∗T (m) is the dual of T (m) with respect to the Petersson inner product (see (3.16)).

Remark. We remark that the method of proof of Theorem 1.1, which is different from the approach of
Hirzebruch and Zagier, boils down to a formal argument using a Lefschetz coincidence formula in intersection
homology and Zucker’s conjecture (now a theorem). Both of these hold for arbitrary Hermitian locally
symmetric varieties and cohomology groups with coefficients in a representation, which indicates that some
analogue of the formula in Theorem 1.1 should hold in great generality.

From the shape of the formulae in Theorem 1.1, one would expect that some analogue of the generating
series (1.1) would be modular. This is indeed the case. More precisely, we have the following:

Theorem 1.2. If S(U0(c)) = Snew(U0(c)) and either [E : Q] > 1 or c 6= O, then for each (integral) ideal
m ⊂ O the formal Fourier expansion

Φm,c

((
y x
0 1

))
:= δ(c)(Z(m) · Z(0))(y)|y|+

∑
0�ξ∈E

Z(m) · Z(ξy)|y|e(tr(ξiy∞))χE(ξx)
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defines an element of M(U0(c)). Here we set Z(a) = 0 if the ideal associated to a is not integral, and 0� ξ
means that ξ is totally positive.

Here

δ(c) :=

{
1 if c = OE

0 otherwise

and Snew(U0(c)) is the new subspace (also known as the primitive subspace, see [Sh2, p. 652]). For the
definition of e(tr(ξiy∞))χE(ξx), see (2.11). The constant term (Z(m) · Z(0))(y) is essentially the volume of
Z(m) in one component and zero elsewhere (see (8.3)).

Remark. One should compare Theorem 1.2 with the formula for the generating series (1.1) obtained by Zagier
in [Za], which we now recall. Let (, ) denote the Petersson inner product (we won’t specify the normalization),
and denote by f̂ the Doi-Naganuma lift of an elliptic modular form f for Γ0(p) with nebentypus (p

· ) (see
[Za]). From Zagier’s results, one can reformulate the main identity of [HZ] as

∞∑
n=0

(Zm · Zn)qn = π+

(
t(m)E2,p(z)− 4

p2

∞∑
n=1

( ′∑ (f̂ , f̂)
(f, f)2

af (m)af (n)

)
qn

)
.(1.4)

Here the prime indicates the summation over the basis of normalized weight two elliptic newforms (i.e.
eigenforms for all the Hecke operators)

f(z) :=
∞∑

n=1

af (n)qn

for Γ0(p) with character
(

p
·
)
, π+ is the canonical projection to the plus space, t(m) is a rational number

depending only on m, and E2,p is a weight two Eisenstein series for Γ0(p) with character
(

p
·
)

(see [Za, (98-
99)]). In the course of the proof of Theorem 1.2 in §8, we shall see that Φm,c can be similarly decomposed
as the sum of an Eisenstein series and a sum of weighted newforms.

We can rephrase Theorem 1.2 in the language of modular forms as follows: let M(Γj) be the space of
classical Hilbert modular forms of weight (2, . . . , 2) for Γj (see (2.6)). Moreover, let s1, . . . , sh+ be idèles of
E with (sj)ν = 1 for each infinite place ν such that the the fractional ideals associated to s1, . . . , sh+ form a
set of representatives for the classes in the ray class group modulo β∞ (see §2). Using this notation we can
phrase Corollary 1.2 in terms of classical Hilbert modular forms simply by inverting the formulae (2.10-2.11)
for converting classical Fourier expansions to adelic Fourier expansions:

Corollary 1.3. Suppose that m is in the ray class of s−1
j modulo β∞. If U0(c) is new (in the sense of §3),

and either [E : Q] > 1 or c 6= O, then

δ(c)N(sj)(Z(m) · Z(0))(s−1
j ) +

∑
ξ∈sj
0�ξ

Z(m) · Z(ξs−1
j )N(sj)e(tr(ξz)) ∈M(Γj(c)).

Remark. The case n = 1, E = Q, c = Z is not covered by Theorem 1.2 or Corollary 1.3. However, using
Theorem 1.1 in this case and an easy analogue of the argument in §8, one can prove that

− 1
24

E2(z) := − 1
24

+
∑
n≥1

∑
d|n

d

 e(nz) = N(s1)(Z(m) · Z(0))(s−1
1 ) +

∑
ξ∈s1
0�ξ

Z(m) · Z(ξs−1
1 )N(s1)e(tr(ξz)).

Here we choose s1 = Z. The function E2(z) is not a modular form (the space M(SL2(Z)) = M2(SL2(Z)) is
zero dimensional). However, this “quasi-modular” function is often useful in the classical theory of elliptic
modular forms. Furthermore, it is in some sense the first nontrivial example of a p-adic modular form (see
[Se]).

Under the assumptions of Theorem 1.2, one can use the automorphic forms Φm,c to define a C-linear map
Ψ by

Ψ : HC(c) −→ M(U0(c)) −→ S(U0(c))∑
αmZ(m) 7−→

∑
αmΦm,c

(1.5)

where HC(c) is the subspace of IH2n(X0(c)×X0(c)) spanned by the Hecke cycles Z(m) as m varies over the
ideals of O and the second map is the canonical projection. In §8 we prove that this map has full image:
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Theorem 1.4. If Snew(U0(c)) = S(U0(c)) and either c 6= O or c = O and n 6= 1, then the map

Ψ : HC(c) −→ S(U0(c))

of (1.5) is surjective.

Here Snew(U0(c)) denotes the new subspace (see [Sh2]).
Now that we have stated the main theorems of this paper, we pause to point the reader to some related

results in the literature:

Remark.
(1) Kudla and Millson prove theorems similar to Theorem 1.2 in their study of special cycles on orthog-

onal and unitary groups (see [KM]).
(2) Arithmetic analogues of (1.1) and Theorem 1.2 have appeared in ([BBK], [BKK]) and the program

of Kudla, Rapoport, and Yang (see [Ku], [KRY]).
(3) Lefschetz fixed point numbers of Hecke correspondences on certain Hermitian locally symmetric

varieties in weighted cohomology and L2-cohomology are computed in [GKM] and [St], respectively.

As one might guess from the above, the nature of this work involves collecting a variety of theories into
one place, and therefore requires a substantial amount of preparatory material. The author would like to
stress that the first four sections of the paper are essentially expository and were written for the purpose of
recalling relevant results and notation. With this in mind, we now outline the contents of this paper. In the
next section, we fix notation for Hilbert modular varieties and modular forms. Section 3 recalls the relevant
Hecke operators on holomorphic modular forms. In §4 we fix notation for Hecke correspondences and state
the Zucker conjecture in our situation. This theorem allows us to identify L2-cohomology and intersection
homology as Hecke-modules.

We finally define the cycles Z(m) in §5 and prove a preliminary Lefschetz-coincidence formula relating
their intersection numbers to an alternating sum of traces of Hecke operators on L2-cohomology. For the
purpose of evaluating this alternating sum, we recall an explicit description of the L2-cohomology groups
of Hilbert modular varieties due to Harder and Hida in §6. We combine this explicit description with the
Lefschetz coincidence formula mentioned above to prove Theorem 1.1 in §7. Finally, §8 investigates the
relationship of Theorem 1.1 to the coefficients of certain automorphic forms; this is where we prove Theorem
1.2 and Theorem 1.4.

2. Hilbert modular varieties and Hilbert modular forms

For concreteness, we begin the body of the paper by recalling notation and defining conventions concerning
Hilbert modular varieties and forms, our main objects of study. This notation will be used throughout the
following sections. As in the introduction, let E/Q be a totally real number field with ring of integers O,
[E : Q] = n and |CL+(E)| = h+ (here CL+(E) denotes the narrow class group of E). Moreover, let

G := ResE/Q(GL2).

Thus G is a reductive algebraic group whose Q-rational points are in one-to-one correspondence with the
E-rational points of GL2. We note that G(R) = (GL2(R))n has 2n connected components; we let G(R)0 be
the component containing the identity. We have a homomorphism

C× −→ G(R)
x + iy 7−→

((
x −y
y x

)
, . . . ,

(
x −y
y x

))
.

The centralizer of the image of this homomorphism is

K∞ := {
((

x1 −y1
y1 x1

)
, . . . ,

(
xn −yn
yn xn

))
: x2

k + y2
k 6= 0} ∼= (SO2(R)n · R×)n.

We put a complex structure on G(R)/K∞ via the identification

G(R)/K∞ ←→ (C− R)n(2.1)
(h1, . . . , hn) 7−→ (h1i, . . . , hni),

where, if hj is the image of
(

a b
c d

)
∈ GL2(R) in the quotient, we define hjz = az+b

cz+d to be the usual fractional
linear transformation.
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Let G(A) = G(AQ) be the adelic points of G and G(Af ) the subgroup associated to the finite adèles. We
now define, for every integral ideal c of E, a compact open subgroup U0(c) of G(Af ). Let d be the different
of E/Q. As in [Sh2], define for every prime ideal p ⊂ O,

Vp : = {
(

a b
c d

)
∈ GL2(Ep) : aOp + cp = Op, b ∈ d−1

p , c ∈ cpdp, d ∈ Op}
Wp : = {x ∈ Vp : detx ∈ O×p }.

Here cp (resp. dp) denotes the completion of c (resp. d) at the place associated to p. We then define

U0(c) : =
∏
p

Wp

W : = G(R)0 ×
∏
p

Wp = G(R)0 × U0(c)(2.2)

V : = G(A) ∩

(
G(R)0 ×

∏
p

Vp

)
.

We denote by
Y0(c) := G(Q)\G(A)/K∞U0(c).

the Hilbert modular variety associated to the compact open subgroup U0(c). In order to write down an
analytic realization of Y0(c), we pause to set some notation. Let AE denote the adèles of E. Now, for each
s ∈ A×

E (the idèles of E), let i(s) denote the associated fractional ideal of E. Let β∞ denote the product
of the infinite places of E; thus h+ is the order of the ray class group modulo β∞. Choose h+ elements
s1, . . . , sh+ ∈ A×

E with (sj)v = 1 for each infinite place v such that i(s1), . . . , i(sh+) form a complete set of
representatives for the ideal classes modulo β∞. Furthermore, define xj by

xj :=
(

1 0
0 sj

)
.

By strong approximation for GL2, we have a decomposition

G(Q)\G(A)/K∞U0(c) =
h+⋃
j=1

xjG(R)0U0(c)x−1
j ∩G(Q)\(G(R)0/K∞)(2.3)

=
h+⋃
j=1

Γj\Hn

for some congruence subgroups Γj of G(A)+ ∩ G(Q) (here G(A)+ is the subgroup of G(A) consisting of
elements whose projection to the archimedian places is an element of G(R)0). Specifically,

Γj := Γj(c) := xjWx−1
j ∩G(Q) = Γ(i(sj)d, c)(2.4)

where, for each integral ideal c and fractional ideal b of E,

Γ(b, c) :=
{(

a b
c d

)
∈ G(Q) ∩G(A)+ : a, d ∈ O, b ∈ b−1, c ∈ cb, ad− bc ∈ O×

}
.

Write
Yj := Γj\Hn.

Let X0(c) (resp. Xj) denote the Bailey-Borel compactification of Y0(c) (resp. Yj). Thus Yj is a dense,
Zariski-open subset of the normal complex projective algebraic variety Xj and Xj − Yj is a finite collection
of (closed) points.

We now recall the definition of a classical Hilbert modular form for Γj . Let (GL+
2 (R))n act on Hn by

α(z) = (α1, . . . , αn)(z1, . . . , zn) := (α1z1, . . . , αnzn)(2.5)

where

αizi =
(

ai bi

ci di

)
zi :=

aizi + bi

cizi + di
.
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Furthermore, for k = (k1, . . . , kn) ∈ Zn, z = (z1, . . . , zn) ∈ Hn, we write

zk =
n∏

i=1

zki
i

tr(k) =
n∑

i=1

ki, tr(z) =
n∑

i=1

zi

e(tr(z)) = exp(2πitr(z)).

The action (2.5) induces an action on functions

f : Hn −→ C

by the rule
f |kα(z) := det(α)k/2(cz + d)−kf(α(z)).

We will only be dealing with the case k = (2, . . . , 2) in this paper, and so we let

f |α(z) := f |(2,...,2)α(z).

Let σ1, . . . , σn denote the embeddings of E into R. Define

M(Γj) := M(2,...,2)(Γj)(2.6)

to be the C-vector space of complex-valued holomorphic functions f on Hn satisfying

f |α(z) = f(z)

for

α ∈
{((

σ1(a) σ1(b)
σ1(c) σ1(d)

)
, . . . ,

(
σn(a) σn(b)
σn(c) σn(d)

))
:
(

a b
c d

)
∈ Γi

}
that are regular and holomorphic at the cusps of Γi. The subspace of forms that vanish at the cusps will be
denoted by

S(Γj) := S(2,...,2)(Γj).(2.7)

The space M(Γj) (resp. S(Γj)) is known as the space of Hilbert modular forms (resp. Hilbert cusp forms)
of weight (2, . . . , 2) for Γj (for the definitions of regular and vanishing see [F, §I.4]). We note that a Hilbert
modular form f ∈M(Γj) can be identified with its Fourier expansion at the cusp ∞:

f(z) = c(0) +
∑

0�ξ∈i(sj)

c(ξ)e(tr(ξz))

(see [Sh2, p. 649]). Here c(0) ∈ C is a constant, 0 � ξ means that ξ is totally positive and ξz :=
(σ1(ξ)z1, . . . , σn(ξ)zn).

Due to the decomposition (2.3), it is natural to define the space of Hilbert modular forms on U0(c) as

M(U0(c)) := M(2,...,2)(U0(c)) = {f = (f1, . . . , fh+) : fj ∈M(Γj)} ,(2.8)

and the space of Hilbert cusp forms as

S(U0(c)) := S(2,...,2)(U0(c)) = {f = (f1, . . . , fh+) : fj ∈ S(Γj)} .(2.9)

We will mostly view M(U0(c)) as the C-vector space defined by (2.8), but in §8 we will require the notion
of the Fourier expansion of an automorphic form. We now describe these expansions. To ease notation, if
a ∈ A×

E , we write a = i(a), and if x ∈ AE , we denote by x∞ the image of x under the canonical projection
AE → A∞

E (the product of the completions of E at the infinite places).
Note that every ideal m of E can be written as ξs−1

j for a unique j and a totally positive ξ ∈ sj . Given
f = (f1, . . . , fh+) ∈M(U0(c)) with

fν(z) = aν(0) +
∑

0�ξ∈i(sν)

aν(ξ)e(tr(ξz))
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define

c(m, f) :=

{
aj(ξ)

∏n
ν=1 σν(ξ)−1 if m = ξs−1

j and m is integral,
0 if m is not integral.

(2.10)

Furthermore, define
1 := (1, . . . , 1) ∈ Zn.

Then f has a Fourier expansion

f
((

y x
0 1

))
= c0(y, f)|y|+

∑
0�ξ∈E

c(ξy, f)(ξy∞)1e(tr(ξiy∞))χE(ξx),(2.11)

where y ∈ A×
E , x ∈ AE , y∞ � 0. Here χE is the character of the additive group AE/E such that

χE(x∞) = e(tr(x∞)),

the function c0 on the ideal group of E is defined by

c0(ηs−1
j , f) = aj(0)N(sj)−1 for 0� η ∈ E

and
|y| := |y|AE

.

Finally,
ζy∞ := (σ1(ζ)y1, . . . , σn(ζ)yn),

where yν is the component of y∞ at the archimedean place associated to σν . This construction defines a
correspondence between the n-tuples that comprise M(U0(c)) and a certain space of “holomorphic automor-
phic forms” on G(A). Holomorphicity in this setting is equivalent to vanishing under the Maass lowering
operators (see, for example, [Ga, §3.3]).

3. Hecke operators on holomorphic automorphic forms

In the last section we associated a Hilbert modular variety Y0(c) =
⋃h+

j=1 Yj to each integral ideal c ⊂ O
through a choice of a compact open subgroup U0(c) ≤ G(Af ) depending on c. We now recall the definition of
the Hecke operators associated to M(U0(c)). These operators act on modular forms in a manner compatible
with the action of Hecke correspondences on classes in intersection homology (this compatibility will be made
precise in §4). The primary references for this section are [Sh2] and [Sh1].

The Hecke algebra Tc associated to U0(c) is the C-algebra of all formal sums of double cosets

WyW,

with y ∈ V . In order to define the action on modular forms, we must introduce the algebra consisting of
double cosets

ΓjαΓµ

where α ∈ G(Q) ∩ xjV x−1
µ (see [Sh1, §3.2] for the definition of multiplication in these algebras). Writing a

double coset as a disjoint union of right cosets

ΓjαΓµ =
⋃
i

Γjαi,

define
fj |ΓjαΓµ :=

∑
i

fj |αi

for fj ∈ S(Γj).
In order to define the action of WyW on M(U0(c)), it will be convenient to introduce the following

notation: For each ideal m ⊂ O, define a permutation τm of the set of h+ elements by requiring that

msjs
−1
τm(j)(3.1)

is in the ray class of the principal ideals modulo β∞ for each 1 ≤ j ≤ h+. Now, note that we can find, for
each 1 ≤ j ≤ h+, an element αj(y) ∈ xjV x−1

τdet(y)(j)
∩G(Q) such that

WyW = Wx−1
j αj(y)xτdet(y)(j)W(3.2)
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(see [Sh2, p. 648]). For f = (f1, . . . , fh+) ∈M(U0(c) we then define

f |WyW = (g1, . . . , gh+),(3.3)

where gτdet(y)(j) := fj |Γjαj(y)Γτdet(y)(j). Moreover, if

Γjαj(y)Γτdet(y)(j) =
∑

λ

Γjαj,λ(3.4)

is a decomposition into disjoint right cosets, then we have a decomposition

WyW =
∑

λ

Wx−1
j αj,λxτdet(y)(j)(3.5)

into disjoint right cosets (see [Sh2, p. 648]). This observation is useful in determining how many right cosets
are required to define a Hecke operator “componentwise.” In particular, we use (3.2-3.5) implicitly when
dealing with the degrees of Hecke operators (defined in (3.9) below).

Finally, for each ideal m ⊂ O we have the Hecke operator

T (m) :=
′∑

y∈V
det(y)=m

WyW(3.6)

where the prime indicates that the sum is taken over a set of y defining a disjoint (finite) set of double coset
representatives for the set of double cosets WyW such that det(y) = m.

We now wish to describe the relations that the T (m) satisfy. In order to do this we require one more
family of elements of Tc. For every ideal m ⊂ O, let am ∈ (Af

E)× be an idèle whose associated ideal is m.
Define

S(m) :=

W

(
am 0
0 am

)
W if m + c = O,

0 otherwise.

(3.7)

The commutative algebra Tc is then generated by the T (p) and S(p) as p runs over the prime ideals of O.
This can be seen by examining the relations that the Hecke operators satisfy:

T (m)T (n) =
∑

m+n⊂a

N(a)S(a)T (a−2mn),(3.8)

(see [Sh2]). Note that the elements S(m) for m + c = O act trivially on S(U0(c)) because the elements of
S(U0(c)) have trivial character (see [Sh2]).

We will later require the notion of the degree of a Hecke operator, which we now briefly recall. For each
y ∈ V , define t(y) by

WyW :=
t(y)∑
i=1

Wyi,

where the sum is comprised of disjoint right cosets. Following [Sh1, §3.1], define a map

deg : Tc −→ C

by setting
deg(WyW ) := t(y),

and extending C-linearly. It is a standard exercise to compute that

deg(T (m)) = σ′c(m).(3.9)

This formula will be important in §7 and §8 below.
The effect of a Hecke operator on Fourier expansions is as follows:

c(m, f |T (n)) =
∑

m+n⊂a
(a,c)=1

N(a−1n)c(a−2mn, f).(3.10)



HECKE CYCLES 9

In particular, if f ∈ M(U0(c)) is a normalized (i.e. c(O, f) = 1) eigenform for all T (m) with eigenvalues
af (m), then

c(m, f) = af (m)N(m)−1.(3.11)

Later we will want to work with these Hecke operators “componentwise.” We denote by

Tj(m) : S(Γj) −→ S(Γτm(j))(3.12)

the linear map induced by T (m). That is,

Tj(m) :=
∑

i

ΓjαjiΓτm(j)(3.13)

where the αji are chosen so that the corresponding cosets WyW defined in (3.2) form a complete, disjoint
set of representatives for the set of cosets WyW with det(y) = m. Normalize the Petersson inner product of
two cusp forms f ∈ S(Γj), g ∈ S(Γj′) by

〈f, g〉P = µ(Γ\Hn)−1

∫
Γ\Hn

f(z)g(z)y2(1)dµ(z)

where dµ(z) :=
∏n

ν=1 y−2
ν dxνdyν for z = (z1, . . . , zn) = (x1 + iy1, . . . , xn + iyn) ∈ Hn and Γ is a congruence

subgroup of G(A)+ ∩G(Q) chosen so that f, g are both cusp forms for Γ (such a subgroup Γ always exists).
We note that µ(Γ\Hn) is finite for any congruence subgroup. We then have, for f ∈ S(Γj) and g ∈ S(Γµ),

〈f |ΓjαΓµ, g〉P = 〈f, g|ΓµαιΓj〉P(3.14)

(see [Sh2, p. 652]). Here αι := (detα)α−1 and the action of ΓµαιΓj is defined by decomposing the double
coset into a sum of disjoint right cosets as in (3.4). For f = (f1, . . . , fh+), g = (g1, . . . , gh+) ∈ S(U0(c)), we
have the inner product

〈f ,g〉P :=
h+∑
j=1

〈fj , gj〉P .(3.15)

It follows from (3.14) that the operators T (m) on S(U0(c)) with m + c = O are Hermitian with respect
to (3.15) (see [Sh2, p. 652]). Moreover, if ∗T (m) is the adjoint of T (m) with respect to 〈·, ·〉P as in the
introduction, then its restriction to the τm(j)th component ∗Tτm(j)(m) satisfies

∗Tτm(j)(m) =
∑

i

Γτm(j)α
ι
jiΓj(3.16)

where the αji are as in (3.13) above.

Remark. Noting that the measure µ(Yj(c)) only depends on c and not j (see [Sh2, p. 651]), we have that
g, f ∈ S(U0(c)) are orthogonal with respect to 〈, 〉P if and only if

(f1(z)dz, . . . , fh+(z)dz) and (g1(z)dz, . . . , gh+(z)dz)

are orthogonal with respect to the usual pairing of differential forms on the manifold Y0(c) (which turns out
to coincide with the L2-cohomology pairing in this case, see §6).

4. Hecke operators and Zucker’s conjecture

In §2 and §3 we recalled the adelic interpretation of Hilbert modular varieties, the Fourier expansions of
Hilbert modular forms, and the basic properties of the Hecke operators on such forms. To relate the traces
of Hecke operators to intersection homology, we will use the isomorphism between intersection homology and
L2-cohomology given by Zucker’s conjecture (proven by Looijenga and independently by Saper and Stern).
The main result of this section states that, in our case of interest, this isomorphism is Hecke-equivariant.

We now set notation so that we can state this Hecke-equivariance property precisely (we roughly follow
the model of [Hid2, §6.3]). For each y ∈ V , define

Φj(y) := αj(y)Γτdet(y)(j)αj(y)−1 ∩ Γj(4.1)
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for each j. Set Φj(y)αj(y) := α−1
j (y)Φj(y)αj(y),

YΦj(y) := Φj(y)\Hn,(4.2)

Y
Φj(y)αj(y) := Φj(y)αj(y)\Hn,

and let

π1,j : YΦj(y) −→ Yj(4.3)
π2,j : Y

Φj(y)αj(y) −→ Yτdet(y)(j)

be the canonical projections. We denote by

α̃j(y) : YΦj(y) −→ Y
Φj(y)αj(y)(4.4)

the map induced by multiplication by αj(y)−1. The maps π1,j , π2,j , α̃j(y) extend uniquely to continuous
maps on the relevant Bailey-Borel compactifications Xj , XΦj(y), and X

Φj(y)αj(y) . We denote their extensions
by the same symbols by abuse of notation.

Now let IH• denote intersection homology with middle perversity and complex coefficients (as defined in
[GM2]) and let H•

(2) denote L2-cohomology with respect to the canonical Bergmann metric on the symmetric
spaces under consideration (also with complex coefficients). This metric, known also in this special case of
an arithmetic quotient Γ\Hn as the Poincaré metric, is simply the metric induced by the metric on Hn given
matrically by

(x1 + iy1, . . . , xn + iyn) 7−→

y−2
1 0

. . .
0 y−2

n

 .

The maps π1,j , π2,j and α̃j(y) are all finite, and hence induced push-forward and pull-back morphisms in
intersection homology (see [GM3]), thus it makes sense to define

[{Φj(y)}h
+

j=1] := (π2,1∗α̃1(y)∗π
∗
1,1, . . . , π2,h∗α̃h+(y)∗π

∗
1,h+).(4.5)

The adjoint map t[{Φj(y)}h+

j=1] is defined in the obvious manner, namely by

t[{Φj(y)}h
+

j=1] := (π1,1∗α̃1(y)
∗
π∗2,1, . . . , π1,h∗α̃h+(y)

∗
π∗2,h+).(4.6)

Given Γj and αj as above, let
Γjαj(y)Γτdet(y)(j) =

⋃
ij

Γjαjij

be a decomposition into disjoint right cosets. Let zj be the local coordinate on Yj induced by the canonical
projection Hn → Yj . For a differential form ω = (ω1(z1), . . . , ωh+(zh+)) ∈ H•

(2)(Y0(c)), define

ω|{Γjαj(y)Γτ(j)}h
+

j=1(z1, . . . , zh+) :=

 ∑
iτ−1(1)

ωτ−1(1)(ατ−1(1)iτ−1(1)
z1), . . . ,

∑
iτ−1(h+)

ωτ−1(h+)(ατ−1(h+)iτ−1(h+)
zh+)

 .

Here we set τ := τdet(y) to ease notation. We define ω|{Γτ(j)αj(y)ιΓj}h
+

j=1 similarly starting with a decom-
position

Γτdet(y)(j)αj(y)ιΓj =
⋃
ij

Γτdet(y)(j)γjij

into disjoint right cosets. We now recall the following result:

Proposition 4.1. There is an isomorphism Λ : IH•(X)→ H•
(2)(X) such that the diagram

IHi(X0(c))
Λ−−−−→ H2n−i

(2) (Y0(c))

[{Φj(y)}h+
j=1]

y y{Γjαj(y)Γτdet(y)(j)}h+
j=1

IHi(X0(c))
Λ−−−−→ H2n−i

(2) (Y0(c))

commutes. Here the L2-cohomology groups are defined with respect to the Poincaré metric.
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Proof. This is a special case of the Zucker conjecture, proven by Looijenga and independently by Saper
and Stern (actually, in our case of interest, this is proved in [Zu, §6], and there is a proof complete with a
Hecke-equivariance statement in [BL]). �

Observing that the center of G(Q) acts trivially on Hn, we see that Proposition 4.1 implies that the
following diagram commutes:

IHi(X0(c))
Λ−−−−→ H2n−i

(2) (Y0(c))

t[{Φj(y)}h+
j=1]

y y{Γτdet(y)(j)αj(y)ιΓj}h+
j=1

IHi(X0(c))
Λ−−−−→ H2n−i

(2) (Y0(c)).

(4.7)

5. Hecke cycles and a Lefschetz coincidence formula

In this section we define the Hecke cycles Z(m) mentioned in the introduction. We then state and prove
Theorem 5.1, an important Lefschetz coincidence formula for the intersection numbers of Z(m) in terms of
alternating traces on L2-cohomology. Armed with this theorem, the balance of the paper is devoted to the
task of interpreting the quantities appearing in the formula in terms of the arithmetic of Hecke operators.

For each j, let G(α̃j(y)) ⊂ XΦ(y)j
×X

Φ(y)
αj(y)
j

be the graph of the continuous map

α̃j(y) : XΦ(y)j
−→ X

Φ(y)
αj(y)
j

.

In [GM3], Goresky and MacPherson associate an intersection homology class [G(f)] to the graph G(f) ⊂
X × Y of any placid map f : X → Y . It is easy to see that α̃j(y) is finite, hence placid. Therefore, we have
a well-defined homology class

[G(α̃j(y))] ∈ IH2n(XΦ(y)j
×X

Φ(y)
αj(y)
j

).

Moreover, the canonical map

πy
j := πy

1,j × πy
2,j : XΦ(y)j

×X
Φ(y)

αj(y)
j

−→ Xj ×Xτdet(y)(j)

is finite, so it makes sense to consider the cycle πy
j∗[G(α̃j(y))] ∈ IH2n(Xj ×Xτdet(y)(j)). We set

Zj(y) :=
1

[Γj : Φ(y)j ]
πy

j∗[G(α̃j(y))].(5.1)

Let

ιy :
h+⊕
j=1

IH2n(Xj ×Xτdet(y)(j)) ↪→ IH2n(X0(c)×X0(c))(5.2)

be the canonical injection. Moreover, for each double coset WyW , let

Z(y) = ιy(Z1(y), . . . , Zh+(y)) ∈ IH2n(X0(c)×X0(c)).(5.3)

We can now finally make the

Definition. For each integral ideal m ⊂ O define the Hecke cycle Z(m) to be the intersection homology
class

Z(m) :=
∑
y∈I

Z(y) ∈ IH2n(X0(c)×X0(c)).

where the index set I ⊂ V is chosen so that T (m) =
∑

y∈I WyW (see (3.6)).

Now that we’ve defined the Hecke cycles appearing in the title of the paper, we might as well recall the
intersection product that appears there as well. Let X be a pseudomanifold. Part of the charm of IH• is
the existence of a generalized Poincaré duality pairing

· : IHk(X)× IHdimR X−k(X) −→ H0(X) −→ C(5.4)
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that is nondegenerate ([GM1, §3.3]). Here H• denotes singular cohomology, and the last map, which we will
denote by ε, is the sum of the augmentation maps on each connected component. We denote the intersection
product without applying the augmentation by ?:

? : IHk(X)× IHdimR X−k(X) −→ H0(X),(5.5)

though we won’t use this often. We remark that this pairing is truly a generalization of the typical Poincarè
pairing; the two pairings agree when both are defined (i.e. when X is a smooth compact manifold).

By definition, if we can compute Z(y) · Z(y′) for arbitrary y, y′ ∈ V , we can compute Z(m) · Z(n) for
arbitrary ideals m, n ⊂ O. The main result of this section is a preliminary formula for these quantities:

Theorem 5.1. The intersection number Z(y) · Z(y′) is equal to the L2-Lefschetz coincidence number
4n∑
i=0

(−1)iTr
(

t{Γjαj(y)Γτdet(y)(j)}
h+

j=1 ◦ {Γjαj(y′)Γτdet(y′)(j)
}h

+

j=1 : Hi
(2)(Y0(c))→ Hi

(2)(Y0(c))
)

.

The following lemma deals with a trivial case:

Lemma 5.2. If det(y) and det(y′) are not in the same ray class modulo β∞ (the product of the infinite
primes) then

Z(y) · Z(y′) = 0.

Hence if m and n are not in the same ray class modulo β∞, then

Z(m) · Z(n) = 0.

Proof. Suppose τdet(y)(j) = τdet(y′)(j) for some 1 ≤ j ≤ h+. Then, since det(y)sjs
−1
τdet(y)(j)

and det(y′)sjs
−1
τdet(y′)(j)

are equivalent in the ray class group modulo β∞ by (3.1), it follows that det(y) and det(y′) are equivalent
in the ray class group modulo β∞.

Thus, if det(y) and det(y′) are not in the same ray class modulo β∞, then τdet(y)(j) 6= τdet(y′)(j) for all
1 ≤ j ≤ h+, and hence the images of ιy and ιy′ are disjoint (see (5.2)). But Z(y) is in the image of ιy and
Z(y′) is in the image of ιy′ ; the lemma follows. �

Thus we may assume that det(y) and det(y′) are in the same ray class modulo β∞.
We will now state some results we require for the proof of Theorem 5.1 in the nontrivial case. First note

that if det(y) and det(y′) are in the same ray class modulo β∞ (and trivially in the other case) we have the
identity

Z(y) · Z(y′) =
h+∑
j=1

Zj(y) · Zj(y′)

by analysis, similar to that used in the proof of Lemma 5.2, of the direct summands of IH2n(X0(c)×X0(c))
corresponding to connected components. Thus (for the moment at least) we can restrict our attention
to the Zj(y) and Zj(y′). Our immediate task is to give an expression for Zj(y) in terms of a basis for
IH•(Xj ×Xτdet(y)(j)). We will use the following Künneth formula to write down a particularly nice basis:

Proposition 5.3. [GM2] If X and Y are complex analytic varieties, then there is a natural isomorphism

IH•(X × Y ) ∼= IH•(X)⊗ IH•(Y ).

Now let e1, . . . , er be a basis for IH•(Xj) with dual basis e∗1, . . . , e
∗
r and P := (ε(ei, ej)). Moreover let

f1, . . . , fs be a basis for IH•(Xτdet(y)(j)) with dual basis f∗1 , . . . , f∗s and Q := (ε(fi, fj)). Finally, let |v| denote
the dimension of a homology class v. We have the following:

Lemma 5.4. Let G = (Gij) be the matrix of πy
2,j∗α̃j(y)∗π

y∗
1,j with respect to the bases e1, . . . , er and f1, . . . , fs.

Then

Zj(y) =
∑
i,k

(−1)|ei|(2n−|ei|)Gije
∗
i ⊗ fk

=
∑
i,k

(−1)|ei|(4n)Uijei ⊗ f∗k

where U is the matrix U = P−1GQ.



HECKE CYCLES 13

Assuming this lemma, the proof of Theorem 5.1 is easy:

Proof of Theorem 5.1. Notice that the matrix U appearing in Lemma 5.4 has the property that tU is the
matrix of the adjoint of πy

2,j∗α̃j(y)∗π
y∗
1,j with respect to the generalized Poincaré pairing written with respect

to the bases f1, . . . , fs and e1, . . . , er. A simple calculation using the projection formula for intersection

homology (see, e.g., Lemma 5.1 of [GG]) proves that π1,j∗α̃j(y)
∗
πy∗

2,j coincides with this adjoint (justifying
the notation of (4.6)). Thus Lemma 5.4 implies that Z(y) · Z(y′) is equal to

4n∑
i=0

(−1)iTr
(

t[{Φj(y)}h
+

j=1] ◦ [{Φj(y′)}h
+

j=1] : IHi(X0(c))→ IHi(X0(c))
)

.

Noting that (−1)i = (−1)4n−i, the theorem now follows from Proposition 4.1. �

Lemma 5.4 is very similar to a result in [GM3], which we now state for use in the proof of Lemma
5.4. As in [GM3], let X, Y be complex analytic varieties of dimension r′, s′ respectively. Moreover let
µ1, . . . , µt be a basis for IH•(X) with dual basis µ∗1, . . . , µ

∗
t and let P ′ be the matrix P ′ := (ε(µi · µj))

where ε is the augmentation. Similarly, let ν1, . . . , νu be a basis for IH•(Y ) with dual basis ν∗1 , . . . , ν∗u and
let Q′ := (ε(νi · νj)). Let φ : X → Y be a finite (hence placid) map, and let F = (Fij) be the matrix of
φ∗ : IH•(X)→ IH•(Y ) with respect to the bases µ1, . . . , µt and ν1, . . . , νu. With this notation in place, we
have the

Proposition 5.5. [GM3] The homology class of G(φ) in IH•(X × Y ) is given by

[G(φ)] =
∑
i,j

(−1)|µi|(r′−|µi|)Fijµ
∗
i ⊗ νj

=
∑
i,j

(−1)|µi|(r′+s′)Tijµi ⊗ ν∗j

where T is the matrix T = P
′−1FQ′.

For sign conventions, see the appendix to [GM3].
We can now prove Lemma 5.4:

Proof of Lemma 5.4. Since πy
1,j is finite and is generically a degree [Γj : Φ(y)j ] covering map, πy

1,j∗ maps
the fundamental intersection homology class of XΦ(y)j

to [Γj : Φ(y)j ] times the fundamental intersection
homology class of Xj . Thus, applying the projection formula for intersection homology (see [GM3, §16.3]),
it follows that

πy
1,j∗π

y∗
1,j : IH•(Xj) −→ IH•(Xj)

is just multiplication by [Γj : Φ(y)j ].
Now choose a basis e1, . . . , er for IH•(Xj) with dual basis e∗1, . . . , e

∗
r . Using the projection formula again,

we compute:

ε
(
πy

1,j∗
(
πy∗

1,je
∗
i ? πy∗

1,jek

))
= e∗i · π

y
1,j∗π

y∗
1,jek = [Γj : Φ(y)j ]e∗i · ek(5.6)

= δi,k[Γj : Φ(y)j ].

Here ε is the augmentation, ? is as in (5.5), and δi,j is the Kronecker δ-function. As mentioned above, πy
1,j is

generically an orientation preserving degree [Γj : Φj(y)] covering map; it follows that πy
1,j∗ : H0(XΦ(y)j

) →
H0(Xj) just maps the fundamental class of XΦ(y)j

to [Γj : Φj(y)] times the fundamental class of Xj . Thus
the computation (5.6) shows that

(πy∗
1,jei)∗ = πy∗

1,je
∗
i .(5.7)

Now, since πy
1,j∗π

y∗
1,j is just multiplication by [Γj : Φ(y)j ], it follows in particular that πy∗

1,j is an injection.
Thus we may choose a basis µ1, . . . , µt for IH•(XΦ(y)j

) such that µi = πy∗
1,jei for 1 ≤ i ≤ r and π1,j∗µi = 0

for r < i ≤ t. Similarly, we may choose a basis ν1, . . . , νu for IH•(X
Φ(y)

αj(y)
j

) with νi = πy∗
2,jfi for 1 ≤ i ≤ s

and π2,j∗νi = 0 for s < i ≤ u. If we write F = (Fij) for the matrix of α(y)j∗ with respect to the bases
µ1, . . . , µt and ν1, . . . , νu, Propositions 5.3 and 5.5 yield
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Zj(y) =
1

[Γj : Φ(y)j ]
πy

j∗

(
t∑

i=1

u∑
k=1

(−1)|µi|(2n−|µi|)Fikµ∗i ⊗ νk

)

=
1

[Γj : Φ(y)j ]

t∑
i=1

u∑
k=1

(−1)|µi|(2n−|µi|)Fikπy
1,j∗µ

∗
i ⊗ πy

2,j∗νk

=
1

[Γj : Φ(y)j ]

r∑
i=1

s∑
k=1

(−1)|ei|(2n−|ei|)Fikπy
1,j∗(π

y∗
1,jei)∗ ⊗ πy

2,j∗π
y∗
2,jfk

+
1

[Γj : Φ(y)j ]

∑
i>r or k>s

(−1)|µi|(2n−|µi|)Fikπy
1,j∗µ

∗
i ⊗ πy

2,j∗νk

=
1

[Γj : Φ(y)j ]

r∑
i=1

u∑
k=1

(−1)|ei|(2n−|ei|)Fikπy
1,j∗(π

y∗
1,jei)∗ ⊗ πy

2,j∗π
y∗
2,jfk.

Using (5.7), we then have

Zj(y) =
1

[Γj : Φ(y)j ]

r∑
i=1

u∑
k=1

(−1)|ei|(2n−|ei|)Fikπy
1,j∗π

y∗
1,je

∗
i ⊗ πy

2,j∗π
y∗
2,jfk(5.8)

=
r∑

i=1

u∑
k=1

(−1)|ei|(2n−|ei|)[Γτdet(y)(j) : Φ(y)α(y)j

j ]Fike∗i ⊗ fk.

We note that ([Γτdet(y)(j) : Φ(y)α(y)j

j ]Fik) 1≤i≤r
1≤k≤s

is the matrix of

πy
2,j∗α̃j(y)∗π

y∗
1,j : IH•(Xj) −→ IH•(Xτdet(y)(j))

with respect to the bases e1, . . . , er and f1, . . . , fs. This proves the first equality in the lemma. The second
follows from the first by linear algebra. �

Thus we have translated the computation of the intersection numbers Z(m) · Z(n) into the computation of
the traces of {Γjαj(y)Γτdet(y)(j)}h

+

j=1 on L2-cohomology. Section 6 recalls a description of this cohomology
(due to Harder and Hida) which we will use in §7 to compute certain traces of this form.

6. L2-cohomology

In the last section, we concluded with Theorem 5.1, a formula for the intersection numbers of Hecke cycles
in terms of alternating traces on L2-cohomology. To interpret such traces, we must collect some results on
the L2-cohomology of Y0(c) with respect to the Poincaré metric (see §4). In particular, our goal is to use
Harder’s notion of Eisenstein cohomology ([Har], [Hid3]) to give an explicit basis of H•

(2)(Y0(c)). The reader
might also compare [BL]. Our treatment of Harder’s theory is modeled on [F, §III].

First notice that, given any F = (f1, . . . , fh+) ∈ S(U0(c)), we obtain a differential form

ΩF(6.1)

given on the jth component Yj by the holomorphic form fj(z)dz1 ∧ · · · ∧ dzn. Here z = (z1, . . . , zn) is the
coordinate induced by the canonical projection Hn → Yj . It follows from the existence of the Petersson
inner product defined in §3 that ΩF ∈ Hn

(2)(Y0(c)). This yields a linear map S(U0(c))→ Hn
(2)(Y0(c)) that is

well-known to be injective.
We now show how to construct non-holomorphic forms from ΩF. Consider the component group

π0(G(R)) = {(γ1, . . . , γn) : γi =
(±1 0

0 1

)
}.

For each b ⊂ {1, . . . , n}, we have an element ιb = (γ1, . . . , γn) ∈ π0(G(R)) such that γi is the identity if and
only if i 6∈ b. The element ιb induces an involution

ιb : G(R)/K∞ −→ G(R)/K∞(6.2)
(z1, . . . , zn) 7−→ (w1, . . . , wn)
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where

wi :=

{
zi if i ∈ b

zi if i 6∈ b.

Here we have used the identification G(R)/K∞ = (C − R)n (see (2.1)). The involution ιb induces another
involution

ιb : Y0(c)→ Y0(c)(6.3)

which we denote by the same symbol by abuse of notation. We then have, for every b ⊂ {1, . . . , n}, the forms

ι∗bΩF ∈ Hn
(2)(Y0(c)).

Using these forms we can identify a subspace of cusp classes

Hn
cusp(Y0(c)) :=

⊕
b⊂{1,...,n}

{ι∗bΩF : F ∈ S(U0(c))} ≤ Hn
(2)(Y0(c)).(6.4)

The fact that this is a direct sum decomposition is clear upon considering the variables in which a given
differential form in the decomposition is holomorphic or anti-holomorphic. By convention, Hm

cusp(Y0(c)) = 0
for m 6= n.

We now identify a different subspace of the L2-cohomology. If b = {b1, . . . , br} with 1 ≤ b1 < · · · < br ≤ n,
let

dzb = dzb1 ∧ · · · ∧ dzbr

and similarly for dzb. Let a = {1, . . . , n} − b, 1 ≤ j ≤ h+ and define the universal class ηa
j which is

y−2
b1

dzb1 ∧ dzb1 ∧ · · · ∧ y−2
br

dzbr
∧ dzbr

(6.5)

on the jth factor and zero elsewhere (universal because they are invariant under the whole group GL2(R)n).
We take the convention that η

{1,...,n}
j is the function that is identically 1 on the jth component and zero

elsewhere. Because Y0(c) has finite volume with respect to the Petersson metric, each of these forms defines
an L2-class, moreover, these classes are all linearly independent. Thus we have identified a subspace of
universal classes

H2k
univ(Y0(c)) :=

h+⊕
j=1

⊕
a⊂{1,...,n}
#a=n−k

Cηa
j ≤ H2k

(2)(Y0(c)).(6.6)

It is easy to see that the subspace of H•
(2)(Y0(c)) spanned by the universal classes has zero intersection with

the subspace spanned by the cusp classes. By convention, Hm
univ(Y0(c)) = 0 if m 6∈ 2Z.

The main result of this section tells us that the classes we just introduced form a basis of the of L2-
cohomology groups of Y0(c):

Proposition 6.1. Choose an ideal c ⊂ O. Then we have a decomposition

Hm
(2)(Y0(c)) = Hm

univ(Y0(c))⊕Hm
cusp(Y0(c)).

Remark. The proof of Proposition 6.1 we give is elementary assuming Theorem 6.2 below. However, as
pointed out by the referee, a more efficient (and perhaps more enlightening) proof could be given by using
automorphic representation theory to treat L2-cohomology directly and then applying some facts about the
(g,K)-cohomology of admissible representations of GL2(R).

In the interest of recalling some relevant results, we defer the proof for a moment. First recall that if X
is a projective variety of complex dimension n with isolated singularities and regular set Xreg then

IH2n−i(X) ∼=


Hi(Xreg) if i < n

Im (Hn(X)→ Hn(Xreg)) if i = n

Hi(X) if i > n,

(6.7)

where the H• denotes singular cohomology (see [SZ, §5.2]). Noting that X0(c) is a complex projective
variety with isolated singularities, (6.7) in conjunction with Zucker’s conjecture (Propositions 4.1) gives us
the dimension of Hm

(2)(Y0(c)) in terms of singular cohomology groups.
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Let Y 0(c) denote the Borel-Serre compactification of Y0(c) and set ∂Y 0(c) = Y 0(c)−Y0(c). For generalities
on the Borel-Serre compactification, see [Sa], [Go]; in particular compare [Sa, §5.2] and [F, p. 242]. Following
Harder, let

H̃•(Y0(c)) := ker
(
H•(Y 0(c))→ H•(∂Y 0(c))

)
(6.8)

where the homomorphism is induced by inclusion. Then we have the following

Theorem 6.2 (Harder and Hida). Let c ⊂ O be an ideal. If 1 < m < 2n then

dimC H̃m(Y0(c)) = dimC
(
Hm

cusp(Y0(c))⊕Hm
univ(Y0(c))

)
.

Moreover, for m < n,
dimC Hm(Y0(c)) = dimC H̃m(Y0(c))

and for m = n,
dimC Hn(Y0(c)) = dimC H̃n(Y0(c)) + dimC Hn(∂Y 0(c)).

Proof. Hida, in [Hid3, Proposition 3.1], identifies Hm
cusp(Y0(c)) as a direct summand of Hm(Y0(c)). This

direct summand can be naturally identified with what Harder denotes by Hm
cusp(SU0(c), C̃) (see [Har, §3.1-

3.2] and [Sch, §4.1]). Here C̃ is the sheaf over Y0(c) associated to the trivial representation of G. This
cohomology group can in turn be identified with a direct summand of H̃m(Y0(c)) (which, in Harder’s notation,
is H̃m(SU0(c), C̃)).

Its orthogonal complement in H̃m(Y0(c)), in the notation of [Har, p. 65], is isomorphic to the cohomology
group H̃m

res(SU0(c), C̃). It is an easy exercise using the descriptions of this group given in Proposition 3.2.4,
p. 62, and p. 65 of [Har] to show that the dimension of it is equal to dimC Hm

univ(Y0(c)). This proves the
first statement of the theorem. The second follows from the first and [Har, Theorem 2] after passing to
U0(c)-fixed cohomology. �

Now we wish to relate dimC H̃m(Y0(c)) to dimC Hm
(2)(Y0(c)). For this we require the following

Theorem 6.3 (Harder). Let c ⊂ O be an ideal. If n ≤ m ≤ 2n− 2 then the homomorphism

Hm(Y 0(c)) −→ Hm(∂Y 0(c))

induced by inclusion is surjective.

Proof. This follows from [Har, Theorem 2] after passing to U0(c)-fixed cohomology. �

We require two more preparatory results. For the purpose of stating them, if Γ ≤ G(R)0 is a congruence
subgroup, let

YΓ := Γ\Hn

be the associated Hilbert modular variety, XΓ be its Bailey-Borel compactification, Y Γ its Borel-Serre com-
pactification, and ∂Y Γ := Y Γ − YΓ. We have the following lemmas:

Lemma 6.4. Let Γ ≤ G(R)0 be a congruence subgroup. If m > 1, then

dimC Hm(∂Y Γ) = dimC Hm+1(XΓ, YΓ).

Proof. Let {κi} be the cusps of Γ. Choose Ai such that Aiκi =∞. Define

UC := {z ∈ Hn :
n∏

i=1

yi ≥ C}

and let
p : Hn −→ YΓ

be the canonical projection. By reduction theory, for sufficiently large ri, Γκi
acts on

Di := {A−1
i z : z ∈ Hn and

n∏
i=1

yi = ri}

and the sets
p(A−1

i (Uri
)) ∪ κi



HECKE CYCLES 17

form a set of disjoint (closed) neighborhoods of the cusp κi in XΓ (compare [F, Lemma I.2.8]). Moreover
the action of Γκi on Di for each i yields a homeomorphism∐

i

Γκi\Di ' ∂Y Γ.

Thus it suffices to prove that

Hm+1(XΓ, YΓ) ∼= Hm

(∐
i

Γκi
\Di

)
.(6.9)

By excision,
Hm(XΓ, YΓ) ∼=

⊕
i

Hm(p(A−1
i (Uri

)) ∪ κi, p(Di)).

Moreover, p(A−1
i (Uri

)) ∪ κi is homeomorphic to the cone over p(Di) (compare [F, p. 144]), and hence is
homotopically trivial. Thus

Hm(p(A−1
i (Uri

)) ∪ κi) = 0

for m > 0. The long exact sequence of the pair (p(A−1
i (Uri

)) ∪ κi, p(Di)) then provides the isomorphism
(6.9). �

Lemma 6.5. Let Γ ≤ G(R)0 be a congruence subgroup. Then there is an exact sequence
∂−−−−→ H•

c (YΓ) −−−−→ H•(YΓ) H•(Y Γ) −−−−→ H•(∂Y Γ) ∂−−−−→
where H•

c denotes singular cohomology with compact supports and the unmarked arrows are the canonical
homomorphisms.

Proof. If Γ has the property that

Γ/
(
Γ ∩ {( a 0

0 a ) : a ∈ E×}
)

(6.10)

is torsion free, then Y Γ is a topological manifold with boundary ∂Y Γ. Thus the lemma is a special case of
a standard fact from the topological theory of manifolds with boundary (see [F, A.III.XIX] or [Sch, §4.2]).
If Γ does not have the property that (6.10) is torsion-free, then choose a congruence subgroup Γ′ ≤ Γ with
[Γ : Γ′] < ∞. The general case then follows from a standard argument using the fact that the canonical
projection p : Y Γ′ → Y Γ is a finite, orientation-preserving map. �

We can now prove Proposition 6.1:

Proof of Proposition 6.1. Note that for a connected pseudomanifold X of dimension 2n we have IH0(X) ≈
IH2n(X) ≈ C. Applying Zucker’s conjecture (Proposition 4.1) we have proven the proposition in the cases
m = 0 and m = 2n.

Assume n = 1. Then there is an “Eichler-Shimura” isomorphism

H1
(2)(Y0(c)) ∼= S(U0(c))⊕ S(U0(c))

(see [Sa, §2]). A dimension count now shows that the elements of H•
(2)(Y0(c)) given in (6.4,6.6) span the

space.
Now assume n > 1. Consider the long exact sequence of the pair (Y 0(c), ∂Y 0(c)):

−−−−→ Hm−1(Y 0(c))
a−−−−→ Hm−1(∂Y 0(c)) −−−−→ Hm(Y 0(c), ∂Y 0(c))

b−−−−→ Hm(Y 0(c)) −−−−→
If m > n, then by Theorem 6.3, the map a is surjective which implies the map b is injective. Thus, by
exactness,

Hm(Y 0(c), ∂Y 0(c)) ↪→ H̃m(Y0(c)).

On the other hand, we have a homeomorphism Y 0(c)/∂Y 0(c) ' X0(c), and it follows that Hm(Y 0(c), ∂Y 0(c)) ∼=
Hm(X0(c)). Applying (6.7), we have that

dimC Hm
(2)(Y0(c)) ≤ dimC H̃m(Y0(c)).

Applying Theorem 6.2, we see that the forms in Hm
(2)(Y0(c)) we constructed in (6.4,6.6) span the cohomology

group. This proves the proposition for m > n. If we apply generalized Poincaré duality (5.4) and Zucker’s
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conjecture (Proposition 4.1) to conclude that dimC Hm
(2)(Y0(c)) = dimC H2n−m

(2) (Y0(c)), we see that the forms
we have constructed for m < n span the relevant cohomology groups as well.

Thus we are left with the case m = n. Note that the homomorphism Hn(X0(c))→ Hn(X0(c)reg) induced
by inclusion factors as Hn(X0(c))→ Hn(Y0(c))→ Hn(X0(c)reg) where the two homomorphisms are induced
by inclusions. It follows that

dimC Im(Hn(X0(c))→ Hn(X0(c)reg)) ≤ dimC Im(Hn(X0(c))→ Hn(Y0(c))).

Thus, if we show

dimC Im(Hn(X0(c))→ Hn(Y0(c))) ≤ dimC
(
Hn

cusp(Y0(c))⊕Hn
univ(Y0(c))

)
(6.11)

then (6.7) together with Zucker’s conjecture (Proposition 4.1) will imply that the forms we have constructed
in Hn

(2)(Y0(c)) span the cohomology group, which will finish the proof of the proposition.
We now prove (6.11). The following is a portion of the long exact sequence of the pair (X0(c), Y0(c)):

−−−−→ Hn(X0(c)) −−−−→ Hn(Y0(c))
∂−−−−→ Hn+1(X0(c), Y0(c))

α−−−−→ Hn+1(X0(c)) −−−−→ .(6.12)

We claim that α is the zero map. Let {κi} be the cusps of Y0(c), and let H•
c denote singular cohomology

with compact support. From the long exact sequence

−−−−→ Hk−1
c ({κi}) −−−−→ Hk

c (Y0(c)) −−−−→ Hk
c (X0(c)) −−−−→ Hk

c ({κi}) −−−−→

(see [DK, §1.4]) we see that

Hn+1(X0(c)) = Hn+1
c (X0(c)) ∼= Hn+1

c (Y0(c)).

Suppose n is even. Then we claim that Hn+1(X0(c)) = 0. By Theorem 6.3 and exactness of the sequence
of Lemma 6.5 there is an injection Hn+1

c (Y0(c)) ↪→ H̃n+1(Y0(c)). If n is even, then H̃n+1(Y0(c)) = 0 by
Theorem 6.2. Thus Hn+1

c (Y0(c)) ∼= Hn+1(X0(c)) = 0, which together with exactness of (6.12) implies α is
the zero map.

If n is odd, then similar reasoning implies that Hn+2(X0(c)) = 0. Thus, looking at the next few terms of
(6.12), we have

α−−−−→ Hn+1(X0(c))
β−−−−→ Hn+1(Y0(c)) −−−−→ Hn+2(X0(c), Y0(c)) −−−−→ 0 −−−−→ .(6.13)

Now, Hn+1(X0(c)) ∼= Hn+1
(2) (Y0(c)) by (6.7) and Zucker’s conjecture. By the dimension n + 1 part of the

proposition (which we already proved), dimC(Hn+1
(2) (Y0(c))) = dimC(Hn+1

univ(Y0(c))). Moreover, Theorem 6.3

and the definition of H̃n+1(Y0(c)) imply that

dimC Hn+1(Y0(c)) = dimC Hn+1(Y 0(c)) = dimC H̃n+1(Y0(c)) + dimC Hn+1(∂Y 0(c)).

Combining all these dimension formulae with Lemma 6.4, we know the dimension of every group in the long
exact sequence (6.13). A simple dimension count implies that β is injective, which implies in turn that α
must be the zero map. Note that here, in order to apply Theorem 6.2, we use the fact that 2n− 2 ≥ n + 1
for odd n > 1.

Now that we have established that α is the zero map, we’re essentially done. Theorem 6.2 and Lemma 6.4
give us the dimensions of the second and third terms of (6.12), and this is enough to establish the dimension
bound (6.11) using the fact that ∂ is surjective by exactness. �

7. Intersection numbers of Hecke cycles

As always, fix an ideal c ⊂ O. Let m, n ⊂ O. Our goal for this section is to compute the intersection
numbers Z(m) · Z(n) using the explicit description of the L2-cohomology of Hilbert modular varieties given
in the previous section together with Theorem 5.1.
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Note that Tj(m) induces maps

Tj(m) : H•
(2)(Yj) −→ H•

(2)(Yτm(j))(7.1)

ω 7−→
∑

W yW
det(y)=m

ω|{Γjαj(y)Γτ(j)}h
+

j=1

∗Tj(m) : H•
(2)(Yτm(j)) −→ H•

(2)(Yj)(7.2)

ω 7−→
∑

W yW
det(y)=m

ω|{Γτdet(y)(j)αj(y)ιΓj}h
+

j=1

(see §4). Likewise T (m) induces maps

T (m) : H•
(2)(Y0(c)) −→ H•

(2)(Y0(c))
∗T (m) : H•

(2)(Y0(c)) −→ H•
(2)(Y0(c))

that are just Tj(m) (resp. ∗Tj(m)) on the jth (resp. τm(j)th) component.
The main result of this section is the following:

Theorem 7.1. If m, n ⊂ O are ideals that are in the same ray class modulo β∞, then∑
i

(−1)iTr
(
∗T (m) ◦ T (n) : Hi

(2)(Y0(c))→ Hi
(2)(Y0(c))

)
= 2n

(
(−1)nTr(∗T (m) ◦ T (n)) + h+σ′c(m)σ′c(n)

)
where the trace on the right is taken with respect to the action of the Hecke operators on S(U0(c)).

Theorem 7.1, in conjunction with Theorem 5.1 and Lemma 5.2, proves Theorem 1.1.

Remark. Notice that Theorem 7.1 relates an alternating trace over the entire graded cohomology group
H•

(2)(Y0(c)) to a trace on the holomorphic subspace of the cohomology. We have such a formula because of
the symmetry in mixed Hodge structures on H•

(2)(Y0(c)) that exists because of the involutions (6.2). This is
also why the 2n appears. The same Hodge symmetry underlies the proof of Lemma 7.2 below.

We require one more lemma before we can prove Theorem 7.1:

Lemma 7.2. Let F ∈ S(U0(c)). For each subset b ⊂ {1, . . . , n}, let ιb be as in (6.2). Then

T (m)ι∗bΩF = ι∗bT (m)ΩF = ι∗bΩF|T (m)

∗T (m)ι∗bΩF = ι∗b(
∗T (m)ΩF) = ι∗bΩF|∗T (m)

We give the proof of Lemma 7.2 (which is a calculation) after the proof of Theorem 7.1:

Proof of Theorem 7.1. In the notation of (6.6), note that

T (m)ηb
j = σ′c(m)ηb

τm(j)(7.3)
∗T (m)ηb

j = σ′c(m)ηb
τm(j),

simply because the number of right cosets defining Tj(m) is σ′c(m) for each 1 ≤ j ≤ h+. The theorem follows
from this observation, Lemma 7.2, and the explicit description of the L2-cohomology given by (6.4), (6.6)
and Proposition 6.1. �

We now give the proof of Lemma 7.2:

Proof of Lemma 7.2. The equalities T (m)ΩF = ΩF|T (m) and ∗T (m)ΩF = ΩF|∗T (m) follows from (7.1) together
with the adjoint relation (3.14) for the Petersson inner product. For the other equivariance statements,
consider ιb as a matrix in π0(G(R)), and write Tj(m) =

∑
k Γjαk. Then the equality T (m)ι∗bΩF = ι∗bT (m)ΩF

follow from the fact that ιbαk = αkιb. Similar remarks imply that ∗T (m) and ι∗b commute with eachother. �
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8. Connection with Fourier coefficients of automorphic forms

In this section we show that the intersection numbers Z(m) ·Z(n) arise in a natural way as the coefficients
of Hilbert automorphic forms. We begin by interpreting the σ′c(m)σ′c(n) term that appears in the expression
for Z(m) · Z(n) given by Theorem 1.1. We recall that, just as in the case of elliptic modular forms, the
functions σ′c(m) are coefficients of Eisenstein series. More precisely, define

ζc(s) :=
∑
n∈O

n+c=O

1
N(n)s

.

Then, provided that n > 1 or c 6= O, the automorphic Fourier expansion

Ec

((
y x
0 1

))
:= δ(c)2−[E:Q]ζc(−1)|y|+

∑
0�ξ∈E

σ′c(ξy)|y|e(tr(ξiy))χE(ξx)(8.1)

defines an Eisenstein series Ec ∈M(U0(c)). Here

δ(c) :=

{
1 if c = OE

0 otherwise.

The calculation of this Fourier expansion is a special case of [Sh2, Prop. 3.4]; to see this let a = c, b = O,
and η be the trivial character modulo cβ∞, χ the trivial character modulo β∞. See also Corollary 6.2 of
[Hid1].

Let z (resp. w) be the local coordinate for Xj (resp. Xk) induced by the projection Hn → Yj (resp.
Hn → Yk) and denote the universal class associated to b ⊂ {1, . . . , n} and the jth (resp. kth) component of
the first (resp. second) factor of Y0(c)× Y0(c) by ηb

j(z) (resp. ηb
k(w)). Now define νk ∈ H2n

univ(Y0(c)× Y0(c))
to be the class which is equal to

h+∑
j=1

∑
b⊂{1,...,n}

ηb
j(z) ∧ ηa

τmk
(j)(w)

where mk is any ideal in the ray class of s−1
k modulo β∞ and a = {1, . . . , n}− b. Here τmk

is the permutation
defined by (3.1), and s1, . . . , sh+ are the finite idèles we fixed in §2 whose associated fractional ideals form
a complete set of representatives for the ray classes modulo β∞.

For each 1 ≤ k ≤ h+, there is a linear map∫
Λ−1(·) ∧ νk : IH2n(X0(c)×X0(c)) −→ C(8.2)

γ 7−→
∫

Λ−1(γ) ∧ νk.

Here Λ is the Zucker isomorphism of Proposition 4.1. Since we may write Λ−1(γ) with respect to the basis
given by Harder’s theorem (Theorem 6.2) and the Künneth formula (Theorem 5.3), it is easy to see that this
map is well-defined. By duality (5.4), the linear map (8.2) defines a class

Zk(0) ∈ IH2n(X0(c)×X0(c)).

Remark. It would seem more natural to define Zk(0) to be Λ(νk), given the Zucker isomorphism of Theorem
4 above. Actually, it follows from the results of [GG, Chapter 4 and §6.3] that Zk(0) = Λ(νk), but we won’t
need this fact.

Now, for each class γ ∈ IH2n(X0(c)×X0(c)), define

(γ · Z(0))(y) :=
h+δ(c)ζc(−1)
Z(O) · Zt(0)

h+∑
k=1

(γ · Zk(0))chars−1
k

(y)(8.3)

for y ∈ A×
E , where chars−1

k
is the characteristic function of the ray class of s−1

k modulo β∞ and 1 ≤ t ≤ h+

is chosen so that s−1
t is in the ray class of the principal ideals modulo β∞. This provides the definition of

the constant terms of the Φm,c of the introduction. We are now in a position to prove Theorem 1.2, which
states that the Φm,c are modular if S(U0(c)) = Snew(U0(c)):
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Proof of Theorem 1.2. We simply construct the form Φm,c. Let F1, . . . ,Fd be a basis of normalized newforms
on S(U0(c)) (that is, we stipulate that c(O,Fi) = 1). For each ideal a ⊂ O, denote by ∗as(a) be the
eigenvalue of ∗T (a) associated to Fs (it is the eigenvalue of T (a) if a + c = O by (3.14)). Finally, for the
unique 1 ≤ j ≤ h+ such that s−1

j and m are in the same ray class modulo β∞, let

πj : M(U0(c)) −→ M(U0(c))
(f1, . . . , fh+) 7−→ (0, . . . , 0, fj , 0, . . . , 0)(8.4)

be the canonical projection. Then

Φm,c : = (−1)n2n
d∑

s=1

∗as(m)πjFs + 2nh+σ′c(m)πj(Ec)

has the desired Fourier coefficients for all integral ideals in the ray class of m modulo β∞. For all ideals
n not equivalent to m in the ray class group modulo β∞, the nth Fourier coefficient of Φm,c is zero, and
Z(m) ◦ Z(n) = 0 by Lemma 5.2.

We are left with checking that the constant terms of Φm,c and 2nh+σ′c(m)πj(Ec) coincide. To prove this,
it suffices to show that if m is in the ray class of s−1

j modulo β∞, then

Z(m) · Zj(0) = σ′c(m)Z(O) · Zt(0).(8.5)

It follows from the explicit description of H•
(2)(X0(c)) given by Harder’s theorem (Theorem 6.2), the Künneth

formula (Proposition 5.3), and Lemma 5.4 that the projection of Λ−1(Z(O)) to H2n
univ(X0(c)×X0(c)) is equal

to cνt for some c ∈ C×. Notice that

(T (m))ηb
t (z) =

σ′c(m)∑
m=1

ηb
j(αmz) = σ′c(m)ηb

j(w)

for some αm ∈ Y . It follows that Λ−1(Z(m)) = σ′c(m)cνj . Applying the explicit basis of H•
(2)(X0(c)×X0(c))

obtained by using Harder’s theorem (Theorem 6.2) and the Künneth formula (Proposition 5.3) along with
the definition of Zj(0), this implies (8.5). �

As in the introduction, let HC(c) ≤ IH2n(X0(c)×X0(c)) be the subspace spanned by the cycles Z(m) as
m ranges over the integral ideals of O. We now prove Theorem 1.4:

Proof of Theorem 1.4. Using the notation of the proof of Theorem 1.2, we have

Ψ(Z(m)) = (−1)n2n
d∑

s=1

∗as(m)πjFs + h+2nσ′(m)πj(Ec).

We claim that

Ψ(Z(m)) = (−1)n2n
d∑

s=1

∗as(m)Fs + h+2nσ′(m)πj(Ec).

It suffices to show that Tr(∗T (m)◦T (n)) = 0 if m and n are not in the same ray class modulo β∞. To see this,
assume that m and n are not in the same ray class modulo β∞, and write the matrix of ∗T (m) ◦ T (n) (as an
endomorphism of S(U0(c))) with respect to any basis such that each cusp form in the basis is supported on
one component. Then this matrix has zeros along its diagonal, as ∗T (m) ◦ T (n) leaves no component fixed.

Thus we are reduced to showing that as m runs over the integral ideals of O, the forms

d∑
s=1

∗as(m)Fs

span S(U0(c)) (which equals Snew(U0(c)) by assumption). This follows from multiplicity one for Hilbert
modular forms (multiplicity one for Hilbert modular forms is proven in [Mi]). �



22 JAYCE GETZ

Acknowledgements

The author would like to thank J. Bruinier, E. Goren, B. Mazur and D. Nadler for several useful con-
versations, T. Yang for answering many questions, M. Goresky for his lucid explanations of sheaf-theoretic
intersection homology, and K. Ono for his constant, enthusiastic support. M. Goresky and K. Ono also
deserve additional thanks for their editing help.

References
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