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ABSTRACT. In partition theory and g¢-series, one often seeks identities between series and infinite
products. Using a recent result of Zagier, we obtain such identities for every positive integer m.
For example if m = 1, then we obtain the classical Eisenstein series identity

>

A>1 odd

( 1)(>\ 1) /2 A (1 _q8n)4

(]_ _ q2)\ H (1 _ q4n)2

If m =2 and (g) denotes the usual Legendre symbol modulo 3, then we obtain

>\ 1—qg™ (1_ 6n)
Z (1( 2)\) H ( Zn))Q(l _q 3n)3

A>1

We describe some of the partition theoretic consequences of these identities. For instance, we
obtain simple formulas for the number of representations of an integer as a sum of an arbitrary
number of triangular numbers.

1. INTRODUCTION AND STATEMENT OF RESULTS

We begin by recalling the following identity of Euler:

oo

(Euler) ﬁ(l —q") = Z (_1)kq(3k2+k)/2'

k=—o0

Note that the left hand side of Euler’s identity is related to partitions of integers into distinct
parts. More precisely, each partition of n into an odd number of distinct parts adds —1 to
the coefficient of ¢ and each partition of n into an even number of distinct parts adds +1.
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Therefore, this identity, known as Euler’s pentagonal number theorem, shows us that the
number of partitions of n into an odd number of distinct parts is equal to the number of
partitions of n into an even number of distinct parts except when n is a pentagonal number,
that is, a number of the form (3k? + k) /2.

Other identities of this sort exist, perhaps the most famous being the Rogers-Ramanujan
identities. The following is one of these celebrated identities:

. 0 1 0 qn2+n
(Rogers-Ramanujan) H — — =1+ Z —.
L2 (1 =g t2) (1 — ¢ont3) —(1-q¢1—-g¢*)-(1—-q")

Combinatorially, this identity establishes that the number of partitions of an integer n into
parts that are congruent to 2,3 (mod 5) equals the number of partitions of n in which any two
summands differ by at least 2 and all summands exceed 1.

Such results are interesting both intrinsically and for their combinatorial consequences. The
purpose of this paper is to use a master theorem of Zagier [Z] previously conjectured by Kac
and Wakimoto [K-W] to prove a natural infinite family of similar simple g-series identities
relating infinite products to natural partition generating functions (perhaps well known to the
experts). Through a combinatorial examination of these identities, we obtain closed explicit
formulas for the number of representations of integers as a sum of an arbitrary number of
triangular numbers. This problem is closely related to the discovery of formulas for the number
of representations of n as a sum of squares and triangular numbers, a subject that has been
examined recently by Milne, Ono and Zagier (see [M], [O], [Z]).

Before we state the main theorem we must offer some notation. Throughout, if m is a
positive integer, then let s(m) denote the integer

(1) stm) += |52,

For convenience, define the following set of vectors which we will see determines the summands
in the partitions we consider.

Definition 1.1. If m is a positive integer, then let S(m) denote the set of integral vectors
A= (A1, A2,. .., Agm)) for which the following hold:
(¢) If j > i, then A\; > A\; > 0.
(13) For every i we have \; = m (mod 2).
(731) For every i we have A; Z0 (mod 2m + 2).
(iv) For every i # j we have \; # £A; (mod 2m + 2).

Further, define subsets S4(m) of S(m) in the following manner:

(1.2) Si(m):={A € S(m) : the number of \; (mod 2m +2) >m + 1 is even.},

(1.3) S_(m):={A € S(m) : the number of \; (mod 2m +2) > m + 1 is odd.}.
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In what follows, we will see that Sy(m) determine two different partition functions, one
whose parts contain an even number of \; such that the \; are in the larger half of the residue
classes modulo 2m + 2, and the other whose parts contain an odd number of \; such that the
A; are in the larger half of the residue classes modulo 2m + 2. These partition functions arise
naturally from the following theorems.

Theorem 1. If m > 1 is odd, then

q()\1+..,+)\s(m))/2 q(>\1+"'+>\s(m))/2

Z (1_qA1)_H(1_qAS(m)) o Z (1_qA1)...(1_qu<m>)

AeSL(m) AeS_(m)

(m4+1)n\2m-+2
1 _ q(m+1)n)m+1 :

Theorem 2. Ifm > 1 is even, then

2.

A€S+ (m)

q()\1+...+>\s(m))/2 q(>\1+-~~+)\s(m))/2

(L—ghm) 2 (1—gh) (1= gheem)

AeS_(m)

- q(m +2m)/8 ﬁ (1—q") (1- q2(m+1)n)2m+2'
1 - q2")2 (1 — q(m+1)n)m+1

Before we state some partition theoretic interpretations of this set of identities, we must
offer some more definitions.

Definition 1.2. If m is a positive integer, then let Py(n,m) denote the number of partitions
of n of the form

s(m)

n= Z (2n; + 1)\,

i=1
where A = (A1,..., As(m)) € S+(m) and each n; > 0.

In simple terms, the function Pi(n,m) counts the number of partitions of n into parts,
occurring with odd multiplicity, that are elements of a vector A € Sy (m). Obviously,

(1.4) Z (1_q2)\1)”_(1_q2>\s(m)) :nz::lpi(n,m)Qn

AeS4 (m)

These generating functions are closely related to the problem of counting the number of repre-
sentations of an integer as a sum of triangular numbers, numbers of the form (k2 + k)/2 with
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k > 0. If k is a positive integer, then let T'(n, k) denote the number of representations of n as
a sum of k triangular numbers. A well known identity due to Jacobi implies that

o0 o0 2n)\2 k
(1.5) ZT(n, k)q" = <H %)

In view of (1.4) and (1.5), it is simple to verify the following two corollaries which give
partition theoretic formulas for T'(n, k).

Corollary 3. If k > 2 is even, then
k? k?
T(n,k) = Py (2kn+ Z’k_ 1) — P (an—l— Z’k_ 1) :

Corollary 4. If k> 1 is odd, then

& 2

1 21
T(n,k):Z(P+(2kn+k4 —jz—j,k—l)—P_(an+k4 —j2—j,k—1>).

J=0

Remark. Although the sum in Corollary 4 appears to be infinite, it is easy to see that it
is indeed finite. After all, there are no partitions of negative integers into positive parts.
More importantly, observe that Corollaries 3 and 4 completely characterize the number of
representations of every integer n as a sum of an arbitrary number of triangular numbers
in terms of the partition functions Py (n,k). One should compare these results with those
appearing in [M] where explicit formulas of a different type are obtained for T'(n, k) for those
k of the form 452 and 4s2 + 4s. It would be very interesting to obtain a combinatorial proof of
these results.

In view of (1.4), Theorems 1 and 2 immediately imply the following corollaries.
Corollary 5. If k > 2 is even, then for every non-negative integer n we have
Py(n,k—1)> P_(n,k—1).
Furthermore, if n # k?/4 (mod 2k), then
Py(n,k—1)=P_(n,k—1).

Corollary 6. If k > 2 is even and n is a positive odd integer, then
Py(n,k) = P_(n,k).

Remark. If k£ > 4 (mod 2k) is even and n = k?/4 (mod 2k), then Py (n,k—1) > P_(n,k—1)
by Gauss’ Eureka Theorem (i.e. T'(n,3) > 0 for all n). If kK = 2, then an easy analysis shows
that Py (n,1) = P_(n,1) for almost all n.

One may also make the observation that the right hand side of the identities of Theo-
rems 1 and 2 are quotients of powers of Dedekind eta-functions. In Section 3 we use a well
known theorem on such eta-products (see [N1], [N2]) to show that the generating function for
P, (n,m) — P_(n,m) is a holomorphic integer weight modular form. Then, using a powerful
result of Serre [S], we prove the following corollary:
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Corollary 7. If k is a positive integer and M is any integer, then
P,y(n,k)=P_(n,k) (mod M)

for a set of positive integers n with arithmetic density 1.

Notice that Corollary 7 is an analog of Euler’s pentagonal number theorem mentioned above.
Though the result is not nearly as precise as Euler’s, it does tell us that Py (n, k) and P_(n, k)
are congruent modulo M for almost all positive n.

2. PROOF OF THEOREMS 1 AND 2

Our proof of Theorems 1 and 2 relies on the Kac-Wamimoto Conjecture, proved by Zagier.
The following two functions appear in the result:

1= (1 - )1 —¢*" 2

’:18

@0(.1‘)

n

(1-¢") (1= 2a)(1— ¢z ).

—g L

@1(33) =

n=1

Alternative forms of these functions will be derived shortly. To prove our theorems, we use
the following form of the conjecture, which Zagier derived as an intermediate step in the proof

(see [Z)):

Theorem 2.1. (Zagier) If m € ZT,s(m) = [Z] and 21, 22,...,2my1 € C are distinct
complex numbers such that |q| < |z;/z;| < |q|7, then

A+FAs(m)) /2 s(m) | N /2
E q 2

* — Alt),, | |

( ) (1 qkl)(]‘ qkz) e (1 — qAS(m)) X ( ) +1 < )

>\1>>\2>"’>>\s(m)>0 =1
Ai=m (mod 2)

LTm+2—1

=0(r)» [ Flas/z),

1<i<j<m+1
where 01 (x)
F(z) = q1/4 —-1/2 Y14
(@) Oo()
and Alt,, 11 denotes the alternating sum over all permutations of x1,...,Tm+1, and
0(r) = ¢"/*A(g) —q1/8H /(1 —q").

The identities given in Theorems 1 and 2 are derived directly from Theorem 2.1. To prove
this, we first simplify the infinite products on the right side of the equation by substituting
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roots of cyclotomic polynomials for the x;, and then use combinatorial arguments to reduce
the complicated alternating sum to known values.

Proof of Theorems 1 and 2. Our first task is to simplify the right side of (2.1). The functions
O and O, are rewritten so that the exponents on all of the ¢ terms are similar:

22) Oy = [[(1 - - g )1 - ) ] —(fl_‘q;]n”’l)
') 0 2
— H(l . q2n—1)<1 . (]2”_1117)<1 2n 1 —1 H
(2.3) O1(x) = (1-2) [JQa -0 - ¢>a)(1 - g2 1).

Before fully expanding the product of F(z;/x;), we consider the terms (x;/z;)~*/2. Since

we will be substituting complex values for the x;, the branching of the square root function

necessitates a careful treatment of these terms. Fortunately, when all such terms are moved to

the left side and factored into the expanded alternating sum, the exponents all become integral.
Consider the product of all of the ©,

(2.4) II euj/z) =

1<i<j<m+1

o0
II ( (1 —x;/m;) H (1= (1 — ¢ (z;/2:))(1 - qzn(%/wz’)_l)) -
1<i<j<m+1 n=1
The expansion of the O are similar, and all of the x; appear with integral exponents. Thus we

can make the substitution x; = §m+1’ 1 <i<m+1, where (;,+1 is a primitive (m+ 1)—st root

of unity. The fraction (x;/z;) now reduces to Cm+1, and since the set {1, {1,210+, (0}
contains all (m + 1)-st roots of unity, the product
(1= ¢*)(1 = ¢ Cns1) - (1= ¢*"Ci)

reduces to (1 —¢?»(™+1)). Note that in the product of the ©; there are m+1 copies of the term
[Too (1 —¢* ¢k ) for all 1 < k < m. This is because z; /zy = (¥, whenever j' =1 + k
(mod m—+1), and there are m+ 1 choices for ', ignoring the restrictions on the sum. If j* > ¢/,
then let j = j' and ¢ = ¢’; the term occurs as (z;/z;). When j' <, let j =4 and i = j';
the term occurs as (z;/x;)~" since the higher subscript is always the numerator. Thus (2.4)
becomes

| G

1<i<j<m+1
- H i1 H (1-¢° (m+1)m/2(1 = @7 G )" (1 QQnC}anH)mH
1§i<j§m+1 n=1
m
_ H m+1 m—|—1 k H (m+1)(m 2)/2( q2n(m+1))m+1.

k=1
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Similarly, with powers of (,,41 substituted in for the x;, the expansion of the ©y product is

I ey

1<i<j<m—+1

H 2n 1 (m+1)m/2(1 _ q2n—1<m+1)m+1 e (1 _ q2n—1gnn;+l)m+1

n=1
2n (m+1)m

1;[ 1_q (m—|—1)m/2

2n)(m+1)m

_ H 2n 1 (m+1)(m 2)/2( (2n 1)(m+1) m+1 H —dq )( SATYLR

After all of these simplifications (including the removal of the fractional powers), the right
side of (2.1) becomes

. 2s(m) 1/461(£Cj/$2')
o) Il Oo(w;/;)

1<i<j<m+1

m _ 4s(m)
_ m2+m+2s m))/8 k m—|—1 k ]' q

_ an)(m+1)(m—2)/2(1 _ q2n(m+1))m+1

H " m m 1 2n)(m+1)m
asi (1= g2n=1)(m+1)(m=2)/2(1 — g(2n=1)(m+1))m+1 T[> | ((1 qq )()erl)m/2

= (m +m+2s(m))/8 H m+1—k

k=1
O (1 )(m+1)m/2 2s(m) 1
H 1 _ q2n m+1)(m+2)/2 45(m)(1 _ q2n 1)(m+1)(m 2)/2 H 1 _ q(m—l—l)n)m—l—l ’

m—|—1)

q(m—|—1)2n)2m+2

If m is odd, then 2s(m) = m + 1, so the above product is equal to

(m+1)?/8 . k 11k 1 —q ) (m+1)(m—2)/2
2. m 1— )™
(2.5) ¢ kl:[l( Cm+1 H( 1_q2n (1— g2 1))

(m+1)2n)2m+2

1;[ 1— q(m+1)n)m+1

1 o q(m+1)2n)2m+2

_ (m+1) /8 B m+1—k
= ]]Il 1 m—|—1) H 1 . q(m+1)n)m+1 )

which is nearly the form seen in the right side Theorem 1. And when m is even, 2s(m) = m,
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so the product is equal to

(26) (m +2m)/8 H 1 - C _|_1 m+1 g H 1 — q ((1 _ qQ(i)zlqj)QQn—l)

H q(m+1)2n)2m+2
1 _ q(m+1)n)m+1

) (m+1)(m—2)/2

'n:

m (m+1)2n)2m+2
(m +2m)/8 H k m+1 k H —4q
m—|—1 2n 2 1 _ q(m—i-l)n)m—i—l '

This resembles the right side of Theorem 2.
Note that when (2.5) and (2.4) are expanded into an infinite sum, the first nonzero term is

qm+D°/8 when m is odd, ¢(™ +2™)/8 when m is even, and has coefficient

m

H (1 - m—l—l)m+17}g

k=1

in either case.
Now consider the left side of (2.1),

1t +Aa(m) ) /2 s(m) . Xi/2\
Z q T
X (Alt)m+1 ( ) X;
A Aa S Ay 50 (1—¢™)(1—g*)...(1—grem) };[1
Ai=m (mod 2)

LTm+42—1

where X =TT, <, _j<pi1 (@;/2:)'/? is the product of all of the radical terms transferred from the
right side. Before substituting cyclotomic roots for the x;, we ensure that all of the exponents
are integral. Note that X = Hmﬂ( ))2E=m=2)/2 If m is even, then each of the \; are even
so all of the powers are already integral. If m is odd, then all of the \; are also odd. Each
of the m + 1 variables appears in each term of the alternating sum, so once again all of the
exponents simplify to integers. Thus we can substitute zp = Cff;_ll.

For all but the simplest cases, the alternating sum becomes too unwieldy to calculate directly.
Fortunately, we can still evaluate it by comparing the series expansion of the left and right
sides of (2.1). Consider the term of minimum degree in the left side sum. Since the \;
form a decreasing, nonnegative sequence, there is a unique vector of minimum sum; namely,
A =(m,m—2,...,1) when m is odd and A" = (m,m — 2, . - 2) when m is even. Therefore

the minimum exponent is (M +---+A, 1)/2, where A’ = ( -+ -3 Ay(my)- This sum evaluates

s(m)
to +(2t)? = (m%l) when m is odd and $(2(2(2 + 1)/2)) = %. These are precisely
the exponents of least degree on the right hand side of (2.5) and (2.6).

The series expansion of the left side must correspond to the expansion of the right side, so

the coefficient on the first terms are equal. Thus,

& Z; X2 v . _ rk m+1—k
(Alt) (H ( ) ) %= L0 - b,
k=1

x _
=1 m—+2—1
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Now we show that if the value of the alternating sum for some A is nonzero, then it can be
easily related to the value for A’.

We need only consider A from the residue classes modulo 2m+2, for if A\; = A; (mod 2m+2),

and thus A\; = \; + 7(2m + 2) for some integer r, then

( ﬁz+1)>\i/2 = (C§1+1)T(2m+2)/2(djﬂ-l))\jm = (Cﬁ’b—kl))\j/Qa
for ¢¥ ., is an (m + 1)-th root of unity. Thus we can replace A; by A; in the alternating sum
without affecting its value.

Consider the case where \; = 0 (mod 2m + 2) for some 1 < i < s(m). Under the identity
permutation, \;/2 is the exponent on the term (x;/z;,4+2—;). If the exponent is zero, then
this term is always 1. Thus it is irrelevant which variable is the numerator and which is the
denominator, so the sum is unaffected when we transpose x; and x,,+2—;. However, adding
this single transposition also changes the parity of every permutation in the sum. Therefore
every summand in the alternating sum has a complementary term that is equal in magnitude
and opposite in sign. Thus the sum is zero for A of this form.

Now consider the case A; = \; (mod 2m + 2) for some 1 <4, j < s(m). Under the identity

Ai/2 . Since
A:/2

permutation, these two values appear in the terms (z;/Tm+2—:) /2 and (v /Tmi2—;)
the exponents are equal, these two terms are combined to give ((z;z;)/(Tm+2—i%Tm+2—;))
Clearly the x; and z; can be interchanged without affecting the sum. Thus, as before, every
summand has a complement. Therefore the sum is zero for these A as well.

Note that if we have an alternating sum where the identity permutation gives the term

(21/Tmy1) M 2 (20 ) 2) 22 (2 ) Tgai) N2 (xs(m)/-’Em—|—2—s(m))>\s(m)/27

then we can construct an equivalent alternating sum in which the identity permutation gives

(21 ma1) M 2 (20 m) 22 - (Tmga—i /@) EMFEAD/2 (Ts(m) /xm—|—2—s(m))>\s(m)/2'

This allows us to show that if \; = —A; (mod 2m+2), then the alternating sum is zero. These
two exponents appear on the terms ($i/$m+2_i))‘i/2 and (xj/mm+2_j)’\j/2 under the identity
permutation. As discussed, we can replace the second term by (4o j/x;) 2" H272)/2 =
(Tmt2—5/ xj)ki/ 2. As in the case where two exponents were equal, we combine the terms and
interchange x; and x,,42—;. In this manner we again find a complement of opposite sign and
equal magnitude for every summand. Thus, the alternating sum is zero for A of this form.

The only remaining cases are those in which there is exactly one \; contained in each pair
of residue classes {k,2m + 2 — k}. Recall the flipping process described above. If the identity
permutation gives us the term

(21/Tms1) V2 (20 ) Tm) 22 (@) Tgai) 2 - (l's(m)/xm+2—s(m)))\s(m)/27

then there is an equivalent alternating sum whose identity term is

(@1 /Tmr1) M2 (@2 )2m) 22 (o f2) ET2TA 2 (@) [T s(my) R,
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Now if we transpose z; and z,,12—; we obtain an alternating sum equal in magnitude and
opposite in sign with identity permutation

>\1/2( A2/2

N2 () /2

(xl/xm—l—l) x2/xm) e (xi/xm+2—i) xs(m)/xm+278(m))

For a given m, each \; has the same parity as m, so at most half of the residue classes
modulo 2m + 2 can be achieved. Since we need not consider A in which additive inverses are
present, we can again halve the number of distinct classes that can occur. But our known
alternating sum for A’ has [mTH] distinct residue classes, none of which are additive inverses.
Thus we can determine the value of the alternating sum for all A by multiplying a factor of
—1 for each inverse exponent. Note that in A, 1 < \; < m for every 1 < i < s(m). Thus the
inverses modulo 2m + 2 satisfy m +2 < —\; < 2m + 2.

Hence our definition of Sy (m). If A & S1(m), then

S T, )\1/2 B
(Alt) s (H (m :2_.) )X —0,

=1

and thus is ignored in the sum.
If A € Si(m), and there are r inverse exponents, then

s s Xi/2 ~ m
(Alt), a1 (H ( i ) ) X =(-1)" H(1 — ¢ ymik
k=1

x i
i—1 m—+2—1

So if there are an even number of inverses in A, then the sum is the same as that for A’,
but if there are an odd number, the sum is negated. Dividing both sides of our identity by
[Tie (1= ¢k o)™ " gives Theorems 1 and 2.

Q.E.D.

Remark. It is also possible to let 1 = (ni1 .- Tmy1 = (o1 in (2.1) and obtain identities

m
similar to those in Theorem 1 and 2. The infinite product in these other identities is essentially

the same, but the definition of the restricted partition functions is slightly different.

3. MODULAR FORMS AND THE PROOF OF COROLLARY 7

For a positive integer NV, define the subgroup I'g(V) of SLy(Z) as follows:

(3.1) To(N) ::{(“ Z) : ad—bc:l,CEO(modN)}.

Cc

Now let f(z) be a meromorphic function on the upper half of the complex plane. We say
that f(z) is a modular function of weight k with respect to I'g(V) if

H(E5) =@t
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a b

d
holomorphic on the upper half of the complex plane and at the cusps of I'o(N), it is a modular
form of weight k& with respect to I'o(/N). Finally, let x be a Dirichlet character modulo N. We
say that f(z) is a modular form with character if

for all z in the upper half of the complex plane and all € I'o(N). Further, if f(z) is

(32 F(E5) = x@e+ a5,

again, for z in the upper half of the complex plane with € I'g(NN). The finite dimen-

b
d
sional space of such modular forms is denoted by My (To(N), x).

If we let ¢ = €?™*, we may construct a Fourier expansion for such a holomorphic modular
form:
o0
f(z) =" a(n)g"
n=0

In fact, we may identify any form with its Fourier expansion.
In this paper we will be studying modular forms that are products of Dedekind eta-functions,
defined by the infinite product

(3.3) n(z) =g T -q").

A function f(z) is called an eta-product if it can be expressed as a finite product of the form

(3.4) 7z =TT 62).

5IN

where N and each rs are integers. Such functions have many unique properties. In the following
result ([N1] and [N2]), Newman proves that certain eta-products fulfill the functional equation
(3.2) for modular forms with character:

Theorem 3.1. (Newman) If f(z) = [I5 51" (62) is an eta-product for which

(3.5) > 6rs=0 (mod 24)
5|IN

and

(3.6) > %m =0 (mod 24)
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then f(z) satisfies the functional equation (3.2) for all (Z Z) € I'o(N), where k = %ZNN Ts.

Here x is the character defined by:

x(d) = (%) and s = [ o".

5N

If an eta-product satisfies the functional equation (3.4), we still must demonstrate holo-
morphicity at the cusps of I'g(N) to prove it is a holomorphic modular form. The following
observation is well known (for example, see Ligozat [L]):

Proposition 3.2. Let ¢, d, and N be positive integers with d|{N and (c,d) = 1. With the
notation as above, if the eta-product f(z) satisfies (3.5) and (3.6), then the order of vanishing
of f(z) at the cusp § is

i N(d, 5)27’5

21 22 (4 5) do

Using Theorem 3.1 and Proposition 3.2 we obtain the following:
Theorem 3.3. If m is even, then

oo

(3.7) > ((Py(n,m) = Py(n,m)) ¢"/* € My, j5(To(2(m + 1)), )

n=0
_ (=)™ (mt1)
where x(d) = - .

If m is odd, then

(3.8) Z ((P(n,m) — Pr(n,m)) q" € M(ymy1y/2(To(4(m +1)),x)

Proof of Theorem 3.3. We have, for even m,

- 00 » b w2 (mEaam)/s 00 1 B qn) (1 _ q2(m+1)n)2m+2
(3.9) nz_:o( +(n,m) — P_(n,m))q"* =gq H (=22 (1= gt imym+i

0 n m 2 m n\2m
g/ (1 — g AT/ 20t )ny2me2

_ )
= 1 q4/24(1 _ q2n)2 q(m+1)2/24(1 _ q(m+1)n)m+1

_ n(z) nPR(m £ 1)2)
2(@2) g ((m o+ 1)z)
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Let f(2) = n’;gl) ”;:ij((?fnﬁﬁg) and write f(2) = [[5y7"°(02) as in Theorem 3.1 and

Proposition 3.2. We have
> o5 = 1(1) = 2(2) + 4(m + 1) — (m +1)? = =3+ 3(m + 1),
5IN

Note that 3(m + 1)? = 3 (mod 24) if and only if (m + 1)?> = 1 (mod 8). One can easily
check that this congruence is true for all even m.

N 1 2 2m+1) (m+1)\ _ o
621;?7“5—2(”%1—1)(1 2t 3ma D) (m+1))_0_0( d 24).

So f(z) satisfies (3.5) and (3.6). Therefore, by Theorem 3.1, f(z) satisfies (3.2) with

(3.
a b m 2y s gy

Now we must check the holomorphicity of f(z) at the cusps of I'g(2(m+1)). By Proposition
3.2 the order of vanishing of f(z) at the cusp § is

Therefore, it suffices for our purposes to show that the following is non-negative:

(4,)*(1) (422  (d2(m+1)*@20m+1) (d(m+1))>*(m+1)
1 2 2(m+1) (m+1) '

If 2 fd, then
(d,1)? — (d,2)* + (d,2(m + 1))* — (d, (m + 1))*> = 0.

If 2|d, then
(d,1)* = (d,2)* + (d,2(m +1))* = (d,(m +1))> =1 — 4+ 4(d, (m + 1))* = (d, (m + 1))* > 0.

Therefore, the order of vanishing of f(z) at the cusps of I'g(2(m + 1)) is nonnegative, so f(z)
is holomorphic on the entire upper half of the complex plane.

We have, for odd m,

0o ( +1) P 1 . q4(m—|—1)n)2m—|—2
Z (Py(n,m) — P_(n,m))q" = q"™ H 2(m+1)n)m+1
n=0

O 8(m+1) /24(1 _ q4(m+1)n)2(m+1)
H 2(m—|—1) /24 1 — q2(m—|—1)n)m—l—1
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_ P 2(m + 1)2)
o ((m+1)2)

Let g(z) = "27(]:11)(((%2;33@ and write g(z) = [[5 5 7" (62). We have

D ors=8m+1)>—2(m+1)>=6(m+1)>=0 (mod 24)
5N

for odd m.

N dm+1)  2m+1)\ .
%?T&—4(m+1)<2(m+1) (m+1)>—0_0 (mod 24).

So g(z) satisfies (3.5) and (3.6), with (CCL
<(71)(m+1)/2(m+1)m+1>
5 .

Now we must check the holomorphicity of g(z) at the cusps of T'g(4(m + 1)). Arguing as
above, it suffices for our purposes to show that the following is non-negative:

(d,4(m +1))2(2(m + 1))  (d,2(m +1))*((m + 1))

A(m+1) 2(m + 1)

Note that <(d’4(n;+1))2 — (d’Q(”;H))Q) > 0, so the order of vanishing of g(z) is non-negative for
all the cusps of I'g(4(m + 1)). Therefore, g(z) is holomorphic on the entire upper half of the
complex plane.

Q.E.D.
To prove Corollary 7, we recall a theorem of Serre [S].

Theorem 3.4. (Serre) Let f(z) be a holomorphic modular form of positive integer weight k
with character x on T'o(N) with Fourier expansion

(3.10) f(z) =Y a(n)q"

n=0

where a(n) are algebraic integers in some number field and N is a positive number. If M is

x

a positive integer, then there exists a constant o such that there are O TogoT

such that a(n) is not divisible by M.

ntegers n < x

Proof of Corollary 7. By Theorem 3.3, for every positive integer k the generating function

oo

Z (P-l—(n? k) - P—(n7k)) qn

n=0

is a holomorphic integer weight modular form. Therefore, Theorem 3.4 immediately implies
Corollary 7.

Q.E.D.



PARTITION IDENTITIES 15

5. ACKNOWLEDGEMENTS

The authors thank Ken Ono for suggesting this project and for help during the preparation
of this manuscript. The first author thanks Ken Ono especially for organizing this work as an
undergraduate summer research opportunity.

REFERENCES

G. E. Andrews, Number Theory, Dover Publ., 1994.

V.G. Kac and M. Wakimoto, Integrable highest weight modules over affine superalgebras and
number theory, Lie Theory and Geometry in Honor of Bertram Kostant, Progr. Math. 123 (1994),
415-456.

N. Koblitz, Introduction to elliptic curves and modular forms, Springer-Verlag, 1984.

G. Ligozat, Courbes modulaires de genre 1, Bull. Soc. Math. France 43 (1972), 1-80.

S. Milne, Infinite families of exact sums of squares formulas, Jacobi elliptic functions, continued
fractions, and Schur functions, to appear, Ramanujan J..

M. Newman, Construction and application of a certain class of modular functions, Proc. London
Math. Soc. (3) 9 (1956), 334-350.

M. Newman, Construction and application of a certain class of modular functions I1I, Proc.
London Math. Soc. (3) 9 (1959), 373-387.

K. Ono, Representations of integers as sums of squares, preprint.

J.-P. Serre, Divisibilité des coefficients des formes modulaires de poids entier, C.R. Acad. Sci.
Paris (A) 279 (1974), 679-682.

D. Zagier, A proof of the Kac-Wakimoto affine denominator formula for the strange series, Math.
Res. Lettr. 7 (2000), 597-604.

1840 HuMBLE RoAD, MISSOULA, MONTANA 59804.
E-mail address: jaycegetz@hotmail.com

DEPT. OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706 USA.
E-mail address: mahlburg@math.wisc.edu



