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Notations and acronyms

notation meaning

SPD symmetric and positive definite

CBS inequality Cauchy-Bunyakowsky-Schwarz inequality

N, Ny the natural numbers 1,2,3, ..., and NU {0}, resp.

Z,R, C integers, reals, and complex numbers, respectively

R-o, R>g positive and nonnegative reals, respectively

Q, 00 bounded Lipschitz domain in R”, and its boundary

L,(Q), L, the space of functions on  for which [, |f|? is finite

Wy (), Wy the Sobolev space with smoothness s measured in L,

H*(Q), H? equal to W5 (Q)

H{(Q), Hj the closure of C§°(§2) in H*(Q2)

B(L,(Q?)), Bi(L,) Besov space with smoothness s measured in L, and
secondary index ¢

H a separable Hilbert space, typically Ly or H}

H' the dual of H

U, v, W, elements of H

0y the space f2(V) with a countable index set V

P the set of finitely supported sequences in /5, i.e., is

equal to {v € £y : #suppv < oo}

the duality product on H x H’, or the standard inner
product in £y

the standard norm on /5, or the induced operator norm
on ¥y — ¥o

vii




viii NOTATIONS AND ACRONYMS

notation

meaning

u,v,w
Vi, [V + W])\? W,
Vi1, Vi, Wik

BN(V>
AS

A LM

elements (or vectors, sequences) of ¢3(A) with some
countable index set A C V

entries (or coefficients) in elements of ¢5(A), thus e.g.
vyE€R

different elements of /5, thus e.g. v, € {5

a best N-term approximation of v € /5

the set of sequences in /, that can be approximated
by best N-term approximations with the rate s; or in
Chapter [0], the set of sequences in ¢y that can be ap-
proximated by best tree N-term approximations with
the rate s

the set of sequences in /5 that can be approximated by
best graded tree N-term approximations with the rate
s

bounded linear operators of type fo — /5

a symmetric and positive definite matrix

condition number of M, i.e., [|[M|[||M™!|| for an invert-
ible M

inner product defined by (A-,-)

the norm defined by ((-,-))2, called the energy norm
the trivial inclusion lo(A) — €5(V), for A C V

equal to the adjoint I* : l5(V) — l5(A), for AC V

f < C-g with a constant C' > 0 that may depend only
on fized constants under consideration

g3 f

fSgandg S f

end of example, definition, or long remark

end of proof




Chapter

Introduction

1.1 Background

This thesis treats various aspects of adaptive wavelet algorithms for solving op-
erator equations. For a separable Hilbert space H, a linear functional f € H’,
and a boundedly invertible linear operator A : H — H’, we consider the problem
of finding u € H satisfying

Au = f.

Typically A is given by a variational formulation of a boundary value problem
or integral equation, and H is a Sobolev space formulated on some domain or
manifold, possibly incorporating essential boundary conditions. Often we will
assume that A is self-adjoint and H-elliptic. General operators can be treated,
e.g., by forming normal equations, although in particular situations quantitatively
more attractive alternatives exist.

In their pioneering works [17, 18], Cohen, Dahmen and DeVore introduced
adaptive wavelet paradigms for solving the problem numerically. Utilizing a Riesz
basis ¥ = {v; € H : i € N} for H, the idea is to transform the original problem
into a problem involving the coefficients of u with respect to the basis W. Writing
the collection of these coefficients of u as u € /5, u has to satisfy

Au=Tf,

where A : /5 — /{5 is an infinitely sized stiffness matrix with elements A;, =
[AYg](¥) € R, and f € ¢ is an infinitely sized load vector with elements f; =
f(¥;) € R. Under certain assumptions concerning the cost of evaluating the
entries of the stiffness matrix, the methods from the aforementioned works of
Cohen, Dahmen, and DeVore for solving this infinite matrix-vector problem were
shown to be of optimal computational complexity. In this thesis, we will verify
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those assumptions, extend the scope of problems for which the adaptive wavelet
algorithms can be applied directly, and most importantly, develop and analyze
modified adaptive algorithms with improved quantitative properties.

In order to solve the infinitely sized problem on a computer (within a given
tolerance € > 0), one should be able to approximate both f and Av for finitely
supported v. Let P C {5 denote the set of finite sequences. Then one utilizes some
maps A: Rygx P — P and F : Ryg — P, both realized by some implementable
computational procedures, such that for any € > 0 and for any v € P,

| A(e, v) — Av|| <, and | F(e) — f]| <e.

We know that the sequence (u?) ;>0 given by the Richardson iteration

u® =0,
{u(j+1) =ul) 4+ af — Au(j)), jeN,

converges to the solution u for a € (0, %); however, this iteration is not com-
putable since in general the retrieval 01‘J a{l coefficients of f and the application
of A requires infinite storage and unlimited computing power. Therefore one
has to perform this iteration only approximately, working with finitely supported
vectors and matrices only. By using the procedures A and F one can design a
convergent inexact Richardson iteration. Other Krylov subspace methods can be
used as well, where the theory of inexact Krylov subspace methods comes into
play.

In [I77, [86], it is shown, assuming that the individual entries of the matrix A
can be computed efficiently, how a reasonably fast procedure A can be realized,
essentially by proving that the matrix A can be approximated well by sparse
matrices. The latter is a result of the facts that the wavelets are locally supported
and have the so-called cancellation property, and that the considered operators
are local (in case of differential operators) or pseudolocal (in case of singular
integral operators). Based on an inexact Richardson iteration, employing the fast
procedure from the above papers, and assuming that on average, an individual
entry of the matrix A can be computed at unit cost, in [I8] an iterative adaptive
algorithm was developed that has optimal computational complexity, meaning
that the algorithm approximates the solution using, up to a constant factor, as
few degrees of freedom as possible and the computational work stays proportional
to the number of degrees of freedom. The average unit cost assumption will be
confirmed in Chapters [7] and [§] of this thesis for both differential and singular
integral operators.

As an alternative to using the Richardson iteration, in [I7] another approach
was suggested of using Galerkin approximation in combination with a residual
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based a posteriori error indicator, leading to an algorithm of optimal computa-
tional complexity which is similar in spirit to an adaptive finite element method.

A crucial ingredient for proving the optimal complexity of both algorithms was
the coarsening step that was applied after every fixed number of iterations. This
step consists of removing small coefficients from the current iterand, ensuring
that the support of the iterand does not grow too much in comparison to the
convergence obtained by the algorithm. As we will show in Chapter [3], it turns
out that coarsening is unnecessary for proving optimal computational complexity
of algorithms of the type considered in [I7]. Since with the new method no
information is deleted that has been created by a sequence of computations, we
expect that it is more efficient. Numerical experiments from e.g. Chapter [3| and
[30] show that removing the coarsening improves the quantitative performance of
the algorithm.

For the algorithms we have mentioned, the matrix A is assumed to be symmet-
ric and positive definite, i.e., the operator A is self-adjoint and H-elliptic. In the
general case one may replace the problem by the normal equation A*Au = A*f.
From a quantitative point of view, the normal equation is undesirable since the
condition number is squared. In some special cases it can be avoided. For exam-
ple, for saddle point problems one can use the Schur complement system, cf. [25].
For strongly elliptic operators, i.e., the operator A is a compact perturbation of a
self-adjoint and H-elliptic operator, we will show in Chapter [5|that the algorithm
from Chapter [3| can be applied directly with minor modifications, avoiding the
normal equations.

Although the algorithms above described are proven to have asymptotically
optimal computational complexity, there are some reasons to expect that the
algorithms can be quantitatively improved. Let w := A(e,v) for some ¢ > 0
and finitely supported v € P. The individual wavelet 1; is characterized by its
so-called level and its location in space. Then, with the commonly used map A,
in general, the difference between the highest levels of wavelets that are used in w
and that are used in v grows as ¢ — 0, which leads to serious obstacles in practical
implementations of the algorithm. If we simply force the level difference not to
exceed some fixed number, then the numerical experiments show relatively good
performance, see e.g. [5, 54]. In Chapter [ we will analyze similarly modified
algorithms.

1.2 Thesis overview

The thesis is outlined as follows:
Chapter [2| (Basic principles) contains a short introduction to the theory
of adaptive wavelet algorithms. We start with recalling essential properties of
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wavelet bases, and briefly present basic results on best N-term approximation.
Then we describe how an optimally convergent algorithm can be constructed us-
ing any linearly convergent iteration in the energy space. We include proofs of
the most fundamental results, along with references to relevant literature.

In Chapter |3| (Adaptive Galerkin methods), an adaptive wavelet method for
solving linear operator equations is constructed that is a modification of the
method from [I7], in the sense that there is no recurrent coarsening of the iterands.
In spite of this, it will be shown that the method has optimal computational
complexity. Numerical results for a simple model problem indicate that the new
method is more efficient than the existing method.

In Chapter || ( Using polynomial preconditioners), we investigate the possibility
of using polynomial preconditioners in the context of adaptive wavelet methods.
We propose a version of a preconditioned adaptive wavelet algorithm and show
that it has optimal computational complexity.

In Chapter |5 (Adaptive algorithm for nonsymmetric and indefinite elliptic
problems), we modify the adaptive wavelet algorithm from Chapter [3| so that
it applies directly, i.e., without forming the normal equation, not only to self-
adjoint elliptic operators but also to operators of the form L = A + B, where
A is self-adjoint elliptic and B is compact, assuming that the resulting operator
equation is well-posed. We show that the algorithm has optimal computational
complexity.

Aiming at a further improvement of quantitative properties, in Chapter@ (Adap-
tiwe algorithm with truncated residuals), a class of adaptive wavelet algorithms for
solving elliptic operator equations is introduced, and is proven to have optimal
complexity assuming a certain property of the stiffness matrix. This assumption
is confirmed for elliptic differential operators.

In Chapter [7| (Computability of differential operators), restricting us to differ-
ential operators, we develop a numerical integration scheme that computes the
entries of the stiffness matrix at the expense of an error that is consistent with
the approximation error, whereas in each column the average computational cost
per entry is O(1). As a consequence, we can conclude that the “fully discrete”
adaptive wavelet algorithm has optimal computational complexity.

In Chapter (Computability of singular integral operators), we prove an analo-
gous result for singular integral operators, by carefully distributing computational
costs over the matrix entries in combination with choosing efficient quadrature
schemes.

Chapter [J] (Conclusion) closes the thesis with a summary and discussion of
the presented research topics, as well as with some suggestions for future research.
To help readers who prefer to read the chapters in an order different than
linear, Figure on the facing page illustrates the logical dependencies between
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chapters.

> Chapter 4

| Chapter3 —3» Chapters

Chapter 2

| Chapter 6

»| Chapter 7

P! Section 7.2 P! Chapter 8

Figure 1.1: Chapter dependencies

Chapters 3, 5, 7 and 8 have appeared as separate papers. For this thesis,
they have been edited to some extent, varying from small editorial changes to
enlargement by extra sections. Some notations have been changed to ensure
uniformity. Chapter 3 is based on [46]:

Ts. GANTUMUR, H. HARBRECHT, AND R. P. STEVENSON, An opti-
mal adaptive wavelet method without coarsening of the iterands, Tech-
nical Report 1325, Utrecht University, The Netherlands, March 2005.
To appear in Math. Comp.

Chapter 5 is [45]:

Ts. GANTUMUR, An optimal adaptive wavelet method for nonsymmet-
ric and indefinite elliptic problems, Technical Report 1343, Utrecht
University, The Netherlands, January 2006. Submitted.

Chapter 7 is [47]:

Ts. GANTUMUR AND R. P. STEVENSON, Computation of differential
operators in wavelet coordinates, Math. Comp., 75 (2006), pp. 697
709.

Chapter 8 appeared as [48]:

Ts. GANTUMUR AND R. P. STEVENSON, Computation of singular in-
tegral operators in wavelet coordinates, Computing, 76 (2006), pp. 77—
107.
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1.3 Algorithms

Algorithms in this thesis are numbered within sections, and placed between two
horizontal lines, preceded by the caption of the algorithm. Some algorithms have
a name, which is placed, except for a few instances, at the end of the caption.
The name of an algorithm ends with the list of input variables placed between
square brackets, followed by the list of output variables separated from the input
list by an arrow. For example, XY/a,b] — ¢ and XY |a,b] — [c,d] are names of
different algorithms. In any chapter, each algorithm has a unique name. A few
algorithms in different chapters have common names, but it will be clear from
the context which algorithm is in focus. At the beginning of an algorithm, the
conditions that should be satisfied for the input variables are stated after the
keyword Input. For algorithms that do not have a name, the input variables
are also introduced here. Similarly, conditions that are satisfied for the output
variables are stated after the keyword OQutput. After the keyword Parameter
we declare fixed constants or input parameters that are changed infrequently.
In order not to clutter algorithm names too much, these input parameters are
not listed within the algorithm name. Abstract algorithms are defined only by
their key properties, which should be satisfied for any concrete realization of the
algorithm. Sometimes we call abstract algorithms algorithm templates.

1.4 Notational conventions

While many notations are summarized in the table on page [vil, we would like to
highlight some specific ones that appear frequently throughout the thesis. In any
case, their definitions appear at the first place where they are introduced.

In this thesis, we will encounter function spaces L,(§2), W (§2), etc., with Q
being a bounded Lipschitz domain. Elements of those spaces are indicated by
lowercase letters (e.g., u). Capital letters (e.g., S, L) are used to denote subspaces,
spaces, or operators.

A large portion of the thesis concerns sequence spaces, such as £,(V) with a
countable index set V. We use boldface lowercase letters (e.g., u) for elements of
a sequence space. To indicate an individual entry in a sequence, Greek subscripts
are used, and when a sequence of elements of a sequence space is considered,
Roman subscripts are used. For example, if v € /5(V) and A € V, then v, € R
is an entry in the sequence v. In contrast, (vi)ren can be a sequence of elements
of ¢ and so vi € /5 for £k € N. Operators on sequence spaces are denoted by
boldface capital letters, as in L : 5 — ¢5. We use || - || to denote both || - ||,
and || - |lgy—s,- For an invertible M : 5 — (5, its condition number is defined by
R(M) = MM,
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In order to avoid the repeated use of generic but unspecified constants, by
f < g we mean that f < C-g with a constant C' > 0 that may depend only on
fized constants under consideration. For example, [nsinz| < 1 is true uniformly
in x € R for any fized n € N. Obviously, f 2 ¢ is defined as ¢ < f, and f < g as

fSgandg S f.
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Chapter

Basic principles

2.1 Introduction

In this chapter we will take a short tour of the field of adaptive wavelet algorithms.
We introduce and explain various concepts and terms that will be referred to
frequently in this thesis.

We begin with recalling essential properties of wavelet bases, and briefly
present basic results on best N-term approximation. Using Richardson’s iter-
ation as an example, we will describe how an optimally convergent algorithm can
be constructed using linearly convergent iterations in the energy space. We then
go into the fundamental building blocks of optimally convergent adaptive wavelet
algorithms, such as the fast application of operators and the coarsening routine.

We include proofs of the most crucial results, along with references to relevant
literature.

2.2 Wavelet bases

A wavelet basis is a basis with certain properties, and one or more of these prop-
erties can be emphasized depending on the particular application. In this section,
we recall some relevant properties of wavelet bases, for simplicity considering the
case of wavelet bases for Sobolev spaces on bounded domains. Although many
of the results in this thesis hold in more general and hence abstract settings,
we will occasionally return to the setting from this section to discuss how those
general ideas could be applied in a concrete setting. On the other hand, we will
explicitly state it if we need specific additional properties of wavelet bases. Let
H := H'(Q) be the Sobolev space with some smoothness index ¢ € R, defined on
a bounded Lipschitz domain 2 C R", and with V being some countable index
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set, let U = {1 : A € V} be a wavelet basis for H.

Riesz basis property

The first important property is that U is a Riesz basis of H. Recall that a basis
¥ is Riesz if and only if

vl = Vi@l vebL(V), (2.2.1)

where we used the shorthand notation v'W := ", o vyix. Here || - || denotes
the standard norm on ¢; := l5(V). With (-, ) denoting the duality product on
H x H', we define the analysis and synthesis operators by

F:H —tly:9— (9,9) and Flily—sH: v v, (2.2.2)
respectively, where with (g, ¥) we mean the sequence ({g,%))r. The Riesz ba-
sis property of W ensures that both F' and F " are continuous bijections. The
collection W := (F'F)~'W is a Riesz basis for H’, called the dual basis of V.
Direct and inverse estimates

Another property is that there exists a sequence of subsets Vo C V; C ... C V
such that with some d > v > max{0,t}, the subspaces

S;:=span{y, : A € V,} (7 € Np),
satisfy the Jackson (or direct) estimate for r < v and s € [r, d],

inf o — vyl S 2770l
U €95

ae (ve HY), (2.2.3)

as well as the Bernstein (or inverse) estimate for r < s < 7,

e SPE Nl (v €S)). (2.2.4)

o

Furthermore, the dual sequence (S;);>o defined via the dual wavelets ¥ and the
sequence (V;),>o also satisfies the analogous estimates with constants d>4>
max{0, —t}. In particular, the Bernstein estimates give information about the
smoothness of the wavelets or their duals, namely, we have ¥ C H? for any s < ~
and ¥ C H*® for any s < 7.

The Jackson estimate is typically valid when S; both contains all polynomials
of degree less than d, and is spanned by compactly supported functions such
that the diameter of the supports is uniformly proportional to 277. Likewise
the Bernstein estimate is known to hold with v = r 4 % when S is spanned
by piecewise smooth, globally C”-functions for some r € {—1,0,1,...}, where
r = —1 means that they satisfy no global continuity condition.
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Locality

Another important characteristic of wavelets is that they are local in the sense
that for A € V and = € ), j € Ny,

diam(supp¥y) S 27 and  #{|A =7 : B(z,277) Nsupp ¥y # @} S 1,

where the level number || for A € V is defined by |A| = j if A € V; \ V,_; with
V_1:= @, and B(z,r) C R" is the ball with radius » > 0 centered at z € R".
For j € Ny, the domain € can be covered by an order of 27" balls with radius 277,
thus the number of wavelets on level j is bounded by some constant multiple of
20m,

We remark that typically the locality of the dual wavelets is not necessary for
wavelet methods for solving operator equations.

Cancellation property

By using that (1%,1/},\) = Ou, with 9, the Kronecker delta, we have for A €
V\ Vo, g€ H(Q), g € Sx-1,

(g,02) = (9= 90, Un) < |lg — ol Al &,

and from the Jackson estimate for the dual sequence (5]) >0, We infer

G < il g gl STCOlgly (<t <5 <d),
IAES|A|-1
This is an instance of the so-called cancellation property of order d.
Analogously to the above lines, for w; € W; := span{¥y : |A\| = j} and
g € H™? with —r < —s < d for some —r < 7, we have

(g,w;) < inf g = gjlla—rllwlar S22 glla—llw;| e,
g;€S;-1

and so, for r > —% and s € [—d, ],

ol S 27wl (w; € Wy). (2.2.5)
Note that since W; C S;, the above estimate is valid also for s € [r,) by the
Bernstein estimate (2.2.4]) on the preceding page.
Characterization of Besov spaces

Since the next property of wavelets will involve Besov spaces, before stating that
property we recall some definitions and facts related to Besov spaces.
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For p € (0, 00|, we introduce the m-th order L,-modulus of smoothness
Win (v, E)r, := sup [|AT V| L, (2,);
|h|<t

where Qp,, :={r € Q: x4+ jh € Q,j =0,...m} and A} is the m-th order
forward difference operator defined recursively by [A}v](z) = v(z+ h) —v(z) and
Ay = A(AP o, Then, for p,q € (0,00] and s > 0, with m > s being an
integer, the Besov space B;(L,) consists of those v € L, for which

vlBy(L,) = (2w (v,277) 1) jz0le,

is finite. The mapping || [|Bs(z,) = |||z, + -
and only a quasi-norm otherwise.

We now recall a number of embedding relations between Besov spaces with
different indices. Simple embeddings are that B} (L,) C B;,(L,) for ¢1 < g,
and that B} (L,,) D B;(Ly,) for p1 < ps. We also have B} (L,,) D B;,(Ly,) for
p1 < pp, and B;l(Ly) D By2(L,) for s; < sy, regardless of the secondary indices
¢1 and ¢o. Not so obvious is that

B3 (Ly) defines a norm when p,q¢ > 1

B (Ly,) C By (Ly,) for s, — so = n(=

- 1) >0.
p1 p2

In particular, combining some of the above relations we have By!(L,,) C B,2(Ly,)
for s1 — s9 > n(pi1 - p%) > 0, cf. [16].

It is worth noting that besides the aforementioned definition, there are a
number of other natural ways to define Besov spaces, which definitions are all
equivalent when s/n > max{1/p — 1,0}, cf. [I6]. Besov spaces with negative
smoothness index s are defined by duality: for s <0, By(L,) := [B,*(Ly)]" with
1/¢g+1/¢ =1and 1/p+1/p' =1, so necessarily p,q > 1.

It is well known that at least when €2 is a bounded Lipschitz domain, one has
B5(Ly) = H® for s € R and By(L,) = W} for s > 0, s ¢ N, where H* = W5, and
W, denotes the Sobolev space of smoothness s measured in L,(€2).

The norm equivalence provides a simple criterion to check whether a
function is in ‘H by means of its wavelet coefficients. Similarly, other function
spaces also can be characterized by wavelet coefficients of functions. We shall
briefly describe such a characterization for Besov spaces. It is known that for any
v = (Va)aev such that vI'0 € B3(L,),

~ [lv
eq

H 2]8 t+ﬂ_ﬂ (V)\)I)\l ij )j>0 Lp), (2.2.6)

is valid for p > 0 and max{0,n(1/p — 1)} < s < min{d,v(p)}, with

v(p) :=sup{o : ¥ C By (L,) for some g},
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at least when W, ¥ C Lo. The equivalence is also valid for p > 1 and
—min{d,5(p)} < s < 0, with 5(p) := sup{o : ¥ C B (Li-1/p) for some gqo}. It
is perhaps most convenient to describe the above conditions as a region in the
( 113, s)-plane, see Figure . Note also that depending on the particular situation,
this region may have some more constraints, e.g., when boundary conditions are
incorporated into the space. For proofs of in various circumstances we
refer to [16, 29].

An interesting special case of occurs when s —t = n(ll) — %) and p = q,
namely

||VT\II||B§(LP) ~ || vlle,- (2.2.7)

As noted earlier, the line s—1¢ = n(% —3) is the demarcation line of the embedding
By(Ly) C BY(Ly) = H"

S
d i
\
\
A(p) |
\
| 1
| "(‘— )
t p
\
0 ‘
P ;
\ /
‘ /
n‘//
—z,
\
BN |
—d —3(p)

Figure 2.1: In this so-called DeVore diagram ([39]), the point (%,s) represents the
whole range of Besov spaces Bg(Lp), 0 < g < o0. Then the concave polygon bordered by
the thick lines is the region for which the norm equivalence 1s valid. The Besov
spaces satisfying the norm equivalence are on the line starting from the point

(3:1)-

Finally, we would like to note that one side of the estimate (2.2.6)) is generally
valid for a wider range of parameters p and s. To be specific, for p > 0 and
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max{0,n(1/p — 1)} < s < d, we have

sup (25D (vl ) < IV
>0

B;(LP), (228)

at least when W, U C L, cf. [16].

2.3 Best N-term approximations

In order to assess the quality of approximations generated by adaptive algorithms
that we will consider in the sequel, we introduce the following benchmark. With
V a countable index set, let 5 := (V). For N € N, we collect all the elements
of /5 whose support size is at most N in

Xy :={vely:#suppv < N}, (2.3.1)

and define Xy := {0}. We will consider approximations to elements of ¢, from
the subsets X . The subset X is not a linear space, meaning that it concerns
nonlinear approximation. For v € {5 and N € Ny, we define the error of the best
approximation of v from Xy by

En(v) :=dist(v,Xy) = inf |[v—vyl. (2.3.2)

vNEXN
Any element vy € Xy that realizes this error is called a best N-term approxima-
tion of v. With Py : f5 — l5(A) being the fs-orthogonal projector onto ¢3(A), a
best N-term approximation of v € /5 is equal to Pv for some set A C V with
#A < N, on which |v,| takes its largest N values. Note that P,v is obtained
by simply discarding the coefficients v, of v with A ¢ A. The set A is not neces-
sarily unique. For N € Ny, we denote an arbitrary best N-term approximation
of v € {3 by By(v) or more briefly, vy if there is no risk of confusion. Any
result in the thesis shall not depend on the arbitrary choice between best N-term
approximations.
For s > 0, we define the approximation space A* C /5 by

A i={vely:|v

As = ||v]| + sup N°En(v) < 00} (2.3.3)
NeN

Clearly, it is the class of /5-sequences whose best N-term approximation decays
like N75. It is obvious that A* C A" for s > r.

Lemma 2.3.1. For s > 0 and for v,w € A° a generalized triangle inequality

holds,
v 4+ Wi < max{2°, 2%} (|v] s + |W]a:),
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meaning that | - | 4s 18 a quasi-norm.
A

The Aoki-Rolewicz theorem (cf. [4, 168]) states the existence of a quasi-norm

| s = |- |fge with p = min{sfl, 5}, satisfying the standard triangle inequality
|V 4wl < V|4 + W]k for v,w € A°. Moreover, A® is complete with respect

to the metric defined by d(v,w) = |v — w|%., i.e., A® is a quasi-Banach space.
Proof. Since Xy + Xy C Xon for N € N, we have

Eon(v4+w) <|[v+w—By(v) — By(w)|| < Ex(V) + Ex(w).

Moreover, we have Eoni1(-) < Ean(+), and Ei(-) < |- ||, and taking into account
that (2N +1)* < max{2°N®* + 1,221 N* 4+ 25711 we get the generalized triangle
inequality.

We remark that the functional |- | 4+ is homogeneous: |v-|4s = V|| |45, ¥ € R,
but it is not guaranteed to satisfy the standard triangle inequality, while for |- |%.
the situation is the other way around. Let (v)reny be a Cauchy sequence in A°.
Then obviously it has a limit v € ¢, and with a subsequence (v, ) nen such that
|V — viy || < N7°, we have

Ex(v) <V =Bn(Vi )l < [1v = vyl + [IVey = By (Vi)
S N—* + N_S‘VkN

As.

From the triangle inequality for | - [%. we have ||w|%. — |z[%.| < |[w — 2z|%. for
w,z € A°, thus (|vg|%.)ken is a Cauchy sequence. This implies the existence of
a constant C' > 0 such that |vg|%. < |vg|%. < C for k € N, and so we conclude

that Ex(v) < N™*% or equivalently, v € A°. n

Now we consider a relation between .A° and the classical sequence spaces /,,.
To this end, for p € (0,2), we introduce the weak ¢, spaces by

by={vel:|v

g = sup 3P|y (v)] < o0},
jeN
where (7;(v));en denotes the non-increasing rearrangement of v in modulus.

Lemma 2.3.2. Let s > 0 and let p be defined by }D = s+ % Then we have

A* =0, and | llas = | -

X
s

with the equivalency constants depending on s only as s — 0 or s — oo.
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Proof. We include a proof for the reader’s convenience. By definition, v € £ if

and only if for some constant ¢ > 0, |y;(v)| < c¢- 577, j € N, and the smallest
such c is equal to . For v € £; and N € N, we have

(EN(V))2 =[lv=ByWI>= > P < vz, Y577

]>N >N
[VIZ V127 = L2 N2,
D

SZ/p 1

Conversely, for v € 4° and N € N we have

ax (VPN < 30 ()P < v = By )| < N v

As»
N<j<2N

which means that |[yon (V)| < NEsHY2|v| 40 = N
|v]] and von41(V) < Yon (V) to complete the proof.

. Now we use 7;(v) <
u

Since for p < 1, £% is not normable, cf. [4], the above result shows that for
s> 5 1 A% is not normable meaning that it is only a quasi-Banach space. On
the other hand, also from the theory of £;-spaces one infers that for s < %, there
exists a norm equivalent to | - |4s, so that A® is a Banach space with respect to
it.

The next observation is that £; is very close to /,. In fact, for any p € (0,2)
and € > 0, we have

. /
PP = G )P) 7 < (O] )IP) " < Ivlle,,
k<j

and

VI =S ) < jr < v,

jEN jeN
so that
by — 0, — L. (2.3.4)

Remark 2.3.3. Let us consider a wavelet basis U for H'. In view of the above
results and the norm equivalence on page , we have that whenever
viW € Byt(L,) with § = s+ 3, v satisfies v € A® with [v|4s S [V grinsy, -
Therefore, the rate of the best N-term approximation of a function in wavelet
bases is governed by the Besov regularity of the function.

As we know, the validity of the norm equivalence imposes certain
constraints on the possible values of the parameters. In the present context,
those constraints can be rephrased as follows. For ¢t < —2, the value of s is
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restricted by s < %, because of the condition p > 1. For arbitrary ¢, one needs

t +ns < min{d,y(p)} or s < min{<t, %} If the wavelets are piecewise
smooth, globally C"-functions for some r € {—1,0,1,...}, where r = —1 means
that they satisfy no global continuity condition, then it is known that ( ) =
r+1+1/p=r+1+s+1/2=7(2)+ s, giving the bound s < min{% t,”ﬂ :
So if r > t%d +d— %, then the smoothness of the wavelets does not limit the
range for which the norm equivalence (2 is valid. With spline wavelets we
have » = d — 2, in which case the above requirement reads as d t> 1

On the other hand, we see that only one side of the relation (|2 1s sufficient
to bound the ¢,-norm of a sequence by the Besov norm of the corresponding
function. In fact by using the 1nequa11ty - for s € (0, % t) and t > —2, we

infer that if VT\I/ € BI*"s(L,) with 1 5 <s+3 Land ¢ € (0,p], then v € A° With
v S |IvIY| ptins(r,)- Note that the condition involving ~y(p) has disappeared.
We sketch here a proof of the aforementioned fact. Let vi' ¥ € Bi"(L,) with

q = p, and let C' > 0 denote the quantity in the left side of the inequality -
Noting that s in - ) has to be replaced by t+ ns here, when 1 5 < s+ —, we

have |[(va)n=jlle, < €279 with 6 :== s+ 5 — To > 0. With (v;(v));>0 denoting
the non-increasing rearrangement of v, we infer

2jn/p|,}/2m | < Z |’Yk |p l/p < o~ Jnd __ C(2jn)—6
k<2im
Now taking into account that #{\ : |\| = j} < 2", by monotonicity of (yx(v)),
the above estimate implies that j'/7|~;(v)| < j=° or v € €4 with 115 = ]—1)—1-(5 = 543,
so that v € A°. The case g < p follows by embedding. @

Remark 2.3.4. Even though £ is very close to £, in the sense of , the
embedding ¢, < {; is proper, since for example, a sequence v with |y;(v)| = j =/
is in £ but not in £,. Hence we see that the space X* := {v?'¥ : v € A*} is slightly
bigger than B)*"*(L,), with }D = s+ 3. Actually, given the norm equivalence

(2.2.7), the spaces X « € (0,s), can be characterized by interpolation spaces
as X = [H', B}""*(Ly)]a/s,00, which, however, is not a Besov space, cf. [16] 39].
On the other hand, defining the “refined” approximation spaces for s > 0 and

€ (0, 00}, by
e
tq

an extension of Lemma exists that says that A = (,, with = s + 4,
where £,, == {v : [|(j 1/7’ ! q] (V)|)jenlle, < oo} is the Lorentz sequence space.
Since £, = {,, in view of the norm equivalence (2.2.7), we have BL™*(L,) =
{v'¥:v e A} with L = s+ 5. Note that A* = AS and that A — A7 for

T

q NeN

AS::{V€€2:|V

(oop)
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0<q <q< o0, and A7 — A77° for any ¢ > 0 and any q1, ¢z € (0,00]. These
relations imply (2.3.4) as special cases. For a detailed treatment of related issues
in the theory of nonlinear approximation, the reader is referred to [16, [39]. @

Remark 2.3.5. In view of the Jackson estimate on page , membership
of a function v in the Sobolev space H'™™* yields an error decay measured in
H'-metric of order 277" |v|ye+ns for the approximation from the “coarsest level”
linear subspaces S; = span{¢) : A € V,}. Since the number of wavelets in V;
is of order N; = 27" the error of this linear approximation expressed in terms
of the number of degrees of freedom decays like N; *|v[gt+ns. The condition
v e B;*”S(Lp) with Il) =5+ % involving Besov regularity which is sufficient to
guarantee this rate of convergence with nonlinear approximation, is much milder
than the condition v € H'™™* involving Sobolev regularity. Indeed, H*t" is
properly imbedded in B}/""*(L,), and the gap increases when s grows. Assuming
a sufficiently smooth right-hand side, for several boundary value problems it
was proven that the solution has a much higher Besov regularity than Sobolev
regularity [26].

Similar to the previous remark, the Jackson estimate , however, presents
only a sufficient condition for the error decay of order N; ™, and the question arises
whether there are functions in H' outside H'™™* that nevertheless show an error
decay of order N;* for the linear approximation process. One can show that for
s < 7, such functions do exist, but they are necessarily contained in H**"~¢ for
arbitrarily small € > 0.

Note that we have been discussing only a particular type of linear approxima-
tion, namely, the approximation from the subspaces S;. So a natural question is
whether there exists a linear approximation process that approximates as good as
best N-term approximations. The answer turns out to be negative. By employing
the notion of Kolmogorov’s N-widths, it has been shown that for any sequence of
nested linear spaces, the corresponding approximation space A° is always prop-
erly included in the approximation space A* for the best N-term approximation,
where the gap between them increases as s grows, cf. [39]. %)

We end this section by recalling some facts concerning perturbations of best
N-term approximations, which will be often used in the sequel. The following
proposition is recalled from [17], 83].

Proposition 2.3.6. Let s > 0 and let P C {5 denote the set of all finitely sup-
ported sequences. Then for any v € A* and z € P, we have

7| 4s S |[V]as + (FFsupp z)*|[v — z]|.
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Proof. Let N := # suppz, then

A S|z — By(v)

a S N)llz = By (V)] + v

|Z As

where we used # supp (z — By (v)) < 2N and ([2.3.3). The proof is completed by
Iz = By (v)[| < [lz = vl + [lv = By(v)]| < 2[lz —v]. =

The following result shows that by removing small coefficients from an ap-
proximation z € P of v € A®, one can get an approximation nearly as efficient
as a best N-term approximation. The proof follows the proof of [28, Proposition

3.4].

Proposition 2.3.7. Let § > 1 and s > 0. Then for any ¢ > 0, v € A®, and
z € P with
Iz — vl <e,

for the smallest N € Ny such that ||z — By (z)|| < ¢, it holds that

S

—1 1
N <e /S|VAS,

and
1By (2)| s S [ V] a0

Proof. When ||v]| < (0 — 1)e, we have ||z — 0| < fe, meaning that N = 0.

From now on we assume that ||v|| > (f — 1)e. Let m € Ny be the largest
integer with E,,(v) > (0 — 1)e. Such an m exists by our assumption. For m > 0,
we have

(0 —1e < Ep(v) <m™°lv

Ass

orm S e Volv Jl‘(ss, which is also trivially true for m = 0. By the definition of
m, we infer E,,11(v) < (0 —1)e or ||z — Br1(V)|| < ||z — V| + Engi(v) < be,
and so N < m + 1. The proof of the bound on N is completed by noting that
1< (00— D)V <7 Vs||v||V/s < e Volv }4/58. The bound on |By(z)| s follows from
an application of Proposition [2.3.6 ]

—1/s

2.4 Linear operator equations

Let H and H’ be a separable Hilbert space and its dual respectively. We consider
the problem of numerically solving an operator equation, which is formulated as
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follows. For a given boundedly invertible linear operator L : H — H' and a linear
functional f € H', find u € H such that

Lu=f. (2.4.1)

We refer to H as the energy space of the problem. Within this framework we
can discuss a quite wide range of problems, including for example weak formu-
lations of partial differential equations, pseudo-differential equations, boundary
integral equations, as well as systems of equations of those kinds. Then the cor-
responding energy space H is (a closed subspace of) a relevant Sobolev space
formulated on a domain or manifold, or a product of relevant Sobolev spaces,
cf. [I§]. As a well known example, one may think of the weak formulation of an
elliptic boundary value problem.

Example 2.4.1 (Elliptic boundary value problems). Let Q2 C R" be a bou-
nded Lipschitz domain, and with I' C 02 being a part of the boundary with
nonzero measure, let H := H-(Q) C H'(Q) be the subspace of the Sobolev space
H'(Q) of functions with vanishing trace on I'. Let L : H — H' be defined by

(Lv,w) = — Z (a;jk0kv, Ojw) L, + Z(bkﬁkv, w)p, + (cv,w)p, v,w e H,
k=1 k=1
where (-, -) is the duality pairing on H x H'. If the coefficients satisty a;, by, c €
Lo then L : H — H’ is bounded. Moreover, if there exists a constant « > 0 such
that

> ihe1 Gik()Ei&k > ad i & for all £ € R a.e. in Q,

and
o’ + 3, “bk“%oo(g) < 2c - essinf{by(x) : € Q},

then the operator L is elliptic on H, meaning that (Lv,v) = |[v||3, for v € H.
Therefore L is boundedly invertible, cf. [11]. %)

Another class of examples comes from a reformulation of boundary value
problems on domains as integral equations on the boundary of the domain.

Example 2.4.2 (Single layer operator). Let I' be a sufficiently smooth closed
1

two dimensional manifold in R3, and set H := H2('). Then the single layer
operator L : H — ‘H' defined by

v(z)w(y)
Lv,w) = // ——>2dl',dI’ v,w € H,
< ) rxr 47T — Y| !

is bounded and H-elliptic, cf. [57]. %)
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Let U = {9\ : A € V} be a Riesz basis of H, with F' : H' — lyand F' : by — H
being the analysis and synthesis operators as defined in (2.2.2)), respectively. If
we write the solution of (2.4.1)) as u = F'u for some u € {5, u must satisfy

Lu=f, (2.4.2)

where the so called stiffness matriz L := FLF' : {53 — (5 is boundedly invertible
and the right hand side vector f := F'f € /5. In the sequel, we also use the
notation (¥, LW) := FLF".

Many of the results in the sequel are formulated specifically for the case that
the stiffness matrix L in is symmetric and positive definite (SPD). For
clarity, in the context of those results we will denote the stiffness matrix by
A =1L, ie., we will be considering the equation

Au=Tf, (2.4.3)

with A : ¢, — ¢, SPD, and f € /5. For the case that L is not SPD, in view
of transferring the results obtained for to the general case (2.4.2)), one
possibility could be to consider the normal equation L?Lu = L’f.

For a given subset A C V, considering ¢5(A) as a linear subspace of {5, an
approximation from /5(A) to the exact solution of is given by the Ritz-
Galerkin approximation that is obtained by requiring that the residual r := f —

Au, for the sought approximation uy € f5(A) is £y-orthogonal to the subspace
l5(A), ie., (f — Auy,vy) = 0 for vy € €5(A). Since A is SPD, (-,-) = (A-,)

defines an inner product, and || || := (-, -)? is an equivalent norm in 5. Then the
orthogonality condition (f — Auy,vy) = 0 is equivalent to {(u — u, va)) = 0, so
for any vy € lo(A), we have [[u—va||* = [Ju—up|)® + [lux — va|?, which is called

the Galerkin orthogonality. The Galerkin orthogonality immediately implies that
the approximation u, is the best approximation to u from the subspace f3(A) in
the norm || - ||

Recalling that Py : f5 — l5(A) is the fy-orthogonal projector onto ¢o(A), the
Ritz-Galerkin approximation u, can be found by solving the equation PyAuy =
P,f. This equation has a unique solution u, since, as the following lemma
implies, the matrix Ap := P5AlI, is SPD with I := P} : /5(A) — {5 being the
trivial inclusion of ¢3(A) into f5. Note that Iyv, is simply the vector obtained by
extending v, by zeros for indices outside A. We will return to the Ritz-Galerkin
approximation in the next chapter.

Lemma 2.4.3. Let A : {5 — {5 be a symmetric and positive definite matriz.
1
Then || - || := (A-,-)2 is a norm in {3, satisfying

A2V < IvI < [JAlZ (v, (2.4.4)
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and
AT 72 Tavall < [[PAAT VALl < [JA[Z[Tavall, (2.4.5)

for any v € by, A TV, and vy € ly(A).

Proof. Since A is SPD, so are A~! and the finite section A, = P, Al,, therefore
(A=) and (A,-, ) define inner products in f5 and f5(A), respectively. The sec-
ond inequality in follows from the CBS (Cauchy-Bunyakowsky-Schwarz)
inequality for the standard inner product (-, -). The first inequality is derived by
using the CBS inequality for (A1 ) as

(A7'Av,v) < (A7 AV, Av)E (A7 v, v)E < V][ A7YE]v]).

An application of the CBS inequality for (-,-) followed by the first inequality

in (2.4.4) gives the first inequality in (2.4.5). The second inequality in (2.4.5) is

obtained similarly by applying the CBS inequality for (A,-, ). m

2.5 Convergent iterations in the energy space

Let us consider the following iteration in the sequence space ¢, to solve our discrete
problem (2.4.2))

u; = ICul_l, = 1, 2, e (251)

where uy € /5 is an initial guess and K : {5 — /{5 is continuous. The map K
depends on the operator L and the right hand side f. We assume that for some
p <1,

lw; — ufl, < p'flug — ull, for all u® € £y, (2.5.2)
where the norm || - ||, satisfies
allvl| < VI < Bulvl - v el (2.5.3)

with constants a,, G, > 0. We will call the map K the iterator and the result
vectors w; the iterands.

For symmetric and positive definite (SPD) systems, typical examples are the
steepest descent, and the Richardson iteration. In addition, general problems
can be transferred to SPD problems using the formulation of normal equations,
although in special cases more efficient formulations can be achieved, for example
Uzawa type algorithms for saddle point problems. Therefore, for the moment
ignoring the question of quantitative performance, there is no loss of generality
when we focus on SPD matrices L = A.
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Example 2.5.1 (The Richardson iteration). Let A : ¢, — ¢y be an SPD
matrix. We consider here the Richardson iteration for the linear equation (2.4.3)),

Kv :=v+w(f —Av). (2.5.4)

Using the positive definiteness and the boundedness of the matrix A, for any
v € {5 the following estimate is obtained.

[lu—=Kv|| = [[(I-wA)(u-v)

< max{|l — WAnax|, |1 — @Amin] } - [Ju — V||,

with Apax := ||A]] and Ay, := ||A7Y|7!. Therefore, if p := max{|1 — WAy, |1 —
WAmax|} < 1 or equivalently, w € (0,2/Anax) then Richardson’s iteration con-
verges:

[u—Kv[l < pllu—vl|.

Furthermore, with x(A) := [|A||||A™||, the minimum value of the error reduction
factor p and the corresponding damping parameter w are:

_ Amax—Amin __ H(A)_l
popt - )\max+)\min - H(A)‘f'l

_ 2
When wopt - )\max"l‘Amin ’ @

Example 2.5.2 (Steepest descent method). Let A : ¢, — (5 be a SPD ma-
trix. We consider the steepest descent iteration for the linear equation ([2.4.3),

(r,r)

Kv := T 2.5.5
Vi=vV+ <Ar,r>r’ ( )
where r := f — Av # 0 is the residual for v. With the equivalent norm || - || :=
(A-,-)2, this iteration satisfies, cf. e.g. [66],
k(A) —1
—Kv|| < ———[u—v|.
lu vl < S v 0

Now let us turn our attention to general iterations . In view of the
above examples, the exact iteration cannot be expected to be implementable
since in general the iterands are infinite dimensional vectors. However, since
we can approximate any f>-sequence by finite ones within any finite accuracy, we
shall consider the approximate application of the iterator within finite accuracies.
Postponing the question of how to do so, first we will discuss how a perturbation
affects the exact iteration . Let P C /5 be the set of all finitely supported
sequences and let K : Rog x P — P be a mapping such that

IK(e,v)—Kv||<e foralle>0, veP (2.5.6)
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Then we consider the following approximate iteration:

ﬁl = IC(EZ, ﬁl—l)a l= 1, 2, ce (257)

with the initial guess Gy € P and control parameters (¢;);.

Lemma 2.5.3. Let the initial guesses of the iterations (2.5.1)) and (2.5.7)) satisfy
ug = Ug. Then the error of the approximate iteration (2.5.7) is, with €y =
Huo - llH,

1 —ull < 237 phers,
with the constants oy, and B, from (2.5.3)). In particular, by taking €; := veop'/l,
i=1,...,1, with some v > 0, we can ensure ||[0; —u|| < (1 + v)eop! Be/ vy

Proof. By using (12.5.3)), (2.5.6), and (2.5.2)), the distance between the two itera-

tions can be estimated as

e = ||y — wll, = | K(e, 1) — Kug_y ||,
< BGullK(er, ty—1) — Ky || + |KQy—1 — Kuy—q]|«
< Bear + per1 < By Z;_:lo pher_i.

Hence the error of the approximate iteration is

=l < - (la —wll, + [lw —all) < 22375 pherr. n

Qe - O

2.6 Optimal complexity with coarsening of the iterands

Lemma shows that the approximate iteration (2.5.7)) can be organized such
that for any given target tolerance £ > 0, it produces an approximation u. € P
with [Ju—u.| <e. We are interested in adaptive solution methods, where supp u.
depends on both the exact solution u and the target tolerance . The method
may use low level wavelets where the solution is smooth, and higher level wavelets
only where the solution has singularities. This is an analogy to non-uniform
meshes arising from local refinements in adaptive finite element methods. For
non-adaptive methods a sequence Ay C A; C ... C V is fixed a priori, and the
goal is to find the smallest ¢ such that there is an approximation u. € ¢3(A;) with
u—uf <e.

In any case, it is obvious that with N := # supp u., |[u—u.|| > Ex(u). In this
regard, the rate of convergence of best N-term approximations delivers a yardstick
against which the convergence rate of a solution method can be measured. Recall
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that whenever u € A° the smallest N such that Ey(u) < e satisfies N <
e~ /5u }L(f. Let a method define a map (u, ) — u., where of course, the solution
u is given only implicitly. Then, for s > 0, we say that the method converges
at the optimal rate s, when u € A° implies # suppu. < E_I/S‘U‘Xf. Our goal
is to construct methods which converge at the optimal rate for a reasonably
wide range of s, with the additional property that the method takes a number
of arithmetic operations bounded by an absolute multiple of =/ S|u|i‘/f. This

additional property is called the property of optimal computational complexity.

Since for non-adaptive methods the approximations take place in the linear
spaces f5(A;), these methods converge at most with the same rate as that of the
corresponding linear approximation process. In view of Remark on page 18]
we see that adaptive methods have potentially large advantages over their non-
adaptive counterparts.

We now return to the discussion of constructing optimally convergent meth-
ods. To this end, a central idea is the idea of coarsening, which was introduced
in the pioneering work [I7]. Given some approximation z € P with |ju —z|| < e,
Proposition on page [19] states that with a constant # > 1, and the smallest
N € Ny such that ||z — By(z)|| < 0¢, obviously |lu — By(z)|| < (1 + 0)e and
N < e Vou }4/;9 whenever u € A° for some s > 0. The name coarsening comes
from the fact that removing small coefficients from z most likely results in remov-
ing unnecessarily fine level wavelets from regions where the solution is smooth,
hence leaving only coarser level wavelets. This idea reduces the issue of optimal
convergence rate to that of convergence: any linearly convergent method can be
made optimally convergent with the help of an appropriate coarsening procedure.
As it turns out, the remaining issue of optimal computational complexity can be
dealt with by coarsening the iterands at least once in every fixed number of iter-
ations. Of course, appropriate (but mild) requirements have to be made on the
computational cost of the underlying convergent method.

In view of implementing the coarsening routine, for z € P, determining By (z)
generally requires sorting of the coefficients in z, which takes at least the order of
m log m operations, with m = # supp z. Although it is not likely that in practice
this log-factor harms the efficiency of the algorithm, for a full proof of optimality
we need to get rid of this log-factor. The observation is that instead of determining
Bx(z), it suffices to find some index set A C suppz such that ||z — P,z|| < 6e
and #A is at most a constant multiple of N, after which one can use Ppz as a
“coarsened” z. To this end, we introduce a quasi-sorting algorithm which uses
the so-called bins or buckets to store entries with roughly equal values. In the
context of adaptive wavelet algorithms, this sorting algorithm was first used in
[3, B3], see also [63].
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Algorithm 2.6.1 Quasi-sorting algorithm BSORT [z, ¢] — {b; }o<i<,
Parameter: Let 3 € (0,1) be a constant.
Input: z € P and ¢ > 0.
Output: b; € P, z|gppb, = b; for all 4, and z =), b;, and ||by|| < e.
1. N :=#suppz, M = ||z||,;
2: Let ¢ € Ny be the smallest integer with SIM < 5/\/N;
3: From the elements of z, construct the vectors by, ..., b, as follows:
4: by :=0,...,by :=0;
5. For A € suppz and 0 < i < g, set [b;]\ := zy when |z,| € (3T M, ' M]; set
[by]x := 2z when |z,| < M.

For future reference, we state the following straightforward result, cf. [46} [83].

Lemma 2.6.2. The number of arithmetic operations and storage locations needed

for {b;} := BSORT|z,¢] can be bounded by an absolute multiple of
#suppz+q+ 1 < #suppz+ log (5_1Hz||) + 1. (2.6.1)

Moreover, ||b,|| < e, and for 0 <i < g, any two nonzero entries from the vector
b, differ at most a factor 1/ in modulus.

Proof. The only thing that might need a proof is (2.6.1). We have

a+151+log (7|12l (#supp2)?)
< 1+log (e7"|zlle..) + 5 log(# suppz)
<1+ log (e7'|z]|) + # suppz. n
Now we are ready to define the coarsening routine that for a given z € P,

finds a Pz such that ||z — Paz|| < e, and where #A is minimal modulo some
constant factor.

Algorithm 2.6.3 Clean-up step COARSE[z,¢| — z
Input: Let z € P and € > 0.
Output: z € P and ||z —z| <e.
1: {b;}o<i<q := BSORT|z,¢];
2: Create z by collecting nonzero entries first from by and when it is exhausted
from b; and so on, until ||z — z|| < ¢ is satisfied.

Lemma 2.6.4. For z € P and ¢ > 0, z := COARSE|[z,¢| terminates with
|1z — z|| <€ and z = Pyppz2. Moreover, the output satisfies

#suppz S min{N : Ey(z) < e} = min{#A : ||z — Ppz| < ¢}, (2.6.2)
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with En(-) from (2.3.2) on page . The number of arithmetic operations and
storage locations needed for this routine can be bounded by an absolute multiple
of #suppz + log (¢7Y|z||) + 1. Note that for any fized s > 0, log (e7'|z||) <
o < ol

Proof. We will prove only (2.6.2). Assume that z # 0, and let § be the constant
inside BSORT. Since ||b,|| < ¢, the last entry added to z originates from b; with
i < q. Then a minimal set A that satisfies |Pxz — z|| < ¢ contains all the entries
from the vectors by, ...,b;_1, as any entry in any of these vectors is greater in
magnitude than any entry in b;. Since any two nonzero entries from b; differ
less than a factor 1/ in modulus, the cardinality of the contribution from b; to
supp z is at most a factor 1/3? larger than that to A, so that #suppz < S 2#Am

The following is a key ingredient in proving optimal complexity of adaptive
algorithms with coarsening of the iterands. Given Proposition [2.3.7 on page
and Lemma [2.6.4], the proof is straightforward.

Corollary 2.6.5. Let 0 > 1 and s > 0. Then for anye >0, v € A°, and z € P
with
”Z - VH <e,

for z .= COARSE|z, 0] it holds that

1/s
As

-1/s

#suppz Se Clv

obviously |z — v|| < (1 + 0)e, and

|Z As 5 |V As .

In view of the discussion at the beginning of this section, the above result
shows that this coarsening routine can be used in adaptive algorithms. Before
presenting an optimal adaptive algorithm with coarsening of the iterands, we
assume to have the following routine available, which can be thought of as some
convergent method, not necessarily being optimal. In the subsequent sections we
will consider a number of realizations of this routine, including the approximate
Richardson and steepest descent iterations.

Algorithm 2.6.6 Algorithm template ITERATE[v,v,n] — w

Parameters: Let || - || and a,, B, > 0 be such that o, ||z|| < ||z, < Bi]z| for
VAS EQ.

Input: Let n>0,ve Pand v > [ju—v|..

Output: w € P with [[u—w|, <7
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Now we are ready to present our adaptive wavelet algorithm. Note that inside
this algorithm we will only call ITERATE for v/n < 1.

Algorithm 2.6.7 Method SOLVE[¢] — u; with coarsening

Parameters: Let y > 0 and 6 > 1 be constants with x(1 + 0)(5,/a.) < 1.
Input: € > 0.
Output: u; € P with [[u —u;|« <e.

1: ug =0, vy := BJILYIF]], 7 := 0;

2: while v; > ¢ do

3 Ji=g+1

4: V= ITERATE[Uj_l, Vi-1, XVj—l];
5 uj:= COARSE[v;, Oxv;_1/a.];
6
7

v = xvj—1(1 4 0)(B,/a);
. end while

Theorem 2.6.8. For any € > 0, u. := SOLVE[¢] terminates with [[u — u.||, <
e. Moreover, if u € A* for some s > 0, then #suppu. < ¢ 1/S|u|1/8 In

addition, let ¢ < ||f]|, and assume that for any v € P andn 2 v > ||lu — v,
w := ITERATE|v, v, n| satisfies

—1/s 1/5

and Wl S (#suppv)'n + |u

#suppw S #suppv + 1 Ass

where the number of arithmetic operations and storage locations required by this
call of ITERATE can be bounded by an absolute multiple of

0o+ #suppv + 1.

Then, the number of arithmetic operations and stom/ge locations required by the
call is bounded by some absolute multiple of €~ 1/5]u]

Proof. We first indicate the need for the condition ¢ < ||[f||. If ¢ £ ||f]|, then
e~ V/5u %Ss might be arbitrarily small, whereas SOLVE takes in any case some
arithmetic operations. Without this condition, the total work can be bounded
by an absolute multiple of 5*1/S|u|}4/f + 1.

We have vy > |jul«. Now suppose that in the j-th iteration, ITERATE was
called with a valid parameter v;_;. Then from the properties of the subroutine

ITERATE, we have

[u—ul, < Bifu—wyl| < B(lJu— vyl +Oxvj_1/a)
< (Be/a) (14 0)xvj1 = v,
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from which the first statement of the theorem follows.

Since |[u — v;|| < v;/a,, Corollary on page [27] implies #suppu; <

1/5 1/5. So if SOLVE terminates directly after the K-th iteration with K > 0,
meanmg that vk < e and vg_1 > ¢, then we have the second statement of the
theorem. The case K = 0 is trivial.

Now we will confirm the bound on the cost of the algorithm. By the third
assumption on ITERATE, the cost of the j-th call of ITERATE is of order

]—_11/ “lul4 AR N Taking into account the cost of COARSE and the first assump-

tion on ITERAT E, the total cost of the j-th iteration can be bounded by an
absolute multiple of

1/5 1/5 1/5

1/s —1/s s
W+ log (4 IIvsl) +1 S v Pl + v +1.

By the second assumption on ITERATE, we have

As S (F#suppuy_)’vimg + |uas S |ula.

1/5 l/s

From v; < vy S Jluf|, we have v~ Ve > Ye 2 1. The proof is
completed by the geometric decrease of V] [

2.7 Adaptive application of operators. Computability

When implementing an approximate Richardson iteration, for a given approxi-
mation w € P, we need to compute the residual f — Lw approximately. We will
accomplish this by computing the two terms separately, by assuming that the
succeeding two subroutines are available.

Algorithm 2.7.1 Algorithm template APPLY M, v,¢] — w
Input: Let M : {5 — /5 be bounded, v € P and ¢ > 0.
Output: w € P and |[w — My| <e.

Algorithm 2.7.2 Algorithm template RHS|[g, ¢] — g.
Input: Let g € /5 and € > 0.
Output: g. € P and ||g. — g|| <e.

Prior to considering how to implement such subroutines, we need to state
some more requirements in the form of definitions.
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Definition 2.7.3 (Admissibility of the stiffness matrix). Let s* > 0. A
bounded linear M : ¢, — /{5 is called s*-admissible, when for a suitable rou-
tine APPLY, for each s € (0,s%), for all v € P and ¢ > 0, with w. =
APPLY M, v, €| the following is valid:

(i) #suppw. S e Vo|v|Y2;

(ii) the number of arithmetic operations and storage locations required by the
call is bounded by some absolute multiple of 5_1/5|V‘_%38 + #suppv+1. ©

Definition 2.7.4 (Admissibility of the right hand side). Let s* > 0. A
vector g € (5 is called s*-admissible, when for a suitable routine RHS, for each
s € (0,s%), for all € > 0, with g. := RHS|g, ¢] the following is valid:
(i) #suppg. < e /gl
(ii) the number of arithmetic operations and storage locations required by the
call is bounded by some absolute multiple of £~1/*| g|}4/f + 1. @

We recall the following result from [I8] 2§].

Proposition 2.7.5. Let M : (5, — (5 be s*-admissible for some s* > 0. Then,
for any s € (0,s%), M : A — A® is bounded, and for w. := APPLY[M, v, ¢|,
we have |We|as < |V]|as uniformly ine >0 and v € P.

Similarly, if g € ly is s*-admissible for some s* > 0, then for any s € (0, s*),
g € A, and for g. := RHS|g, ¢|, we have |g.| s < |g|as uniformly in e > 0.

Proof. It is immediately clear that g € A°. Next we will show that for any
s € (0,s%), M : A* — A® is bounded. Let C' > 0 be a constant such that for
w. := APPLY M, v,¢], #suppw. < C’&t‘”ﬂv\%j. Let v € A* and N € N be
given. For & := C%|Byn(v)|4sN~%, let ws := APPLY M, By(v),&]. Then, by
(2.3.3]), we have

IMv — we|| < [[MBy(v) = we|| + [[M]|[[v = Bx(v)||
< OBy (V)| 4N~ + [M[[N*|v| 4 < N5|v

~Y

As.

Since #suppw. < N, from (2.3.3) we infer that |Mv| s S |v]as.

With w,. as above, by using Proposition on page we have |w,|s
IMv|4s + (#suppw.)’e < [Mv|4s + C¥|V|as S |V|as. Similarly, for g.
RHS|[g, ¢], we have |gc[4s S |g|las + (#suppg.)’e < [gla:-

1A
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With the subroutines APPLY and RHS at hand, we can define an approx-
imate Richardson iteration that defines a valid procedure ITERATE in Algo-
rithm [2.6.7 on page and so provides an optimal adaptive algorithm. This
algorithm was first introduced in the pioneering work [I8].

Algorithm 2.7.6 The Richardson method RICHARDSON]|v, v, n] — w

Parameters: Let w be the damping parameter of Richardson’s iteration (Exam-
ple on page [23)), let p < 1 be the corresponding error reduction factor,
and let [ € N be the smallest number such that 2vp’ <.

Input: Let ve P, v > |lu—v|, and n > 0.

Output: w € P with [ju—w| <.

Vo 1= V;

:fori=1tol do

€ = vp'/l;
v, := RHS|wf, ¢;/2] + APPLY[I — wA,v;_1,€¢/2];
end for

W = V.

AN A o

Theorem 2.7.7. Let A be symmetric and positive definite, and let both A and
f be s*-admissible for some s* > 0. Then, forv € P, v > ||[f — Av]||, and n > 0,
w := RICHARDSON]v, v, ] terminates with |[u—w|| <n. Moreover, the pro-
cedure ITERATE := RICHARDSON with ||- || := ||-|| satisfies the conditions
of Theorem on pagefor any s € (0,s%), meaning that RICHARDSON
defines an optimal adaptive algorithm for s € (0, s").

Proof. An application of Lemma on page [24| guarantees that ||[u — w| <
2uvpt <, latter inequality by construction.

As for the conditions of Theorem on page [28 recall that we need to
prove that for any s € (0,s*) and for n 2 v > ||lu—v||,

& w

#suppw < #suppv + 1 *|u As S (#supp v)*n + [ufas,

and that the number of arithmetic operations and storage locations required by
this call of RICHARDSON can be bounded by an absolute multiple of

S

Y u }45 + #suppv + 1.

For 1 <i <, from |ju — v;|| < v and Proposition on page |18 we have

Villds S [ulls + (#supp vi)v'*.
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From vpt=t > nwe get (1/p) P Sv/p<lorl<1,andso e > v/l 20/l >
1. By using this and the s*-admissibility of f and A, we infer

1/s
As e

—1/s 1/s —1/s
#suppvi S0Vl + 0o v

Taking into account the condition v < 7, and repeatedly using the above two
estimates, we get for 1 <17 <,

1 1 1
|Vz fl/ss ,S |u fl/ss + |VO .A/ssy
and
—1/s /s 1/s

#supp vi S0V uliS + |[vol 4

From Proposition on page , we have |vo|as < |ufas + (#suppvo)’v <
|u| 45 + (# supp vp)*n. By using the above estimates, and for bounding the cost
of the algorithm, the s*-admissibility of f and A, we complete the proof. [

Now we address the question of how to implement the subroutine APPLY.
We need the the notion of matrix computability.

Definition 2.7.8 (Computability). M is called s*-computable, when for each
J € Np, we can construct an infinite matrix M, having in each column and in each
row at most ;27 non-zero entries, whose computation takes O(a;2?) arithmetic
operations, such that |M — M;|| < C;, where (o) en, is summable and for
any s < s*, (C;27%) ey, is summable. We call the matrices M; the compressed
matrices. @

For a discussion on why s*-computability can be expected for the stiffness
matrices M = L, e.g., corresponding to Example [2.4.1] on page we refer to

the forthcoming Remark on page [34]

Theorem 2.7.10 (cf. Proposition 3.8 of [83]). If a matrix M : {5 — (5 is
s*-computable for some s* > 0, then it is s*-admissible.

Proof. We employ the routine APPLY as presented in Algorithm on the
facing page. From (2.7.3)), (2.7.1) and (2.7.2]), we have

)4 l
IMv —wll <D IM =Mzl + IM][lv =z

k=0 k=0

)4
<D Cillal +e/2<e.
k=0
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Algorithm 2.7.9 Realization of APPLY[M,v,¢] - w
Parameters: For j € Ny, let C; be such that |M — M;|| < C;.
Input: Let M : /5 — /5 be bounded linear, v € P and € > 0.
Output: w € P and |[w — Myv| <e.
15 {bibocic, = BSORTv, =/ (2[M]);
2: For k = 0,1,..., generate vectors z, by subsequently collecting 2% — |2~F~1|
nonzero entries from U;b;, starting from by and when it is exhausted from b,
and so on, until for some k = ¢ either U;b; becomes empty or

14

IM[f|v =zl <e/2; (2.7.1)

k=0

3: Compute the smallest 7 > ¢ such that

¢
> Cikllzll < e/2; (2.7.2)
k=0
4: Compute
W= M;zo+ M1z + ... + M;_z,. (2.7.3)

Let s € (0,s") be given. The number of operations needed for generating the
vectors zy is of order #suppv + log(e7|[v|) + 1 < #suppv + E_I/S\v\%f + 1.
Both the number of operations needed for the evaluation of and # supp w
can be bounded by a multiple of Zi:o o 207Rok < 90,

Now we will bound 2/. With vy, := Efn:(] Zm, we have # supp vy, = 2F. Let vy,
be constructed as follows: Create v by extracting nonzero entries first from by
and when it is zero from by and so on, until ||v— V|| < min{||v—vi|,e/(2||M]|)}
is satisfied. Note that ||[v —v|| < &/(2||M||) for & < £. Then by construction, we
have 28~ < # supp V. Since ||by|| < /(2|M]|) by Lemma [2.6.2 on page [26] for
k < ¢, the last entry added to v, originates from b;, with some #;, < ¢. Moreover,
for k < ¢, a minimal set A, that satisfies |[v—Py, v|| < min{||v—vi|,e/(2||M]|)}
contains all the entries from the vectors by,...,b; _;. Since any two nonzero
entries from b;, differ less than a factor 1/4 in modulus, with § the constant
inside BSORT, the cardinality of the contribution from b;, to supp vy is at most
a factor 1/3? larger than that to Ay, so that #suppvy < B72#A,. By the
same reasoning as in the proof of Proposition on page [19] we conclude that

—1/s1..11/s
#Ae S v =i 7w

As O
v —vill S (##A6) IV

As S 2iks‘V|As, for k < ¢,
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and 270 < #A, S eVl
for j = (.
For j > ¢, from the definition of j we have

4s. The latter estimate gives a suitable bound on 27

Y4 ¢ l
e/2<> Cillzell <D Ciakllv—viall S G k27 F 0 v 4
k=0 k=0 k=0

S22y

¢
. B
As Z Cjoq-207F 08 <2700 v| 4,
k=0

which completes the proof. n

The notion of matrix compressibility further simplifies the notion of com-
putability, by isolating the costs for computing matrix entries.

Definition 2.7.11 (Compressibility). M is called s*-compressible, when for
cach j € Ny, there exists an infinite matrix M;, constructed by dropping entries
from M, such that in each column and in each row it has O(27) non-zero entries,
and such that for any s < s*, |M — M;|| < 2775 @

Lemma 2.7.12 (cf. Remark 2.4 of [86]). Let M be s*-compressible, and let
the matrices M; be as in Definition [2.7.11 In addition, for j € Ny, assume
that each column and each row of M; can be computed at the expense of O(27)
arithmetic operations. Then M 1is s*-computable.

Proof. For j € Ny, let 1\~/Ij = M[j110g, a;] With aj = 57 for some € > 1. Then the
number of nonzero entries, as well as the cost of computing these entries in each
column and each row of M is of order 2/a; < 2757¢. Since for any s < ' < s*
we have

279 |[M — M| S 27959 Hoga)s' — 9ils/=5) =

and Zj 2-;‘(5’—5)&;5 < 00, the proof is established. u

Remark 2.7.13. In this remark, we comment on why s*-compressibility of a
matrix M can be expected when M is the stiffness matrix corresponding to a
differential operator in a wavelet basis. For simplicity, with 2 C R™ a bounded
Lipschitz domain and H := H}(2), we will consider the Laplace operator —A :
H — H' and a wavelet basis ¥ for H. An element of the stiffness matrix is
given by My, = (5, —Av,) = [, Vi Vi),. First note that the matrix M is
not sparse, since any wavelet will necessarily intersect with infinitely many higher
level wavelets. Let us look more closely into the interactions between wavelets
on different levels. Let M{; 5 := (M, )|xj=j,ju/=k e the block of M corresponding
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to the interaction between the j-th and k-th levels. Then the number of rows or
columns of My; is of order 27" or 2k respectively. For a given \ with |A| = j,
by the locality of the wavelets, the number of indices p with || = k for which
supp ¥ Nsupp 1, # @ is of order max{1,2k=)"}. We see that the block My i)
is sparse (or nearly sparse) when the difference |j — k| is small, and that the
sparseness diminishes as the difference increases. Our strategy to compress the
matrix M will be to discard blocks M(; ) for which |j — k| is larger than a certain
threshold. For J € N, let M; be the matrix obtained from M by keeping only
the blocks M, 4 with [j — k| < J. Then, the number of nonzero entries in each
row and column of M is of order

> max{1, 2070y < g2 < oln (2.7.4)
lj—k|<J

Now we will estimate the error |[M — Mj||. For any r > 0, —A : H'" —
H~'*" is bounded. Using this, and the estimate (2.2.5) on page for w; € W,
wg € Wy, and r € (0,d+ 1] N (0, — 1), we have

(wj, =Awg) < Jwjll = [[Awl =1 S Nwjll = l[wp || e

< 2D s g | | e
and analogously by the self-adjointness of the Laplacian,
(wj, —Awy) = (=Awy, wi) S 27970 |wj| g ||k |-

So for r in the above range, and for arbitrary v € /5(V; \ V;_1) and w €
gQ(V}g \ Vk_l), we have

(v, Mgw) = (v, AW ) S 2708 [V, [[w ]|
<2 vlwll

or | Myl £ 27"W=H. Furthermore, with Py := Py,\v, ,, for arbitrary v, w € {y
we have

(v, M=Mw) = > (Pyv,M;uPyw)

lj—k|>J

S D 2Py P wl
=kl

S22 AN IPEvIE D IPgwll?
§=0 k=0

=27"|v|llIwll,
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where in the third line we used [|(27"V7*); [l,—e, < o0. We conclude that
IM — M| <27 for r € (0,d + 1] N (0, — 1), and this, together with ([2.7.4),

implies that M is s*-compressible with s* = max{ %~ dtl an}. %)

Remark 2.7.14. In view of Remark [2.3.3] on page [16] since, by imposing what-
ever smoothness conditions on the solution u generally the convergence rate of
best N-term approximations cannot be higher than , it is fully satisfactory if
an adaptive wavelet algorithm is optimal for s € (0, ¢ - ] To this end, considering
Theorem [2.7.7]on page 1t 1s necessary to show that the stiffness matrix L is s*-
computable for some s* > , since otherwise for a solution u that has sufficient
Besov regularity, the computablhty will be the limiting factor. So in particular,
since v < d, the value of s* from the previous remark is not satisfactory.

For both differential and singular integral operators, and piecewise polyno-
mial wavelets that are sufficiently smooth and have sufficiently many vanishing
moments, s*-compressiblity for some s* > d ! has been demonstrated in [80].
These results are quoted in Chapter [7] and Chapter B For simplicity thinking
of the Laplacian as in the previous remark, the key to obtaining these improved
results on compressibility can be understood as follows. For piecewise polynomial
wavelets, for a given 1, most of the wavelets 1), especially when |u| > |A[, will
have their support inside some patch on which 1, is infinitely smooth, hence by
the cancellation property giving an improved bound on the corresponding matrix
entry, and only for ¢, with a support that intersects with the (n—1)-dimensional
singular supports of ¢, the estimate of the corresponding entry has to rely on
the global smoothness parameter ~.

Yet, only in a few special cases, e.g., in the case of a differential operator with
constant coefficients, entries of L can be computed exactly, in O(1) operations,
so that s*-compressibility immediately implies s*-computability. In general, nu-
merical quadrature is required to approximate the entries. In Chapter [7] and
Chapter [§, considering both differential and singular integral operators, we will
show that L is s*-computable for the same value of s* as for which it was shown
to be s*-compressible. %)

Remark 2.7.15. In view of Definition on page [30, s*-admissibility of f
requires the availability of a sequence of approximations for f that converges
with the rate s for any s < s*. By Proposition [2.7.5] if u € A® and L is s*-
admissible for some s* > s, then f = Lu € A° Wlth 1f]4s < |ulas, and so
supy N*[|f — By (f)|] < |u|as, which, however does not tell how to construct
an approximation g Wthh is qualitatively as good as By(f) with a comparable
support size. In general, a realization of such an approximation depends on the
right-hand side at hand, and it can be practically achieved by exploiting the local
smoothness of f and the cancellation properties of the wavelets. See for an
example.
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2.8 Approximate steepest descent iterations

In Algorithm on page being an approximate Richardson iteration, the
user needs to provide estimates of the error reduction factor p and the optimal
value of the damping parameter w. For doing so, one has to estimate the extremal
eigenvalues of A. Since, in view of Example [2.5.2| on page [23] without requiring
any user defined parameters, the steepest descent method automatically achieves
the best error reduction factor of Richardson’s iteration, a suitable implementa-
tion of the approximate steepest descent method would release the user from the
task of accurately estimating the extremal eigenvalues. In the context of adaptive
wavelet algorithms, the steepest descent method was first studied in [I5]. In [28],
the analysis was extended to the case where wavelet frames are used instead of a
basis.

The following perturbation result on the steepest descent iteration is a quo-
tation of [28, Proposition 3.2].

Proposition 2.8.1. In the setting of Example on page for any p €

zgigi, 1), there exists a 6 = §(p) small enough, such that if ||[r — || < J||T|| and

|AF — z| < 3||F|, then with

we have

R
~

(r,t

o —wll < pllu—vl,  and S

In view of this proposition, we introduce an algorithm that computes the
residual with some prescribed relative error 9, unless the residual itself is less
than the prescribed final tolerance € > 0. Moreover, the residual is computed
within an absolute error & > 0.

Algorithm 2.8.2 Residual computation RES|v, ¢, d,e] — [T, V]

Input: ve P, § € (0,1), and &, > 0.

Output: ¥ € P and v > 0, such that with r := f — Lv, v > ||r||, [[r — || < &,
and either v < ¢ or [|r — || < J]|T].

: C:: 25;

repeat
¢:=(/2;
i := RHS[f, (/2] — APPLY[L, v, (/2);

until v := ||F|| + ¢ < e or ¢ < 4||F|.
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Remark 2.8.3. If RES is called with a parameter £ that it is outside [%Hf -
Lv||, 1% |If — Lv|]], then so is ¢ at the first evaluation of ¥, and from ||f|| — ¢ <
|f — Lv|| < ||t]] + ¢, one infers that in this case either the second test in the
until-clause will fail anyway, meaning that the first iteration of the repeat-loop
is not of any use, or that the second test in the until-clause is always passed,
but possibly with a tolerance that is unnecessarily small. We conclude that

there is not much sense in calling RES with a value of £ that is far outside
[i55 1 = L, 15 [1f — Lv]]].

The following result can be extracted from [46, Theorem 2.4] or [28, Theorem
3.7].

Proposition 2.8.4. [r,v| := RES|v,¢, 0, ¢] terminates with v > ||r||, and either
v<eor|r—rt| <J|r|, wherer :=f —Lv. In addition, we have v Z min{¢, e},
|lr —F|| <&, and in case v > ¢, v < (1 +6)||¥||. Furthermore, if, for some s > 0,
uec A% and L and f are s*-admissible with s* > s, then

1/s
).

and the number of arithmetic operations and storage locations required by the call
is bounded by some absolute multiple of

#suppt < min{¢, 1/}_1/8 <|V }4/58 + |u

Flas S [vlas + |ufas,

min{¢, v}~ V/* (|v Yt u

Yo 4 €5 (#supp v + 1)) :

Proof. If at evaluation of the until-clause, ¢ > d||z||, then ||F|| + ¢ < (67! + 1)¢.
Since ( is halved in each iteration, we infer that, if not by ¢ < ¢||f||, RES will
terminate by ||F]| + ¢ <e.

Since after any evaluation of I inside the algorithm, ||F —r|| < ¢, any value of
v determined inside the algorithm is an upper bound on ||r||.

If the loop terminates in the first iteration, or the algorithm terminates with
v > ¢, then v 2> min{¢, e}. In the other case, let T4 := RHS[(] - APPLY [w, (].
We have ||[t°|| 4+ 2¢ > & and 2¢ > §[|t°||, so that v > ¢ > (2671 +2)7(||r°]| +
20) > 5%55-

The bound on # suppT and |T|4s easily follows from the s*-admissibility of L
and f, once we have shown that ¢ 2 min{¢, »}. When the loop terminates in the
first iteration, we have ( = £, and when the algorithm terminates with ¢ > |||,
we have ¢ 2 v. In the other case, we have §||r°¢| < 2¢ with °9 as above, and
so from ||T — || < ¢ + 2¢, we infer [|F]| < [[5°4]| + 3¢ < (207! + 3)¢, so that
v < (2671 +4)C.

By the geometrical decrease of ( inside the algorithm, and the s*-admissi-bility
of L and £, the total cost of the call of RES can be bounded by some multiple
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of ¢7Vs(|v| S + \u\i(f) + K(#suppv + 1), with ¢, ¥ and v having their values

at termination and K being the number of calls of APPLY that were made.
Taking into account the initial value of (, and again its geometrical decrease
inside the algorithm, we have K(#suppv + 1) = K& V3¢V (#suppv + 1) <
(Mg (#supp v + 1). .

We are now ready to present the approximate steepest descent method.

Algorithm 2.8.5 Method of steepest descent SD[v, vy, €] — v;
Parameters: Let 0 = §(p) be the constant as in Proposition on page
with some p < 1. Let # > 0 be a fixed constant.
Input: v e P, vy > ||[f — Av||, and € > 0.
Output: v, € P with |[f — Av;|| <e.
1:2:=0, vy :=v;

2: loop

3 =141

4: [T, v] := RES]v;,0v;_1, 9, €], with L := A inside RES;
5. if v; < e then

6: Terminate the subroutine.

7. end if

8:  z;:= APPLY]r;, d||1;]|];

Fi,T) ~
(zg,Fg) "

9: Vit ‘= V; -+
10: end loop

Remark 2.8.6. We will see that at the call of RES|v;, 0v;_1,6,¢], it holds that
|f — Av;|| < vi—1. Although for any fixed 6 > 0 the following theorem is valid, in
view of Remark on page [38 a suitable tuning of # will result in quantitatively
better results. Ideally, # has the largest value for which the repeat-loop inside
RES always terminates in one iteration.

Theorem 2.8.7. Let A be symmetric and positive definite, and let both A and
f be s*-admissible for some s* > 0. Then w := SD[v,vy,¢| terminates with
If — Aw|| < e. Moreover, the procedure ITERATE := SD with || - ||, :=||A - ||
satisfies the conditions of Theorem on page 2§ for any s € (0, s*), meaning
that, incorporated in the method SOLVE from Algorithm [2.0.7 on page SD
defines an optimal adaptive algorithm for s € (0, s*).

Proof. From the properties of RES, for any v; determined inside the loop, we
have v; > ||r;||, and with r; := £ — Av;, either v; < e or ||r; — &;|| < 0||T;||. As
long as v; > ¢, from (1 — 0)||T;|| < |lri|| < (1 +0)||5;]| and v; < (1 + 9)[|T4]], we
have v; = ;]| = ||r;]|, and Proposition 2.8.1] on page 37 shows that Ju— v, <
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plla—v||, or v; < p'vy. This proves that the loop terminates after a finite number
of iterations, say directly after the K-th call of RES.

As for the conditions of Theorem [2.6.8 on page [28] recall that we need to
prove that for any s € (0,s*) and for € 2 vy > ||f — Av/||,

s [w

#suppw < #suppv + 5_1/5\u As S (#suppv)’e + |ul s,

and that the number of arithmetic operations and storage locations required by
this call of SD can be bounded by an absolute multiple of

671/S\u\/14(f + #suppv + 1.

Since, by vy < e, K is uniformly bounded and |lu — v¢|| < 1y S g, for
1 <i < K it follows from Proposition [2.8.4] on page [38] that

Viti]|as S [Vilas + [ufas S [Vilas + |ufas S [uas + (#supp vi)’e,

and therefore

#supp vy S #suppvi +e e <|Vi Lt lu i()
S #supp vy + e Voullfs.

Note that the above two estimates are trivially true for ¢ = 0.
For 1 < ¢ < K, Proposition on page [38] shows that |T;|4s S |vi|las +
|ul4s < (#suppvi)®e + |uf4s, and using this we infer that the cost of the i-th

iteration is bounded by an absolute multiple of
1/s

g~Ve <|VZ 4+ Yo (#suppv; + 1))

e (G supp V) ) S &l + #suppvi + 1

1/s
Ut u

The cost of the K-th call of RES can be bounded by some multiple of the same
expression, and the proof is completed by the uniform boundedness of K. [

Remark 2.8.8. In Algorithm [2.8.5] on the preceding page, if we remove Line
8 and replace the statement in Line 9 by v,;; = v; + wr;, with w having a
value for which Richardson’s iteration converges (cf. Example on page ,
then we get another implementation of Richardson’s iteration. The results of
Theorem [2.8.7] on the previous page carries over to this case in a straightforward

manner. The point is now we use a posteriori tolerances, whereas in Algorithm
on page [31) we used a priori tolerances.
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Remark 2.8.9. The Chebyshev iteration can be used to accelerate the conver-
gence of the aforementioned methods. Then a convergence proof is obtained by
following the analysis in [49], with the help of the spectral theory for bounded
self-adjoint operators.
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Chapter

Adaptive Galerkin methods

3.1 Introduction

We consider the equation ([2.4.3) on page , which is repeated here for conve-
nience:

Au=f,

where A : (5 — (5 is an SPD matrix, and f € ¢5. For A C V, we call the solution
uy € lo(A) of the system
PAAIAUA = PAf,

the Galerkin solution on A. We are going to exploit the fact that it is the best
approximation in energy norm from /5(A), i.e.,

lw—upll = inf flu—val,
vAELlD (A)

and furthermore that u, can be accurately approximated at relatively low cost.
To this end, obviously we need some way to generate the index set A, or a sequence
of increasingly larger index sets, that gives rise to an accurate approximation
to the exact solution u. One could use e.g.an approximate steepest descent
iteration to create a sequence of index sets as follows: For a given approximation
v € P, compute the next approximate steepest descent iterand w € P as in
Proposition on page Then take A := suppw and compute the Galerkin
solution uy on A, to update w. Now Proposition guarantees convergence:

The work in this chapter is a joint work with Helmut Harbrecht and Rob Stevenson, see

Section @

43
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[u —upll < [Ju—-w| < pflu—v| with p < 1. In fact, there is no need to
compute w; it suffices to compute the approximate residual r for v, and then set
A :=suppv Usuppr.

Since uy is the best approximation to u in the energy norm, an analysis
based on Proposition is likely not sharp, however. An improved analysis
can be made by employing the Galerkin orthogonality: [[u—un[)® + [Jusr — v||* =
[lu — v||?. This orthogonality shows the equivalence between the error reduction
lu —upl < €|Ju— v|| for some & € (0, 1), and the so-called saturation property
lus — v|| > (1 — €2)zfju — v||. It is well known, and recalled below in Lemma
[3.2.1] that for a given initial approximation v, any set A D suppv satisfying
|IPA(f — Av)|| > p|lf — Av|| for some constant p € (0, 1), realizes the saturation
property: luy — v|| > &(A)"zullu — v|. In [I7], this property, combined with
coarsening of the iterands, was used to obtain the first optimal adaptive wavelet
algorithm.

The main point of this chapter is that we will show that if u is less than
R(A)’%, and A is the smallest set containing supp v that satisfies the condition
|IPA(f — Av)|| > p||f — Av||, then, without coarsening of the iterands, these
approximations converge with a rate that is guaranteed for best N-term approx-
imations. Both conditions on the selection of A can be qualitatively understood
as follows: The idea to realize the saturation property is the use of the coefficients
of the residual vector as local error indicators. In case k(A) = 1, the residual is
just a multiple of the error, but when x(A) > 1, only the largest coefficients can
be used as reliable indicators about where the error is large. Of course, applying
a larger set of indicators cannot reduce the convergence rate, but it may ham-
per optimal computational complexity. Notice the similarity with adaptive finite
element methods where the largest local error indicators are used for marking
elements for further refinement.

As we will see, the above result holds also true when the residuals and the
Galerkin solutions are determined only inexactly, assuming a proper decay of
the tolerances as the iteration proceeds, and when the cardinality of A is only
minimal up to some constant factor. Using both generalizations, again a method
of optimal computational complexity is obtained.

One might argue that picking the largest coefficients of the (approximate)
residual vector is another instance of coarsening, but on a different place in the
algorithm. The principle behind it, however, is very different from that behind
coarsening of the iterands. What is more, since with the new method no informa-
tion is deleted that has been created by a sequence of computations, we expect
that it is more efficient.

Another modification to the method from [I7] we will make is that for each call
of APPLY or RHS, we will use as a tolerance some fixed multiple of the norm of
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the current approximate residual, instead of using an a priori prescribed tolerance.
Since it seems hard to avoid that a priori tolerances get either unnecessarily
smaller, making the calls costly, or larger so that the perturbed iteration due to
the inexact evaluations converges significantly slower than the unperturbed one,
also here we expect to obtain a quantitative improvement.

This chapter is organized as follows. Before introducing our adaptive algo-
rithm without coarsening of the iterands, in the next section, we will formulate
an adaptive Galerkin algorithm as a valid instance of the subroutine ITERATE
that is intended to be combined with coarsening of the iterands as in Algorithm
on page [28 Then in Section [3.3] we will introduce the adaptive algorithm
without coarsening of the iterands and prove its optimality. We tested our adap-
tive wavelet solver for the Poisson equation on the interval. The results reported
in the last section show that in this simple example the new method is indeed
much more efficient than the inexact Richardson method with coarsening of the
iterands. We would like to mention that in [30], numerical results based on tree
approximations are given for singular integral equations on the boundary of three
dimensional domains.

3.2 Adaptive Galerkin iterations

The next lemma is well known:

Lemma 3.2.1. Let p € (0,1] be a constant. Let v € ly and let V O A D suppv
be such that

[PACE — AV)[| > pulf — Av] (3.2.1)

Then, for uy € l5(A) being the solution of the Galerkin system PyAuy = Pyf,
and with k(A) := [|A]|[|[A7Y|], we have

la —uall < [1 = s(A) 2] * flu = v]].

Proof. We have

_1 _1
lus = v[l = [JA[2[[A(us = v)|| = [[A]72[[PA(f — Av)||
_1 _1
> A7 2pllf — Av]| = £(A) 72 pllu — v,
which, with A(A)*% i reading as some arbitrary positive constant, is known as

the saturation property of the space ¢3(A) containing v. The proof is completed
by using the Galerkin orthogonality [[u — v|* = |Ju — up||* + JJua — v|* n
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In this lemma it was assumed to have full knowledge about the exact resid-
ual, and furthermore that the arising Galerkin system is solved exactly. As the
following result shows, however, linear convergence is retained with an inexact
evaluation of the residuals and an inexact solution of the Galerkin systems, in
case the relative errors are sufficiently small.

Proposition 3.2.2. Let0 <d<a<1land0 <y < %/@(A)*%(a—é). Let v,T €
Uy, VO A Dsuppv, w € l5(A) be such that, with r :=f — Av, |r — 1| < T,
|PAT|| > a||F||, and ||PA(f — Aw)|| < 7||T||. Then, with B := yk(A)z/(a — 0),
we have

1 fes\2) 2
Ju—wl < (1= (1= (1 - 39)x(A) " (52)*) u vl
Proof. From |[r|| < (1+9)|[t|| and ||PAF|| < |[|Par|| + J]|F|| we have
[Par|| > (o = 0)||E]| > 2 ]Il
so that Lemma [3.2.1] shows that
1
la —uyll < [1—&(A) (5527 2 lu—v].

One can simply estimate [|ju — w| < [Ju — ua|| + [Jux — v||, but a sharper
result can be derived by using that u — w is nearly ((-,-))-orthogonal to ¢3(A),
with ((-,-)) := (A-,-). We have

1t —1pt
s — wil < [ATH 2 [PrA (s — w)ll = [ATH2[PA(f — Aw)]
1t ~ 1
< A A E] < AT 5 Par]| < Bllua — V.

Using the Galerkin orthogonality u —uy L y £2(A), we have

(u—w,w—v) =({uy —w,w—v)

< flua = willlw — vl < Bllua = vlflw —v].
Now by writing
lu = vl* = flu = wi* + [lw = v[I* + 2{u — w,w — v)),
and, for obtaining the second line in the following multi-line formula, twice ap-

plying
lw = vl > [lux = v|| = |[w —upll = (1 = B)[lus — v,
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and for the third line, using |Jluy — v|| > ‘{‘T_gmu —v||, we find that
lha = vI* = lu = wi* + lw = v (Iw — vI| - 28]lus - v[])
> flu = w[* + (1= 8)(1 = 38)[lus — v[?

> lu—w|* + (1 - B8)(1 - 38)x(A) " (§55)*[lu — vI%,
which completes the proof. [

An important ingredient of the adaptive method is the approximate solution
of the Galerkin system on ¢3(A) for A C V. Given an approximation gy for P,f,
there are various possibilities to iteratively solving the system PpAlIyuy = ga
starting with some initial approximation v, for uy. Thinking of A being an ex-
tension of suppv as created in Proposition [3.2.2] on page [46] obviously we will
take vy = v. Note that even when the underlying operator is a differential opera-
tor, due to the fact that A can be in principle an arbitrary subset of V, it cannot
be expected that the exact application of A, := P, AI, to a vector takes O(#A)
operations. So in order to end up with a method of optimal complexity we have to
approximate this matrix-vector product. Instead of relying on the adaptive rou-
tine APPLY throughout the iteration, after approximately computing the initial
residual using the APPLY routine, the following routine GALSOLVE iterates
using some fixed, non-adaptive approximation for A,. The accuracy of this ap-
proximation depends only on the factor with which one wants to reduce the norm
of the residual. This approach can be expected to be particularly efficient when
the approximate computation of the entries of A is relatively expensive, as with
singular integral operators. As can be deduced from [41], it is even possible in the
course of the iteration to gradually diminish the accuracy of the approximation
for A A-

Algorithm 3.2.3 Galerkin system solver GALSOLVEIA, gy, va, v,c] — Wy

Parameters: Let A : /5 — /5 be SPD and s*-computable for some s* > 0. With
A the compressed matrices from Definition on page [32] let j be such
that

o= A=A AT < 55

3e+3v”

Input: Let A C V, #A < 00, gr,Va € EQ(A), v > ||gA — AAVAH, e > 0.
Output: [[gy — Aywy|| <e.

1: B:= PA%(A] + Af)IA,

2: Tg:=gp — Pa (APPLY[A,VA, §]),

3: To find an x with |lro—Bx|| < £, apply a suitable iterative method for solving

Bx = ry, e.g., Conjugate Gradients or Conjugate Residuals;
4: Wp 1= Vp +X.
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Proposition 3.2.4. Let A be s*-computable for some s* > 0. Then wy =
GALSOLVEI[A, ga, va, v, €| terminates with ||ga — Aaval| < e, and for any
s < s*, the number of arithmetic operations and storage locations required by the
call is bounded by some absolute multiple of 5_1/S]VA|}4/SS + c(v/e)#A + 1, where
¢ :Rog — Ryg is some non-decreasing function.

Proof. Using that (Apza,za) > [|A7Y|7||va|? for z € £3(A), and ||Ay — BJ| <
A — Al = oA < 3|A7Y™!, we infer that B is SPD with respect to
the canonical scalar product on /3(A), and that x(B) < 1 uniformly in e ?nd v.
Writing B~! = (I — A" (A, — B))"'A}", we find that |[B~!|| < I_HA'A_"?‘ﬁle_BH
and so ||[Ay — B||||B7| < .

We have [[ro|| < v+ 5. Writing

gA — AAWA = (gA — AAVA — I‘Q) + (I‘o — BX) + (B — AA)B71<I‘0 + Bx — I‘0>,

we find
[Aawy —gal| <5+ 5+ 5w +H5+35) <Ze

The s*-computability of A show that the cost of the computation of ry is bounded
by some multiple of e71/%|v i(f—l—#A. Since B is sparse and can be constructed in
O(#A) operations, and the required number of iterations of the iterative method
is bounded, everything only dependent on an upper bound for v/e, the proof is

complete. -

As announced in the introduction of this chapter, before introducing our adap-
tive algorithm without coarsening of the iterands, we present an adaptive Galerkin
algorithm which, combined with coarsening of the iterands as in Algorithm
on page 28] provides an optimal adaptive algorithm. We use the subroutine RES
given in Algorithm [2.8.2] on page for the computation of the approximate
residuals with sufficiently small relative errors.
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Algorithm 3.2.5 Adaptive Galerkin method GALERKIN|v, vy, ] — v;

Parameters: Let 0 <d <1land 0 <y < %KJ(A)_%(l —0). Let 8 > 0 be a fixed
constant.

Input: Let v e P, vy > ||[f — Av]|, and € > 0.
Output: v; € P with ||f — Av;|| <e.

1: 1:=0, vy 1= Vv;

2: loop
=1+ 1;
[t;, ;] := RES[v;,0v;_1,9,¢|, with L := A inside RES;
if v; < e then

Terminate the subroutine.

end if
Aiy1 := supp v; Usupp I;;
8i+1 1= PAi+1 (RHS[fa ’YHf'ZH])’
10:  v;11 = GALSOLVE[A; 1, g1, vi, YT + v, Y]|T: ][]
11: end loop

Remark 3.2.6. Given v;, the index set A;y; is the same as the support of the
next iterand in an approximate steepest descent iteration. Although one could
apply Proposition [2.8.1] on page [37]to analyze its convergence, we use Proposition
on page [46] to get a sharper result. It is clear that the above algorithm
corresponds to the case o = 1 in Proposition In the next section, we will
explore the possibility a < 1.

Theorem 3.2.7. Let A be s*-computable, and let £ be s*-admissible for some
s* > 0. Then w := GALERKIN]|v, v, €| terminates with ||[f — Aw| < e.
Moreover, the procedure ITERATE := GALERKIN with || - |« = [|A - ||
satisfies the conditions of Theorem [2.6.8 on page[2§ for any s € (0,s*), meaning
that SOLVE presented in Algorithm [2.6.7] on page [2§ using this ITERATE
defines an optimal adaptive algorithm for s € (0, s*).

Proof. From the properties of RES, for any v; determined inside the loop, with
r; :=f — Av;, we have v; > ||r;||, and either v; < e or ||r; — F;|| < 0||F;]|. We have
|Pa,, Til| > af|F;|| with o =1, Aj11 D supp v, and

||gi+1 - PAi+1AVi|| < ||PA7,'+1 (gi-f—l - f)” + ||PAi+1(f - AVz)H < fYHfZH + ;.

Aslong as v; > ¢, from (1 —0)||T;|| < ||ri]| < (14 0)||¥;]| and v; < (14 9)]||5;]], we
have v; =~ ||t;|| = ||r;]|, and Proposition shows that |Ju — v;1] < pllu—vi|
with some p € [0,1), or ;11 < pFy, for 0 < k < i+ 1. This proves that the



50 ADAPTIVE GALERKIN METHODS 3.2

loop terminates after a finite number of iterations, say directly after the K-th
call of RES.

As for the conditions of Theorem [2.6.8] recall that we need to prove that for
any s € (0,s%) and for € 2 1y > ||f — Av]||,

1
A/ss, |w

#suppw S #suppv +eV|u A0 S (F#suppv)’e + |u 4,

and that the number of arithmetic operations and storage locations required by
this call of GALERKIN can be bounded by an absolute multiple of

1/8

gt/ + #suppv + 1.

These conditions are trivially true for K = 1, and from now on we will assume
that K > 1. For 1 < i < K, from Proposition [2.3.6| on page L8 we have, with
Ay :=supp vy,

Vilas < [ulas + (#0)°vs, (3.2.2)

and since #A,; 11 — #A; < #suppr; for 1 <1i < K, by applying Proposition [2.8.4]
on page [38 we have, for 1 < k < K,
#0 1 < H#M A+ D (#N — #0)
S #h o+ v (il + Tl (3.23)
5 #Al + Vk_l/s 1/8 + Zz 1 #Aw

where in the last line we have used and the fact that v; is geometrically
decreasing.
We have v; 2 min{0v;_1,e} 2 efor1 <i < K. We claim that #Ax; < #A1+
v Plal'fs for 1 < k < K, and prove it by induction. Since v; is geometrically

decreasmg, using we infer

e S 0 + l + T (# v )

< k#HA, +V_1/S| }4(58,

(3.2.4)

which proves the claim since we have K < 1 by the condition € 2 1. This claim,
together with (3.2.2)) and v; = &, proves the bounds on # suppw and |w| 4s.
Now it remains to bound the cost of the algorithm. For 1 <1 < K, we have

vale <l + (#A)) (3.2.5)
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from (3.2.2) with the help of (3.2.4) when K > 1. By Proposition on
page the cost of the i-th call of RES for 1 < < K is bounded by

Vi_l/s <| 1/3 1/8(# supp v; + 1)>
< V;1/s Ou }4/33 I (#Ai)%l/s 1/5(#Al n 1)>
S v Plal i+ () (A + 1),
where we used (3.2.2)), #suppv; < #A; S #A1+ Vi__ll/s|u }4/5, and v; S v;_;. Now

taking into account that v; = ¢ 2 1y 2 v;_1, and summing over 1 < i < K, we

conclude that the total cost of the K < 1 calls of RES is bounded by an absolute
multiple of e~'/*|u Vs LA + 1
4

By Proposition [2.8.4|and (3.2.5)), we have suppt; < v; /S|u|XSS+#A1. The cost

of the i-th iteration with the cost of RES removed, for 1 < ¢ < K, is bounded
by an absolute multiple of

1/5

+[u

L #Ay 4, Pl ol + A e(l+ 2

YIIE]|
ST+#M+ Vl-_l/s|u Xss,

where we have used v; =~ ||t4|[, (3.2.5), (3.2.4)), and ¢ : Ry — Ry is the non-
decreasing function from Proposition (3.2.4] on page |48 The proof is completed
by summing the above cost over 1 < i < K and using that K < 1. [

Remark 3.2.8. Inside the call of [¥;, ;] := RES[v;,0v;_1,0,¢] that is made in
GALERKIN, we search an approximation

i, .= RHS[f, (/2] — APPLY[A,v;,(/2]

for r; := f — Av, with a ¢ < 0||T;¢| that is as large as possible in order to
minimize the support of r; - outside supp v;. When ¢ > 0, because of the preceding
calls of RHS and GALSOLVE, we have a set A; D suppv; and a r;_; with
|IPa, ;|| <€ :=7||Tiz1]l. In this remark, we investigate whether it is possible to
benefit from this information to obtain an approximation for the residual with
relative error not exceeding 0 whose support extends less outside supp v;.

Let r C =Py Ticand r e = = Py\a,Ti¢, and similarly r and r . From

¢* > i — il
> (15l — &) + lef — £5 1%,

= e — &L |2 + |rf — 252

we have

1 ~ 1
les = #5c I = (e = F 1 + i 1) < (¢ = (IF ]l — ) + €))7 =: ¢
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So, alternatively, instead of r; ¢, we may use ff( as an approximation for r;, and

thus stop the routine RES as soon as v; := [|F7|| +({<eor(< o[t ||, and use
f'fg also for the determination of A;;;. Since for any ¢ and 1, with f'£ ¢ 7 0 and

¢ < ||Ficl it holds that C|r; || < Cllr|l if € is small enough, under this condition
the alternative test is passed more easily. This may even be a reason to decrease
the parameter ~.

The approach discussed in this remark has been applied in the experiments
reported in [30]. %)

3.3 Optimal complexity without coarsening of the iterands

Now we come to the main part of this chapter. So far we relied on coarsening of
the iterands to control their support sizes. Below we will show that, after a small
change, GALERKIN produces approximate solutions with optimal convergence
rate without such coarsening.

In the following key lemma, it is shown that for sufficiently small p and
u € A° for a set A as in Lemma [3.2.1] on page that has minimal cardi-
nality, #(A\ suppv) can be bounded in terms of ||f — Av|| and |u|4s only, i.e.,
independently of |v|4s and the value of s* (cf. (3.2.3) on page 50| and [17, §4.2-
4.3]).

Lemma 3.3.1. Let p € (0,5(A)"2) be a constant, v € P, and for some s > 0,
u € A°%. Then the smallest set A D supp v with

[PA(f = Av)| = ullf — Av]|

satisfies
#(A\suppv) S [If = Av[/[u

. (3.3.1)

Proof. Let A > 0 be a constant with u < x(A)~2(1 — |[A[|A2)2. Let N be
the smallest integer such that a best N-term approximation uy for u satisfies
1
[u —uy|| < Alu = v]|. Since Jlu — vl = [|A[|72[|f — Av]], we have
< - 71/5 1/8
NS If = Av]|™ a4

With A := supp v U supp uy, the solution of PjAuy = Pf satisfies

1 1
< Jlu—uxfl < JJA[]2 o = uy| < [[A[]2 Allu = v,

lu —uy
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and so by Galerkin orthogonality, ||u; — v|| > (1 — |A|IA2)z |Ju — v]|, giving

P4 (f — Av)[| = [|P5(Aug — Av)|| > [[A7Y| 2 Juz — v]
> AT (1 - ANz u = v]
> k(A)TH(1 - [A[A)3]If — Av]
> pflf — Av].
Since A D supp v, by definition of A we conclude that
#(A\ suppv) < #(A\ suppv) < N < [|f — Av||"V*|u

1/s
As . |

Before proceeding further, let us briefly describe how the above lemma can be
used to prove the optimal convergence rate of the adaptive algorithm in an ideal
setting. For some constant i € (0,5(A)"2) and i € Ny, we define A, to be the
smallest set with |Pa(f — Auy,)|| > pllf — Auy,||, where Ay := @ and uy, is the
Galerkin solution in the subspace ¢5(A;). By Lemma on page we have
a fixed error reduction: [[u —uy,, || < pflu — ua,| for ¢ € Ny, with a constant
p < 1. Now assuming that u € A® with some s > 0, by the preceding lemma and
the geometric decrease of ||f — Auy,|| = [Ju — uy,||, for i € Ny we have

#0 =S # (A \A) SN - Auy, |70 u

SIE = Auy, 7l

1/s
As

or, |[u—uy,|| < (#Ak) " *|ufas, which, in view of the assumption u € A° is
modulo some constant factor the best possible bound on the error.

In view of realizing the above discussed idea for an algorithm with an inexact
evaluation of the residuals and an inexact solution of the Galerkin systems, we
will modify Algorithm on page [49/so that in Line 8, the set A;;; D suppv; is
chosen to be such that [Py, 75| > of|T;]| with # (A4 \supp v;) minimal modulo
some constant factor. We define the following routine to perform the latter task.

Algorithm 3.3.2 Index set expansion RESTRICT|A,r,a] — A
Input: A CV, #A <oo,re P,ac(0,1).
Output: A D A and ||Pjr| > «|r.

1: T:= COARSE[r|v\s, V1 — a?|r||];

2: A := AUsuppt.

Lemma 3.3.3. The output of A := RESTRICT[A,r,a| satisfies A O A and
|Pir|l > a|r]|. Moreover, the output satisfies

#A — #A < min{#A — #A : |[Pr|| > o] and V D A D A}, (3.3.2)
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and the number of arithmetic operations and storage locations needed for this
routine can be bounded by an absolute multiple of #A + # suppr + 1.

Proof. We have |r — P;r|| = [[r[saa — || < V1 —a?||r||, which is equivalent
to ||Psr|| > «||r]]. The work bound immediately follows from Lemma on
page [26] Since A NsuppT = &, by applying Lemma we have
#A — #A = #suppt S min{#A : [rlova — Pyrloll < v1—a?|e|}
= min{#A : v = Pyl < VI =a?|r(]},

and observing that the minimum is obtained when AnA = &, the proof is
completed. -

Now we present our modification of Algorithm Recall that Algorithm
was intended for a reduction of the error with a fixed factor, to be used inside
the algorithm SOLVE from Chapter 2| i.e., Algorithm on page 28 The

modification given below will be an optimal solver in its own as the forthcoming
Theorem [3.3.5] shows.

Algorithm 3.3.4 Method SOLVE[¢] — v; without coarsening of the iterands

Parameters: Let 0 <d <a<land 0 <y < %K(A)’%(a —9). Let § >0 be a
fixed constant, and let 1y > 0 and v = 0.

Input: ¢ > 0.

Output: v, € P with |[f — Av;|| <e.

Description: The body of this algorithm is identical to Algorithm [3.2.5] on
page [49] except that we replace the statement in Line 8 by
Aiy1 = RESTRICTIA;, 1, a;

Using perturbation arguments, we will prove that SOLVE has optimal com-
putational complexity.

Theorem 3.3.5. Let A be s*-computable, and let £ be s*-admissible for some
s* > 0. Then u. := SOLVEIe| terminates with ||f — Au.|| < e. In addition, let
the parameters inside SOLVE satisfy %“g < K(A)*%. If vy = ||f]| Z €, and for

some s < s*, u € A°, then suppu. < 5_1/3]u]%f and the number of arithmetic

~Y

operations and storage locations required by the call is bounded by some absolute
multiple of the same expression.

Proof. By the same reasoning in the proof of Theorem on page[49, SOLVE[e]
terminates say, after K iterations, and with some p € (0, 1), we have

v; < p for 0 <k <i<K. (3.3.3)
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Here we will use the notations from the proof of Theorem . With p = O‘+5

for 1 <i < K let Ajy; D suppv; be the smallest set with ||PAi+1rZ|| > ,u||r2||.
Then
pllEsll < peleil] 4+ po[E:]| < [[P5

vil| + pol|F ] < [Py, Fill + (14 p)d|[5]]

it+1 i1

or [Py, Til| = a|[r]|. By the property (3.3.2) of RESTRICT we have #(Ait1 \
suppv;) < #(Aipq \ suppv;). Since p < ,%(A)’% by the condition on « and

~

9, and ||f — Av;|| = v;, an application of Lemma on page [52| shows that
#(]\i+1 \suppvi) S v; 1/8‘ ‘1/38-
Since with Ay := @, suppv; C A; and A; C Ajyq, for 1 <k < K by we
have
k—

k—1
#supp vi < #A = > #(Ain\A) S Z Tl S v
=1

Vs (3.3.4)

From |vi|as < |ufas + (#supp vi)®||vi — u|| (Proposition on page [18), we
infer that |vi|as < Julas.

By Proposition [2.8.4 on page [38] the cost of the i-th callof RES for 1 <i < K
is bounded by an absolute multiple of

where we used (3.3.4)), and 1 < v, l/s\u\l/s by veo1 S vo SIEI S s
The cost of the k-th call for k < K of the subroutines RESTRICT, RHS
or GALSOLVE is bounded by an absolute multiple of #Ay1 + #supp r; <
_1/S|u}4/f, v 1/5|u }A/Ss’ or v 1/5( 1/5 1/s> + A < V—l "l ,4557 respec-
tively. From (3.3.3) and vy = min{VK_l,s} 2 e by Proposmon . where the
second inequality follows from vg_ ;1 > ¢ when K > 0, and by assumption when

K =0, the proof is completed. n

1/5 1/s

As>

Yo+ vl (#supp v, +1)) S v

3.4 Numerical experiment

We consider the variational formulation of the following problem of order 2t = 2
on the interval [0, 1], i.e., n = 1, with periodic boundary conditions

—Au+u=f on R/Z. (3.4.1)

We define the right-hand side f by f(v) = 4v(3) + fo x)v(x)dz, with

2

222, if z €10,1/2),

o1 — )2, ifze(l)21), (34.2)

g(x) = (167> + 1) cos(4mw) — 4 + {
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so that the solution u is given by

222, if 2 € [0,1/2),

21— 2)2, ifxe(l)2.1), (3-4.3)

u(w) = cos(dmz) + {

see Figure [3.1]

Figure 3.1: The solution u is the sum of both functions illustrated.

We use the periodized B-spline wavelets of order d = 3 with d = 3 vanish-
ing moments from [2I] normalized in the H'(0,1)-norm. The solution u is in
H*™(R/Z) only for s < ;. On the other hand, since u can be shown to be in
By (L,(R/Z)) for any s > 0 with % = 1 + s, we deduce that the corresponding
discrete solution u is in A* for any s < % =2

Each entry of the infinite stiffness matrix A can be computed in O(1) opera-
tions. By applying the compression rules from [86], which are quoted in Theorem
on page 127, we see that A is s*-compressible with s* = ¢ + d = 4.

For developing a routine RHS, we split f = (f1,-)r, + f2, where fi(z) =
(1672 + 1) cos(4rz) — 4. Correspondingly, we split f = f; + f5, and given a
tolerance €, we approximate both infinite vectors within tolerance /2 by, for
suitable ¢,(¢), f2(g), dropping all coefficients with indices A with |[A| > ¢1(g) or
|A| > l2(g), respectively.

From

[(Ox, [ Lol < allzy0,0) inf [[fi = Pl upp )
pEP
. 1
[allLy0.1) < diam(supp ¥x)) 2 [[¥al] Lo 0,1),
diam (supp ) = 5 - 27,
sl za0,1) = AN @ /110N @ + 177,
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where 1 is the “mother wavelet”, #{\ : |\ = k} = 2% and inf,cp, ||fi —

nmn

Pl Lo (supp ) < (%diam(supp a3 f1 | zo(0,1)/3! (Jackson estimate), we find an
upper bound for the error \/ZI/\I>€1(6) | (4, f1)1,|* which is = 2741(5) Setting

this upper bound equal to £/2, and solving for ¢;(¢) gives an approximation for
f, of length = 24¢) < ¢=/% Note that in view of the admissibility assumption
we made on f, a vector length < ¢~/2 would have been sufficient. Such a length
would have been found with wavelets that have 1 vanishing moment.

From

[(hn, f2)| < (44 119 = Full 2y upp v 193] Low (0.1
Hg - f1HL1(suppr) <5 27“'7
1Al w01y = RV 190 oy /N1 o)) 1A 20,1

#{|\ =k :% is an interior point of supp ¥} =9,

and the fact that (¢, fo) vanishes when A is not in any of these sets, we find

an upper bound for the error \/Z|A|>£2(a) |(3hx, f2)|? which is = 27%()/2 Setting

this upper bound equal to /2 and solving for /5(¢) gives an approximation for
£, of length < 9(¢3(e) + 1) = O(|log(e)| + 1), which is asymptotically even much
smaller than the bound we found in the f; case. Since each entry of f can be
computed in O(1) operations, in view of Definition on page , we conclude
that f is s*-admissible with s* = 4.

We will compare the results of Algorithm with those of Algorithm [2.6.7]
on page [2§] that uses the subroutine RICHARDSON from Algorithm on
page 31l as ITERATE, which we refer to as being the CDD2 method.

We tested our Algorithm or CDD2 with parameters a = 0.4, § =
0.012618, and v = 0.009581, or K = 5 and 0 = 2.5, respectively. Inside the
ranges where the methods are proven to be of optimal computational complexity,
these parameters are close to the values that give the best quantitative results.
Actually, since these ranges result from a succession of worst case analyses, we
may expect that outside them, i.e., concerning Algorithm for larger «, ¢
and 7, more efficient algorithms are obtained. The numerical results, given in
Figure on the next page, illustrate the optimal computational complexity of
both Algorithm and CDD2. Note that the time measurements do not start
at zero, but after 10° = 1 second. The results show that in this example the
new method needs less than a factor % in computing time to achieve the same
accuracy.
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Chapter

Using polynomial preconditioners

4.1 Introduction
In this chapter, we carry on with considering the linear equation
Au=f, (4.1.1)

where A : {5 — (5 is an SPD matrix and f € /5. As we saw in the foregoing
chapters, the quantitative properties of the adaptive algorithms for solving this
system depend on the condition number x(A) := ||A]|||A™!||, which in turn
depends on the underlying wavelet basis. While constructing a wavelet basis
with favourable quantitative properties is a rather delicate task, preconditioning
the equation (4.1.1)) without any reference to the original continuous problem
seems an attractive possibility to improve the conditioning of the system. In this
chapter, with a preconditioner S : {5 — {5 such that kK(SA) < k(A), instead of
(4.1.1)) we will consider the following linear equation,

SAu = Sf. (4.1.2)

Apart from the diagonal one, perhaps the simplest preconditioner is the inverse
of a finite section of the stiffness matrix A. One could use the LU-decomposition
to preserve the symmetry. For instance, when the coarsest level functions of
the wavelet basis adversely affect the condition of the system harmfully, one can
invert the stiffness matrix restricted to the coarsest level and use the inverse as
a preconditioner. Since we can approximate the action of the stiffness matrix,
the next idea would be to use polynomial preconditioners. In this chapter, we
investigate the use of polynomial preconditioners.

This chapter is organized as follows. In the next section, we recall some
results on polynomial preconditioners and put forward ways to use them in our

29
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setting. Then in Section .3} we show that the adaptive wavelet algorithms with
polynomial preconditioners are again of optimal computational complexity.

4.2 Polynomial preconditioners

In the context of linear algebraic equations, polynomial preconditioners have been
studied extensively, see e.g. [I, B8, [70]. In this section, we recall some of the
results regarding common polynomial preconditioners and analyze them in our
setting.

Now the preconditioning matrix S is a polynomial in A, namely, we assume
that S = p(A) for some polynomial p of degree k > 0. p(A) commutes A, thus
p(A)A is symmetric. Moreover, if p is positive on the spectrum of A, p(A)A is
positive definite. To be more practical, if

IT—p(A)A| <p for some p < 1, (4.2.1)
then p(A)A is positive definite, and we have the bound

WwMMS%%%- (4.2.2)

Neumann series polynomials

A simple choice for p is a polynomial based on Neumann series. With some

w € (0, ﬁ) and N :=1— wA, we have

(WA) ' =T+ N+N*+ ...,
and truncating this series we define a polynomial preconditioner
p(A) =w(lI+N+... + N (4.2.3)

One easily identifies the application of pi(A) with £ iterations of a damped
Richardson method. As for (4.2.1]), we have

= pe(A)A[ = [lwo(N*F 4 N2+ A = INFFH| < [N

Min-max polynomials

If the coefficients of the preconditioning polynomial p are given, in general the
action of p(A) is computed using k applications of A. Therefore we shall try to
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minimize the condition number (4.2.2) keeping k as small as possible. By first
complexifying ¢, and then applying the spectral theorem, cf. [69], we have

Ip(A)Ax|” = / PN ) < Il OO (424)

where o(A) is the spectrum and E is the spectral decomposition of A. This
immediately implies ||p(A)A| < /\m%}i) Ip(A)A|. Similarly, we can estimate
€o

Ip(AA] ) < e [0 = (i 10N

where we assumed that p is nonzero on the spectrum of A. Now let o(A) C [, d]
with ¢,d > 0. Then we have

maxieie,d) |p()\)/\|
KIp(A)A] < —
[ ( ) ] MIN)g[c,d] \p()\))\\

for p nonzero on [c, d]. (4.2.5)

We consider the problem of minimizing the above upper bound over the polyno-
mials of degree k. Recall the following result from [I, [58].

Lemma 4.2.1. Let p, be the polynomial defined by

C«k(d—zc—Z)\)
MMh\=1—- — &¢ ~
pk( ) Ck(dJrc) ’

d—c

(4.2.6)

where Cy, is the k-th Chebyshev polynomial of the first kind. Then

maxyefed [Pr(MA] |Cr(459)] +1 < MaXeleq [g(M)A
minyeleq [Pr(MA] [Cp(EE)| =1 ~ minpgleq [g(A)A|

for all q € Pile,d], with equality if and only if q is a scalar multiple of py.
With [e, d] as above, estimating the norm in (4.2.1]) as in (4.2.4)), we get
IT = p(A)A[l < max |1 = p(A)A]. (4.2.7)

It turns out that the same polynomial p; from (4.2.6)) minimizes the upper bound
over Pglc,d], and these polynomials are called the min-maz polynomi-
als. Furthermore, with the min-max polynomial py we have [|[I — pp(A)A| <
|Ci(4£<)|71 < 1 for k > 0, ensuring the positive definiteness of pj(A)A.

For min-max polynomials, the application of p;(A) is equivalent to k iterations
of the Chebyshev method. In light of this fact, the coefficients of the polynomial
pr can be computed, e.g. using three term recurrences.
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Least-squares polynomials

An alternative family of preconditioning polynomials can be obtained by mini-
mizing some quadratic norm of 1 —p(A)\ instead of the uniform norm, cf. ([£.2.7).
With a positive weight function w : [¢, d] — R, we consider the following mini-
mization problem

d
/ 11— p(MAPw(N)dX — min  over p € Pyle, d]. (4.2.8)

We call the solution of this problem a least-squares polynomial. Unlike the min-
max polynomial, the least-square polynomial is biased in its suppression of the
eigenvalues of A. For example, when w = 1, the larger eigenvalues are mapped
closer to 1 than the small ones. If the eigenvalue distribution of A were known,
one could choose w to emphasize the dense parts of the spectrum.

We recall the following result from [5§].

Lemma 4.2.2. Let s; € Pyii[c,d], 0 <i < k+1, be orthonormal with respect to
the weight function w, normalized so that s;(0) > 0 for 0 <i < k+ 1. Assume
that each s;, 0 < i < k + 1, obtains its maximum on [c,d| at c. Then with

Jer1(p, A) == Zfié s;(p)s;(N), the solution py to the problem (4.2.8)) is given by

Jk+1 (07 )‘)

MA=1-— ,
Pr(Y) Je1(0,0)

(4.2.9)

and pg(X) > 0 for X € [¢,d].

This lemma is applicable to a wide range of weights, including the Jacobi
weights
wa,s(A) = (d = A)*(A = ¢)’,

when o, 3 > —%. In this case, the function J;.1(0, -) is a shifted and scaled Jacobi
polynomial, c¢f. [I]. Since the polynomial is known explicitly, the norm (4.2.1))
can be estimated by using e.g. the estimate (4.2.7)).

Approximate preconditioning

Since it is not possible to compute the application of A exactly, the action of
the polynomial preconditioner p(A) must be approximated. For the approximate
application of an s*-computable matrix A with s* > 0, we distinguish between
two possibilities: (a) we can use the subroutine APPLY; or (b) we can apply
some approximation A; as in Definition 2.7.8] Let py be the polynomial given
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by pr(A) = ag + a1 A + ... + azA¥ and let S = p(A). We consider the following
algorithm which implements possibility (a).

Algorithm 4.2.3 Polynomial preconditioner PREC,[r,{] — d

Parameters: Let ¢;, i = 1,...,k, be such that S5 &|A[""! < &|r| and & >
Elirll

Input: Let r € P and £ > 0.

Output: d € P and ||Sr —d| < ||

1: by = air;

2: fori=k,...;1do

3 by :=a;_ir + APPLY[A, b, ¢;
4: end for

5:d = f)o.

Correspondingly, possibility (b) suggests the following algorithm.

Algorithm 4.2.4 Polynomial preconditioner PREC,[r,¢] — d

Parameters: Let J satisfy |A — Ay|| Y5 ia;|[|A]|*! < € and 27 < €715, for
some s > 0, with A ; a compressed matrix as in Definition [2.7.8

Input: Let r € P and £ > 0.

Output: d € P and ||Sr —d| < ||

1: by = air;

2: fori=k,...,1do

3: Bk,l = Q1T + A.JBZ‘;
4: end for

5:d = f)o.

Definition 4.2.5. A subroutine PREC]r, {] — d is said to have linear complex-
ity when for any £ > 0 and a finite dimensional vector r € /5, d := PREC]r, ¢]
terminates with ||Sr — d|| < &||r||, and for a non-increasing function ¢ : Ry —
R.o, #suppd < ¢(&)#suppr and the number of arithmetic operations and stor-
age locations required by the call being bounded by an absolute multiple of

c(§)#suppr + 1. @

Proposition 4.2.6. Let A be s*-computable with some s* > 0. Then the sub-
routines PREC,[r,&] and PREGC,[r,&] are both of linear complexity.

Proof. For the subroutine PREC,, the choice ¢; = M%TL’ 1 < i < k, satisfies

the assumptions on the parameters ;. For the subroutine PREC,, we can choose
J satisfying the first condition and ||A — A ;|| 2 &. Choosing s such that s < s,
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we have 277 > ¢, thus J satisfies the second condition. With by, := a;r, define
b;_1 := a;_1r + Ab; recursively for i = k,...,1. Note that Sr = by.
We consider PREC, first. From

bi_1 — b;_; = APPLY]|
= APPLY]|

A, Bz‘, €i] — Ab,
we have

by = bis|| <&+ |A|[|[b; = by fori=1,... .k

giving [|d — Sr|| = |[by — bo|| < 31 1<€z||A||H < &]fr].

Taklng into account that [[APPLY A, - ¢]|| < [[A]l|l- || +¢ for any € > 0, and
i < €|r|, we can derive that ||b;|| < |r H Where the constant absorbed by ”<”
possibly depends on £. For any x € A*, from (2.3.3) we have

x| 45 = sup N*||x — By(x)|| < (#suppx)*||x].

Accordingly, we infer

#supp b1 S #suppr +e; O |b S < #suppr + &byl Vo (#supp by),

for i =1,..., k. Employing this bound for : = k, ..., 1, we obtain
# supp d = # supp by
< 4 suppr (1 e e l/SHer/s) .
We employ the assumption &; > £||r| or £ !||r|| < ¢! to conclude the first part

of the proof.
Now we turn to the subroutine PREC,. We have for i =0,... .k —1

1B ]| < fasl|r]] + A Bl < Jaslllx]l + A [Bisall,

or [[bi] < x|l Zf:z la;|||A])”~%. On the other hand, we have for i = 1,... k&

[bii — bit|| = [|Asb; — Aby|| < |A; — All[[bi|| + | A]l[b; — by
< Ay = Allllrl 25 a A1~ + [|A[[b; — byl|.
This yields

k k
Ild — St = by — bo|| < [A; = All[rll > (A asll|A]

i=1 j=i

< [|As — Allffr HZZ\%\HAH] P (A - Al HZ]’aJ’HAHJ '

7j=1 =1
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where by assumption the last expression is bounded by &||r||.
For the support size, we have #suppb;_; < #suppr + 27# supp b;, giving
that

#suppd = #suppby < (1 +27 + ... +2/")# suppr < 27%# suppr.

Finally, we use the assumption 27 < ¢71/% to complete the proof. [

4.3 Preconditioned adaptive algorithm

Throughout this section, we assume that py is a polynomial of degree k such that
S = pr(A) is positive definite and PREC]r,¢] — d is an algorithm of linear
complexity to approximate the action of S. We analyze here the preconditioning
of the algorithm from the preceding chapter. First we define the routine for
approximately solving the preconditioned Galerkin system PySAu, = P,Sf,
with A C V.

Algorithm 4.3.1 Galerkin system solver GALSOLVEI[A, vy, v, 1, €] — wy

Parameters: Let A be s*-computable for some s* > 0. With A; the compressed
matrices from Definition let J be such that

0= SA — pe(ANAI(SA) | < 22—
Let avg, o, vy, v, > 0 be constants such that o+, +a,+a, = 1 and a, < 3.
Input: Let A C V, #A < 00, vy € l3(A), e > 0, v > ||f — Av,| and n >
IPAS(f — Ava).
Output: wy € l5(A) and |PAS(f — Aw,)|| <e.
: B:=Pyag [pe(A) Ay + pr(A%)AY] I
2: f: = RHSIf, | — APPLY[A, vy, ] with ¢, := IR
3: d := P, (PRECF, 2));
4: To find an x with |[d — BX|| < aye, apply a suitable iterative method for
solving Bx = d, e.g., Conjugate Gradients or Conjugate Residuals;
5: Wp = VA + X.

—_

Proposition 4.3.2. Let A be s*-computable, and let £ be s*-admissible for some
s* > 0. Then wy := GALSOLVE|A, v, v,n,¢| terminates with |PAS(f —

Aw,p)|| < e, and for any s < s*, the number of arithmetic operations and storage
S

s T

locations required by the call is bounded by an absolute multiple of e='/*(|va }4
1/s

A=) Fc(n/e)#A, with ¢ : Rsog — Ry being some non-decreasing function.

|u
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Proof. Since the proof of Proposition works for this proposition with slight
adjustments, we comment here only on some points. From ||SA — pi(A,)A ;|| <
o[(SA)~!|7!, we imply that B is SPD, and that #(B) < 1 uniformly in 1 and e.
To prove the first claim of the theorem, one can use

[PAS(f — Aw) —d|| = [[PAS(f — Aw —T) + P,Sr —d|| <|[S]le, + £[[7]],

and ||T|| < v +e¢,. B is sparse, and thus the work bound follows. ]

Algorithm 4.3.3 Preconditioned adaptive method SOLVE[y, ¢] — v;

Parameters: Let «,d, and £ be some positive constants such that with o =
%, 0<d<a<land ‘%g < K(SA)™2. Let 0 < y < %/@(SA)’%(&—g)
and € > 0 be constants.

Input: Let vy 2 ¢ > 0.

Output: v; € P and ||[f — Avy|| <y <e.

1: 1:=0, vi :==0;
2: loop

1i=141;

[t;, ] := RES[v;,0v;_1, 0, l;

if v; < e then

Terminate the subroutine.

end if

d, .= PREC][i;, ¢];

A1 = RESTRICT supp vy, d;, al;

10: ;o= [|di]| + (€ + OSIDIF:l; 3

11: Vigl = GALSOLVE[Al_H,V“V“T]“’}/Hdln],

12: end loop

We now define the preconditioned adaptive wavelet solver.

Theorem 4.3.4. Let A be s*-computable, and let f be s*-admissible for some
s* > 0. Then u. := SOLVE|vy, €| terminates with |f — Au.|| < e. Moreover, if
v ~ |If]| 2 &, and for some s < s*, u € A®, then #suppu. S z€_1/s|u|}4/sS and
the number of arithmetic operations and storage locations required by the call s
bounded by some absolute multiple of the same expression.

Proof. From the properties of RES, for any v; determined inside the loop, with
r; .= f — Av,, we have v; > |r;||, and either v; < ¢ or ||r; — ;]| < |54
Moreover, we have v; 2 min{fv;_1,e} 2 ¢ for i > 1. Now suppose that for an
i > 0, RES terminates with v; > ¢ and thus with |r; — T;|| < §||T;||. Then from
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(1 =05l < [lrill < (1 +6)|I5s]] and v < (1 + 6)||T]], we have v; = |[F]| = |||,
and

ISr; = dill = IS(r; — ) + ST — dil| < IS/3I1F] + 1l
so n; is an upper bound on ||Sr;||. Furthermore, we have
Il < IS~ IISE: | < 870 (Nl + €l )

implying that ||Sr; — d;|| < d||d;|| and 7; < (1 + §)||d;||. Similarly to the above
case with v;, we now infer n; ~ ||d;|| = ||Sr;||, and since ||Sr;|| = ||r;]|, we have
n: = vi. With the norm ||| := (SA-, )2 which is equivalent to the standard norm
||| on €5, Proposition [3.2.2]shows that [[u—v1 || < pjlu—v;|| for some p € [0,1),
or i1 < piFy, for 0 < k < i+ 1. This proves that the loop terminates after a
finite number of iterations, say directly after the K-the call of RES.

Since PREC is of linear complexity we have # supp d; < #suppty, and the
cost of the i-th call of PREC is of order # suppr; + 1. The rest of the proof is
completely analogous to the analysis in the proof of Theorem |3.3.5] n
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‘Chapter 5

Adaptive algorithm for nonsymmetric and
indefinite elliptic problems

5.1 Introduction

Let H be a real Hilbert space and let H' denote its dual. Given a boundedly
invertible linear operator L : H — H’ and a linear functional f € H’, we consider
the problem of finding u € H such that

Lu=f.

As an example of ‘H one can think of the Sobolev space H! on a domain or
manifold, possibly incorporating essential boundary conditions. Then the weak
formulation of (scalar) linear differential or integral equations of order 2¢ leads to
the above type of equations.

Let ¥ = {¢) € H : A € V} be a Riesz basis of wavelet type for H with a
countable index set V. We consider ¥ formally as a column vector whose entries
are elements of H. Let u = u” ¥ with u a column vector in £y := ¢5(V). Then, as
we already have seen, the above problem is equivalent to finding u € /5 satisfying
the infinite matrix-vector system

Lu =f, (5.1.1)

where L := (¢, L), ) yev : {2 — {2 is boundedly invertible and f := (f, {x)rev €
¢y. Here (-, -) denotes the duality product on H x H'.

In the foregoing chapters, we have encountered a number of adaptive methods
for solving the above type of equations. The methods apply under the condition
that L is symmetric, positive definite (SPD), which is equivalent to (Lv,w) =
(v, Lw), v,w € H, and (Lv,v) 2 ||v||3, v € H, ie., that L is self-adjoint and

69
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H-elliptic. For the case that L does not have both properties, as was suggested
in [18], one can reformulate Lu = f as an equivalent well-posed infinite matrix-
vector problem with a symmetric, positive definite system matrix, as via the
normal equations, or, in case the equation represents a saddle point problem, by
using the reformulation as a positive definite system introduced in [10].

Throughout this chapter, we will consider the operators of type L = A+ B
where A is self-adjoint and H-elliptic, and B is compact. Now in general L is
no longer SPD, hence the above mentioned adaptive wavelet methods cannot
be applied directly. One can consider the normal equation LYLu = L”f; how-
ever, the main disadvantage of this approach is that the condition number of
the system is squared, while the quantitative properties of the methods depend
sensitively on the conditioning of the system. In this chapter, we will modify
the adaptive wavelet algorithm from Chapter 3| so that it applies directly to the
system Lu = f, avoiding the normal equations. The analysis in Chapter [3| ex-
tensively uses the Galerkin orthogonality, which in the present case has to be
replaced by only a quasi-orthogonality property. It should be mentioned that this
quasi-orthogonality property has been used in [62] in a convergence proof of an
adaptive finite element method. By proving the quasi-orthogonality property for
the present general setting and extending the complexity analysis in Chapter [3],
we will show that our algorithm has optimal computational complexity.

This chapter is organized as follows. In the following section, we derive results
on Ritz-Galerkin approximations to the exact solution, and in the last section,
the adaptive wavelet algorithm is constructed and analyzed.

5.2 Ritz-Galerkin approximations

Let 'H — ) be separable real Hilbert spaces with compact embedding, and let
a:HxH—Randb:)Y xH — R be bounded bilinear forms. We assume that
the bilinear form a is symmetric and elliptic, which implies that || - | := a(-,-)2
is an equivalent norm on H, i.e.,

Il = llvllx  veH. (5.2.1)

In particular, the operator A : H — H’ defined by (Av, w) = a(v, w) for v,w € H,
is boundedly invertible. Moreover, since B : H — H' defined by (Bv, w) = b(v, w)
for v, w € 'H, is compact, the linear operator L := A + B is a Fredholm operator
of index zero. Therefore, assuming that L is injective, L : H — H’ is boundedly
invertible, in particular meaning that the linear operator equation

Lu = f, (5.2.2)

has a unique solution for f € H'.
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For our analysis we will need the following mild regularity assumption on the
adjoint L' of L: There is a Hilbert space X — H with compact embedding, such
that (L)™' : ' — X is bounded. The following lemma gives a means to check
this assumption.

Lemma 5.2.1. Let either A= : Y — X or L' : V' — X be bounded. Then
(L7 1: Y — X is bounded.

Proof. We treat the first case only. The other case is analogous. The operator
B extends to a bounded mapping from ) to H'. So L' = A+ B : X — Y is
bounded. Now consider the equation L'u = f. We know that there exists a unique
solution w € H with |lullz S || fll3 and thus | B'ully < flullse S [[fllre < [ 1l5-
From Au = f — B'u, we now infer that [|ul|x < || f|ly- n

Example 5.2.2. For some Lipschitz domain Q C R", with H := HJ(Q) let
L : ' H — H’ be defined by

(Lv,w) = — Z (a;10kv, Ojw) 1, + Z(bkﬁkv, w)r, + (cv,w)r, v,w € H.
jk=1 k=1
If the coefficients satisfy a;j, by, c € Lo then L : ' H — H' is bounded. Moreover,
if the matrix [a;j] is symmetric and uniformly positive definite a.e. in €2, then the
bilinear form a(-,-) := =37, _ (a;x0, 9;-)1, is symmetric and satisfies (5.2.1)).
If either by =0, 1 <k <mand c>0a.e. orc> (>0 a.e., then the generalized
maximum principle implies that L is injective, cf. [R1]. Also if L = A — n?
for a constant n € R, then the injectivity is guaranteed as long as n? is not
an eigenvalue of A. With YV, := (Ly(Q), H3(2))1_0r2 for some o € (0,1], where
(X,Y)p, denotes the intermediate space between X and Y obtained by the real
interpolation method, the bilinear form b(-,-) := >, (bxOk-, ), + (C-, ) py -
Y, x H — R is bounded for any o € (0, 1]. If the coefficients a;, 1 < j,k < n,
are Lipschitz continuous, then with X, := (H}(Q), H*(Q) N H ()2 it is known
that A™' : V! — X, is bounded for any o € (0,3), cf. [75]. Furthermore, the
embeddings X, — H <— ), are compact. From Lemma we conclude that
all aforementioned conditions are satisfied. @

Example 5.2.3. Let L be the operator considered in the above example. We
assume that the domain (2 is Lipschitz, the coefficients a;, by, ¢ are constant and
that the matrix [aj;] is symmetric and positive definite. Then the single layer
and hypersingular boundary integral operators corresponding to the differential
operator L can be written as the sum of a bounded H-elliptic operator A : H — H’
and a compact operator B : H — H’, see [23]. With I" being the boundary of the
underlying domain €2, here the energy space is H = H*(T') with ¢t = —% for the



72 EXTENSION TO STRONGLY ELLIPTIC OPERATOR EQUATIONS 5.2

single layer operator and ¢t = % for the hypersingular integral operator. A close
inspection of the proofs of [24, Theorem 3.9] and [23, Theorem 2] reveals that in
both cases, the operator A is self-adjoint and that with ), := H'7(T") where ¢
has the appropriate value depending on the case, the operator B can be extended
to a bounded operator V, — H’ for any o € (0,3]. Assuming the injectivity
of L : H — H, in [23] it is shown that with X, := H'™(T"), L' : Y. — X,
is bounded for any o € [0, %] The injectivity depends on the particular case at

hand, see [61] for some important cases. %)
We consider a sequence of finite dimensional closed subspaces Vo C V; C ... C
H satisfying
inf |lv—v;|lx < ojllv]x veX, (5.2.3)
v; €V

with lim;_ . o; = 0.

Remark 5.2.4. Such a sequence exists since the embedding X — H is compact,
cf. [77).

Example 5.2.5. Let H = H' and X = H'™?. Then for standard finite element
or spline spaces V; subordinate to dyadic subdivisions of an initial mesh, the
approximation property is satisfied with o; =~ 2797, for any ¢ < v and
o < d —t, where d is the polynomial order of the spaces Vj, and v = supj{s :
V; C H*}, see e.g. [64]. %)

For a finite dimensional closed subspace S C H such that V; C S for some j,
we consider the Ritz-Galerkin problem

(Lug,vs) = (f,vs) for all vg € S. (5.2.4)

It is well known that for j being sufficiently large, a unique solution ug to
the above problem exists, and that ug is a near best approximation to u in the
energy norm || - ||. In the weaker norm || - ||y, convergence of higher order than
(5.2.3)) can be obtained via an Aubin-Nitsche duality argument, cf. [76]. These
results are recalled in the following lemma, where for convenience we also include
a proof.

Lemma 5.2.6. There is an absolute constant jo € Ny (not depending on S) such
that for all j > jo, (5.2.4)) has a unique solution with

lu = usll < [1 + O(ay)] inf flu —v]. (5.2.5)
Moreover, for j > jo we have

[u = uslly < Oa)[lu — us] (5.2.6)
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Proof. Suppose that a solution ug to (5.2.4) exists. Then we trivially have
(L(u —ug),vs) =0  YugeS. (5.2.7)
Using this and the boundedness of b: )Y x H — R, for arbitrary vg € S we get

lu — usl® = (L(u — us), u — us) — b(u — us, u — us)
= (L(u— v — b(u — _

(L(u —ug),u —vg) — blu — ug,u — ug) (5.2.8)

=a(u—ug,u —vg) + b(u — ug, us — vs)

< lu = usllfle = vsll + OM)[lu = us|yllus = vslls:

We estimate ||u — ug||y by an Aubin-Nitsche duality argument. For w € )’ we
infer that

(L(u—us), (L) 'w — ws)

< 1Ll = uslll (L) ™M w — ws

< | Lllpe—rellu = usllmayl| (L)~ wllx

< 1Lt = us e | (25~ Hlyr—allwlly,

where we used (5.2.7)), (5.2.3) and the boundedness of (L')~' : ' — X. We have

(u — ug, w)

llu — uslly = sup {u —ug, w)
wey Jlwllyr

and subsequently using (5.2.1) we arrive at (5.2.6). Substituting (5.2.6) into
(5.2.8]), we get

lw = usll < flu = vsll + O(e;)|lus — vslln.
For the last term, from the triangle inequality and (5.2.1)), we have
[v —uslly S flu—usll + flu = vs]].

Now choosing jo sufficiently large, we finally obtain .

Since is a finite dimensional system, existence and uniqueness are
equivalent. To see the uniqueness, it is sufficient to prove that f = 0 implies
ug = 0. By linearity and invertibility of L, we have u = 0 if f = 0, and so
implies that ug = 0. The proof is completed. m

The following observation concerning quasi-orthogonality is an easy general-
ization of [62, Lemma 2.1].
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Lemma 5.2.7. For some j > jo with jo being the absolute constant from Lemma
let Sy C S1 C H be finite dimensional subspaces satisfying V; C Sy. Let
uy € Sy and uy € Sy be the solutions to the Galerkin problems (Lug,v) = (f,v)
Yv € Sy and (Luy,v) = (f,v) Vv € Sy, respectively. Then we have

= woll? = lu = wil® = flur = woll?| < O(ey) (llu — woll* + flu — wil?) -
(5.2.9)

Proof. We have [Ju —uo||* = |Ju — ui])* + |Jur — wo||* + 2a(u — u1,us — ug). Using
(5.2.7), boundedness of b : Y x H — R, and the triangle inequality, we estimate
the absolute value of the last term as

|2a(u — uy, uy — up)| = [20(u — uy, up — up)|
S llw = wllyllur — ol
< lu = ually ([lu = urllse + [[u = uoll)
Now using (5.2.6), and applying the inequality 2ab < a®+b%, a,b € R, we conclude
the proof by
2a(u = ur,ur = uo)| < O(ey) (Jlu — wil* + flu — wifllu — woll)
< O(a) (fle = wall® + fluw — uoll?) - =
Using a Riesz basis for 'H, we will now transform into an equivalent
infinite matrix-vector system in ¢,. Let W = {1, : A € V} be a Riesz basis for

‘H of wavelet type. We assume that for some Vo C V1 C ... C V, the subspaces
defined by V; = span{y : A € V,}, j € Ny, satisfies (5.2.3)) with lim; .., a; = 0.

Example 5.2.8. With the spaces V; described in Example [5.2.5] wavelet bases
satisfying the above condition have been constructed e.g. in [14], 22, B3] 34 56,
89). @

Writing u = u? ¥ for some u € /,, u satisfies
Lu=f, (5.2.10)

where L := (¢, L), ) yev : {2 — {2 is boundedly invertible and f := (f, s )rev €
ly. Similarly to L, we define also the matrices

A= (1/% Al%)mev = a(l/);u w)\))\,yev and
B := (¢, BYu) s uev = b(Wu, Y1) auevs

so that L = A 4+ B. The matrix A is symmetric positive definite, so (A-,-) is an
inner product on fs, and the induced norm || - || satisfies

IVI? == (Av,v) = a(v" O, v0) = VTP v el
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Furthermore, one can verify that for any v € l5, A C V, v € l5(A),
1 1yl
[Av] < [[AlZIIVE < [IANIVIL lvall < [ATYE[PAALL VAl (5.2.11)

where Py : o — {3(A) is the orthogonal projector onto ¢5(A), and I, de-
notes the trivial inclusion f3(A) — fy. For any v,w € (5, we have (Bv,w) =
b(vIU, wil) < VI |y[|[wi |y < ||[vI¥ly|lw], implying the following esti-
mate which will be used often in the rest of this section.

Bv,w
[Bv]|= sup BVW

SIVIOlly  ved. (5.2.12)
orwer,  [[Wl

For some A C V, let S = span{t, : A € A} C H. Then ug = (Iyupy)’¥ € S
is the solution to the Galerkin problem ([5.2.4)) if and only if us € ¢2(A) satisfies

PALIAUA = PAf (5213)

In the following, we will refer to uy as the Galerkin solution with respect to the
index set A. From Lemma we know that this solution exists and is unique
when V; C A for some j > jp.

Lemma 5.2.9. Let Py and I, be as above. Then for any A D V, for some
J > jo we have

I(PALLy) | < AT [1+ [IBL™ + O(ay)] -

Proof. Recalling that L(u —uy) L f2(A) and that A = L — B, we have

laall* < AT I oall® = A7 [(Lua, ua) — (Bua, uy)]
= A7 [(Lu, up) — (Bu, up) + (B(u —uy), uy)].

Here and in the following, we write uy to mean Iyu, as well, i.e., uy is extended by
zeros outside the index set A. Now applying the Cauchy-Bunyakowsky-Schwarz
inequality gives

luall < [JA7H [ L] + [[Bu]| + [[B(u —uy)|] - (5.2.14)

For the last term in the brackets, using the estimates (5.2.12)), (5.2.6) and (5.2.5)),
we have

B(u —up)ll < flu — vy ¥y < O(ay)[lu — up¥|
< Olay) dnf o= vl < Oa)lull.
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We substitute it into ([5.2.14])) to get
luall < JA7H [ILuf| + [[Bul] + O(ey) [ul]
< ATH| [1+ IBLTH + O(ay) L] £

Since this estimate holds in particular for arbitrary f = P,f, taking into account
that uy = (PALI,) 'PAf the proof is completed. n

The following lemma generalizes Lemma [3.2.1] to the present case of nonsym-
metric and indefinite operators, and provides a way to extend a given set Ag C V
such that the error of the Galerkin solution with respect to the extended set is
reduced by a constant factor.

Lemma 5.2.10. Suppose that ug € lo(Ng) is the solution to Py LIy ug = Py f
with Ng D V; for j sufficiently large. For a constant pn € (0,1), let VO Ay D A
be such that

[P, (f = Lug) || = p|f — Luy|. (5.2.15)

Then, for uy € l3(Ay) being the solution to P, LIy, uy = Py, f, it holds that
1
lu —w | < [1—w(A)" 2+ O(ey)]* lu — uo|.
Proof. In this proof, we use the notations ug = u} ¥ and u; = u?'U. We have
IL(uy —up)|* = [|A(uy — up)|* + 2(A(u; — ug), B(uy — ug)) + [[B(uy — up)||.

The first term on the right hand side is bounded from above by using the first
inequality from ([5.2.11]). We estimate the second term by using (5.2.12)) as

2(A(u; — o), B(uy —up))| < 2[|A(uy — u)[[[B(uy —up)]|

N |||U1 - u0|||||U1 - U0||y-

For the third term we have |B(u; — u)||*> < |lus — uol/3. Combining these
estimates, and taking into account (5.2.6)), we conclude that

(s = ao)* < [[Allllur — woll® + O(W)lur — uollllur — wolly — (5.2.16)
< [[Allun = woll* + O(ay) (llu = uoll® + flu — uall?) -

On the other hand, we have

IL(u — ) [I* = [|A(u — o) [* + 2(A(u — uo), B(u — o)) + [|B(u — up)|*
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The first term can be bounded from below by using the last inequality in ((5.2.11])
with A = V. By using (5.2.12)) and ([5.2.6), we bound the second term as

[2(A(u —u9), B(u — wo))| < llu — uollllu — uolly < Olaj)llu —uoll*.  (5.2.17)

Estimating the third term by zero, we infer
IL(w = wo)* = AT flu — woll® = O(ej)llu — uol*. (5.2.18)

By hypothesis we have |L(u; —ug)|| > [|[Pa,L(u; —up)|| = [|Pa,(f —Luy)|| >
p||L(u — up)||. Combining this with (5.2.16]) and (5.2.18]), we get

A = uoll* + O(e)llw = |*
> AT e = woll* = O(ay)llu — uoll*.

Now by using that [Jluy —uoll < Jlu—uol* — flu — wll* + O(ey)(lu — uof* +
llu — ui])?) by (5.2.9), and choosing j sufficiently large we finish the proof. ]

In the following lemma it is shown that for sufficiently small ;4 and u € A%,
for a set Ay as in Lemma [5.2.10| that has minimal cardinality, #(A;\Ag) can be
bounded in terms of ||f — Lug| and |u|4: only, ¢f. Lemma [3.3.1]

Lemma 5.2.11. For some s > 0 let u € A*, and let pn € (0,x(A)"2). Assume
that vy € l3(Ag) is the solution to Py LIyug = Paf with Ay O V; for a
sufficiently large j. Then, the smallest set Ay D Ay with

[Pa, (f = L) || > pl[f — L

satisfies
/s

#(A\Ao) < [If — Lug||~V5[ul ',

Proof. With a constant A > 0 to be chosen later, let N be such that a best
N-term approximation uy for u satisfies ||[u — uyn|| < AJu — ugf|. Since L is
boundedly invertible we have [Ju — ug|| 2 ||f — Lug|| and thus, in view of (2.3.3),
N < |If — Lug|~Y#Ju){?. Let A := Ag Usuppuy D Ag. We are going to show
that for a suitable A, and j sufficiently large, |Pa(f —Lug)|| > p|/f —Lug||. Then
by definition of A; we may conclude that

#(A1\No) € #(A\Ag) < N S [If — Lug||~*Ju

S

1
As -

Now we will show that the above claim is valid. The solution to the equation
PoLIyuy, = PAf satisfies

lla = unll < [1+ Oay)]u = unll < [1+ O] A% Ju - uy|

R (5.2.19)
< AL+ O(a)][[AflZ lu — o,
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where we have used ((5.2.5)) and the second inequality from (5.2.11)). We have
IPAL(un — wo)||* = [[PaA (s — wo)||* + 2(PrA(us — wo), B(ua — ).

The first term in the right hand side can be bounded from below by using the
last inequality from ([5.2.11]). Estimating the second term as

(PrA(uy —up), B(uy —ug)) S fJua —uol[[[B(us — o)
< O(ey) (la = uall” + flu = uof?) .
we get
IPAL(us — ug)[I* > A lua — woll* — O(ay) (Jlu — wal* + Jlu — wol*) -

Now by using that [luy — uoll > flu — uo||* - flu — usll* = O(ay)(flu — wol* +
lu —us?) by (6.2.9), and applying (5.2.19)), we have
IPAL(un — o) [* = [1 = O(ay)][| A7l — up|?
= [L+ O(a)I[A ™ w = usll* = Oay) [la = usl* + fla — o ]?]
> [1=O(ap) |ATH 7l = woll* = [1+ O(e)] AT flu — ual?
> [1=N[A] = Ola)] AT flu — o™

On the other hand, we have

L (u = uo)|I* < [+ O(ay)] [ Alflu = wo|*.

Combining the last two estimates we infer

IPA(f — Lup)[|* > w(A) " [1 = M[A] = O(ay)] |If — Lug]*.

Choose a value of the constant X > 0 such that x(A)~2(1 — A2[|A|])2 > . Then
for j sufficiently large, we have ||Pa(f — Luyg)|| > p|/f — Luy||, thus completing
the proof. [

5.3 Adaptive algorithm for nonsymmetric and indefinite el-
liptic problems

In this section, we will formulate an adaptive wavelet algorithm for solving
and analyse its convergence behaviour. To give a rough idea before going through
the rigorous treatment, the algorithm starts with an initial index set A and com-
putes an approximate residual of the exact Galerkin solution with respect to the
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index set A. Having computed the approximate residual, we use Lemma
and Lemma to extend the set A such that the error in the new Galerkin
solution is a constant factor smaller where the cardinality of the extention is up
to a constant factor minimal, and this process is repeated until the computed
residual is satisfactorily small.

We need to choose a way to compute the Galerkin solution uy on a given finite
set A. Computing the Galerkin solution requires inverting the system ([5.2.13]).
In view of obtaining a method of optimal complexity, we will solve the system
approximately using an iterative method. Here we formulate a subroutine to

solve the Galerkin system ([5.2.13|) approximately.

Algorithm 5.3.1 Galerkin system solver GALSOLVEI[A, vy, v, &] — wy
Parameters: Let L be s*-computable and let f be s*-admissible for some s* > 0.
With L; the compressed matrices from Definition [2.7.8] let J be such that

0= |IL—Lyl[|A7" [2+ BL] <

— 4£+4V

Input: A C V, #A < oo, vy € ly(A), e >0, and v > [|[PA(f — Lvy)||.
Output: wy € (5(A) and [|[Py(f — Lw,)|| <e.
1: LA = PALjIx;
2: Ty := PA(RHS[f, ] — APPLY[L, vy, £});
3: To find an x with ||Ty — INJAf(H < $, apply a suitable iterative method for
solving Lyx = Ty, e.g., Conjugate Gradients to the Normal Equations;
4: Wp =V + X

Proposition 5.3.2. Let L be s*-computable and let £ be s*-admissible for some
s* > 0. Then, if A D V; with j sufficiently large, wp :== GALSOLVE[A, vy, 0, €]
satisfies |Pa(f — Lwa)|| < e, and for any s < s*, the number of arithmetic
operations and storage locations required by the call is bounded by some absolute
multiple of 8_1/5(|VA|1/S + |u\1/s) + c(v/e)#A, with ¢ : Rug — Rsg being some
non-decreasing function.

Proof. In this proof, j is assumed to be sufficiently large whenever needed. With
the shorthand notation Ly = P,LI,, using Lemma [5.2.9| and estimating 1 +
O(a;) < 2, we have
LA (LA = L)l < L3 ILy - L
< AT 1+ BL™ + O(ey)] Ly =L < 0 < 1.

This implies that I4+L3 ! (L —Ly) is invertible with [|(I+L 1 (Ly—Ly)) 71| < == = 5
Now writing Ly = Ly(I + Ly'(Ly — Ly)) and using Lemma again, we
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conclude that L A 1s invertible with
L3 < —— L3 < —— A7) 2+ B (5.3.1)
A _— 1 . Q A _— 1 . Q . . .

We have

_ o 1 . 0
Ly — LaflILy Y < Ly = Ll——[[A7Y 2+ BL7']|] < ——,

I-o -0
and ||Tal] < [|PA(f — Lvp)|| + ||Pa(f — Lvy) — T4l < v+ 5. Setting ry =
PA(f — Lv,) and writing

PA(f — LWA) =T\ — PAL)~(
= (I‘A — f‘A> + (f‘A — I~4A5<) + (EA — PAL)fJXl(IN'A + EA)NC — f‘A>,

we find
|IPA(f — Lw,)|| < %—i—%—k%g(v—i—%%—i) <e.

The properties of APPLY and RHS show that the cost of the computation of
T is bounded by some multiple of e=1/5(|v i{f+ lu }L(SS). We know that | Ly || < 1
uniformly in € and v. So taking into account we have x(Ly) < 1 uniformly
in e and d. Since L, is sparse and can be constructed in O(#A) operations, where
the proportionality coefficient is only dependent on an upper bound for v/e, and
the required number of iterations of the iterative method is bounded, the proof
is completed. n

Remark 5.3.3. If the symmetric part of L is positive definite, then the spectrum
of L, lies in the open right half of the complex plane, and so one can use the
GMRES method for the solution of the linear system in GALSOLVE, cf. [40,
71]. In this case, the proof of the preceding theorem works verbatim.

Next, we combine the above subroutines into an algorithm which approx-
imately computes the residual f — Lu, for a given set A C V. We get an
approximate Galerkin solution as a byproduct because we use GALSOLVE to
approximate the Galerkin solution u,.
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Algorithm 5.3.4 Galerkin residual GALRES|A, wy, pg, €] — [rk, Wi, pi]
Parameters: Let 6,7 € (0,1) and 6 > 0 be constants.
Input: py > ||f — Lw|| .
Output: |f — Lwy|| < p, and either p < e or ||f — Luy — ri|| < 6||re]|.
1: k:=0,{y:=0pg, vy := po;
2: repeat
3 k=k+1, ::Ck—1/2;
£ we= G (LA 2+ IBL7Y])
5: Wi = GALSOLVE[A, Wg_1,Vk—1, I/k];
6: I = RHS[(l — ’}/)Ck/Q] — .A].:’].:’]-_;YF[VV]€7 (1 — ’y)(k/Q],
7
8:

C V= min{vg_q, e}
until g = [l + (1 — 1) < o G < Be].

Remark 5.3.5. In the above algorithm, as opposed to Algorithm [3.2.5 we are
forced to place the Galerkin solver inside the loop that computes the current
residual with a sufficient accuracy. The reason is that in Lemma and
Lemma [5.2.11]the vector uy must be the Galerkin solution on its support, whereas
in the corresponding Lemma[3.2.1]and Lemma[3.3.1] this vector could be arbitrary.

Remark 5.3.6. In view of Remark [2.8.3] taking into account that pg is an upper
bound on the residual of wg, a reasonable choice for the value of # is  ~ (sz)ﬁ
Proposition 5.3.7. Let L be s*-computable and let £ be s*-admissible for some
s* > 0. Then, if A D V; for some sufficiently large j, then the outputs of
[r,w, p| := GALRES[A, wy, po, €] satisfy ||f —Lw|| < p, and either p < e or ||f—
Luy—r| < 4|r||. Furthermore, under the same condition we have p 2, min{pg, }.
In addition, if for some s < s*, u € A*, then #suppr < p‘1/$|u|f4,f—|—(p0/p)1/s#A
and the number of arithmetic operations and storage locations required by the call
is bounded by some absolute multiple of p~'/*|u }45 + (po/p)Y*(#A + 1).

Proof. 1f at evaluation of the until-clause for the k-th iteration, ¢ > d||rg||, then
pr = |Itel| + (1 =) < (671 + 1 — )¢ Since ¢ is halved in each iteration, we
infer that, if not by (; < §||rg||, the inner loop will terminate by pj < e.

Let K be the value of k£ at the termination of the loop. First we will show
p 2 min{po,e}. When the loop terminates in the first iteration, i.e., when K = 1,
we have p; = ||r1]| + (1 = 7)1 2 po. In the case the loop terminates with py < e
we have |[rg_1]] +2(1 —v)(x > € and 2(x > J||rx—_1]|, so we conclude

(1 —)d(llrx—1]l +2(1 — )Ck) (1 —)de
24+ 25(1 — ) 2+20(1—7)

pr > (1 =)k >
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Since after any evaluation of rj inside the algorithm, ||ry — (f — Lwy)|| <
(1 —=7)Ck, for any 1 < k < K, py is an upper bound on ||f — Lwy||. Together with
the condition on py this guarantees that the subroutine GALSOLVE is called
with a valid parameter v,_;. By applying Lemma for sufficiently large 7,
we have

lrx = (F = Lua)|| < e — (f = Lw) || + [[L(us — wy )|
< (1= 7)G + LI (PALLY) " IPa(f — Lwy)||
< (1= 7)G + LA + [BL| + O(ay) vk < G,

and therefore the condition (; < d||ry|| implies |[ry — (f — Luy)|| < d||rg||. This
proves the first part of the theorem.

The properties of RHS, APPLY and GALSOLVE imply that the cost of k-

th iteration can be bounded by some multiple of ¢, /* (|wy_1| 42+ u| {5+ wi | 15+
(=2)#A + #A + 1, where ¢(-) is the non-decreasing function from Proposition
5.3.2 Since any vector wy, determined inside the algorithm satisfies ||u — wy|| <
po, from |wy|as < |ufas + (#supp wy,)*||wy, —ul| (Proposition [2.3.6)), we infer that
|We|as S |ulas + (#A)®po. At any iteration the ratio ”’;;1 can be bounded by a
multiple of max{Z—T, 2} < ’C’—f + 1 < 1. By the geometric decrease of (;, inside the
loop, the above considerations imply that the total cost of the algorithm can be
bounded by some multiple of ¢(x/*(Ju }4/33 + po " #A) + K(#A + 1). Taking into
account the value of (y, and the geometric decrease of (; inside the loop, we have
K(#A+1) = Kpal/s Y S(#A +1) < C_l/s 1/S(#A + 1). The number of nonzero
coefficients in rx is bounded by an absolute multiple of C;/S( 1/8 + pl/s#/\) SO
the theorem is proven upon showing that (x = pr. When the loop terminates in
the first iteration, i.e., when K = 1, we have p; = ||r1||+ (1 —~)( < ||f —Lwyol| +
2(1—7)¢1 < po+Gi < (1, and when the loop terminates with (x > d||rk||, we have
pr = |rkl+(1—=7)Ck < (5+1—7)Ck. In the other case, we have 0||rx_ || < 2(k,
and so from [[rx —rx_1]| < Cx +2(x, we infer |lrg| < e[| +3¢k < (3+3)Ck,
so that pr < (§+4—7)§K. n
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We now define our adaptive wavelet solver.

Algorithm 5.3.8 Adaptive Galerkin method SOLVE[¢] — wy,
Parameters: Let j be a sufficiently large fixed integer, let pg > ||f||, and a €
(0,1) be constants.
Input: ¢ > 0.
Output: wy € P and ||f — Lw,|| <e.
L k=0, wy:=0, A :=V;

2: loop

3 ki=k+1;

4:  [rg, Wi, pr] =GALRES[Ay, Wi_1, pr_1,€];
5. if pp < e then

6: Terminate the subroutine.

7. end if

8: Ak—i—l = RESTRICT[Ak, ry, CY],

9: end loop

Theorem 5.3.9. Let L be s*-computable and let £ be s*-admissible with some
s* > 0. Then w := SOLVE[¢] terminates with ||f — Lw|| < e. In addition, let
the parameters o and py in SOLVE, and 6 in GALRES, be selected such that
ot < K(A)"2, o < 8, and py < |||, and let & < |[£]|. Then, if for some s < s*,

u € A*, we have #suppw < e V*|u }45 and the number of arithmetic operations
and storage locations required by the call is bounded by some absolute multiple of
the same expression.

Proof. Before we come to the actual proof, first we indicate the need for the
conditions involving po, ||f|| and €. If py £ ||f|| we cannot bound the cost of the
first call of GALRES. If ¢ Z |/f||, then g_l/s\u\i(f might be arbitrarily small,
whereas SOLVE takes in any case some arithmetic operations.

Abbreviating Py, as Py, let u, € l3(Ax) be the solution of the Galerkin
system PpLu, = P,f. Assume that the k-th call of GALRES terminates with
pr > ¢ and thus with ||f — Luy — ri|| < d||rk||. Then we have

alfrg]] < [[Prsarel] = [[Pryafre — (F — Lug) + (f — Lug)]|
< Ofrgll + [[Prpa (f — Luy ),

giving ||Pry1(f — Lug)|| > (o — 0)||rk||. Defining vy := ||rg|| + ||f — Lug — rg|| we
have ||f — Lug|| < vp < (14 9)[|rx]|, and using this we obtain

[P (f — L) | > &2, > 82 — L |
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so that Lemma [5.2.10] shows that
o — wa | < [1 = K(A)H(52)? + O(a))]* lu — wg.

Taking into account that v, < (1 + 0)||rx]| < (1 + 6)px and that ||f — Luy|| >
|IPre1(f — Lug)|| 2 vk, we have pp, = vp = ||f — Lug|| = ||u — ui as long as
pr > €. By the conditions that o > ¢ and that j is sufficiently large, it holds that
pr S EF1py for certain € < 1, so that SOLVE terminates, say directly after the
K-th iteration. This proves the first part of the theorem.

With g = 28 for 1 <k < K let VO A D Ay, be the smallest set with

|[PA(f — Luy)|| > pf/f — Lugl.

Since i < 1(A)2 by the condition on § and o, and ||f —Luy|| < v, an application
of Lemma [5.2.11| shows that #(A\A;) < _1/8 !5 On the other hand, using
Proposition [5.3.7| twice we have pu|rg|| < ,qu LukH + ud||rg]] < ||Pa(f—Luy)||+
pollrel| < |IPark| + (1 + p)d|ry|| or ||Park|l > «||rk]]. Thus by construction of
A1 we conclude that

1/5 —1/5

#(Arp1\Ax) S #(AAg) S _1/8 1/8 forl1 <k< K.

Since Ay < 15 po*[ul’f by po < |IFl S |ulas, with Ay := & we have for
1 <k<K,

k-1

k—1
HA =D H#Nia\N) S O el S il (5.3.2)
1=0 1=0

In view of Lemma [3.3.3] we infer that the cost of determining the set Agi
is of order #A; + #suppry + 1. From Proposition we have #suppry <
l/slu

%S + (pr—1/pr)/*#A) and that the cost of the k-th call of GALRES is

Pl 4 (oo /o) Yo (#Ag + 1), implying that the cost of the k-th
iteration of SOLVE can be bounded by an absolute multiple of p, e 1/ ; +
(pr—1/pe)Y*(# A +1) + #A, + 1. Now by using and 1 < pfl/s\u\i(f, and
taking into account the geometric decrease of pp we conclude that the total cost
of the algorithm can be bounded by an absolute multiple of pK Y - - From
Proposition we have px = min{px_1,e} 2 &, where the second 1nequality
follows from px_; > € when K > 1 and by assumption when K = 1. This
completes the proof. n

of order p,




Chapter

Adaptive algorithm with truncated
residuals

6.1 Introduction

In this chapter, we return to the equation (2.4.3) on page 21 which is recalled
here for convenience:

Au=f, (6.1.1)

where A : {5 — [y is an SPD matrix, and f € /5.

In Chapter[3] we presented Algorithm on page [54] for solving (6.1.1]). The
algorithm consists of a loop over the following steps: For a given iterand v € P,
compute the residual r := f — Av approximately, and then with a constant a from
a suitable range, choose an index set A D supp v with (nearly) minimal cardinality
such that |Par|| > «f|r|| with r replaced by the approximately computed residual.
The next iterand of the iteration is determined by an inexact solution of the
Galerkin system on ¢3(A). Optimality of the adaptive algorithm was proven in
Theorem [3.3.5 on page [54]

In the approximate computation of the residual r := f — Av, among other
things, one uses the subroutine APPLY as in Algorithm on page The
subroutine APPLY employs columns of a compressed matrix A; with increasing
accuracy (thus with increasing j) as the corresponding entry of v gets large in
absolute value. As indicated in Remark on page [34] (see also Theorems
7.3.3 and [8.2.4), when j increases, the compressed matrix A; involves blocks
of A corresponding to the interactions between wavelets with level difference
proportional to j. As a result, it becomes possible that the difference between
the highest levels of wavelets that are used in the approximate residual and that
are used in the iterand (i.e. v) grows when the iteration proceeds. This makes

85
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very deep refinements feasible but also leads to serious obstacles in practical
implementations of the algorithm. Moreover, numerical experiments show that
in terms of cardinality, only a tiny part of the support of the approximately
computed residual constitutes the index set A for the next iterand.

An alternative approach would be to simply compute the “truncated” resid-
ual r* := P,.r for some index set A*, and choose an index set A D supp v with
(nearly) minimal cardinality such that |Par*|| > «f|r*||. Of course, the point
is that one has to choose the “activable” set A* appropriately. To our knowl-
edge, this approach was first suggested in [54] in the context of adaptive wavelet
Galerkin BEM. In [5], the same idea was applied for designing adaptive wavelet
algorithms for solving elliptic boundary value problems. Numerical experiments
in both papers show relatively good performances. In this chapter, we analyze
adaptive wavelet algorithms of the above discussed type, i.e., adaptive algorithms
with truncated residuals.

Throughout foregoing chapters, we have been considering approximations for
u from /5(A), where A can be any finite subset of V. In this chapter, a slightly re-
stricted type of wavelet approximation is employed, in the sense that only sets A
are considered that are trees, roughly meaning that if A € A, then for any \' € V
with supp ¢, C supp ¢y, also X € A. From the purpose of constructing the ac-
tivable sets efficiently, tree approximation arises almost naturally. In the context
of adaptive wavelet algorithms, tree approximation is often used, cf. [19, 20, [30].
It is claimed that working with trees has advantages in view of obtaining an
efficient implementation, whereas, on the other hand, best tree N-term approxi-
mations converge towards u with a rate N~° under regularity conditions that are
only slightly stronger than that for unrestricted best N-term approximations.

This chapter is organized as follows. In the next section, we recall some
relevant facts on best N-term approximations with tree constraints. An adaptive
algorithm with truncated residuals is proposed and proven to be optimal under
some assumptions in Section [6.3] Then Section provides a way to verify these
assumptions for second order elliptic boundary value problems. In the last section
we extend a certain result on completion of trees to graded trees, which is often
used in Section [6.4 Since this result concerns general trees and it can be used
not only in a wavelet context, we presented it such that it stands on its own
independently of other sections in this chapter.

6.2 Tree approximations

We assume that a parent-child relation is defined on the index set V. We assume
that every element A € V has a uniformly bounded number of children, and has
at most one parent. We say that A € V is a descendant of p € V and write A\ > pu
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if A is a child of a descendant of 1 oris a child of u. The relations < (ascendant
of), > (descendant of or equal to), and < (ascendant of or equal to) are defined
accordingly. The level or generation of an element A € V, denoted by |\| € Ny,
is the number of its ascendants. Obviously, A > p implies |A| > |u|. We call the
set Vo :={\ € V : |\| =0} the set of root, and assume that #V, < oc.

A subset A C V is said to be a tree if with every member A € A all its
ascendants are included in A. For a tree A, those A € A whose children are not
contained in A are called leaves of A, and the set of all leaves of A is denoted by
OA. Similarly, those A ¢ A whose parent belongs to A are called outer leaves of
A and the set of all outer leaves of A is denoted by L(A).

For N € Ny, we collect all trees with at most N elements in the set

Tn :={ACV:#A <N, Ais a tree},
and collect all the elements of /5 whose support is a tree with cardinality N in
Xy :={v ely:vely(A) for some A € Ty}. (6.2.1)

Obviously, we have 7y = @, Ty C Ty.1 and Xy C Xyy1. The set of all finite trees
is denoted by 7 := Uyen,Zy. We will consider here approximations of elements
of /5 from the subsets Xy. The subset Xy is not a linear space, meaning that
we deal with a nonlinear approximation. For v € /5 and N € Ny, we define the
best approximation error when approximating v from Xy by

En(v) :=dist(v,Xy) = inf [v—vy]. (6.2.2)
vNEX N
Any element vy € Xy that achieves this error is called a best tree N -term approz-
imation of v. For any N € Ny a best tree N-term approximation exists since Xy
is a finite union of linear spaces. In particular, with Py : f5 — f5(A) being the
{y-orthogonal projector onto f5(A), a best tree N-term approximation of v € /5
is equal to Pav for some A € Ty.
The following functional can be shown to be a quasi-norm for s € R

V|45 := ||v]| + sup N*En(v), (6.2.3)
NEN

where “quasi-” refers to the fact that it only satisfies a generalized triangle in-
equality, cf. Lemma [2.3.T on page [14. For s > 0, we define the approximation
space A® C {5 by collecting all the vectors for which the above quasi-norm is
finite. Clearly, it is precisely the set of elements whose best tree N-term approx-
imation error decays like N—°. The space A® can be shown to be a quasi-Banach

space with the quasi-norm (6.2.3)).
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Remark 6.2.1. Let ¥ be a suitable wavelet basis with the approximation order
d for the Sobolev space H' defined on a domain 2 C R", possibly incorporating
essential boundary conditions. Then, if 0 < s < %% and v € B{™(L,) for
p > (% + 5)71, the vector of expansion coefficients v of v in the basis W satisfies
v e A5 cf. [20].

Apart from tree approximations, in the following we will also consider a seem-
ingly general class of approximations. For N > N, with a constant Ny € N, let
7Ty be a set of subsets of the index set V satisfying

Tn € Ty C Loy, (6.2.4)

where ¢ € N is a constant. We call an index set A C V a graded tree if A € Ty
for some N. Using this terminology, the condition can be read as follows:
Any graded tree is a tree, and any tree with cardinality N can be extended to a
graded tree with cardinality at most ¢N. The set of all graded trees is denoted
by 7 := Un>n,Zn-

Analogously to the above lines, by using Ty we define the spaces X N, the best
approximation error E ~(+) from X (v, and the approximation spaces A*. Now we
call a best approx1mat10n from Xy a best _graded tree N-term approzimation.
The condition 4) implies Xy C Xy C Xy, and from this we have Ey(v) >
Ex(v) > E.n(v ) for N > Ny. Finally, since N°Ex(v) < ||v]] for N < Ny, we
conclude that A* = A® with |- |z = |- |4

The following result is a trivial adaptation of Proposition [2.3.6]to tree approx-
imations, which will be often used in the sequel.

Remark 6.2.2. Let s > 0. Then for any v € A® and z € (»(A) with A being a
finite tree, we have |z|4s < |[V]as + (#A)*||v — z]|.

6.3 Adaptive algorithm with truncated residuals

6.3.1 The basic scheme

For a given index set A C V, the Galerkin approximation u, from f5(A) to the
solution of (6.1.1)) is the solution of the Galerkin system

AAuA = fA, (631)

where, recalling that Py : f5 — f5(A) is the fy-orthogonal projector onto ¢5(A),
fo :=Paf, and Ay := PpyAIy : l5(A) — l2(A) with Iy := P73 : (5(A) — {5 being
the trivial inclusion. The Galerkin approximation u, is the best approximation
from £5(A) to u in the energy norm || - || := (A-,-)2. Here and in the following,
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for any X1 C Xy C V, we consider f5(X1) as a subspace of {5(Xs), implicitly
identifying v € ¢5(3,) with Py, Iy, v.

Let v € £3(A) be some specified approximation (possibly v = u,) to u, and
let A O A. Then Lemma on page 45| provides a way to guarantee that uy
has an error that is a constant factor smaller than the error in v. We recall this
lemma in the following, adjusting to the case when the index sets are trees.

Lemma 6.3.1. Let a € (0,1], v € l,(A) and A D A, where A and A are trees,
such that
[Px(f = Av)|| = af[f — Av]|.

Then, foruy € ly(A) being the Galerkin approzimation to u from ly(A), and with
k(A) = ||A|[|[A™]], we have

< [1-Kw(A) 0?2 Ju—v].

lu — vy

In Chapter [3| the above result was used to construct a convergent algorithm
consisting of a loop over the following two steps: Compute the residual r := f—Av
approximately, and then choose A such that [|[Pgr| > al|r|| with r replaced by
the approximately computed residual. For the sake of efficiency one evidently
has to choose the set A with minimal or nearly minimal cardinality. An optimal
convergence rate was proven in Theorem [3.2.7] on page A9 when a coarsening step
is applied after each fixed number of iterations, which removes small entries from
the current approximation. Later in Theorem [3.3.5( on page by using Lemma
on page |52, it was shown that this coarsening step is unnecessary to get an
optimal convergence rate.

Although the latter algorithm was proven to have an optimal convergence
rate, there are reasons to expect the algorithm can be quantitatively improved.
As we discussed in the introduction, at least with the current approaches of
approximating the residual, it is possible that the difference between the highest
levels of wavelets that are used in the approximate residual and that are used
in the iterand (i.e. v) grows when the iteration proceeds. This leads to serious
obstacles in practical implementations of the algorithm. Moreover, the above
lemma requires the parameter v to be small, meaning that a small fraction of
the residual is actually captured by the set A. Numerical experiments show that
in terms of cardinality, only a tiny part of the support of the approximately
computed residual is used to expand the current index set. Taking into account
that finding the smallest set A involves finding the biggest entries in r, it appears
that one might be able to save a considerable amount of resources if one knows
where to look for the biggest entries in r. This is the basic motivation behind the
development in this chapter, which is more explicitly expressed in the following.
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Suppose that for any finite tree A C V and any v € ¢5(A), prior to computing
the residual r = f — Av, we know how to find a tree A* D A such that ||Py«r| >
n||r|| with an absolute constant n > 0. Then, by only computing the part rp« :=
P«r of the residual, and choosing a tree ]\, with the smallest possible support,
such that ||Pxra«|| > a|lra+|| for some a € (0, 1], we can guarantee that ||Pyr| >
an||r]]. Therefore, employing Lemma we obtain convergence.

As for the convergence rate, a straightforward adaptation of Lemma|3.3.1] does
not give a bound on #(A \ A) that is independent of |v|4. Yet, the following
modification offers such a bound, which result can be thought of as being an
analogy to [88, Lemma 5.1] in the adaptive finite element setting.

Lemma 6.3.2. Let be given a map V that sends trees A C A to a tree A* =
V(A,A) such that
lass —aall = nfluz — uall, (6.3.2)

where n > 0 is a constant, and up~, ug, and u, are the Galerkin approximations
to u from the corresponding subspaces. Assume that V is such that for any trees
A CA,

A C V(A AN CVAY), #V(A, V) < #A,

and

# (VLA \A) S #(AN\A),

for the latter assuming A\ is finite.

Let o € (0,mk(A)"2) be a constant, A be a finite tree , and for some s > 0,
let u € A*. Then, with A* := V(A,V) and ro := Pp«(f — Auy), the smallest
tree A DO A with

IPracll = aleac]

satisfies
S

#(AVA) S lu = wal| " ulf

Proof. Let A > 0 be a constant with a = nr(A)"2(1 — |A[[A2)z. Let A’ be a
smallest tree such that [[u—Pyul| < Alu—uy||. Since lu—uyf| > A2 |lu—

uy, ||, we have
S

#A' < Jlu— ual| 7ol

With A := AU A/, we have

1 1
[u = uzfl < flu = Pyuf < [[Af]z [[u = Paul] < [A]2Ala = ua,
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and so by Galerkin orthogonality, [Juz —ual| > (1—||A[|A2)2[lu—u,]]. Now with
A* == V(A, N), we infer

IPrrae]l = [PrA(ug. —up)| > [|A7Y 72 uz. — us
S T | 11 1
> [|A7Y "2 pllug — uall > [JATY 201 — AA?)2 [lu— us]
> 5(A)72n(1 — [|A[ A2 — Aua]| > afle] > afra]].
Since A € A* C A*, by definition of A we conclude that
#(RVA) < # (ANA) S # (M) <N S u— a7

Let a map V satisfying the conditions of the preceding lemma is given. Then
for some constant o € (0,7r(A)"2) and for i € Ny, we define A¥ := V(A;, V),
where Ay := Vi and A;;; is a smallest tree with ||Py,, rf|| > «fr}|, where
r; = fjyr — Apsup,. From the property , using the estimates (2.4.5) on

1/s
As - ]

(2

page [22] we get
_ _1
Ie7 ] = [IParA(us: —up,)l| > [[ATH 72 lua: —uy, |
11 _1
> | A7 lu — uy, | > ns(A) 72 (If — Auy, |,

so by Lemma we have a fixed error reduction: [[u —uy,, || < pflu — uy,||
with a constant p < 1. Now assuming that u € A° with some s > 0, by the
preceding lemma and the geometric decrease of ||[f — Auyp,|| = [u — uy,|, for
1 € Ny we have

#A =S H N \A) S — Auy, |7V
S E— Auy, 7Vl

or, |[u —ua, || S (#Ar) °|ul4s, which, in view of the assumption u € A* is
modulo some constant factor the best possible bound on the error.
Unfortunately, for a general right hand side f, a mapping V as in Lemma
does not exist since for any trees A C A*, and for any f € ¢, with f|yns =
(Auy)|an\a, we have uy» = up. However, by using techniques from the theory of
adaptive finite element methods, we realized a mapping V satisfying somewhat
weaker conditions than those in Lemma [6.3.2], which are nevertheless sufficient
conditions for showing optimality of suitable adaptive wavelet algorithms.

S

1
As

6.3.2 The main result

Before stating our main result, we need to introduce a number of technical as-
sumptions and definitions. The first assumption basically assumes the existence
of the map V, which will be confirmed for second order elliptic partial differential
operators in the next section.
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Assumption 6.3.3. There exist
e a subspace Y C /5(V),
e a function p: 7 x Y — [0,00) with o(A,-) < o(A,-) for A DA,
e amap V: (A,A)— A* €T where A € T and A D A is a tree,
e and an absolute constant n > 0,

such that for any g € Y, A € 7, and a tree A D A, with A* := V(A,A),
vy = A{'Pag, vi := A7'P5g, and vy := AL!Py.g, it holds that

Ivas = vall = nllvi — vall = o(A, g). (6.3.3)

Moreover, we assume that the map V is such that for any graded tree A and a
tree A C A, B
ACVAAN) CVAY),  #V(AV) S #A,

and

# (VA M)\ A) S #A\D),

for the latter assuming A is finite. Finally, for any graded tree A, with A* :=
V(A, V), we assume that the minimum level difference between any index from
A* and its ancestor from A is uniformly bounded, and that A* can be determined
by spending a number arithmetic operations and storage locations of order #A.®

From now on in this section we will assume Assumption[6.3.3. In Section[6.4]
we will verify this assumption in the case of second order elliptic boundary value
problems.

The next proposition is a generalization of Lemma on page 00} In par-
ticular, we use an approximate residual and inexact solution of the Galerkin
systems.

Proposition 6.3.4. With A a graded tree, let A\* := V(A, V), and with a con-
stant o € (O,nn(A)’%), let §,6",6, > 0 be sufficiently small constants such that

a+5+25,”:’f§“A71”_§ < n/{(A)_%. Moreover, let g € Y and t € ly(A*) be such
that o(A,g) < 4,||t*|| and ||x* — 1*|| < J||t*||, where r* := P.(g — Avy) and
va = A'Pag, and let v € lo(A) be such that |Py(g—AvVy)||+[If—gll < &

Then, whenever u € A° for some s > 0, a smallest tree A D A with

[P = affe]]
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satisfies
1/5

#(A\A) S vy

Proof. Let A > 0 be a constant whose value will be specified later, and let A’
be a smallest tree such that ||[u — Pyul < Au — vuf. Since |Ju — v,f >
||A*1||_%||u — V||, we have

N S lu— a7Vl

For any tree ¥ D A, with vy := A;ng and uy, := A;ng, we have

l(vs = va) = (uz = Va)|| < [[ATH]2 (I[Ps(f — g)]| + [[Pa(g — AV)])
< 5 AT|2#). (6.3.4)
Using this, with A := AU A’ and A* := V(A, A), we infer
~% * ~x 11 "
[Pat*]| > [[Pror™(| = I7[| > [[ATY[ 2 [|vas — vall = ol
11 RIS .
> | A7 "o nllva — vall = ATYI20(A, &) — 61|
> [|ATH 7 2nllag — Vall = (0" + G [[ATH 72 + §)[IF].
We have [lu — sl < [lu = Pyul] < [A]2[u—Pau| < [|A[l2A]lu = ¥4, and

so by Galerkin orthogonality, |Juz — v > (1 —[|A||A2)2]ju — v,]|. On the other
hand, by using (6.3.4]), we have

~ ~ 1t~
= Vall > llv = vall = o'l AH|= ||
_1 “1ni~
> [|AI72]lg — Avall — o' A2 [l
_1 11t~
> [|A] 72 ) = oAl

Combining all these estimates and using ||r*|| > (1 — §)||t*||, we deduce that

[P x|
1 _1 11 -
> {1 AN Slk(A) 5 (1= 0) = &) = 'n — G, A7 E = 8} (1]
and choosing a value of A so that the expression between the curly brackets is at

least «, which is possible by hypothesis, we have |Pz.t*| > «af|t*|].
Since A C A* C A*, by definition of A we conclude that

(A\A) < # (AN\A) < # (A\A) < #A < [lu—va | Jul s,
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The following proposition extends Lemma [6.3.1] on page in that approxi-
mate residuals and inexact solution of the Galerkin systems are allowed.

Proposition 6.3.5. With A a graded tree, let A* := V(A, V), and let 0 < § <

a<1,0<d < ﬁ, and 6, > 0 be constants. Moreover, let g € Y
+3K

and ™ € ly(A*) be such that o(A,g) < 4,||T*| and ||r* — r*|| < 6|[T*||, where
r* = Pp.(g—Avy) and vy = A['Pag, and let V5 € l5(A) be such that ||Pa(g—
Avp) + |If — gl < d||r*||]. Then, with A D A being a graded tree such that

P || > o[, and vy € lo(A) satisfying |Py(f — Avy) IT*||, we have
|| < (1-(1=2)(1-38)¢)" [lu—val,
1
where 3 = —A; and & 1= —00)K(A) LRy 7. Note that 35,& € (0,1) by the

14+6+8'n+06,]|A—1]| 2
conditions on the constants.

Proof. From with ¥ := A, we have

lug — vall > vy — vall — &' A~Y|Z]|F]
> ||A]|7Z[|Px(g — Ava)| — &' A7|3 ][]
> [|A[72[P4# ]| — (S A2 + o'[|A|2)]5]
> al A[72[E]| — (O Al 72 + 8| A2 [F]).

Now combining the estimates ||t*|| > ||r*|| — d]|7*]|, and

—1 =41 11 _1—1
] > JATHTZ [[vas = vall > AT 20llv — vall = A7 72 o(A, 8)
=41 ~ ~ _
> A2l — Val = onllE ] — ol A2 1]

we get A" 2pllu—val| < (14+30+8n+ 3, A~ 2)[|#*]. In view of (37), this
gives |||u;\ —vpll > ¢ |||u — V||, and by Galerkin orthogonality, we conclude that
< (1= €)3flu — va|.

—ug|| + [lux — v, but a sharper

result can be derived by using that u—vj is nearly ((-, -))-orthogonal to f5(A), with
Cqpd - LI sk

() = (A ). ATN2][P(fy — Avy)ll < A=),

and

alF| < [P < [[Pyet(| + 6| < [P5(f — Ava)ll + (6" + ) [IF]],

so that [Jlug — vzl < Bllug — vall-
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The rest of the proof is equivalent to the corresponding part in the proof of
Proposition on page [46] but we reproduce it here for the reader’s conve-
nience. Using the Galerkin orthogonality u —uy L y f2(A), we have

{(u = v, vi = va)) = (ug = v, Vi = Va))

Vi = Vall < Bllug = vallllvx = vall-

Now by writing

[ = vall* = Vi = Vall® +2(u — Vi, V5 — V),

and, for obtaining the second line in the following multi-line formula, twice ap-
plying

Vs = Vall = lag = vall = Ivx = ugll = (1 = B)flug = vall,
and for the third line, using |[ux — va | > £JJu — V4[|, we find that

lu = all* = ha = V&I + 195 = Vall (V4 = Vall = 28] ux = vall)

> [lu (1= 8)(1 = 30)luz — val?
> [Ju (1=53)(1 = 38)&lu —val?,
which completes the proof. n

Now we will assume the availability of some subroutines, from which we will
assemble our adaptive wavelet solver. In conjunction with formulating the re-
quirements for those subroutines conveniently, we state the following assumption.

Assumption 6.3.6. It holds that u € A° for some s > 0.

The following subroutine provides a means to extract information from the
right hand side f. The availability of this subroutine requires that the subspace
Y is dense in /5, and that for g € Y, o(A,g) can be made arbitrarily small by
choosing A sufficiently large.

Algorithm 6.3.7 Algorithm template TRHS[A, ¢] — [g, A]

Input: A € 7 and ¢ > 0.

Output: g€ Y, A C A € T, such that ||f —g||+ o(A, g) < e. Moreover, we have
#;\ #A < e3¢ for some constant ¢¢ only dependent of f, and the number of
arithmetic operations required for this call is bounded by an absolute multiple
of #A Furthermore, for any A € 7, the computation of P ig takes the order
of #A arithmetic operations.
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Analogously to the above, the following subroutine will be the device with
which the solver will perceive the matrix A. Note that, with the subroutine
APPLY from Algorithm on page P; (APPLY[A,v,¢]) has all the
required properties, thus defining a valid routine.

Algorithm 6.3.8 Algorithm template TAPPLY[A, v, ] — Wi
Input: £ >0, and v € l5(A) with AAeT, ACA, and #A < F#A.

Output: w; € ly(A) and |A;v — w;|| < &. Moreover, the number of arith-
metic operations and storage locations required by the call is bounded by some

absolute multiple of e=/*|v|!/* 4+ #A + 1.

For A € T and gy € l5(A), we will use the following subroutine to ap-
proximately solve the Galerkin system A vy = ga. Note that the subroutine
GALSOLVE from Algorithm on page [47] defines a valid routine.

Algorithm 6.3.9 Algorithm template TGALSOLVE[A, g, va, v, &] — Wy

Input: ¢ >0, A € 7, and ga, VA € l3(A) such that ||ga — Aavall < v.

Output: wy € ly(A) and ||ga—Aawa|| < e. Moreover, the number of arithmetic
operations and storage locations required by the call is bounded by some abso-
lute multiple of e=V/*|vy |7 +-c(e 7" ||ga—Aava)#A}, where ¢ : [0, 00) — [1, 00)
is some non-decreasing function.

In view of (6.2.4) on page [88] we assume the following subroutine.

Algorithm 6.3.10 Algorithm template COMPLETE[A] — A

Input: Let A € 7.

Output: A C A € T with #A < #A. The number of arithmetic operations
and storage locations required by this call is bounded by an absolute multiple

of #[\N. Moreover, for the inputs A; C A,, the corresponding outputs satisfy
A C As.
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Now in view of Propositions|6.3.4fand [6.3.5{on pages|92/194] by using the above
subroutines and the map V from Assumption[6.3.3], we construct a subroutine that
approximates the residual of a Galerkin solution.

Algorithm  6.3.11 Computation of truncated Galerkin residual
TGALRESI[Aq, wy, v, €] — [I‘k,Ak,[\k,Wk, Vi)
Parameters: Let w,7, 7,7, > 0, and 6 > 0 be constants with (v, +v)w < 1.
Input: Let Ag € T, wo € la(Ao), vo > ||f — Awygl|, and € > 0.
Output: A, €T, A, €T, wy, € Eg(f\k) with ||f — Awy|| < vy, and vy € P.

1: k:=0, {y:= 0uvy;

2: repeat

33 ki=k+1, (= CG1/2;

4 Lgk, Ak] = TRHS[Ak_l, ’)/rck];

6: Wi 1= TGALSOLVE[A]C, Pkagk” Wig_1,Vk—1 + ’Yer;, '7€k];

7

8

9:

Az = V(Ai, V);
porgi=Pargr — TAPPLYMZ; Wi, YaCk);
until vy := w(A)7 [ exll + (77 (3 +7a) + % +7) Gl < € or G < wlrl)-

Proposition 6.3.12. With valid inputs, the subroutine [r, A, Aw,v] =
TGALRESIA, wo, vy, €| terminates with w € lo(A), ||f — AWH <v, and ||P5(f—
Aw)| < wd(y + v,)/2. Moreover, we have v 2, min{vg, e}, A € T, A € T,
HAN S H#A, and #A — #A < Cf]/_l/s

If the subroutine terminates with v > ¢, then v < ||f — Aw||, and with A* :=
V(A, V), r € lo(A*), there exists g € Y such that

If —gll +o(g. A) <
IPi(g —Aw)ll <~ ||r||

and with vi = A/T\Ig,
1
IPa-(g — Avy) — ]| < [ +76(A) el (6.3.7)

Furthermore, the number of arithmetic operations and storage locations re-
quired by the call is bounded by some absolute multiple of

vV ()l 4 o) + (wo/v) Y (#A + 1),

Proof. If at evaluation of the until-clause for the k-th iteration, (; > w||ri||, then
ok = |Itell + (v + 7)) < (W™ 4+ 95 + 7a)Ce- Since ¢, is halved in each iteration,
we infer that, if not by ( < wl|rg||, the loop will terminate by v, < e.
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Let K be the value of k at the termination of the loop. Then for 1 < k < K,
we have

IP5, (F = Awy)[| < [P, (8 — Aw)|| + [If — gl

(v +7)C < G = vob(y + 7) /2.

Let 1 < k < K, and assume that v, > ||f — Awy_1||, which is true for £ =1
by the condition on the inputs. Then it holds that

<
<

IPs, (gr — Awi_)[| < [If —gll + [If — Awpa|| < %G + vi-a,
meaning that in the k-th iteration, the subroutine TGALSOLVE is called with
a valid parameter. With v, := A/T\igk and vy 1= Axggk, we have
1P (gr — AV)[| > A7 72 vy — vil
> A7 E A g — vill — [|ATY| R o(Ar, &)
>l A7 72 la = wil| = (3 + 1)
> nr(A) 721 — Awil — (3 + )G,

where in the third line we used the first inequality in[6.3.4on page 93| with ¥ = V.

Now using that ||[Pa: (f — Awy,) — rif| < (v, + )G, we infer vy, > [|f — Awy].
If the loop terminates in the first iteration, or terminates with v > ¢, then

vi 2 min{yy, e}. In the other case, we have A||rgx_1| + B(x > € with some fixed

A B
constants A, B > 0, and 2(x > w|[rx_1||, so that v = (x > % > e

From (x < w||rkl|| and the definition of vx we have v < ||rg|| and [rg|| <
[f — Awg| + (v + 7)wlrk]l, so that v S ||[f — Awk|| by (9 +7)w < 1.

From the properties of COMPLETE we have #Ax < #Ag, and from the
properties of TRHS and geometric decrease of (i, we infer that #Ax — #Ag <
cf(;(l/s. Now we will show that (x = vk. For 1 < k < K, we have

1A (Wi = wie 1) < [JA]2[Jwi — Wi ]| < H(A)%|IPAkA(Wk — Wi
< 1(A)7||Ps, (g — Awy)|| + K(A)2[|P5, (s — Awy )|
< R(A) G+ A(A)2 g — Awi
and ||gr — Awy_1]| < g1 + 7-(. Using these estimates, we infer
lgr — Awi| < lgr — Awi || + [A(Wi — Wi || S veo1 + G
implying that

Vi S Il + Ge < HPA;(gk — Awp) || + Vol + G S Vi1 + Gk
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We have vy = (o, and for k& > 1, vp_1 < (o1 by w||vr1]] > (o1, s0 v S
Vet + G S Geo1 + G S G, proving the first part of the proposition.

The inequalities (6.3.6) and (6.3.7)) are immediate consequences of the prop-
erties of TRHS and TGALSOLVE, and the condition (x < w|rg||. One can

prove (B:33) by using
1 1
1P (g — Awio)ll < JAI Vi — wicll < /(A)37¢x.

The properties of the subroutines and the map V imply that the cost of k-
th iteration can be bounded by some multiple of ¢ /*(jwg| S + |wi_1|'L) +
c(”’z: V#A, + #Ax + 1, where ¢(+) is the non-decreasing function as described in
the subroutine TGALSOLVE (Algorithm[6.3.9/on page[96). Since any vector wy
determined inside the algorithm satisfies ||u — wy|| < v, from Remark [6.2.2] we
infer that [wy|as < |ulas + (#Ak)®v,. At any iteration the ratio ”’Z;l is uniformly
bounded, and v;_; < (o1 S (G, so the cost of k-th iteration can be bounded
by some multiple of C,:l/s\u\}é(f + #A, + 1. Moreover, we have #A, < #Ag +
Cr Y *c¢. By the geometric decrease of ¢, inside the loop, the above considerations
imply that the total cost of the algorithm can be bounded by some multiple of
Cl_(l/s(|u }L(Ss + ¢¢) + K(#Ao + 1). Taking into account the value of (g, and the
geometric decrease of ( inside the loop, we have K (#Ay+1) = Kyo_l/syé/s(#/\o+

1)< C;/Sué/s(#Ao + 1), and the proof is completed by (x = vk. [

Finally, we are ready to present our adaptive wavelet solver. Note that we
employ the subroutine RESTRICT as in Algorithm [3.3.2] on page 53]

Algorithm 6.3.13 Adaptive Galerkin method SOLVE[¢] — w;

Parameters: Let a € (0,1) be a constant.
Input: ¢ > 0.
Output: w; € P such that ||[f — Aw;|| <e.
1i:=0,wy:=0, vy :=|f]|, A1 := Vy;
2: loop
=1+ 1;
[ri,]\i,]\i,wi, v;] := TGALRES[A;, w;_1,v;_1,¢];
if v; < e then
Terminate the routine.
end if
Aiy1 == RESTRICTI[A;, 15, o;
Complete A;y1 to a tree by iteratively adding the parents of the indices
whose parent is not in A;q;
10: end loop
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We need the following assumption on the subroutine COMPLETE to prove
the optimality of the adaptive algorithm. This assumption will be verified for
some important examples, cf. Example [6.4.2/ on page [103]

Assumption 6.3.14. Let Ag := Vo, and for i € N, let A; D A,_; be a tree, and
let A; := COMPLETE[A;]. Then for k € N, we have

k—1
Hh—#V0 S H#Mi — #A,
i=0
Theorem 6.3.15. Inside SOLVE and TGALRES, let the products yw, v,w,

1
and ~,w be small enough such that (v, + v)w < W, and let 6 be such
+3K 2

that 6 < T 2 . Then u. := SOLVEe| terminates with
#(A)Z [~ 1+~ (vr+7a) Hyry)w]

If — Au.|| < e. In addition, let o € (0,nr(A)"2), let the products yw, v,w, and
Yow be small enough such that

1
at[va+ve(A) 2 Jw+2n(yr+y
1—(vat+7K(A)

—

-2 1

Jw

[N

and let ¢ < ||f||. Then, we have #suppu. < e V/3(cp + ]u]%f) and the number
of arithmetic operations and storage locations required by the call is bounded by
some absolute multiple of the same expression.

Proof. Taking into account the conditions on the parameters, from Propositions
6.3.5) and [6.3.12] it is immediate that as long as v; > ¢, |[lu — w1 < pflu — wy|
with some fixed constant p < 1. Therefore the loop terminates say, directly after
the K-th call of TGALRES.

By Assumption [6.3.14] for 1 < k < K we have

k—1
#[\k — #Vo S #M — #Vo + Z #Niy1 — #]\i
i=1

k k—1
SO #A - HN DY HN o — #A
=1 =1

k k—1
S e 3 Awill ol
i=1 i=1
S v e+ ul).
From |[f|| < |f|las < |ufas and vy S vy = ||f||, we have Vo <1 S z/k_l/s|u il/f,

implying that “1/s 1/s
e S v e+ ulf). (6:38)
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We have vg 2 min{vg_1,e} 2 ¢, so the bound on # supp w follows.

By Proposition [6.3.12] and Lemma on page [b3], the cost of the i-th
iteration can be bounded by an absolute multiple of

v V(e o) + (i /v S (#A + 1) + #A, + #suppr; + 1
5 I/i_l/s<‘u }4/5 + Cf) (Uifl/l/i)l/s(#Ai + 1)

1/s

We have 1 < v /*|u s> and

#N; = #Aiy 4+ #A — #N S v e+ a4 v )

Taking into account these bounds, by geometric decrease of v; inside the loop and
vk 2 &, we complete the proof. |

6.4 Elliptic boundary value problems

In this section, we will verify Assumptions [6.3.3| and [6.3.14] for the case of second
order elliptic boundary value problems.

6.4.1 The wavelet setting

Let € C R™ be a bounded Lipschitz domain and let ¥ be a Riesz basis for
H := H}(Q) of wavelet type. Let (-, -). be an inner product on Ly(2) such that

(0, ) S M0l Lagsuppwy [wl 2, for v, wELy(€).

We embed Ly(€2) into H' by using this inner product: g € Ly(f2) is identified
with the functional (g,-), in H'. We assume that the dual basis ¥ (cf. §2.2) of
U is in Ly(f2). Moreover, we assume that the both bases are local, i.e., with

Q) :=supp ¥, and Q,\ = suppg/;,\,

diam Q,, diamQ, <27 NevV,

and

sup #{|A =7:B(x,27)NQ) # 2} < oo,

wEQ,jENO

where B(x,r) is the n-ball with radius » > 0 and centered at x € R". We also
assume that €2, contains a ball B(z,r) with r > 27 and that for s € {0,1},

[oallas S 2D and |yl S 2M, AeEV. (6.4.1)
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For j € Ny, let X; := span{ty : A € V;} and X; := span{t, : A\ € V,} with
V;:={A € V :|A| <j}. Then we assume the existence of biorthogonal bases,
called single scale bases, ®; = {¢;1 : A € V;} and ®; = {¢;1 : A € V;} of X;
and X j, respectively. Moreover, we assume that the bases are local in the sense
that 5

diam(supp ¢; ), diam(supp ¢;,) <277, A€ V;, 7 €N,

and
sup #{\ € V;: B(z,277)Nsupp ¢p;\ # T} < <.
ze,j€Ng
We also assume that for s € {0,1},

e S0 and ||gjall, $20, A€V, jeN. (6.4.2)

15,51

It is obvious that X; C X for j € Ny. In addition, we assume that there
exists a subspace II C X such that for any non-degenerate star-shaped domain

DCQ,

i o = gl S @iam D)ol ) v € H'(D). (6.4.3)

0,0DNo
Remark 6.4.1. An example of wavelets satisfying all these assumptions is locally
supported, piecewise polynomial biorthogonal wavelets on finite element meshes,
from [84]. Another example is given by wavelets constructed via domain decom-
position into smooth parametric images of cubes and tensor products of locally
supported biorthogonal spline wavelets on interval, e.g. from [14], 33}, 55, [56, [85].
Note that the condition is satisfied when the space II C X, contains all
polynomials up to first order or piecewise smooth parametric images of all such
polynomials.

In the following, we introduce a notion of mesh for spaces spanned by wavelets.
For any given finite index set A C V, let X, := span{y : A € A}, and let Dy

be a subdivision of €2 such that Upep, D =2, DN D' = @ for D, D" € D, with
D # D', and such that for D € Dy, 0D is a piecewise smooth manifold, and

XA|§ C CI(E)

We assume that for finite subsets A C ACV,and for D e Dy and D € Dy, it
holds that either D O D or D N D = &. Moreover, we assume that the domains
D € D, are uniformly Lipschitz and that

diam D < 272P) and  vol D > 27" D e D,
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where jp : Dy — Ny is defined by
Ja(D) = max{|A| : A € A, vol(D N Q,) > 0} D € Dy.

We define the set F, by collecting the interiors of all nonempty intersections
0D N dD’ with dimension n — 1 for all D, D’ € Dy U {R"\ Q} with D # D'
We assume that F' € F, is simply connected. Then one can verify that for finite
subsets A C A C V, and for F' € Fy andFEFA, cither F D For FNF = @.
For F € Fy, we set Dy(F) := {D € Dy : FN D # @}. It is obvious that
#D)(F) < 2 for any F € Fa, and that diam F' < diam D for D € Dy(F). Then
we assume that each F' € F, can be extended to the boundary 02z O F of
a uniformly Lipschitz domain Qp such that for some 7 € C*®(Qp,R") with a
uniformly bounded ||7||c1 and for a uniformly bounded ¢ > 0,

vov>t a.e. on 0)p, (6.4.4)

where v is the unit outward normal of 02z and - is the canonical scalar product
in R”, and that
diam F = 279 F e F,

where jp 1 Fp — Ny is defined by
Ja(F) =max{|\| : A € A, vol,,_1(F Nint Q) > 0} F e Fa.

Note that ja(F) < maxpep,(r)ja(D), since if F intersects with €2, then the
union Upep, (r)D also intersects with €2y.

Furthermore, we assume that there exists a constant N € N such that if A € 7
is a graded tree and p € A is any of its elements, then, for 0 < j < |u| —

{A eV, :vol(Q,N0y) >0 or vol(2,NQ) >0} CA. (6.4.5)

In particular, this implies that for any A € L(A), there is no p € A with vol(€2, N
Qy) > 0 and |p| > [A] + N. In addition, we assume that for graded trees A € T,
and for domains = such that = = UpepD with D C Dy,

~1

Example 6.4.2. Assuming that 2 C R" is a polyhedron, let Dy be a conforming
subdivision of €2 into n-simplexes, and for j € N, let D; be a dyadic refinement
of Dj_;. We define the finite element spaces by

X;={veCQ)NH:vlp€ Py, for D€ D}, j €Ny,
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where FPy_; is the space of polynomials with degree less than d. Let ®; be the
standard nodal basis of X;. Then there exist locally supported wavelet bases
U={p:AeV}tand ¥ = {) : A € V} of H such that (U, ¥);, =1I, and that
for any j € Ny there exists V; C V,41 C V such that {¢, : A € V,} is a basis
of X, cf. [84]. Moreover, there exists a locally supported single scale basis &)j
of X; = span {1y : A € V,} such that (®;, ®,);, = I. The level number for an
index A € V is given by |A\| = min{j € Ny : A € V;}. For a given finite subset
A C V the subdivision D, can be defined by the following process.

e Set Dy := Dy;

e For j =1,..., and for D € D,, if there is A € ANV, such that vol(D N
supp¢,) > 0, then replace D in Dy by the union of all D’ € D; that
constitute supp ¥y.

It is reasonable to assume the existence of a parent-child relation on V such that
if \ € Vis a child of p € V, then |A| = |u|+ 1 and supp ¢\ C supp¢p,. With the
root V and this parent-child relation we have a notion of tree structure on the
subsets of V. Note that for any finite tree A, #Dj < #0A < #A. We call a tree
A D V, satisfying a graded tree. Note that while (6.4.5)) is a condition
that should be satisfied for graded trees in the abstract setting, we use to
define the notion of graded tree itself in the context of this example. For any tree
A" D Vy, one can get a graded tree by applying the following algorithm iteratively
for all € A"\ Vy, starting off with A = V.

Algorithm 6.4.3 Graded tree node insertion APPENDIA, u] — A

Input: A is a graded tree and pu € L(A).

Output: A is a graded tree with p € A.

if |u| < N then
Terminate the subroutine.

end if

: for all A € V,_n \ A such that vol(Qy,€,) > 0 or vol(Q, N Q,) >0 do
A := APPENDI|A, \J;

end for

A= AU {u}.

N W

With 4 € A being the parent of i, we have €2, C Q,/, therefore the condition
(6.4.5) may be violated only for j = |u| — N. Each recursive call of APPEND
is called with A € L(A), because the parent X' of A satisfies vol(Qy N €,) > 0
and |N| = |¢/| — N, meaning that \" € A. Since the number of iterations in the
for all loop is uniformly bounded and the value of |A| is reduced by N > 0 in
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each recursive call, the algorithm terminates in a finite time. By construction,
the output tree A fulfils .

By using the result from Section (6.5 which is independent of any section in
this chapter, we will now verify the condition on page |88 and Assumption
on page in the setting of this example. The functions d()\) = diam €2,
and d(A, p) = dist(2y,,), A, € V, satisfy the conditions (i)-(iv) from Section
m, with x = 1, and the map defined by R(A, 1) = APPENDJA, u] \ A satisfies
on page , with Lz = 0. Now Theorem on page implies that
the above notion of graded tree complies with . Furthermore, the abstract
subroutine COMPLETE that was described in Algorithm [6.3.10]on page [96] can
be realized by employing the subroutine APPEND, and then Theorem [6.5.5
verifies Assumption [6.3.14 Q

In the rest of this subsection, we will prove two preliminary lemmata.

Lemma 6.4.4. Let A € T be a graded tree. Then, the conditions D, D’ € Dy
and dist(D, D’) < diam D imply that diam D’ < diam D and so vol D' < vol D.

Proof. Recall that for A € V, the support 2, contains a ball B(z,r) with
radius 7 > C27 with an absolute constant C > 0. In view of (6.4.5), if
dist(D, D") < C27* for £ < jy(D')— N, then we have j, (D) > ¢. So dist(D, D) <
C2N+TK2=ia(P) with a constant K > 0 implies jo (D) > ja(D') — N — K, that is,
diam D < 2% diam D'.

On the other hand, if dist(D, D’) < C27¢ for £ < jz(D) — N, then we have
ja(D") > £. This implies diam D’ < 2K diam D, and the rest of the proof is
straightforward. n

The following lemma shows the existence of a mapping that realizes a quasi-
optimal local polynomial approximation. The proof is inspired by the proof of
[35, Lemma 3.3], and it exploits the gradedness of the index trees and the locality
of the dual wavelets. For a different approach that makes use of special properties
of splines, see [9].

Lemma 6.4.5. In the above setting, for any graded tree A € T, there exists a
mapping Qa : La(Q) — X such that for D € Dy,

_ < _ N
Il = Qavlla) S inf llv = pllzowe
with an n-ball D* O D satisfying diam D* < diam D, and for F' € Fjy,

. 1.
Il = Qavllzar) S (diam F)7= inf [lv —plz,cp-),
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with an n-ball F* D F satisfying diam F* < diam F.
Moreover, for any tree A D A and v € X, with

Dpj :={D € Dy : vol(D N Q) > 0 for some A € A\ A},
we have (v — Qav)|p = 0 when D ¢ Dy 3, and with
Fai ={F € Fa:vol,_1(FNintQy) > 0 for some A € A\ A},

we have (v — Qav)|p = 0 when F & Fy 3.

Proof. Let Qpv := ZA€A<U,@Z)\>*¢,\ and let Q; := Qy, for j € Ng. Then the last
statement of the lemma is trivially true. With j := jx (D), we have

(U — QAU)|D = (U — QjU)|D + Z <U, 772))\>*¢)\, (647)

AEA— (D)

with
AT(D):={x e V\A: |\ <ja(D), vol(DNQy) >0}

The condition (6.4.5) immediately implies that #A~ (D) < 1 and ja(D)—|A] <1
for A € A=(D). Now we will estimate the Lo-norms of the two terms in the right
hand side separately. For the last term we have

{0, ox)ul - [19all a0y = [{0 = Dy o)<l - 19l o)
S v =pll,@ollallzallvallz, S v = pllz,q,),

which, together with the condition on A~ (D), implies that

S owdds S - bl S o - pllw),

AeA—(D) AEA— (D)

where we assumed that
J Qco (6.4.8)
AeA— (D)

For the first term in the right hand side of (6.4.7)), we have

v — Qv Loy < ||v = pllLooy + [|Q5v — pllLo(p)-
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Using the single scale basis, we get

1Qs0 = pllowy = || D (0 =D din)edin

AEA° (D) Lo(D)

< Y =gl NEiallzam) S v = pllraos).
AeAs(D)

with
A°(D):={\€ ANV;, DNsupp ¢, # @},

and with the assumption

J suppé;n € D" (6.4.9)
AeA°(D)

By the locality of 1, and ¢;,, and the properties of A~(D), we conclude that

there is a ball D* satisfying (6.4.8)), (6.4.9) and diam D* < diam D.
Now we will prove the second part of the lemma. With j := j,(F'), similarly

to the previous case, we have

(0= Qav)lr=(=Q)r+ > (v,1d)ty, (6.4.10)

XEA—(F)

where A7 (F) :={A € V\A: |\ <ja(F), FNintQ, # @}, with int Q) denoting
the interior of Q). Since A™(F) € Upep, A~ (D), it holds that #A~(F) S 1
and that ja(F) — [N £ 1 for A € A=(F). The rest of the proof is completely
analogous to the previous case except we use [50, Theorem 1.5.1.10] with the
help of the assumption ([6.4.4]) to estimate Lo-norms on F. For instance, for the
second term in the right hand side of (6.4.10) we have
(0, 00)ul - 1Al zacey = [0 = D, o)l [0Al| 2oy < 10 = Dy oa)ul 02l 200
" 1/2 1/2
S 1o = Pl 193 yan [0 ot 1A e s

< 2072y —Plly@y)- u

6.4.2 Differential operators
Let

a(v,w) = / <sz:1 ajrOpv0jw + 37 bjdjuw + cvw) : (6.4.11)
Q
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be bounded and coercive bilinear form on H x H, i.e., it satisfies
a(v,w) S vllallwla  and a(v,v) 2 lvllm v,we H.
Then the operator A: H — H' defined by
(Av, w) == a(v,w) for v,w € H,

is bounded and H-elliptic.
We assume that a;x|p € H'(D) for any D € Dy, and bj,c € Ly(Q).

6.4.3 Verification of Assumption

Let X C H be a linear subspace, g € Ly(f2), and let v € X be the solution of the
Galerkin problem

a(v,w) = (g, w)r, we X. (6.4.12)

Note that taking X = H yields v = A~tg. We have for o € X and w € X,

a(v—7o,w) = / <gw =Dk Ok 00;w — . b05tw — cﬁw)
Q

= Z {/ (gw + 2,0 0540w — . b050w — c@w)
D

DeDy

_/ap Zj’k Vjajk('?kﬁw}
=y /DRD(g,a)w+ > /FRF(ﬁ)w, (6.4.13)

DeDy FeFp

where v; is the j-th component of the outward unit normal of 9D. We have

Re®) = 37 v3(F) {(a069) . — (aek)-}.
jk

where v(F) with the components v;(F') is a unit normal of F', and (-)1 refers to
the value in the positive (or negative) side of F' with respect to v(F'). Note that
Rp(0) does not depend on the orientation of v(F'). From the conditions on the
coefficients and because F' is piecewise smooth, we infer that Rp(g,v) € Lo(D)
and Rp(0) € Ly(F).

For any graded tree A € 7, a tree A D A, and functions g € Ly(Q) and
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v € X, we define an error estimator by

Eri(g,0) =1 Y (diam D)*||Rp(g, 9)|7,(p
DE’DA,]\

(6.4.14)

1
2

+ ) (diam )| Re(0) ) ¢

FeFp &

where Dy 5 and Fj 3 are as in Lemma on page [103]

The following result shows that £, 5(g,v,) is an upper bound on the difference
between the Galerkin solutions on X, and on Xj;. Given the result of Lemma
, the proof follows the standard techniques, cf. [89], but we include it here

for the reader’s convenience.

Theorem 6.4.6. Let A € T, g € Ly(Q), and let vy € Xy and vy € X5 be the so-
lutions of the Galerkin problem (6.4.12)) with X = X and X = X3, respectively.
Then we have

lva — vallar S Exilg, va).

Proof. Since a(vi,w) = (g, w), for w € Xj, we have a(vy — vy, w) =0 for w €
X,. Using this, the definition , and applying the Cauchy-Bunyakovsky-
Schwarz (CBS) inequality, Lemma [6.4.5] and (6.4.3) on page [102] and again the
CBS inequality, for w € X3, we infer

a(vg — vp,w) = a(vy — va, w — Qrw)

=3 [ Role0w=Qu)+ Y [ Re@)w - Qu

DeDy FeFp
< Y 1Ro(9,9) Loy llw — Qawll o)
DG'DA’]\
+ > Re®) Lol — Qaw] Ly
FGJ‘—AJ\
< Y IRo(g,9)||a(p) (diam D)|fw] g (-
DEDA’]\

~ . 1
7 IRy (divan F) ] s e

FG}'AJ\
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S Z (diamD)2|’RD(gﬂ7)||2L2(D)

DEDAJ\

[N

+ Z (diam F)||Rp(0)7,m) ¢ 0l ).

FG]'-A’/’\
Now using that || - ||z S supyen %, we finish the proof. ]
H

The following result shows that E, 5(g,va) is also a lower bound on the dif-
ference between two Galerkin solutions. Although the proof follows the standard
techniques, cf. [62, R9], we include it here for the reader’s convenience since the
setting here is somewhat different than the usual finite element setting.

Theorem 6.4.7. Let A,A* € T and A € T be such that A C A* C A and that

min diam D* 2 diam D D € Dy;.
{D*€Dpx:D*CD} ’

For D € Dyj, let II(D) C Ly(D), and let ¥p : II(D) — Xy« be uniformly
bounded in the standard metric on Ly(D) — Lo(D) and such that for p € TI(D)

suppYpp € D and HPH%Q(D) S / pUpp. (6.4.15)
D

For F € Fpx, let II(F) C Ly(F), and let 9 : II(F) — Xy~ be uniformly bounded
in the standard metric on Lo(F') — Lo(F') and such that for p € II(F)

swpderS | Do ol < [ w0 (6.4.16)
DeDy (F) F
and 1
[9rplla(p) S (diam F)2{|p|| 1, (). (6.4.17)

Moreover, let g € Lo(S2), and let va € X and va« € Xp+ be the solutions to the
Galerkin problem (6.4.12)) with X = X\ and X = X+, respectively. Then, there
exists a function p: T X Lo(2) — [0, 00) such that

Era(g,va) S lvas —vallmr + p(A, g)

Proof. For D € Dy, set Rp = Rp(g,va) and let Rp € II(D). Then, with
w:=VYpRp € X+, using the second estimate in (6.4.15)), taking into account the
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definition (6.4.13)) and the fact that suppw C D, and finally applying the CBS
inequality and the inverse inequality (6.4.6)), we have

IRblI7, 0y S /DEDUJ = a(va« — v, W) + /D(}_%D — Rp)w
< lloas — vall gy lwll gy + I1Rp — Rol| Lo 1w 2oy
< {(diam D) H|va« — vallarpy + [[Rp — Roll Loy } |wll Loy

Now using the uniform boundedness of ¥p : Ly(D) — Lo(D) and the triangle
inequality, we infer

”RD”Lz(D) 5 (dlam D)_l”vA* — UA”Hl(D) + HRD — RDHLQ(D)‘ (6418)

For F' € Fj3, let Rp € II(F) and set w := YpRp € Xp» and Rp = Rp(vy).
Then, similarly to the above, we get

IBel2, 0 < /F Rrw

= CL(UA* — Up, W ) /(RF — RF / RD’LU
F DEDy

S Y s = oalmpllwlm o) + HRF = Rpllom) lwll Loy

DeDy (F)
+ Z { dlamD "UA* — 'UAHHl(D) + ”RD — RDHLQ(D } le|L2(D
DeDy(F)
< Y {(diam D) Mvas — vallmpy + IBp = Bollzawo) } lwllzao)
DeDp(F)

+ IR — Rpll oy llw]] oy

where we have used (6.4.18]) in the third line. By using (6.4.17)), the uniform
boundedness of Vp : LQ(F ) — Lo(F), and the triangle inequality, we have

|1REl ogr) S (1Re — Rellar (6.4.19)
+ Z { (diam D)~ 3 |vax — va |l (py + (diam F)%HED _ RDHLQ(D)} )
DGDA

Whenever F' € Fj 3 and D € Dy(F), we have D € D, 5. Then in view of the
definition ((6.4.14)), the estimates ([6.4.18)) and ((6.4.19) show that

[Eaalg o)) S Y lloas = vallinen)

DEDAJ\

+ Z (diam D)?|Rp — RD||%2(D) + Z (diam F)|[Rp — RF||%2(F)

DeDy & FeFya
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Now the proof is obtained with the function

p(A,g):= _ inf > (diam D)*|Rp — Rpl},py ~ (6.4.20)
{Rp€ell(D), Rrpell(F)} DeDy
2
+ ) (diam F) || Rp — RFH%Q(F)} - L
FeFp

Corollary 6.4.8. Let V : (A,A) — A* € T be a mapping such that all the
conditions of Theorem |6.4.7 are satisfied for any A € T, A D A a tree, and
A* := V(A,N). Then, the condition in Assumption on page is
valid with Y = {g € £y : g™V € Ly(Q)} and o(A, g) =~ p(A,gT V), where p(-,-) is
as in Theorem[6.4.7

Example 6.4.9. Here we return to Example of finite element wavelets. Let
A C A" C A* be graded trees such that each D € D, 5 contains in the interior a
vertex from Dy, and each F' € F, ; contains in the interior a vertex from Fx,. We
denote these vertices by Vp and Vg, respectively, and for D € Dy and F' € Fjy,
define the bubble functions bp and br such that

e both bp and bp are nonnegative and piecewise linear w.r.t. Dy,
° bD(VD) =1 and bF(VF) = 1,
e suppbp C D and supp by C U{D,eDA:ﬁmFig}ﬁ.

Then, we take II(D) := Py (D) for D € Dy, and II(F) := P, o(F) for F €
Fu, and define Jp : II(D) 3 p — bpp and Jp(p) for p € II(F) by extending
p constantly along a transversal to F' and multiplying it with br. Here by a
transversal to F' we mean a vector whose angle with F' is uniformly bounded
away from 0. Now the maps ¢p and ¥ satisfy the conditions of Theorem [6.4.7]
cf. [62], provided that for D € D, 5 and for F' € F, 3, the space X, contains
Upll(D) and ¥pIl(F), respectively.

In view of the above considerations, we introduce an algorithm for construct-
ing A* for given graded tree A and tree A D A.
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Algorithm 6.4.10 Realization of the mapping V : (A, A) — A*

Input: Let A be a graded tree, and let A D A be a tree.

Output: A* € 7 with A € A* C A.

A=A

: for all E € Dy 5 UF,; do

A = A;

Add to A’ all necessary indices A € V' \ A, so that F contains a vertex Vg

from Dp;

Construct the function bg;

Add to A* all indices A € V \ A* for which supp ¥y intersects with

sing supp bg;

7. A =A"UN;

8: end for

9: Complete A* to a tree by iteratively adding the parents of the indices whose
parent is not in A*;

10: Complete A* to a graded tree by iteratively applying APPEND for the
indices in A*\ A.

Note that the set of vertices of Dys is the same as the set of vertices of Fy:.
By the condition (|6.4.5)) and the locality of the wavelets, the number of indices
added to A* in an iteration of the for all loop is uniformly bounded, meaning
that with A} denoting the value of A* just after this loop, we have #A7 — #A <
#Dp i + #Fax S #Dp - Moreover, denoting by A3 the value of A* just after
the evaluation of the statement in Line 9, we have #A5 — #A < #A7 — #A since
the minimum level difference between any index from A} and its ancestor from
A is uniformly bounded. As noted earlier, the condition implies that for
any A € L(A), there is no p € A with vol(©, N Qy) > 0 and |p| > |A| + N.
Since the minimum level difference between any index from A} and its ancestor
from A is uniformly bounded, each application of APPEND adds a uniformly
bounded number of indices to A*, implying that #A* — #A < #D, ;. It is
obvious that #D, ;3 < #A. Moreover, we have Dy 3 = {D € Dy : vol(DN Q) >
0 for some A € AN L(A)}, and for D € Dy and A € L(A) with vol(D N Qy) > 0,
we have vol(D) > 27", We end this example by deducing that, for finite trees
A, Dya S#(ANLA)) SH#ANN). @

Remark 6.4.11. For graded trees, one can perform a transformation into a local
scaling function representation in linear time, cf. [35, §5.3]. So since A and A
are graded trees and #A < #A in TAPPLY (Algorithm on page , we
can design a valid subroutine TAPPLY using these local transforms and the
stiffness matrix in the local scaling function representation, which is sparse for



114 ADAPTIVE ALGORITHM WITH TRUNCATED RESIDUALS 6.5

differential operators. We remark that in the truncated residuals approach, at
least for differential operators the compressibility of the infinite stiffness matrix
is not necessary.

6.5 Completion of tree

Let V be a countable set, and let a parent-child relation be defined on V. Note
that the main result of this section is independent of the results from the previous
sections, so in particular, the set V is an abstract set, not necessarily being
the index set we considered in the previous sections. We assume that every
element A € V has a uniformly bounded number of children, and has at most
one parent. We say that A € V is a descendant of p € V and write A > p if
A is a child of a descendant of or is a child of p. The relations < (ascendant
of), = (descendant of or equal to), and < (ascendant of or equal to) are defined
accordingly. The level or generation of an element A € V, denoted by |\| € Ny,
is the number of its ascendants. Obviously, A > p implies |A| > |u]. We call the
set Vo :={X € V : |A] = 0} the root, and assume that #V, < oco.

A subset A C V is said to be a tree if with every member A € A all its
ascendants are included in A. For a tree A, those A € A whose children are not
contained in A are called leaves of A, and the set of all leaves of A is denoted by
OA. Similarly, those A ¢ A whose parent belongs to A is called outer leaves of A
and the set of all outer leaves of A is denoted by L(A).

We assume that there are functions d: V — R and d : V x V — R satisfying
the following conditions:

(i) For any A € V, with some absolute constants Cy, x > 0, it holds that

0 < d(\) < C27X,

(ii) For any A\, u € V, we have d(\, ) = d(u, A) > 0, and d(A, u) =0 if X =
(iii) For any A, u,v € V, there holds a triangle inequality:

d(A,v) < d(A p) +d(p) + d(p,v);

(iv) Let L € Ny and C' > 0 be arbitrary but fixed constants. Then for any fixed
p €V, e Ny with ¢ < |u|+ L, there exists a uniformly bounded number
of A € V with d(\, ) < C27x¢,

Example 6.5.1. In the situation of Example on page [103] let d(\) =
diam Q) and d(\, p) = dist(25,€,), A, u € V. Then these functions satisfy
the above conditions (i)-(iv) with x = 1. %)
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Example 6.5.2. Let {2 C R"™ be some polyhedral domain and let it be subdivided
into finitely many pairwise disjoint n-simplices. We denote by V; the set of these
n-simplices, and form the set V by collecting all n-simplices created by a (possibly
trivial) finite sequence of dyadic refinements of an initial simplex A € V. The
parent-child relation on V is defined by saying that A € V is a child of p € V
if X\ is created by one elementary dyadic refinement of . Then the functions
d(-) := diam(+) and d(-, ) := dist(-, -) satisfy the above conditions with y = 1. ©

Let 7 denote the set of all finite trees, and let 7 C T be a subset such that
Vo € 7. Then we introduce a map R that sends the pair of a tree A € 7 and any
of its outer leaves ;1 € L(A) to a set p € R(A, pn) C V such that R(A, p) NA = &,
and R(A, 1) UA is a tree in 7. We assume that for any A € R(A, p) it holds that

d\, p) < Cr27M and |\ < |p| + Lg, (6.5.1)

where Cr € R, and Li € Ny are constants.

Example 6.5.3. In the setting of Example on page let R(A,pn) =
APPENDJA, ] \ A. Then this map satisfies the above condition (6.5.1]) with
X = 1 and LR =0. %

We can apply the map R iteratively on some tree A € 7 and get bigger and
bigger trees in 7. What is interesting to us here is that choosing the map R (and
SO ’j') appropriately we can impose special structures on the resulting tree, while
keeping the size reasonably small. For instance, it is possible to grow any tree to
a graded tree using this approach such that the result is optimal in some sense.
To this end, let us study the following algorithm.

Algorithm 6.5.4 Tree completion
A= Vo;
for =1 to K do
for all u € M; do
if u ¢ A then
A:=AUR(A,p);
end if
end for
end for.

The following theorem is an easy extension of [87, Theorem 6.1] and [8, The-
orem 2.4], and since the setting here is somewhat more general, we include the
proof for reader’s convenience.
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Theorem 6.5.5. Let M be the set of elements pu for which the map R is applied
in the above algorithm, which set is thus contained in U;M;. Then for the output

tree A € T we have #(A\ Vo) < #M uniformly in K.

Proof. The proof will closely follow the proof of Theorem 6.1 in [87]. Let a :
NoU{-1,...,—Lg} — (0,00) and b : N — (1,00) be some sequences with
Yopa(p) < oo, 37 b(p)27XF < oo, and inf,>1[b(p) — 1la(p) > 0. For instance,
a(p) = (p+ Lr + 1)1 and b(p) = 1 + 2P with a constant x € (0, x) satisfy these
conditions.

With A 1= Cr + (2XCr + 2¥Cy + Cy) 3, b(p)27XP, we define the function
f:AXx M —R by

allil = ]A) i dOA 1) < A2 and [l — A = ~Le.,
fOp) = .
0 otherwise.

From condition (iv), for any p € M we have

lul+Lr |plH+-Lr
YoFoum= DY > fAm S Y allul =0 <) alp) ST,
PYSIN =0 |A|=¢ £=0 p

implying that ZueM Yoaea SN ) SH#M.
We claim that for any A € A\ Vo,

d o ram

pneM

so that

HANV)S Y D FOm) < YD Fhp) S #M,

AEA\Vo neM HEM XeA

as required. Now we will prove this claim.

The claim is true for A € M since f(A\, A) = a(0) 2 1. Let A\g € A\ (M UVy).
For j > 0, assume that \; has been defined and let X’ be the parent of A; for
j =1, and Ay := Ag. Then we define \j;; € M such that \; € R(A', \j41)
with some tree A’. Let s be the smallest positive integer such that || € I :=
{IXAo] = Lg, ..., |Xo|}. Note that such an s exists. Indeed, the sequence {\;} ends
with some A\; € L(Vy) thus with |A;| = 1 < |)gl|, and from the properties of R we
have [N;| < |Aji1| + Lr or [Ajy1] > [Aj| = Lr — 1 for j > 1 and |\i| > [Ao| — L,
meaning that if not |\i| € I, we have |A;| > |\g|. Therefore the interval I can
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not be skipped by j — ;. For 1 < j < s we have

-1
d(Xo, A;) < d(ho, M) + d(Ny) 4 d(A, A <Zd)\k LA+ Zd()\k)
=1

J j—l
< ST dN M)+ D AN + (M)
k=1 k=1
Jj—1 j—1
< Cp2~XPol 4 o Z 2Nl 4 o Z 9=XIX.| 4 9=l
k=1 k=1
j—1
< CR2 Ml 4 (X0 + 20y + Cg) 3 27
k=1
= CR27X‘)\O| + (QXCR + 2XCy + Cd) Z m(p7j)2*X(|>\0|+P)7
p=1

where m(p, j) denotes the number of k € {1,...,7—1} with |A\x| = |Ao| +p. Note
that m(p,1) = 0 for any p.

In case m(p, s) < b(p) for all p > 1, then by the definition of the constant A
we have d(\g, \s) < A2l Since —Lr < |\, — [Xo| < 0, we have f(Ag, As) =
a(|As| = |Xo|) 2 1, which proves the claim.

Otherwise, there exist p with m(p,s) > b(p). For each of those p, there exists
a smallest j = j(p) with m(p, j(p)) > b(p) because m(p,j) > m(p,j —1). With
J* = miny>; j(p), let p* be such that j(p*) = j*. So we have m(p, j* — 1) < b(p)
for all p > 1, and m(p*,7* — 1) > m(p*,j*) — 1 > b(p*) — 1 > 0. This implies
that j* — 1 > 1. As in the above case, we find that for all 1 < £ < j* — 1,
d(Xo, M) < A27X%oland f(X\g, \x) = a(|Mx| —|Xo|). Finally by using the definition
of m(-,-) we have

S £ (0. ) = m(p".5* — Da(p")

{1<k<5* =1 Ak |=Xol+p* }

> [b(p") — 1Ja(p”) = inf[b(p) —1alp) Z 1,

p>0

which proves the claim. [
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Chapter

Computability of differential operators

7.1 Introduction

For a boundedly invertible M : /5 — ¢, and g € {5, we consider the problem of
finding the solution u € ¢y of

Mu =g.

One can apply the adaptive algorithms from the preceding chapters, thereby
e.g. Theorem and Theorem now say that if u € A°® for some s, and
M is s*-computable for an s* > s, then the number of arithmetic operations
and storage locations used by the adaptive wavelet algorithm for computing an
approximation for u within tolerance ¢ is of the order e/, Since in view of
the same order of storage locations is generally needed to approximate u
within this tolerance using best N-term approximations, assuming these would
be available, this result shows that the solution methods achieve the optimal
computational complezity for the given problem.

To conclude optimality of the adaptive wavelet method, it is necessary to show
that M is s*-computable for some s* > %, since otherwise for a solution u that
has sufficient Besov regularity, the computability will be the limiting factor. On
the other hand, since, for wavelets of order d, by imposing whatever smoothness
conditions u € A® can only be guaranteed for s < %, showing s*-computability
for some s* > 9t is also a sufficient condition for optimality of the adaptive
wavelet method.

The work in this chapter is a joint work with Rob Stevenson, see Section

119
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On the other hand, s*-compressibility for some s* > % has been demon-
strated in [86] for both differential and singular integral operators, and piecewise
polynomial wavelets that are sufficiently smooth and have sufficiently many van-
ishing moments.

Only in the special case of a differential operator with constant coefficients, en-
tries of M can be computed exactly, in O(1) operations, so that s*-compressibility
immediately implies s*-computability. In general, numerical quadrature is re-
quired to approximate the entries. In this chapter, considering differential op-
erators, we will show that M is s*-computable for the same value of s* as is
was shown to be s*-compressible. The case of singular integral operators will be
treated in the next chapter. We split the task into two parts. First we derive
a criterion on the accuracy-work balance of a numerical quadrature scheme to
approximate any entry of M, such that, for a suitable choice of the work invested
in approximating the entries of the compressed matrix M; as function of both
wavelets involved, we obtain an approximation M7 of which the computation of
each column requires O(2/) operations, and ||[M; — M7|| < 277°", meaning that,
on account of Lemma [2.7.12] M is s*-computable. Second, we show that we can
fulfill above criterion by the application of standard composite quadrature rules
of a fixed, sufficiently high order.

This chapter is organized as follows. We collect some error estimates for
numerical quadrature in Section [7.2] In Section [7.3] assumptions are formu-
lated on the boundary value problem and the wavelets, and the result concerning
s*-compressibility is recalled from [86]. In Section [7.4] rules for the numerical
approximation of the entries of the stiffness matrix are derived, with which s*-
computability for some s* > % will be demonstrated.

At the end of this introduction, we fix a few more notations. A monomial of n
variables is conveniently written using a multi-inder o € N} as x® 1= z{" ... 20",
Likewise we write partial differentiation operators, that is, 9% := 0" ...9%". We
set |a| := a;+...+ay,, and the relation o < 3 is defined as o; < 3; for all i € 1, n.

We have |a + | = |a| £ |3 provided that o — 5 € N in case of subtraction.

7.2 Error estimates for numerical quadrature

We start with deriving an error bound in L..-norm for polynomial approximation,
which improves upon available results (e.g. in [38, Theorem 1.1]) in the sense
that our upper bound does not contain an unspecified constant that may vary as
function of the polynomial order p. This latter fact will be particularly important
for analyzing the errors of quadrature schemes with varying orders as we will apply
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in the next chapter. We define the radius of a star-shaped domain 2 by

Q) == mj - 2.1
rad(£2) ygl(g)gggg\w yl, (7.2.1)

where S(§2) := clos{y € Q : Q is star-shaped w.r.t. y}. Apparently, we always
have rad(§2) < diam(f2), and the radius of a convex domain equals the radius of
its smallest circumscribed sphere.

Lemma 7.2.1. Let Q C R"™ be a star-shaped domain and let f € WE (Q), p € N.
Then there ezists a polynomial g € P,_1 on Q) for which

np
1f =9l < o rad(Q)” - | flwz, o) (7.2.2)

Proof. We first assume that f € C*(Q)NWZE (). Let a point y € S(Q2) be such
that max,coq |r — y| = rad(€2). Let g be the Taylor polynomial of order p at the
point y, i.e.,

o= 3 Ty, (723
|| <p

Then the Taylor remainder is given by

f(z)—g(x)=p Z (:1:;—'7;)0‘/ YO )z + (y — x)s)ds.
lal=p ) 0

Using

1 1
— o] — 1
/ PO ) (x4 (y — 2)s)ds| < / s |z = -1 Flwzio
0 0

and
[(z —y)*| = [r1 — ™ oo |zn — yu|™ < Tad()P,

we have

£@) ~ ()] < 37 2 xad(@P - flwz o

la|=p

Then by applying the identity

1 n?
Zazﬁ

la|=p

we get (7.2.2)) for f e C(Q) NWE(Q).
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To complete the proof we use a density argument that was proven in [12]. For
any feW? (), there exist functions f, € C*(Q) N W2 (Q), k € N, such that
fe—f in WEH(Q), and || fellwe @) — | fllwe @) as k — oo. With this result, for
cach k € N let us denote by g€ P, the Taylor polynomial (7.2.3) corresponding
to fx. Then, since for any k,j € N and |a| < p we have

(0% fe)(y) = (O f) W) < 19°fr — 0 fillLwi
< 10 fie = 0 Pty + 10 = O Fll i
where the right-hand side tends to zero as j,k — oo, we infer that there is a
g€P, 1 such that gy—g in L (2). Writing

1f = 9l <N = fellooe@ + 19 = grll o) + e — gkl oo ()

and by taking the limit & — oo, the proof is completed. [

On a star-shaped domain €, let us now consider quadrature rules of the form
Q:fr— Zj w; f(z;) to approximate [ : f +— fQ f. We will only consider rules
that are internal meaning that all z; € clos€). The quadrature error functional
is defined as £ :=1 — Q.

Proposition 7.2.2. For a rule Q) of order p, meaning that E(f) = 0 for all
feP,_1(Q), and any f € W2 (Q) we have

2 |wj|) 2 rad (@) - vol(9) - | fluw . (7.24)

FE <|1

B = ( + vol(Q2) p!
Proof. Taking ¢ as in Lemma the proof is an easy consequence of that
lemma and the estimate

[1(f) = QNI = [L(f) = Q) + Qlg) = L9 < [I(f =gl +]|Qlg - f)]. =

Note that for a rule that is positive, meaning that all w; > 0, and that has order
p > 0, we have Zngligj)‘ =1.

Let us now consider a collection O of disjoint star-shaped Lipschitz subdo-
mains €2 C €, the latter not necessarily being star-shaped, such that clos€) =
Ugreo clos €', which collection we will refer to as being a quadrature mesh. Writ-
ing I(f) as Y gco Jo fo on each subdomain €’ we employ a quadrature rule
Qo (f) = > i w]Q/ f (x?’) of order p, defining a composite quadrature rule @ of

rank N := #0O (and order p) by Q(f) := > o Qo (f).
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Proposition 7.2.3. For the error functional E = I —Q) of this composite quadra-
ture rule, and f € W2 (Q) we have

5, fuf' NYrrad (@)’
E <11 =y . R S
| ””—( ~om S ) o (S )

p
x NP % - diam(Q)” - vol(€) - | flwz (-

Proof. Writing rad(€)') = %N*I/” diam(£2), and using that

Y eo Vol(Y') = vol(€2), the result follows from Proposition [7.2.2, ]

In view of above estimate, as well as to control the number of function eval-
uations that are required, in this chapter we will consider families (Oy)sen of
quadrature meshes and corresponding families of composite quadrature rules
Qo f = dgeo, 2 ; w?’f(:c?/) of rank N, := #0O, and fized order p that are
admissible meaning that they satisfy

>, |w§)l| Nél/nrad(Q’)
vol(€) 7 diam(2)

sup max
LeN, Q' eOy

,#x?/} < 0.

Note that the bound on the number of abscissae in each subdomain is reasonable
because the space of polynomials of total degree p — 1 has (p_:“") <p" <1
degrees of freedom.

Finally in this section, we consider product quadrature rules which are gener-
ally applied on Cartesian product domains. Let A and B be domains of possibly
different dimensions, equipped with the quadrature rules Q) : g +— Y jwig(zy)
and QP : h — 3, vph(yy) to approximate I : g [, gand I® : h— [, h,
respectively. For simplicity, in this setting we will always assume that these
rules are positive and have strictly positive orders. Now with the product rule
QW x QP we mean the mapping f — ij w;vg f(xj,yx) to approximate I :

foAxBf'

Lemma 7.2.4. With error functionals EX = I — QW gnd EPB) .= [(B) —
QB the product rule Q == QW x Q) satisfies

1(f) = Q)| < vol(A) sup [EP)(f(z, )| + vol(B) sup [EV (f(-,y))|,  (7.2.5)

€A yeB

as long as both EW(f(-,y)) and EP)(f(x,-)) make sense for all y € B and
x € A, respectively.
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Proof. We have

I(f)=Q(f) = | fley)dedy — > wivef (), ye)

AxB _],k'

:/B (/Af(l‘,y)df—zwjf(xjuy>> dy
F ( [ sty kaf<fcj>yk>) -

The proof is completed by taking absolute values and using that » _;w; = vol(A4).m

As an application of this lemma, we have the following result for product
quadrature rules on rectangular domains.

Proposition 7.2.5. Consider the rectangular domain O := (0,1;) x ... x (0,1,).
For the i-th coordinate direction, let Q%) be a composite quadrature rule of order p
with respect to a quadrature mesh on (0,1;) of N; equally sized subintervals. Then

for the product quadrature rule Q) :zﬁ%i X ... X Qg(;g to approximate I : f — fD 7,
and f such that O f € Lo(0), i € 1,n, we have

21-p S
() = QNI < == vol(@) - 3N - max 9] f 1.0 (7.2.6)
i=1 e
In particular, this quadrature rule is exact on Q,—1(0) = P,_1(0,0;) X ...

P, 1(0,1,).

Proof. Using that rad(0, ;) = [;/2, Proposition shows that for each i,

Ly 0) ol-p 1
[ o= QR < SN gl

Using Lemma we arrive at the claim by induction. n
Corollary 7.2.6. For the special case Ny = ... = N, = NY", with | := max; [;
we have

21-p
1(f) = QNI <= NP P max |0 f |1 o) (7.2.7)

i€ln
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7.3 Compressibility
For some domain 2 C R™, t € Ny and I'p C 992, possibly with I'p = &, let
H{ro () = closyeo)fu € H' () N C*(Q) : suppu N r’ =g},

and let L : HS,FD

(2) — (H,

0,rD

(©))" be defined by

(u, Lv) = Z (0°U, a30°V),

la],|B|<t

where an3 € Lo(€2) so that L is bounded. Obviously L has an extension, that
we will also denote by L, as a bounded operator from H*(Q2) — H (). For
completeness, H*(§2) for s < 0 denotes the dual of H~*(12).

We assume that there exists a ¢ > 0, such that

L, L': H*(Q) — H () are bounded. (7.3.1)

Sufficient is that for arbitrary € > 0, and all «, § with min{|a|, ||} >t — o, it
holds that _
e { w g trmintleblf ) when o € N,
af Ca—t+min{|o¢|,|ﬁ|}+5(Q) when o ¢ N.

In addition, we assume that the coefficients a,g are piecewise smooth, in the
sense that there exist M disjoint Lipschitz domains €, ¢ € 1, M, such that Aop
is smooth on each €2,, and clos Q2 = U, clos €),.
Let
U = {¢A A E A}

be a Riesz basis for Hé,r 5 (£2) of wavelet type. The index A encodes both the level,
denoted by |A| € Ny, and the location of the wavelet ¢),. We will assume that the
wavelets are local and piecewise smooth with respect to nested subdivisions in the
following sense: We assume that there exists a sequence (Oy)pen, of collections
Oy = {Qf . i € J* of disjoint “uniformly” (in i and ¢) Lipschitz domains f,
with clos Q = U,¢ e clos Qf and

diam(Qf) =~ 27* and vol(QY) = 27, (7.3.2)

where each QY is contained in some €2, and its closure is the union of the closures
of a uniformly bounded number of subdomains from O,,;. We assume that for
each A € A there exists a J, C J? with

sup#Jy < oo and sup #{A: | A =40 € Jy} < oo,
AEA LeNyieJ*t
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such that supp 1\ = U;e, clos QL’\‘, being a connected set, and that on each QLA‘,
Wy is smooth with

sup [0%y(z)] S 20820 for 3 € N (7.3.3)

mGQLM

Examples of such wavelets are (the images under smooth mappings of) tensor
products of univariate spline wavelets, or finite element wavelets subordinate to
a subdivision of the domain into n-simplices.

Remark 7.3.1. Precisely, we call a collection of domains {A4,} C R" uniformly
Lipschitz domains when there exist affine mappings B, with |DB,| < vol(A,)™!
and [(DB,)™!| < vol(A,) such that the sets B,(A,) satisfy the condition of min-
imal smoothness in the sense of Stein (cf. [82, §VI.3]), with uniform parameters
e, N and M.

A minimally smooth domain in R", in the sense of Stein, is an open set for
which there is a number ¢ > 0 and open sets U;, i = 1,2, ..., such that: (i) for
each x € 01, the ball B(x,¢) is contained in one of U;; (ii) a point x € R™ is
in at most N of the sets U; where N is an absolute constant; (iii) for each i,
U; N Q = U; N, for some domain €2; which is the rotation of a Lipschitz graph
domain with Lipschitz constant M independent of . %)

Furthermore, we assume that there exist v > ¢, d > —t such that for r €
[_d7 7)7 s <7,

|| . ||H’I‘(Q) 5 2€(r—s)|| . |Hs(Q), on W[ = Span{¢A . |)\| = 6} (734)
For r > s, this is the well-known inverse inequality. For r < s, (7.3.4) is a
consequence of the property of wavelets of having vanishing moments, or, more
generally, cancellation properties.

Remark 7.3.2. It is known that the above wavelet assumptions are satisfied by
biorthogonal wavelets when the primal and dual spaces have regularity indices
v >t,4 > 0and orders d > v, d > 7 respectively (cf. [29,136]), the primal spaces
consist of “piecewise” smooth functions, and finally, no boundary conditions are
imposed on the dual spaces (cf. [32]). In particular, for r € [—d, —A4] can
be deduced from the lines following (A.2) in [36]. In case homogeneous boundary
conditions are incorporated in the dual spaces, slightly weaker statements can be
proven, see [86, Remark 2.5].

We recall here the main result on compressibility for differential operators
from [86].
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Theorem 7.3.3. Let M = (¥, LW). Choose k satisfying

1

= when n > 1, (7.3.5)
>M and k>1 when n = 1.
fy —_

For j € N, define the infinite matriz M; by replacing all entries Myy = (5, L)
by zeros when

[N = [N]| > jk, or (7.3.6)

-/ , C |7\/‘ /
A= XN >j/n and { 3" € Jy, supp ¥ © clos 2y T when [A] > X,

i € Jy, supp by C closQM  when [A] < |V].
(7.3.7)

Then the number of non-zero entries in each column of M; is of order 27, and
for any

s < min{%i, 2}, with s < Z—:i when n > 1,

it holds that |[M — M| < 2775, We conclude that M is s*-compressible, as
defined in Definition |2.7.11, with s* = min{=%, 2 Y=Y yhen n > 1, and s* =

n ’'n’n—1
min{t + d, o} whenn = 1.

From this theorem we infer that if d > d — 2t, 0 > d —t and, when n > 1,

Z—j > %, then s* > % as required. For n > 1, the condition involving - is
s 1

If each entry of M can be exactly computed in O(1) operations, then s*-com-
pressibility implies s*-computability, as defined in Definition [2.7.8] and so, when
indeed s* > %, it implies the optimal computational complexity of the adaptive
wavelet scheme from the preceding chapters. This assumption on the computation
of the entries is realistic when both the coefficients a,g of the differential opera-
tor and the wavelets are piecewise polynomials. In general, however, numerical
quadrature will be needed to approximate the entries of M;. Then the question
arises how to realize a sufficient accuracy of these approximations such that the
additional error has, qualitatively, the same upper bound as |[M — M;||, where in
each column the average work per entry is O(1), in which case s*-compressibility
implies s*-computability. In the next section, additionally assuming that the
wavelets are essentially piecewise polynomials, we will see that it is possible to
select quadrature rules with which this is realized.

satisfied for instance for spline wavelets, where v = d — %, in case
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7.4 Computability

Let us denote by M7 the matrix, with elements M}, , obtained by approxi-
mating the entries of M; using some numerical scheme dependent on j. The
following theorem defines a criterion on the computational cost in relation to the
accuracy for computing individual entries of M so that s*-compressibility implies
s*-computability.

Theorem 7.4.1. Let M, M and s* be as in Theorem [7.3.3 Assume that for
some d* € R and p with

p>sn+d and p>sn, (7.4.1)

an approximation M3,, of My can be computed in O(N) operations, having an
error
| My — My < N—P/no=lAl=X[(n/2+p—d") (7.4.2)

Then for parameters 6 and o with
<1 and sn/p<0<p<1l-—d/p, (7.4.3)
by spending the number of
Njaw =~ max{1, 200~ IM=¥liney (7.4.4)

arithmetical operations to the computation of My, one has [|[M; — M| < 2797,
and the work for computing each column of M7 is of order 27,

Since the conditions (7.4.1) and (7.4.3) define a nonempty set in the 6 — o

plane, we conclude that M s s*-computable.

The proof will use Schur’s lemma that we recall here for the reader’s conve-
nience.

Schur’s lemma. If for a matriv A = (ay ) yven, there is a sequence wy > 0,
A €A, and a constant C' such that

Z Wilaxy| <wn C, (A€A), and Zw,\|a,\>\/| <w\C, (N eA),
NeA AeA

then ||A] < C.

Proof (Proof of Theorem[7.4.1]). Denoting the (X, \')-th entry of the error matrix
M; — M by €, from (7.4.2) and (7.4.4) we have

Eian S N]TA’)(?Q_H/\\—W\I(n/2+p—d*)
' *)o—j (7.4.5)
< o= IIN=INll(n/24+p—op—d*) 9—jOp/n
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We have 0 :=n/2+p—op—d* =n/2+p(l—o—d*/p) > n/2 from (7.4.3). Let A
be some given index. The locality assumptions on the wavelets show that for fixed
A € A, the number of indices X with fixed |N'| with vol(supp ¥y Nsuppy) > 0
is of order max{1,2NI=AD"}  With weights wy = 27""/2 we find

W)TI ZWX|51}/\>«| < 9lAIn/2 Z 9=INIn/29=(IA=IN)e9—jbp/n |
N 0<|N[<[A]
+ 2lAln/2 Z 9= N n/29=(IN|=[ANog—ibp/n  o(IN[=[A)n
IA[>[Al
< 9—ibp/n

By the symmetry of the estimate ([7.4.5) in A and ), from Schur’s lemma we
conclude that . ‘
M — M| S 2790 < 279

because 6 > s*n/p.
Denoting by A, the set of row-indices of nonzero entries in the A-th column
of M, the computational work W, \ for this column is

i0—|| A=\ ||n
Wjx= E Nj,/\XS § max{1, 2’ [IA[=[A]] e}
)\/EAJ")\ )\/GAJ"A
j i0—||\|—|\ ||no
<9t 3 030-IN-I¥lne
{NeA; x:IAI=INI<d/n}

where we used the fact that, since g > 6, 270=IN=Wlne < 1 for ||\ — | V|| > j/n,
and that the number of nonzero entries in each column of M; is O(27). The
second term can be bounded by a constant multiple of

S - Wine. gy ST gi=(NI-Wne (1=
—j/n<IN|~IAI<0 0<IX [~ |A<j/n
< 2j92jmax{0,1—g}‘

From ([7.4.3) we have § < 1 and 6 < p, and so 1 — p+ 6 < 1, from which we
conclude that W;, = O(27). »

By applying the error estimates from Section [7.2] we will now show how
numerical quadrature schemes satisfying (7.4.2]) can be realized. An entry of the
matrix can be rewritten as

My = Z / aaﬁaawﬁ%x.
supp ¥ AMNsupp ¥,/

o, BI<t
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Without loss of generality, in the remainder of this section we assume that
Al > [N

Then, it is clear that the intersection supp v, Nsupp ¥, is the union of sets QL’\‘,
1 € Jyv, for some Jy C Jy. Therefore we can expand the integral into integrals
of smooth functions

My = Z Dy i, (7.4.6)
1€Jy s
where
I)\/\’,i = Z \/A aa58Q¢A85¢A/. (747)
ol Bl<t 7

Recall that for each ¢ € Ny, i € J*, there is a ¢ = ¢(¢,i) € 1, M with Qf C Q,
and furthermore that all a,3 are smooth on any €,. In the following, we assume
that there is a constant e € N, and that there are smooth regular mappings
ke : R" — R™, such that for each A € A, i € J,, and ¢ = q(|A],19),

(2/))\ e} /iq)|H;1(QL)\\) € Pefl. (748)

With the commonly used approaches to constructed wavelets on non-trivial ge-
ometries via domain decomposition techniques ([14], 22] 33, 34, [85]), above as-
sumption is valid when one starts from a piecewise polynomial multiresolution
analysis on the corresponding reference domain. Note that the smallest e for
which holds satisfies e > d (>t +1).

Since by a transformation of coordinates, Elalylﬁlﬁt fgw aagﬁaw)\é?ﬂ%\/ can be

written as megt fﬁgl(g‘.*‘) Aap0% (Y 0 £4)0° (hy 0 K,), Where, as g, Gap IS a
function that is smooth, in the following without loss of generality we may assume
that r, = id.

Proposition 7.4.2. Consider a composite quadrature rule from an admissible
family (uniformly in X € A and i € Jy) of fixed order p and rank N to approzimate
each of the integrals from (7.4.7)), where Vx| iz € Peo1. Then, with

d:=e—1-—t, (7.4.9)
the error of this numerical integration is bounded by
| My — M3y | S N7#/momIR=Wlie/24p=d?), (7.4.10)

Taking p > s*n + d*, we conclude that the criterion for s*-computability from

Theorem [7.4.1) is satisfied.
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Proof. In view of Proposition we have to bound 9 (a,0%0°1y) for || =
D, or AMae0* 0 \0P+epy for |n+ 6 + €| = p. Since a,p is smooth, [A| > [N, and
0°+%), vanishes when |a + 6| > e, by invoking we see that the worst case
occurs when 7 = 0, |a+ 0| = r := min{e — 1, |a| + p}, and thus |{| = p —r + |a/,
yielding

|aaﬂaa’l/})\a’877b)\/|wp @) < o (r+n/2=1)| Ao (p—r+|al+|Bl+n/2—t)|N|

< ole=14n/2-D) g (—e+1+al+51+n/2-0|X

ow using that diam(f{2") < 27" and |«|, < ¢, Proposition [7.2.3| shows that
N ing that diam(Q) = 2= and |a/,|8| < t, P ition [7.2.3 shows th
|M)\)\/ o ;:)\’| < pr/an\)\|(n+p)2(efl+n/27t)\)\|2(pfe+1+t+n/2)\)\’|

_ NP/ lN=IN[(n/24p—d*) .

In the case of tensor product constructions yielding wavelets that are piecewise
in Qq_1, the (piecewise) polynomial order e is n(d — 1) + 1, so that d* from
Proposition is equal ton(d—1)—t (> (n—1)d). In the next proposition, we
will see that for such wavelets the application of product quadrature rules gives
rise to smaller d*, and so allows for smaller quadrature orders p.

Proposition 7.4.3. Suppose that QL’\‘ 15 an n-rectangle, that a product composite
quadrature rule of order p and rank N as in Corollary[7.2.6 is applied to approzi-
mate each of the integrals from (7.4.7), and that x|, € Qd_l(QL)‘l). Then, with

4 =d—1, (7.4.11)

the error of the numerical integration is bounded by
| My — M| < N—P/no—IA=N[(n/2+p—d*) (7.4.12)

Taking p > s*n + d*, we conclude that the criterion for s*-computability from

Theorem is satisfied.

Proof. Without loss of generality, we may assume that the n-rectangle QL’\I C
R™ is aligned with the Cartesian coordinates. In view of Corollary [7.2.6] for
any i € 1,n we have to bound 0F(a,s0%1r0%y ), or OFaasdid® i \dmdP iy for
k+1+m = p. Since asp is smooth, |[A| > |N|, and !0, vanishes when
a; + 1 > d, by invoking we see that the worst case occurs when k& = 0,
a; + 1 =r:=min{d — 1, a; + p}, and thus m = p — r + «, yielding

|8ZP (Gaﬁaalhaﬂ?/}x” < olal—aitr+n/2=t)|Alg(p—r+ai+|Bl4+n/2-t)|N]
< ollal+d=14n/2=t)|Al9(p—d+1+|Bl4+n/2-t)| N
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Since diam(QLM) ~ 27 and |al, || < t, an application of Corollary shows
that

\Myy — M| < NP/ Pintn)od=1n/2) A gp—d+itn/2)1|

_ N -p/ng— NN (/24 p—d) _



Chapter

Computability of singular integral
operators

8.1 Introduction

Boundary integral methods reduce elliptic boundary value problems in domains
to integral equations formulated on the boundary of the domain. Although the
dimension of the underlying manifold decreases by one, the finite element dis-
cretization of the resulting boundary integral equations gives densely populated
stiffness matrices, causing serious obstructions to accurate numerical solution
processes. In order to overcome this difficulty, various successful approaches for
approximating the stiffness matrix by sparse ones have been developed, such as
multipole expansions, panel clustering, and wavelet compression, see e.g. [2, [51].
We will restrict ourselves here to the latter approach.

In [7], it was first observed that wavelet bases give rise to almost sparse stiff-
ness matrices for the Galerkin discretization of singular integral operators, mean-
ing that the stiffness matrix has many small entries that can be discarded without
reducing the order of convergence of the resulting solution. This result ignited the
development of efficient compression techniques for boundary integral equations
based upon wavelets. In [37, [67, [78] it was shown that for a wide class of bound-
ary integral operators a wavelet basis can be chosen so that the full accuracy of
the Galerkin discretization can be retained at a computational work of order N
(possibly with a logarithmic factor in some studies), where N is the number of
degrees of freedom used in the discretization. First nontrivial implementations of

The work in this chapter is a joint work with Rob Stevenson, see Section

133
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these algorithms and performance tests were reported in [53] 59)].

The main reason why a stiffness matrix entry is small is that the kernel of the
involved integral operator is increasingly smooth away from its diagonal, and that
the wavelets have vanishing moments, meaning that they are Ls-orthogonal to
all polynomials up to a certain degree. Another advantage of a wavelet-Galerkin
discretization is that the diagonally scaled stiffness matrices are well-conditioned
uniformly in their sizes, guaranteeing a uniform convergence rate of iterative
methods for the linear systems. Finally, as we have seen in the foregoing chapters,
recent developments suggest a natural use of wavelets in adaptive discretization
methods that approximate the solution using, up to a constant factor, as few
degrees of freedom as possible.

Let H'(T") be the usual Sobolev space defined on a sufficiently smooth n-
dimensional manifold I' € R™™ and let H (') be its dual space. Then we
consider the problem of finding the solution u € H'(T") of

Lu =g,

where L : HYT) — H7YT) is a boundedly invertible linear operator, and
g € H'(T'). We will think of this problem as being the result of a variational
formulation of a strongly elliptic boundary integral equation of order 2¢t. With
U being a Riesz basis for H'(T'), we can transform it into an equivalent infinite
matrix-vector problem

Mu =g,

where M : {5 — /5 is boundedly invertible, and g, u € /5.

Now the discussion in Introduction of the preceding chapter applies: One
requires M to be s*-computable for some s* > %.

As we indicated in the preceding chapter, s*-compressibility for some s* > %
has been demonstrated in [86] for both differential and singular integral opera-
tors, and piecewise polynomial wavelets that are sufficiently smooth and have
sufficiently many vanishing moments.

Only in the special case of a differential operator with constant coefficients, en-
tries of M can be computed exactly, in O(1) operations, so that s*-compressibility
immediately implies s*-computability. In general, numerical quadrature is re-
quired to approximate the entries. In the present chapter, considering singular
integral operators resulting from the boundary integral method, we will show
that M s s*-computable for the same value of s* as it was shown to be s*-
compressible. Summarizing, this result shows that using the routine APPLY as
in Algorithm [2.7.9] the compression rules from [86] (recalled in Theorem [8.2.4),
and the quadrature schemes derived in this paper to approximately compute the
remaining entries, the adaptive wavelet methods from e.g. Chapter [, [3, and
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now define fully discrete algorithms that achieve the optimal computational
complexity for the given problem.

We split our task into two parts. First we derive a criterion on the accuracy-
work balance of a numerical quadrature scheme to approximate any entry of
M, such that, for a suitable choice of the work invested in approximating the
entries of the compressed matrix M, as function of both wavelets involved, we
obtain an approximation M7 of which the computation of each column requires
O(j°2’) operations with a fixed constant ¢, and [[M; — M| < 277%", meaning
that, on account of Lemma on page with a slight adjustment, M is
s*-computable. Second, we show that for any desired s* > 0 we can fulfill the
above criterion by the application of certain quadrature rules of variable order.

In view of Proposition [7.2.3] on page [123] as well as to control the number
of function evaluations that are required, in this paper we will consider families
(Qp)pen of composite quadrature rules Q, : f = > oco > i wf’ﬂl f (x?’ﬂl) of order
p with a fixed mesh O, that are admissible meaning that they satisfy

7Ql ’Ql
N {ij;’ | }
p max < 00

PEN,QV €O vol(QY) = pn

Note that the bound on the number of abscissae in each subdomain is reasonable
because the space of polynomials of total degree p — 1 has (p 7?") < p" degrees
of freedom. Moreover, for a quadrature mesh O we define the following quantity

o (#O)l/”rad(Q’)
Co = S/Lé% diam(Q)

(8.1.1)

This chapter is organized as follows. In Section [8.2] assumptions are formu-
lated on the singular integral operator and the wavelets, and the result concerning
s*-compressibility is recalled from [86]. Then in Section [8.3] rules for the numer-
ical approximation of the entries of the stiffness matrix are derived, with which
s*-computability for some s* > % will be demonstrated.

At the end of this introduction, we fix a few more notations. A monomial of n
variables is conveniently written using a multi-indexr o € N} as x® 1= 2" ... 20",
Likewise we write partial differentiation operators, that is, 9% := o/ ...95". We
set || := a;+...+ay,, and the relation o < 3 is defined as o; < 3; for all i € 1, n.
We have |o + 8| = |a| £ |B| provided that a — § € Ny in case of subtraction.
Binomial coefficients are naturally defined as (g) = (gll) o (g:)

8.2 Compressibility

For some p1 € N, let I' be a patchwise smooth, compact n-dimensional, globally

C#~5! manifold in R™™.  Following [34], we assume that I' = U} T, with
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I'y,NT'y = @ when g # ¢/, and that for each 1 < ¢ < M, there exists

e a domain Q, C R", and a C*-parametrization x, : R" — R"" with
Im(“qbq) =T,

e a domain R" D Qq DD 2, and an extension of k|, to a CH=L! para-
q

metrization &, : €, — Im(&,) C T.

Figure 8.1: Parametrization of the manifold.

Formally supposing that the domains ), are pairwise disjoint, for notational
convenience we introduce the invertible mapping x : U,§}, — U,I'; C T via

k(x) := Kg(x) with ¢ such that x € Q.

For |s| < u, the Sobolev spaces H*(I") are well-defined, where for s < 0, H*(I") is
the dual of H=*(I"). Let

\I/:{w)\i)\eA}

be a Riesz basis for H'(T") of wavelet type. The index A encodes both the level,
denoted by |A| € Ny, and the location of the wavelet 1. We will assume that the
wavelets are local and piecewise smooth with respect to nested subdivisions in the
following sense. We assume that there exists a sequence (Op)een, of collections
O, of disjoint uniformly Lipschitz domains © € O,, with

diam(©) ~27¢ and  vol(©) =27, (8.2.1)

and where each © € O, is contained in some €}, and its closure is the union of
the closures of a uniformly bounded number of subdomains from O,y ;. For a
precise definition of a collection of sets to be a collection of uniformly Lipschitz
domains, we refer to Remark [7.3.1] Defining the collections of panels

G :={k(©):0 € O}, (£ € No),
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we assume that I' = Ureg, I, (¢ € Ny), and that for each A € A there exists a
subcollection Gy C Gy with

sup #G, < oo and sup #{A: (N =0 11 € G} < o0,
AEA £€No,TIEG,

such that supp ¥ = Uneg, closll, being a connected set, and that on each © €
£71(Gx), the pull-back ¥ e := (15 o K)|e is smooth with

sup 10%n0(x)] S 2039 for g e N7 (8.2.2)
xe

_ We assume that the wavelets have the so-called cancellation property of order
d € N, saying that there exists a constant n > 0, such that for any p € [1, 00|, for
all continuous, patchwise smooth functions v and A € A,

|<U7 ¢A>| /5 27|)\‘(§7;+t+d) 11;}1855\/[ |U|Wg(B(supp1[JA;2*|>‘|n)ﬂFq)7 (823)
where for A C R*"™ and € > 0, B(A;¢) := {y € R"" : dist(A, y) < €}
Furthermore, for some k € Ny U {—1}, with k£ < p and
vi=k+3>t, (8.2.4)
we assume that all ¥, € C’“(F),~ where & = —1 means no global continuity
condition, and that for all r € [—d, ), s < 7, necessarily with |s|, |r| < pu,
| Ny S 2/r=9))| . || 2 (1) on W, := span{y, : |\| = (}. (8.2.5)

Inside a patch, a similar property can be required for larger ranges: For all
g€ 1, M, and r € [—d,7), s <, we assume that

2€(r—s) || . |

me(ry)  on span{yy : |\l = £, B(supp vx; 27n) C Ty}
(8.2.6)

|- lar@,) S

Remark 8.2.1. Wavelets that satisfy the assumptions in principle for any d, d
and smoothness permitted by both d and the regularity of the manifold were
constructed in [34]. Apart from this construction, all known approaches based on
non-overlapping domain decompositions yield wavelets which over the interfaces
between patches are only continuous. With the constructions from [14], 22], [33],
biorthogonality was realized with respect to a modified Ly(T")-scalar product. As
a consequence, with the interpretation of functions as functionals via the Riesz
mapping with respect to the standard Lo(I") scalar product, for negative ¢ the
wavelets only generate a Riesz basis for H*(I') when ¢ > —2, and likewise wavelets
with supports that extend to more than one patch generally have no cancellation
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properties in the sense of . Recently in [85], this difficulty was overcame,
and wavelets were constructed that all have the cancellation property of the full
order, and that generate Riesz bases for the full range of Sobolev spaces H'(T")
that is allowed by continuous gluing of functions over the patch interfaces and
the regularity of the manifold.

For some |t| < p, let L be a bounded operator from H'(T") — H*(T"), where
we have in mind a singular integral operator of order 2¢. We assume that the
operator L is defined by

Lu(z) = /FK(Z, u(2")dl,, (2 €T), (8.2.7)

and that its local kernel function

A

K(z,2') .= K(k(z), s(a")) - |0 (x)| - [0r(")]

satisfies for all =, 2" € Uj<,<m$2y, and o, 8 € N,

la+ 3!

5
0000 K (x,2")| < JarA

- dist (k(z), k(z)) -2t (8.2.8)

with a constant ¢ > 0 (cf. [37, 53]), provided that n + 2t + |a + 3] > 0. If the
kernel function K(z,2’) contains non-integrable singularities, the integral
has to be understood in the finite part sense of Hadamard, see e.g. [73], [80].
Following [37], we emphasize that requires patchwise smoothness but no
global smoothness of I". Only assuming global Lipschitz continuity of I', the local
kernel of any standard boundary integral operator of order 2¢ can be shown to
satisfy .

We assume that for some o € (0, u—|t|], both L and its adjoint L’ are bounded
from H**°(T") — H'To(T).

Remark 8.2.2. If I" is a C"°-manifold, then these boundary integral operators
are known to be pseudo-differential operators, meaning that for any ¢ € R they
define bounded mappings from H*?(T") — H~'*?(T"). For I being only Lipschitz
continuous, for the classical boundary integral equations it is known that L :
H'"(T') — H~'"?(T") is bounded for the maximum possible value o = 1 — [¢|
(cf. [23]). With increasing smoothness of I' one may expect this boundedness for
larger values of 0. Results in this direction can be found in [60].

~ s >
Furthermore, with H*(T',) := { 5{5—52% )Y XE?E z < 87
q )

there exists a 7 € (0, u — |¢|] such that

we assume that

L:HY (') — H(I',) is bounded for all 1 < ¢ < M. (8.2.9)
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Remark 8.2.3. Since for any |s| < p, the restriction of functions on I' to I'; is a
bounded mapping from H*(T') to H*(T',), from the boundedness of L : H**(T') —
H~'(T"), it follows that in any case is valid for 7 = o. So for example for
I' being a C"*°-manifold, is valid for any 7 € R. Yet, in particular when
t < 0, for I' being less smooth it might happen that is valid for a 7 that
is strictly larger than any o for which L : H'*(T") — H~**(T") is bounded.

In the following theorem, we recall the main result on compressibility for
boundary integral operators from [86].

Theorem 8.2.4. For U being a Riesz basis for H(I') as described above with
t+d>0,andd >~ —2t, let M = (¥, LV).
Let a € (3,1) and b; == (1 +1i)"'7¢ for some ¢ > 0. Choose k satisfying

k= 1 when n > 1,
nolo - (8.2.10)
in{t +d in{t +d o
v—t min{t + p, o}

We define the infinite matrix M; for j € N by replacing all entries M,y =
<¢>\7 Liﬁx} by zeros when

A= N[ > gk, or (8.2.11)
A= X]| <j/n and §(\N) > max{3n, 200/~ IN=IXIDy = op(8.2.12)
Al = XN >j/n  and

5(,\, ) > max{Qn(j/n_HAl_p\/H)b\\)\|—|)\’\\—j/n,2772_H)\|_‘XH},

(8.2.13)

where
S\, N) = 2N dist (supp i, supp i), (8.2.14)
and

SO0, N) = 2minlAL VD dist(supp ¥z, sing supp ¢y ) when [A| > [N,
’ dist(sing supp ¥y, supp ¥x) when |[A| < [N,

and n 1s from (8.2.3]).
Then the number of non-zero entries in each column of M is of order 27, and
for any

sgmin{til,l}, with s < 1=t s < -2 and s < £ when n > 1
n’'n n—1 n—1 ’

n—1
it holds that |[M — M;|| < 2775, We conclude that M is s*-compressible, as

defined in Definition |2.7.11|, with s* = min{ticz Too LB when n > 1,

~ n 'n’n-1’n-17n-1
and s* = min{t + d, 7} when n = 1.
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From this theorem we infer that if d > d — 2t, 7 > d — t and, when n > 1,
W > %, then s* > % as required. For n > 1, the condition involving
v is satisfied for instance for spline wavelets, where v = d — %, in case % > %

If each entry of M can be exactly computed in O(1) operations, then s*-
compressibility implies s*-computability, as defined in Definition [2.7.8 and so,
when indeed s* > %, it implies the optimal computational complexity of the
adaptive wavelet schemes from the earlier chapters. In general, one is not able
to compute the matrix entries exactly. What is more, it is far from obvious
how to compute the entries of M; sufficiently accurate while keeping the average
computational expense per entry in each column uniformly bounded. In the
next section, additionally assuming that the wavelets are essentially piecewise
polynomials, we will show that it is possible to arrange quadrature schemes which

admit s*-computability of M.

8.3 Computability

In this section, we will present a numerical integration scheme which computes
an approximation M7 of M; such that, for some specified constant ¢, by spending
O(j°27) computational work per column of M, the approximation error satisfies
IM; — M;|| < 277" with s* given by Theorem M’ implying that M is s*-
computable.

Let us consider the computation of individual entries

M)\,)\/ — \/1/}/\(2) (/ K(z,z’)@bx(z')dfzz) dI‘Z (831)
r r
of M. Unless explicitly stated otherwise, throughout this section we assume that
Al = [X].
We start with an assumption.

Assumption 8.3.1. For any = € G, &' € G, with Z' C supp ¢y, in the follow-
ing we assume that the integral

/_ - K (z, 2" )a(2)w (2)dI -l

is well-defined.

This assumption obviously holds in case of proper or improper integrals. How-
ever, it requires an appropriate interpretation of the integrals in case of strongly-
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or hyper-singular kernels. For strongly singular kernels on surfaces in R?® the
assumption was confirmed in [52].
As a consequence of the assumption, we may write

My =Y > Ly(LI), (8.3.2)
I1egy H’Eg)\/

with, for IT € G and II" € G/,

[)\)\/(H,H/) = K(Z,Z/)w)\(Z)w)\/(Z/)drzdFZ/. (833)
Xl

{E’ng :E/CH/

We assume that for each II € G,, II' € Gy an approximation of the integral
Iy (I1,1I') is obtained by some numerical scheme dependent on j, and using
(8-3.2), that these approximations are used to assemble the matrix M7. The
following theorem defines a criterion on the computational cost in relation to the
accuracy of computing the integrals Iy, (II, IT") so that s*-compressibility implies
s*-computability.

Theorem 8.3.2. Let s* > 0 be any given constant, and M, M; be as in Theo-
rem[8.2.4 Let o : UG, — R be some fized function such that

o(2) = diam(=) for = € UGy, (8.3.4)

and let d*,e* € R and o > 1 be fixed constants. Assume that for any p € N, an
approzimation I3,,(IL 1) of the integral Iy (I1,11") can be computed such that by
spending the number of

WS p™ (1+ Al = VD) (8.3.5)
arithmetical operations, the error satisfies

dist(IT, IT") cr
ey 9

Then for any fized ¥ > 0, and for parameters 6 and T with

| By (ILIT)]| S o P2IM=VII4" jpax {1

0> s"/logyo and 1> (n/2+d")/log, o, (8.3.7)

by choosing p for the computation of I3,,(II,II') as the smallest positive integer
satisfying
p>e"+n and p>j0+T||N—|N| -9, (8.3.8)

the so computed approzimation M of M; satisfies |[M; — M| < 27957 where
the work for computing each column of M is O(j*127).

By taking s* as given in Theorem |8.2.4), we conclude that the matriz M is
s*-computable for the same value of s* as it was shown to be s*-compressible.



142 COMPUTABILITY OF SINGULAR INTEGRAL OPERATORS 8.3

The proof will use Schur’s lemma that we recall here for the reader’s conve-
nience.

Schur’s lemma. If for a matric A = (axx)anea, there is a sequence wy > 0,
A €A, and a constant C' such that

Z U))\/‘CL)\)\/| < ’LU)\C, ()\ € A), and ZU})\|CL)\)\/| < U})\/C, ()\/ S A),
NeA AEA

then ||A|| < C.

Proof (Proof of Theorem . Since #Gy, #G» S 1, it is sufficient to give the
proof pretending that #G, = #Gy = 1.
With the matrix (A)\’)\/>)\,)\/€A defined by

dist(I1, IT")
Ay = 1, ’ , Il e , II' e ’
i mas {1 T | MO <6,
for each A € A, ¢/ € Ny, and 3 > n, we can verify that
>0 AR S 20 (8.3.9)
NI=t

using the locality of the wavelets and the fact that o(II') =~ diam(IT') =~ 2=l and
that vol(II') = 2=\l
Denoting the entry (A, \') of the error matrix M; — M} by €; v, and by
substituting p > jO + 7||\| — ||| — ¥ into (8.3.6)), we infer that
i S 2—j910g2@2—H>\|—|>\'H(710g2Q—d*)A)—\gj_e*). (8.3.10)

Recall that o := 7log, 0 — d* > n/2 and p — e* > n. Applying Schur’s lemma to
the error matrix M; — M; with weights wy = 2?2 we have

JV >0 IV |=e
< 9-i01osz2 09IAIn/2 Z 9—tn/29—(A\[-)o
0<t/<|A
4+ 9~ J01logz 09| AIn/2 Z 9=t'n/29—('=|N)o , o('=|A)n
2>

—j0log, 0
S27eeee,

where we used in the second step. Now by the symmetry of the estimate
(8.3.10) in A and X, we conclude that the error in the computed matrix M
satisfies

M — M| S 2797 me < 9



8.3 COMPUTABILITY 143

The work for computing the entry (M), v is of order
(A XY (LA TIAL = IXT) S (G0 + 7lIAL = [IND (1 A= [X]))

Since M contains nonzero entries only for [|A|—|X'[| < jk, we can bound the work
for computing each element (M )an by a constant multiple of 72", Now using
the fact that each column of M; contains O(27) nonzero entries, we conclude the
computational work per column is O(52"+127). ]

By applying the error estimates from Section [7.2 we will now show how
numerical quadrature schemes satisfying and can be realized. We
will consider variable order quadrature rules, meaning that constants absorbed
by the “<” symbol will not depend on the quadrature order. To this end, we
consider a general finite subdivision T C (U,G,)? of the integration domain IT x IT’
such that {E x Z" € T : dist(£,Z') = 0} C Gj. Then in view of Assumption

8.3.1] we can split the integral (8.3.3) as

Ly(ILI) = > Lw(E2), (8.3.11)
EXEEeY
with
I)\)\/ E E. // K Z Z w)\ w)\/( )dP dF

First we will study the numerical evaluation of an individual integral I(=,=")
for the case that dist(Z,Z') > 0. We can write the integral I(Z,Z') in local
coordinates

])QJ(E E/> = / K(ZE, m/)qu))\,nfl(ﬂ)('r)fé&)\’,n*l(ﬂ’) (.I,)dl'dl'/, (8312)
@/

where © = £~ 1(Z) and ©' = k1(Z).

Definition 8.3.3. The wavelet basis W is said to be of P-type of order e when
for all A € A and © € O}y, ¥ae € P.—1(0). Similarly, ¥ is of Q-type of order e
when for all A € A and © € O}, © is an n-rectangle and @E,\@ € Qe—1(0). %)

Lemma 8.3.4. Assume that the wavelet basis ¥ is of P-type of order e and
that dist(k(0),k(0")) > 0. For the domains © and ©', we employ composite
quadrature rules from admissible families (uniformly in ©,0') of orders p and
fixed ranks N, and apply the product of these quadrature rules to approximate the
non-singular integral Iy (k(©), (")) from (8.3.12). We define

o(k(©)) = g;gn diam(©)  for all © € U, 0, (8.3.13)
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where ¢ > 0 s the constant involved in the Calderon-Zygmund estimate (8.2.8|),
and C' is an upper bound on the quantity (8.1.1) for quadrature meshes on © €

UeOQ,. Then with
dist(k(0), k(©"))

- max{c(x(0)),o(k(0))}’

for any p > max{e —2t —n,e— 1}, the quadrature error E(k(0), k(0")) satisfies

(8.3.14)

EE,2)| S olIAN=IN[(n/2=1) ,=(n+p) max{1,w}¢?!

x min{o(k(0)), o(k(0))}" dist(x(0), K(O")) 2. (8.3.15)

Proof. Since there will be no risk of confusion, we Wlll erte w,\ and w,\/ instead of
w,\ x—1qmy and w,\/ ~1(v), respectively. By Lemma [7.2.4] the error of the product
quadrature is

|E(k(0),k(0"))] < vol(©') - sup |E(z")| + vol(©) - sup |E'(z)], (8.3.16)

z'e®’ €O

where we denoted by E(z') the error of the quadrature over the domain © with
the integrand x — K (x,2")1\(z)1n (2'). Analogously E'(x) denotes the error of
the quadrature over ©’. Using Proposition to bound E(z’), we have

/ n” —p/n : N 2> N
|HM§FWNMmmymmwwmwwm@wwm@.@mn

The partial derivatives with |n| = p, satisfy

S @ K (, 2)050 ()

§<n

< X (D rreamie),

{€<n:lg|<e—1}

éﬁ(ﬁx&xﬁﬁﬂxw‘:

since 851/A)A can only be nonzero When |€] < e — 1 because 1/3,\ € P._;. Applying

the estimates (8.2.2) and we have, with 0 := dist(k(0©), k(0"))
1K (-, 2w o)
< max ( )ﬂ (nt+2t+p—[€]) 9([€]+n/2-1)[Al
Z §

s p—I¢]
P fecnlgze1y °
< (/2= §—(n+26+p) 1o Z (W) (p — 1€])! (2|)\|5)\§|
Inl=p 3 cplel
{e<n:lg|<e—-1}

S p_I!, L WI/2=0) 5=(n+264p) pac(1, 2 get
S
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where (Z) (p—[€])! < p! was used. By substituting this result into (8.3.17)), setting
c:=nC/(¢<N'"), and using vol(©) < diam(0)", vol(€’) < diam(©’)", and again
(8-2.2), we get

vol(@') sup |E(z)| < diam(0)"c” diam(©)™FP . 2R+ D (/2=

€0
x 6~ F240) max{1, 2Mg}e!
= diam(©’)" diam(©)"*? . (AN D (r/2=8) (= 52t =n—p
x max{diam(0), diam(©")} " max{1,2M§}*"!
= ¢ MFINDM/2=D 52, =n=p in {diam(0), diam(©')}"

diam(©) pmax et
- <maX{diam(@),diam(®’)}) {1,263,

by definition of w. For the expression in the last row, employing the inequalities

(max{diafril?g)(z)iam(@,)} ) ! <1,

and

(s @0 - (452

e—1
Sw

?

and taking the maximum over these two, the assertion of the lemma is proven for
the first term in (8.3.16]). The remaining second term in (8.3.16)) can be estimated
exactly in the same fashion by interchanging the roles of A and \. |

Obviously, if ¥ is of Q-type of order e, then it is also of P-type of order
n(e — 1) 4+ 1. In the next lemma, however, we will see that product quadrature
rules are quantitatively more efficient for Q-type wavelets.

Lemma 8.3.5. Assume that the wavelet basis U is of Q-type of order e and that
dist(k(©),k(©")) > 0. For the domains © and ©', we employ composite product
quadrature rules of orders p and fized ranks N as in Corollary [7.2.6, and apply
the product of these quadrature rules to approrimate the non-singular integral

L (K(0),k(0")) from (8.3.12). We define

o(k(©)) := Qngl/nZ for all © € U, 0, (8.3.18)
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where 1 is the mazimum edge length of ©, and < is the constant involved in the
Calderon-Zygmund estimate (8.2.8|). Then with

dist(k(0), k("))

max{c(k(0)),o(k(0"))}’ (8.3.19)

w =

for any p > max{e —2t —n,e — 1}, the quadrature error E(r(0), k(0")) satisfies

’ ) , - R (8.3.20)

x min{o(k(0)),o(k(0"))}" dist(x(O), K(O")) .

Proof. Adopting the notations from the previous proof, we use Corollary to
estimate E(z’).

1-p

2 R
|E(2)] < TL?N"’/”Z”*” w ()] - max
: i=Ln

o0, (K (w,ayin(@))

HLOO(G) '
The partial derivative of order p along the j-th coordinate direction satisfies
p

Z (Z) a;’j_k_f((x, x’)@_fj@[),\(x)

k=0

min{p,e—1} p
=X ()

k=0

o, (K@.a)@)| =

K (2,2 )OF ()

Y

since 8’;1/3,\(@ can only be nonzero when k£ < e — 1 because zﬁA € Qe_1- Applying

the estimates (8.2.2) and (8.2.8)) we have, with ¢ := dist(x(0), k(O))

max || K (-, 2')]| .o 0)

j=1ln
min{p,e—1} » (p k)' i
< 9lAl(n/2—t) §—(n+2t+p) VAN 1PN
< 9/ 3 (k) R (%)
k=0

< P gW/2-0 5= 42040) | o] olgyet
Y gp 3

Further we can proceed as in the preceding proof. [

We now turn back to the computation of the integral I (IT,1I") in (8.3.3)).
From Lemmata [8.3.4] and [8.3.5] we see that convergence of the quadrature rule
as a function of the order p depends on the quantity w, which is in essence the
distance between the panels in terms of the size of the bigger panel. For panels 11
and IT" that have a sufficiently large mutual distance, namely, when dist(IT, II") >
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max{o(Il),c(Il")} and thus w > 1, it makes sense to apply quadrature directly
on the domain IT x IT, that is, not to apply a further splitting as in (8.3.11).

For the integrals with 0 < dist(II,II') < max{o(Il),o(Il')}, however, the
subdivision T has to be nontrivial. By subdividing the integration domain IT x I’
in such a way that w > 1 for all individual integrals Iy (Z,Z’), we will ensure
convergence of the numerical integration also for these integrals.

Finally, for the case that dist(II,II') = 0, quadrature methods developed for
standard Galerkin boundary elements cannot be applied directly in the wavelet
setting, because the panels IT and I’ can have very different sizes. Therefore, our
strategy here will be to split the bigger panel into smaller panels such that the
resulting singular integrals are over panels of the same level, and such that the
nonsingular integrals are arranged so that w > 1 for each of them. In view of
these considerations, we consider Algorithm for producing a subdivision of
the product domain IT x IT'.

Algorithm 8.3.6 Nonuniform subdivision of the product domain IT x IT’
Parameters: Let p > 0 be given, and o : U;G; — R be a function satisfying

0(2) = diam(Z) uniformly in = € U,G. (8.3.21)

Input: II € G, and IT' € Gy with £ > 7.
Output: T C (U;G)2
1:Set V=@, Z:=1I, 2 =1, and £ :={, 0 := {';
2: If the pair = and = does satisfy one of the conditions

dist(Z,Z') > p - max{c(Z),0(Z)}, (8.3.22)

or
dist(Z,Z') =0 and Z=1I, Z' € G, (8.3.23)
accept the pair: T := T U{Z x Z'};If not, go to either step 3 or 4;
3: If ¢/ < ¢, subdivide Z' into next level elements = € G, ,, and perform step 2
with ¢/ = ¢' + 1, 2" = =, for each Z;
4: If ¢ > ¢, subdivide = into next level elements =; € Gi. 1, and perform step 2
with £ = ¢ + 1, 2 = &, for each Z,.

+10

Remark 8.3.7. Algorithm can already be found in, e.g., [53, 59, [67] with
0(Z) = 27¢ for = € G,. This nonuniform subdivision effectively distributes the
“strength” of the nearly singular behavior of the integrand over individual sub-
domains. In [59, [67] the value of p is fixed independent of the user and the
subdivision T is of type T = = x T’, where Y’ is a subdivision of Z'. For the
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algorithm in [53], as is the case for the version herein, the parameter p can be
chosen by the user, and therefore the subdivision T is needed to be more general.
Later we will see that the parameter p can be used to control the convergence rate
of quadrature schemes based on the subdivision generated by Algorithm [8.3.6

HI

Figure 8.2: A possible subdivision of 11 x II' generated by Algorithm : n=1,
dist(ILII") = 0 and IINTI' = @.

Remark 8.3.8. Since the manifold is Lipschitz, and the subdivisions are nested
and satisfy , one can verify that for any pair =,Z' € U,G, such that
dist(Z,2") > 0,

dist(Z,Z") > ¢r min{diam =, diam ='},

with the constant c¢r depending only on the manifold I" and its parametrization.

Theorem 8.3.9. For any I1 x II' € G, x Gy with ¢ > (', Algorithm termi-
nates. We have Uzy=exZ X 2/ = I1 x II' and the number of elements in Y can
be bounded by

#LYS (P + 1))+ p* +1, (8.3.24)

with the constant absorbed by the “S7 symbol not depending on I1, I, and p.

Proof. In each two successive subdivisions the maximum diameter of the “cur-
rent” panels decreases by a constant factor, while the minimum distance between
the “current” pairs does not decrease. Furthermore, thinking of a pair of panels
that have distance zero, if the panels of a current pair live on different levels, then
the difference in levels is decreased by a subdivision. Therefore the conditions
or will eventually be satisfied starting from any pair, implying
that the algorithm will terminate.

To avoid some technicalities, we prove here the estimate for the simple
case that the manifold T is R”, and that ¢(Z) = diam(Z) = 2~¢ for all = € G;,
{ € Ny. For the general case an analogous proof is obtained by using the fact
that T is Lipschitz and that ¢(Z) = diam(Z) =~ 2~ for all Z € G;, £ € N,.

Let N; denote the number of pairs Zx Z" € T such that =’ € G;. Then we can
estimate the total number of pairs by estimating the numbers N; and summing
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over all £. It is obvious that if dist(IL, II') > 0, the number of pairs Zx =’ € Y that
satisfy is zero, and if dist(II, II") = 0, this number is uniformly bounded.
Since in this number is absorbed by the term 1 at the right hand side, in
the remainder we will only count pairs of type .

In case { < ¢, we have = = Il for any =’ € G; with =xZ" € T. When, moreover
{ > ¢ we have dist(I,Z') < (2p + 2)27%. Indeed, if not, then the “parent”
E" € G; , of Z' would have satisfied dist(II,Z") > 2p27¢ = max{c(Il),o(Z")}
and so = would never have been crea;ced by the algorithm. We conclude that for
0 <i<tN; S ((2p y 22l 4 24) J270n < g1

Now we consider = x Z' € T with =’ € G; and 0>/ (and such that = x =
satisfies ) By construction of the algorithm, we have either = € G; or
= € G;_,. Similar arguments as have been used above show that for fixed Z,
the number of such pairs is bounded by a constant multiple of p" + 1. Since the
number of such = is bounded by a constant multiple of 2=0n we conclude that
for £ > 0, N; S (p" +1)2¢=0,

In light of Remark it is easy to see that the smallest subelements gener-
ated by this algorithm will belong to the level £y with p2~fmax 2 27¢ implying
that 2(max=0n < yn - Therefore, we conclude that the number of elements in the
subdivision T is bounded by a constant multiple of

/

I

I

Zmax z zmax -
L+ Y NS+ > (" +1)+ Y (o 41200
=0+1 =t'+1 =t+1
S+ D) —0)+ ™+ 1. .

From the condition (8.3.23)), we have that the singular integrals corresponding
to the subdivision T are always over pairs of panels on the same level. In this
paper, we make the following Assumption on quadrature schemes for com-
puting those singular integrals. For completeness, in Section [8.4| we confirm this
assumption for the simple case of the single layer kernel on polyhedral surfaces in
R3. In any case for weakly- and strongly singular integrals, using the quadrature
schemes from e.g. [72] [74], we expect that Assumption can be verified
generally.

Assumption 8.3.10. We assume that there exist d; € R and gy > 1 such that
for any A\, X € A with [\ > ||, 5,2 € G} with dist(Z,Z’) = 0, and for any

order p € N, an approximation I3},,(Z,Z") of I \»(=Z,Z’) can be computed within
W < p? arithmetical operations, having an error

1L (B,E) = I (B, B)'] S gpP2M- Wi, (8.3.25)
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Now we are ready to present an algorithm how to compute the integral (8.3.11))
with the help of a generally non-uniform subdivision of the integration domain
I x IT'.

Algorithm 8.3.11 Computation of the integral I,y (II, II')
Parameters: Let ¥ be of P-type of order e, and let p € N and p > 1 be given.
Choose the function o(-) as in Lemma [8.3.4]
Input: A\, N € A, and Il € G, and II' € G..
Output: I3, (I,II') € R.
1: Apply Algorithm [8.3.6| with the above p and o(-) to get the subdivision T of
IT x IT';
2: For each subdomain = x =/ € T apply either step 4 or 5; and sum the results
as in (8.3.11)), to get I}, (IL II');
3: If dist(Z,Z') > 0, apply the quadrature scheme of order p from Lemma[8.3.4}
4: If d1st(:, :’ ) = 0, apply the computational scheme of order p from Assump-

tion [3

Remark 8.3.12. For Q-type wavelets, Algorithm [8.3.11] can be redefined by re-
placing ”Lemma [8.3.4 by ”Lemma [8.3.5] .

Theorem 8.3.13. Let ¥ be of P-type of order e, and assume that an approzi-
mation I, (ILII") of Iy (IL 1) is computed by using Algorithm|(8.5.11. Assume
that n > 2t. Then, in case that

dist(I1, IT') > pmax{c (1), o(IT')}, (8.3.26)
with e* = e — 1 — 2t — n, the error of the numerical integration satisfies

dist (I1, IT') ¢
ey BRI

’E/\A’(Ha H/)’ 5 ,0_”2_||A|—\>\’|I(t+n/2) (

and the work for computing I5,,(II,I') is bounded by a constant multiple of p*"
provided that p > max{e —1,e* +1}. In case that (8.3.26]) does not hold, for any
d; > |t| —n/2, with di > —n/2 when t = 0, the error satisfies

| By (IL )| S —p2\|>\\ INlldi 4 % ~PolA=INldg (8.3.28)

and the work is bounded by a constant multiple of p**(1 + ||A| — |N|]), provided
that p > max{e —1,e* +1}. In view of Remark|[8.5.19, these results also hold for
Q-type wavelets of order e.

By taking o := min{ gy, p} and d* := max{d}, d;}, we conclude that the criteria

(8:3.5) and (8.3.6)) for s*-computability from Theorem[8.3.9 are satisfied.
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Proof. Without loss of generality, we assume that |[A\| > |XN|. First, we will
consider the case that holds. In this case, we have the subdivision T =
{II x II'}, and so the computational work is of order of p**. Applying Lemma
8.3.4with © = x~(II) and ©' = x~}(II'), taking into account the definition of w,
and using the fact that w > p > 1 and that min{o(II), o (I")} < 27PN, we get

| By (I, IT)| S 2A=D0/228) = (40) hax {1, w3~  min{o (IT), o (IT') }"
x dist(TT, ')~

5 27\)\|(t+n/2)+|)\’|(tfn/2)weflfnfpw72t HlaX{O'(H), O'(H/)}im.

Now using the estimate max{o(II), c(II')} = 2=l and n > 2t, we have

| By (IL )| < 9= (A=IND(t+n/2) =N |(n=2t) je*—p
< p P2 N=INDEEn/2) () / pyer—p,

proving the first part of the theorem.

Let us now consider the case that does not hold. Since p is fixed, the
number of subdomains of the subdivision T is of order 1+ ||A| — |[X'||, and thus
we get the work bound. By Assumption the sum of the errors made in the
approximations for Iy(Z,Z) with £ x 2/ € T and dist(Z,Z’) = 0 is responsible
for the last term in (8.3.28]).

We need to estimate the portion of the total error Eyy (I, IT") that corresponds
to the integrals I,y (Z,2') with Z x Z' € T and dist(Z,Z") > 0. We denote by
I, the sum of all these integrals arising from the subdivision Y, and by I} the
computed approximation for ;. Since by construction for any = x = € T with
dist(Z,Z") > 0 it holds that _dSES) > 5> 1, Lemma [8.3.4] gives

max{o(2),0(2')}

|Il — ]ik| 5 Z 2(\)\|—|>\'|)(n/2—t)pe—1—n—p (8329)
{ExEeY:dist(Z,Z/)>0}
x min{c(Z), o(Z)}" dist(Z, =) ~*
< ppo~ M(trn/D+ V| (t=n/2) Z dist(=, =),
{ExEeT:dist(E,Z2)>0}

where we have used that min{c(Z),o(Z)} < 271

From the proof of Lemma [8.3.9] recall that for the number N; of Z x 2 € T
with 2" € G;, we have N; = 0 for £ > (.« where, since p is a fixed constant,
lmax — |A| S 1, and furthermore N; S 1 for || < 0 < lpax. Since for 2 x = €Y
with dist(Z,Z') > 0 and Z' € G, dist(Z,=2') = 2~/ we may bound the sum in the
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last row of (8.3.29)) on a constant multiple of

1+ [\ = V|| if t =0,

emax

3ot g Lol if t <0,
=X 2lAl-2t if ¢ > 0.
By substituting this result into (8.3.29), the proof is completed. [

8.4 Quadrature for singular integrals

In this section, we confirm Assumption for the simple case of the single
layer kernel on polyhedral surfaces in R3.

We assume that the manifold I' is the surface of a three dimensional polyhe-
dron, and that the subdivisions G, (¢ € N), are generated by dyadic refinements
of Gy, being an initial conforming triangulation of I'.

We take the operator L to be the single layer operator (thus t = —%) having

the kernel )

K(z,2) = PPy

24+ 72, (8.4.1)
and assume that the wavelet basis W is of P-type of order e. Let A\, \’ € A be
indices with |A| > |N|. Then in view of Assumption [8.3.10, we are ultimately

interested in computing the integral

1 —/ K Z Z 77[))\( )1/1,\/(z’)dfzd1“z/, (842)

[

where =, Z" € G}, and dist(Z,Z") = 0. With
T:={(z1,20) ER*: 0 < 2y < 7y < 1},

we can find affine bijections yz : T — =, and y= : T'— Z’, thus with Jacobians
= |0x=| = 272 and J= := |Ox=| =~ 272, such that

/ / o d dy, (8.4.3)

where g(z,y) := (4m) " J=Jzha(xz(2))dn (x= (y)) and r(z,y) = x=(y) — x=().
Taking into account that n =2 and t = —%, from (8.2.2)) we derive the following
estimates for § € N2

029 S 273NN and |9Pg) < 273NN I-INDISL (8.4.4)
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We present here a slight variation of the quadrature scheme developed in e.g.
[67, [72) [74], see also [73]. The idea is to apply a degenerate coordinate transfor-
mation which is a generalization of the so called Duffy’s triangular coordinates,
effectively removing the singularity of the integrand while preserving a polyhe-
dral shape of the integration domain. The coordinate transformations introduced
here are somewhat simpler than the ones in the above mentioned papers, and we
expect that the presentation is geometrically more intuitive.

To this end, we need to partition the integration domain 7'x7T" into several
pyramides, which is necessary for us to use Duffy’s transformations in order to
remove the singularities, cf. [67, [72]. Denote the vertices of the triangle T by
Ay =(0,0), A; = (0,1), and Ay = (1,1). Then obviously, TxT has nine vertices
Ay = A; x A for i,k =0,1,2. Note that Ay = O.

We break T'xT' up into two pyramides Dy := {(x,y) € T'XT : zy > y;} and
Dy = {(z,y) € TXT : 1 < y;}. One can verify that D; is the pyramid with
vertex O and base By = AjgAi11A19A50A21Ass, being a triangular prism, and
that D2 is the pyramld with vertex O and base BQ B2 = A01A11A21A02A12A22,
being also a triangular prism. Moreover, these prisms can be described as By =
{1} x(0,1) x T and By =T x {1} x (0,1). Introducing the reflection with respect
to the plane z = y by R : (x,y) — (y,x), we notice the symmetry By = RB;
and so Dy = RD;.

By subdividing the prism B into tetrahedra, we can get a simplicial parti-
tioning of T'xXT', because any simplicial partitioning of B; induces a simplicial
partitioning of D;, and by taking the image under the mapping R, a simplicial
partitioning of D,. Our choice of such a partitioning is depicted in Figure [8.3|

Figure 8.3: A simplicial partitioning of the prism Bj.

Consequently, the domain T'xT is subdivided into the following simplices
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described by their vertices.

S1 = OAjpAn A Az, Sy = OAg A1 Ag Az,
Dl S2 = OA10A11A20A227 and D2 SS = OA01A11A02A227
53 = OA11A20A21A227 SG = OA11A02A12A22~

We notice the symmetry S; = RS; 3 for « = 1,2,3. The above partitionings
of T'xT will be used in quadrature schemes for the integral (8.4.3)).
In the following we will distinguish three basic cases:

e Coincident panels: Z = Z', that is, the case of identical panels;
e Fdge adjacent panels: = and =’ share one common edge;
o Vertexr adjacent panels: =Z and Z' share one common vertex.

In view of , we need to integrate a singular function over a four dimen-
sional polyhedral domain 7" x T. The singularity of the function is located on
different dimensional sets in different situations: whereas the singularity occurs
at a point for vertex adjacent integrals, it occurs all along an edge in case the
integral is edge adjacent, and for coincident integrals, the singularity is on a two
dimensional “diagonal” of the domain. Therefore in each of the three cases, we
first characterize the singularity in terms of the distance to the singularity set, and
then introduce special coordinate transformations that annihilate the singularity.

Case of identical panels

First we will discuss the case of identical panels = = =Z'. In this case, the difference
r = x=(y) — xz(z) is zero if and only if ¢t := y — 2 = 0. Since xz is affine, we can
write

r=2"M0(t) =27 (1 — 21,50 — 22),

where [; : R? — R? is a linear function depending only on the shape of =. Noting
that any panel = is similar to a panel from the initial triangulation, we only have
to deal with finitely many functions /;. Introducing polar coordinates (p, ) in R?
by p = |t| and 6 = t/|t| € S, being the unit circle in R?, this difference r reads
as

r=2"Mply(6).

Our goal is now to obtain an expression for |r|~!, because this quantity essentially
determines the singular behavior of the local kernel. Since r is defined on some
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complete neighborhood of ¢ = 0, the function I;(#) has to be nonzero for any

0 € S', and so we have
7| = 2P pta(0)

with a(f) := |I;(0)|~! which is analytic in a neighborhood of S'. Now the inte-
grand of (8.4.3]) can be written as

[z, y)| " g(z,y) = 2% p~ a(8)g (. y). (8.4.5)

It is time to use the above described simplicial partitioning of the integration

domain 7" x T, in combination with special coordinate transformations for the

purpose of removing the singularity of the integrand. Introducing the notation

P :=Tx(0,1)x(0, 1), we define the transformations ¢; : P—S; : (n,(,€) — (z,y)
for i € 1,6.

(1(— 5)8 +¢ ((1 —S)m +§£<
. 1-— T2 o 1-— Up) +
¢1(777<7£) - (1 _ 5)771 + gc ) ¢2(77a Caf) - (1 _ g)nl )
(1=&n2+&¢ (1 =&
(I =&m +¢
¢3(n, ¢, &) = éf:éi;?jé , (8.4.6)
(1 =Ene

and ¢;,3 := Ro¢; for i = 1,2,3. The Jacobian of each transformation ¢; is given
by £(1—¢&)?. Recall that p~! characterizes the singularity of the integrand ([8.4.5)).
In this regard, for each transformation ¢; one can show that

p=¢Efi(¢), with an analytic fi(C)Z\% for any ¢ € [0, 1].

For instance, for ¢, we have
pr=(C+(1-0)7%) >3,

since (% 4 (1 — ¢)?>3 for any ¢ € R. Moreover, for each ¢; one can verify that
0 = 9;(¢) for some analytic function 9, : [0,1] — S

In all, the Jacobian of the mapping ¢; annihilates the singularity in the inte-
grand , meaning that the integral I in now can be written as the

following proper integral
6
[ [ feus 2 Trtontn <, ) 1
(V3

_ oAl 2 a ())g(pi(n, ¢, 8))
2/// ; o e

(8.4.7)
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Therefore we will be able to use standard quadrature schemes to approximate the
integral I. Note that in numerical quadrature we can use the first expression in
for the integral I. The functions f; and a o 9J; are introduced here merely
for the analysis purpose.

Since the integrand in is polynomial with respect to the variables &
and 77, we can always choose exact quadrature rules for integrations over those
variables.

Proposition 8.4.1. Approzimate the integral by a product quadrature
rule Q¢ X Q¢ X Qy, where Q¢ and @, are quadrature rules exact for the integration
over the wvariables & € (0,1) and n € T, respectively, and Q¢ is a composite
quadrature rule for the integration over ¢ € (0,1) of varying order p and fized
rank N. Then there exist a constant 6 > 0 such that the quadrature error satisfies

|E(2,2)| S 272D (gN) P, (8.4.8)
Choosing N such that 6N > 1, we conclude that in this case Assumption
15 fulfilled with dj = —%.

Proof. In view of Lemma@, it suffices to consider the integration over (. Using

the analyticity of ¢ — a(f'(o one derives

ok a(%%(é))’ < k!

— for k€ Ny, i€ 1,6,

sup |00 —— 57| S 5

¢efo,1] fi(€)

for some constant & > 0. From (8.4.4) and (8.4.6) we have for each i € 1,6 that
g o ¢; is a polynomial of order e and

|8§(g o) S 23RN for ke T, e — 1.
Now using Proposition the proof is obtained. [

Case of edge adjacent panels

—_
—

Now we will discuss the case when = and Z’ share exactly one common edge.
Without loss of generality, we assume that y=(z) = y=/(z) for all x € (0,1) x {0}.
Then, the difference r = x=/(y) — x=(x) is zero if and only if

t=(t1,t2,t3) == (1 — 21,22, Y2)

equals zero. Since y=z and yz are affine, we can write

r=xz(r1 +t1,t3) — x=(21,t2) = 27‘/\”1(15),
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where [; : R® — R? is a linear function depending only on the shapes of = and
Z/. Introducing polar coordinates (p,6) in R? by p = |t| and 0 = t/|t| € S?, being
the unit sphere in R3, this difference r reads as

r=r(p,0) =27 ply (6).

Since r is defined on a complete neighborhood of ¢ = 0 in R x RQEO, the function
11(0) # 0 for any 0 € S? with 6,605 > 0, allowing us to write

| =2%p™"6(9)

with b(f) := |1;(6)|~" which is analytic in a neighborhood of 5% N (R x R%).
Then the integrand of (8.4.3) can be written as

r(z,y)| gz, y) = 2N p"b(0)g(2, y). (8.4.9)

Now we define the transformations ¢; : P—S; : (n,(, &) — (x,y) for i € 1,6.

(1-8)C+¢ (1 =8¢ +¢
_ §no o &m
¢1<777C7£) - (1 _ g)c +€771 ) ¢2(77a Cag) - (1 _ €>C + 6772 )
&M 2
(1-8)¢+¢
¢3(n, ¢, &) = (1— g)sg +&mo |7 (8.4.10)
M2

and ¢;.3 := R o ¢; for i = 1,2,3. For each transformation ¢; one can show that
the Jacobian equals £2(1 — £), and that

p=¢Efi(n), with an analytic fi(77)2\/i5 for any n € T.

For instance, for ¢; we have

pr =+ (L—m)* +m3) > 5.
Moreover, for each ¢; one can verify that § = ¥;(n) with some analytic function
v, 0 T — S2.

In all, the Jacobian of the mapping ¢; annihilates the singularity in the inte-
grand (8.4.9)), meaning that the integral [ in (8.4.3) now can be written as the
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following proper integral

_ ' ' 201 g(¢l 777C7€))
= fea 92 1u(outn. ¢ ) 1k

o ) (8.4.11)

and thus the standard quadrature schemes on P can be applied.

Proposition 8.4.2. Approximate the integral by a product quadrature
rule Q¢ X Q¢ X @y, where Q¢ and Q¢ are quadrature rules exact for the integration
over the variables &, € (0, 1), respectively, and Q,, is a composite quadrature rule
for the integration over n € T of varying order p and fized rank N. Then there
exist a constant 6 > 0 such that the quadrature error satisfies

|E(2,2)| S 272D (gN)P. (8.4.12)

Choosing N such that 0N > 1, we conclude that in this case Assumption |8.5.10
is fulfilled with dfj = —3

The proof is obtained similarly to the proof of Proposition [8.4.1}

Case of vertex adjacent panels

Let = and Z’ share exactly one common point. Without loss of generality, we

—_

assume that yz(0) = ZNZ" = x=/(0). Then obviously, the difference r = r(x,y) =
x=(y) — x=(x) is zero if and only if ¢ := (x,y) equals zero. Since x= and =/ are

affine, we can write
7’(36, y) = 27|)\|ll<x7 y)7

where [; : R* — R? is a linear function depending only on the shapes of = and
Z/. Introducing polar coordinates (p, ) in R* by p = |[t| and § = t/|t| € S?, being
the unit sphere in R*, this difference r reads as

r=r(p,0) =2"Mply(6).

Since r is defined on a complete neighborhood of t = 0 in {t € R : t; > ¢, >
0, t3 > tq4 > 0}, the function () # 0 for any § € S with 6; > 6, > 0 and
03 > 64 > 0, allowing us to write

| =2Pp™1e(9)
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with ¢(0) := |I1(#)|~' which is analytic in a neighborhood of {# € 5% : 6, > 6, >
0, #3 > 6, > 0}. Then the integrand of (8.4.3)) can be written as

r(z, y)| gz, y) = 2Mp~e(0)g(x, y). (8.4.13)

We define the transformations ¢; and ¢ that map the coordinates (7, ¢, )
€ P onto the four dimensional pyramides D, and D, respectively.

¢1(777C7£) :€<1aC77717772)7 and ¢2(777C75) 25(7717772717C)' (8414)

Notice that ¢; = R o ¢o with R being the reflection z<«>y. For both of the
transformations, the Jacobian equals €2, and we have

p==Ef(n,¢) with f(1,0) = /1 +m2+n?+ 2

Moreover, we have 6 = 91(n,() := f(n,¢) ' (1,{,n1,m) for the transformation
o1, and 0 = ¥9(n, () := RI1(n, () for the transformation ¢,.

In all, the Jacobian of the mapping ¢; annihilates the singularity in the inte-
grand (8.4.13), meaning that the integral I in (8.4.3) now can be written as the
following proper integral

= [ e n et o
_2|)\|///§Z z(%(}%(’ )<n’c’€))dndgd§,

and thus the standard quadrature schemes on P can be applied.

(8.4.15)

Proposition 8.4.3. Approzimate the integral by a product quadrature
rule Q¢ X Q¢ X @y, where Q¢ is a quadrature rule exact for the integration over
€€ (0,1), and Q¢ and Q,, are composite quadrature rules for the integration over
¢ € (0,1) and n € T, respectively, of varying order p and fized rank N. Then
there exist a constant 6 > 0 such that the quadrature error satisfies

|E(Z,2)| S 272D (gn)P, (8.4.16)

Choosing N such that 6N > 1, we conclude that in this case Assumption |8.5.10
is fulfilled with df = —g.
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Chapter

Conclusion

9.1 Discussion

In [I7, 18], Cohen, Dahmen and DeVore introduced adaptive wavelet paradigms
for solving operator equations. A number of algorithms with asymptotically opti-
mal computational complexity were developed, among others, under the assump-
tion that on average, an individual entry of the stiffness matrix can be computed
at unit cost. Although it has been indicated that this assumption is realistic, it
is far from obvious.

The work presented in this thesis shows that the average unit cost assumption
is valid for both differential and singular integral operators, at least when the
wavalets are piecewise polynomials (Chapters 7] and . As a consequence, we
can conclude that the “fully discrete” adaptive wavelet algorithm has optimal
computational complexity.

A crucial ingredient for proving the optimal complexity of the adaptive wavelet
algorithms was the coarsening step that was applied after every fixed number
of iterations. As we have shown in Chapter [3] it turns out that coarsening is
unnecessary for proving optimal computational complexity of algorithms of the
type considered in [I7]. Since with the new method no information is deleted that
has been created by a sequence of computations, we expect that it is more efficient.
The algorithm from Chapter |3| can be applied directly with minor modifications
to a larger class of problems (Chapter . We also investigated the possibility
of using polynomial preconditioners in the context of adaptive wavelet methods
(Chapter ).

In [B 54], adaptive wavelet methods with “truncated” residuals were intro-
duced which are modifications of the methods from [17], and convincing numerical
experiments were reported showing that the methods are comparatively efficient.
We developed a theoretical framework that could be used to prove optimal com-
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putational complexity of the methods with truncated residuals, and for elliptic
boundary value problems, a complete proof of optimality is given (Chapter @

9.2 Future work

There are many interesting directions in which future research on adaptive wavelet
algorithms can be taken.

Proving optimality of adaptive wavelet BEMs with truncated residuals is an
interesting and important open issue. Supposing that the proof would be similar
to our proof in the case of methods for boundary value problems (Chapter @,
one would need efficient and reliable a posteriori error estimators for BEMs. To
our knowledge, the only known such estimators are those developed by Birgit
Faermann, cf. [42], 43, [44]. Then, the so-called local discrete lower bound for
those estimators seems to be far from obvious. This direction could also be a way
to approach the convergence and complexity analyses of adaptive BEMs.

Another interesting topic is the use of anisotropically supported wavelets for
adaptive algorithms. When isotropically supported wavelets are employed, the
convergence rate grows with the regularity of the solution in terms of (isotropic)
Besov spaces (cf. Chapter , and decreases with increasing space dimension. The
latter fact is an instance of the so called curse of dimensionality. Fortunately,
high dimensional problems are usually simple and formulated on tensor product
domains, and this exceptionally symmetric structure seems to give rise to a cer-
tain regular behaviour of the solution. Recently, Nitsche [65] identified certain
anisotropic Besov spaces as the natural smoothness spaces for measuring the reg-
ularity of the solution when anisotropically supported tensor product wavelets are
employed. It is also shown that in two and three dimensions, solutions to ellip-
tic PDE’s exhibit arbitrarily high regularity measured in terms of these spaces,
while it is not known whether the same holds in the isotropic setting. More-
over, adaptive wavelet algorithms applied with anisotropically supported tensor
product wavelets are proven to display asymptotically optimal convergence rates
independent of space dimension, only restricted by the anisotropic Besov regular-
ity of the solution and certain properties of the wavelets which can be bettered at
will by choosing appropriate wavelets, cf. [65], [79]. So above all, it seems that the
curse of dimensionality can be avoided. Yet, there still remains a few technical
details. One has to be sure that the constants in the asymptotic estimates do
not blow up with increasing dimension. Although it is generally expected, a suf-
ficient regularity of the PDE’s in more than three dimension needs to be verified.
Furthermore, appropriate data structures for the implementation of the adaptive
wavelet methods for high dimensions should be identified.

Anisotropically supported wavelets could also pay off even in low dimensions
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when a strong singularity along a layer is present, for instance, when boundary in-
tegral equations on polyhedra, or singularly perturbed boundary value problems
are considered. There have appeared some interesting results in the direction
of using (isotropic as well as anisotropic) wavelets for stabilizing singularly per-
turbed boundary value problems, cf. [6, [13].

Furthermore, there are many related active research areas that are not touched
upon in this thesis. Those include the issues of adaptive wavelet methods for
nonlinear variational problems (cf. [3, 19, 201 35]), using wavelets for goal oriented
adaptivity (cf. [31]), using wavelet frames instead of a basis (cf. [27), 28], 83]), and
adaptive wavelet methods for eigenvalue computation.
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