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Abstract

In this paper, we modify the adaptive wavelet algorithm from [Technical Report 1325, Department
of Mathematics, Utrecht University, March 2005] so that it applies directly, i.e., without forming
the normal equation, not only to self-adjoint elliptic operators but also to such operators to which
generally nonsymmetric lower order terms are added, assuming that the resulting operator equation
is well-posed. We show that the algorithm has optimal computational complexity.
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1 Introduction

Let H be a real Hilbert space and let H’ denote its dual. Given a boundedly invertible linear
operator L : H — H' and a linear functional f € H’, we consider the problem of finding
u € H such that

Lu=f.

As an example of H one can think of the Sobolev space H! on a domain or manifold, possibly
incorporating essential boundary conditions. Then the weak formulation of (scalar) linear
differential or integral equations of order 2t leads to the above type of equations.

Let U = {¢ € H : A € V} be a Riesz basis for H with a countable index set V. We
consider ¥ formally as a column vector whose entries are elements of H. Let u = u’ ¥ where
u is a column vector in ¢35 := ¢5(V). Then the above problem is equivalent to finding u € /o
satisfying the infinite matrix-vector system

Lu="f, (1.1)

where L := (5, Lu) s uev : €2 — fo is boundedly invertible and f := (f,¢\) ev € {2. Here
(-,-) denotes the duality product on H x H'. In the following, we will also use (-,-) to denote
(-, )¢, if there is no risk of confusion, and use || - || to denote || - ||s, as well as || - ||¢,—¢,. Note
that (v, w), can also be written as w’v.

*This work was supported by the Netherlands Organization for Scientific Research and by the EC-THP
project “Breaking Complexity”
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Our goal is now to approximate the solution u of (1.1)) by a finitely supported vector. In
order to assess the quality of this approximation, we consider the following. Let ~,(u) denote
the nth largest coefficient in modulus of u. For 0 < 7 < 2, the space ¥ := ¢¥(V) is defined
by

0= {ue tas ules = supnt )] < oo |
n

It is easily verified that ¢, — (¥ — £, 5 for any § € (0,2 — 7|, justifying why ¢¥ is called

weak £;. The expression |ulpw defines only a quasi-norm since in general it satisfies only a

generalized triangle inequality. Now let us denote by uy a best N-term approximation for u,

i.e., a vector with at most N nonzero coeflicients that has the smallest possible ¢5-distance
1

to u. Then for each 7 € (0,2), setting s = ~ — %, the membership u € ¢¥ is equivalent to

sup N[ = | = [uy. (1.2)

see, e.g., [CDDOI), Proposition 3.2]. Note that ||u — ul¥|ly = ||[u — uy||. Here and in the
following, in order to avoid the repeated use of generic but unspecified constants, by D < E
we mean that D can be bounded by a multiple of E, independently of parameters which D
and F may depend on. Obviously, D > F is defined as E < D,and D =< F as D < E and
DZE.

Considering the Sobolev space H! and a basis ¥ of sufficiently smooth wavelet type, the
theory of nonlinear approximation ([DeV98| [Coh00]) tells us that if both

d—
0<s< &t (1.3)

where d is the order of the wavelets and n is the space dimension, and u is in the Besov space
B (L), with 7 = (3 + s)71, then u € ¢¥. The condition here involving Besov regularity
is much milder than the corresponding condition v € H*"** involving Sobolev regularity that
would be needed to guarantee the same rate of convergence with linear approximation in the
span of N wavelets corresponding to the “coarsest levels.” Indeed, assuming a sufficiently
smooth right-hand side, for several boundary value problems it was proven that the solution
has a much higher Besov than Sobolev regularity [Dah99, [DD97]. Note that with wavelets of
order d, the maximum rate that can be expected by only imposing appropriate smoothness
conditions on the solution is %. On general domains or manifolds, suitable wavelet bases
for H! have been constructed in [DS99al, [CTU99, [CM00, [DS99b), [Ste04al, [HS04].

The aforementioned convergence rates under the mild Besov regularity assumption concern
best N-term approximations, whose computation, however, requires full knowledge of the
solution u, which is only implicitly given. In [CDDO0I) [CDD02], iterative methods for solving
Lu = f were developed that produce a sequence of approximations that converges with the
same rate as that of the best N-term approximations, taking a number of operations that
is equivalent to their support sizes. Both properties show that these methods are of optimal
computational complexity. The methods have been generalized or quantitatively improved in
e.g. [Ste03l [DFRO4. [GHSO05].

The methods apply under the condition that L is symmetric, positive definite (SPD),
which is equivalent to (Lv,w) = (v, Lw), v,w € H, and (Lv,v) 2 |v||3,, v € H, i.e., that L
is self-adjoint and H-elliptic. For the case that L does not have both properties, in [CDD02]
alternatives were sketched to reformulate Lu = f as an equivalent well-posed infinite matrix-
vector problem with a symmetric, positive definite system matrix, as via the normal equations,
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or, in case the equation represents a saddle point problem, by using the reformulation as a
positive definite system introduced in [BPS8§].

Throughout this paper, we will consider the operators of type L = A + B where A is
self-adjoint and H-elliptic, and B is compact. Now in general L is no longer SPD, hence the
above mentioned adaptive wavelet methods cannot be applied directly. Following [CDD02],
one can consider the normal equation L”Lu = L”f; however, the main disadvantage of
this approach is that the condition number of the system is squared, while the quantitative
properties of the methods depend sensitively on the conditioning of the system. In this paper,
we will modify the adaptive wavelet algorithm from [GHS05| so that it applies directly to the
system Lu = f, avoiding the normal equations. The analysis in [GHS05|] extensively uses
the Galerkin orthogonality, which in the present case has to be replaced by only a quasi-
orthogonality property. It should be mentioned that this quasi-orthogonality property has
been used in [MNO04] in a convergence proof of an adaptive finite element method. By proving
the quasi-orthogonality property for the present general setting and extending the complexity
analysis in [GHS05], we will show that our algorithm has optimal computational complexity.

This paper is organized as follows. In the following section, we derive results on Ritz-
Galerkin approximations to the exact solution, and in the last section, the adaptive wavelet
algorithm is constructed and analyzed.

2 Ritz-Galerkin approximations

Let H — ) be separable real Hilbert spaces with compact embedding, and let a : H xH — R
and b : Y x H — R be bounded bilinear forms. We assume that the bilinear form a is
symmetric and elliptic, which implies that || - || := a(+,-)2 is an equivalent norm on H, i.e.,

loll = ol v e (2.1)

In particular, the operator A : H — H' defined by (Av,w) = a(v,w) for v,w € H, is
boundedly invertible. Moreover, since B : H — H’ defined by (Bv,w) = b(v,w) for v,w € H,
is compact, the linear operator L := A + B is a Fredholm operator of index zero. Therefore,
assuming that L is injective, L : H — H' is boundedly invertible, in particular meaning that

the linear operator equation
Lu=f, (2.2)

has a unique solution for f € H'.

For our analysis we will need the following mild regularity assumption on the adjoint L'
of L: There is a Hilbert space X — H with compact embedding, such that (L')~!: )" — X
is bounded. The following lemma gives a means to check this assumption.

Lemma 2.1. Let either A= :Y' — X or L7' : Y — X be bounded. Then (L')™':Y — X
is bounded.

Proof. We treat the first case only. The other case is analogous. The operator B extends to
a bounded mapping from Y to H'. So L' = A+ B’ : X — ) is bounded. Now consider the
equation L'u = f. We know that there exists a unique solution v € H with ||u|x < || fll#
and thus ||B'ully < |lulle < [flle S N fllyr. From Au = f — B'u, we now infer that

~

Jullx < £ N1y -



2 Ritz-Galerkin approximations 4

Ezample 2.2. For some Lipschitz domain Q C R", with H := H}(Q) let L : H — H’ be
defined by

(Lv,w) = = 3701 (ajk0kv, 0jw) L, + >3y (brOkv, w) L, + (cv,w)p, v, w € H.

If the coefficients satisfy aji,bg,¢ € Lo then L : H — H’ is bounded. Moreover, if the
matrix [a;] is symmetric and uniformly positive definite a.e. in €, then the bilinear form
a(+, ) = =3 7 k—1(ajkOk:, 0j-) L, is symmetric and satisfies ([2.1). If either b, =0, 1 <k <n
and ¢ > 0 a.e. or ¢ > 3 > 0 a.e., then the generalized maximum principle implies that L
is injective, cf. [Sta65]. Also if L = A — n? for a constant n € R, then the injectivity is
guaranteed as long as 7)? is not an eigenvalue of A. With Y, := (L2(Q), H}(Q))1-0,2 for some
o € (0,1], where (X,Y )y, denotes the intermediate space between X and Y obtained by the
real interpolation method, the bilinear form b(-,-) 1= >} (bpOk-, ), + (¢, Y1y : Yo X H — R
is bounded for any o € (0,1]. If the coefficients aji, 1 < j,k < n, are Lipschitz continuous,
then with X, := (H(Q), H?(2) N HE(Q)),.2 it is known that A1 : V! — X, is bounded for
any o € (0,1), cf. [Sav98]. Furthermore, the embeddings X, — H < ), are compact. From
Lemma [2.1] we conclude that all aforementioned conditions are satisfied.

Example 2.3. Let L be the operator considered in the above example. We assume that the
domain 2 is Lipschitz, the coefficients aji, b, c are constant and that the matrix [a;z] is
symmetric and positive definite. Then the single layer and hypersingular boundary integral
operators corresponding to the differential operator L can be written as the sum of a bounded
H-elliptic operator A : H — H' and a compact operator B : H — H’', see [Cos88|. With T'
being the boundary of the underlying domain , here the energy space is H = H'(T") with
t= —% for the single layer operator and t = % for the hypersingular integral operator. A close
inspection of the proofs of [CW86, Theorem 3.9] and [Cos88, Theorem 2| reveals that in both
cases, the operator A is self-adjoint and that with ), := H*9(T") where ¢ has the appropriate
value depending on the case, the operator B can be extended to a bounded operator ), — H’
for any o € (0, %] Assuming the injectivity of L : H — H’, in [Cos88] it is shown that with
X, := H"(T), L7! : Y! — X, is bounded for any o € [0, 3]. The injectivity depends on the
particular case at hand, see [McL00|] for some important cases.

We consider a sequence of finite dimensional closed subspaces Vy C Vi C ... C 'H satisfying

inf o= vyl < agllolle ve, (23)

UiV
with lim; . a; = 0.
Remark 2.4. Such a sequence exists since the embedding X — H is compact, cf. [SchO1].
Ezample 2.5. Let H = H® and X = H*™?. Then for standard finite element or spline spaces
V; subordinate to dyadic subdivisions of an initial mesh, the approximation property is

satisfied with a; = 2799 for any t < v and o < d — t, where d is the polynomial order of the
spaces Vj, and v = sup;{s : V; C H°}, see e.g. [Ngu05|.

For a finite dimensional closed subspace S C H such that V; C S for some j, we consider
the Ritz-Galerkin problem

(Lug,vg) = (f,vs) for all vg € S. (2.4)

It is well known that for j being sufficiently large, a unique solution ug to the above
problem exists, and that ug is a near best approximation to w in the energy norm | - ||. In
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the weaker norm || - ||y, convergence of higher order than (2.3) can be obtained via an Aubin-
Nitsche duality argument, cf. [Sch74]. These results are recalled in the following lemma,
where for convenience we also include a proof.

Lemma 2.6. There is an absolute constant jo € No (not depending on S) such that for all
J > jo, (2.4) has a unique solution with

lu = usll < [ + O(ey)] inf flu - v]. (2.5)

Moreover, for j > jo we have
lu —uslly < O(a)llu — us]l- (2.6)
Proof. Suppose that a solution ug to exists. Then we trivially have
(L(u —ug),vs) =0 Yug € S. (2.7)
Using this and the boundedness of b : Y x ‘H — R, for arbitrary vg € S we get
luw — usl® = (L(u = us), u — us) — b(u — ug, u — us)
= (L(u —ug),u —vg) —b(u —ug,u —ug)

(2.8)
= a(u —us,u —vg) + b(u — ug, us — vs)

< lu = usllllu = vsll + OMW)[u = usllyllus = vsln-
We estimate ||u — ug||y by an Aubin-Nitsche duality argument. For w € )’ we infer that
(u—us,w) = (L(u—us), (L") "'w — ws) < || Lllp—pellu = usll2/|(L) " w — ws]|
<L lp—re llw = uslle | (L)~ w2
<Lyt lu = sl 1L lyr— e llwlly,
where we used (2.7), and the boundedness of (L')~!: )’ — X. We have

B _ oy (u—us,w)
lu = us|ly = sup
wey [lwllys

and subsequently using we arrive at . Substituting into , we get
lu = usll < flu = vsll + O(a;)lus = vsl-
For the last term, from the triangle inequality and , we have
o —uslln S flu —usll + lu - vs]|.

Now choosing jg sufficiently large, we finally obtain .

Since is a finite dimensional system, existence and uniqueness are equivalent. To
see the uniqueness, it is sufficient to prove that f = 0 implies ug = 0. By linearity and
invertibility of L, we have v = 0 if f = 0, and so implies that ug = 0. The proof is
completed. O

The following observation concerning quasi-orthogonality is an easy generalization of
[MNO4, Lemma 2.1].
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Lemma 2.7. For some j > jo with jo being the absolute constant from Lemma let
So C S1 C H be finite dimensional subspaces satisfying V; C So. Let ug € So and u; € Sy be
the solutions to the Galerkin problems (Lug,v) = (f,v) Yv € Sy and (Luy,v) = (f,v) Yv € S,
respectively. Then we have

[llw = uol* = llu = wll® = llur = woll®| < OCoyy) (lu — wol* + lluw —wall?) . (2.9)

Proof. We have [lu — uo||®> = JJu — u1]|* + Jlur — woll® + 2a(u — u1,u; — up). Using ([2.7),
boundedness of b : Y x H — R, and the triangle inequality, we estimate the absolute value of
the last term as
12a(u — w1, u; —up)| = [2b(u — w1, u1 — up)|
S llu—wrlyllur — uoll#
< luw = ually (lu = willn + [Ju — uolln)

Now using (2.6)), and applying the inequality 2ab < a® 4 b2, a,b € R, we conclude the proof
by

[2a(u — w1, ur —uo)| < O(ay) (flu — wr|* + flu — wr | u — woll)
< 0(ay) (lu = wtll® + flu — uof|*) -

O]

Using a Riesz basis for ‘H, we will now transform into an equivalent infinite matrix-
vector system in f5. Let ¥ = {1y : A € V} be a Riesz basis for H of wavelet type. We assume
that for some Vo C Vi C ... C V, the subspaces defined by V; = span{y\ : A € V;}, j € Ny,
satisfies with lim; . a; = 0.

Ezxample 2.8. With the spaces V; described in Example wavelet bases satisfying the above
condition have been constructed e.g. in [DS99al, [(CTT99, [CMO00, DS99D, [SteO4al [HS04].

Writing u = u” ¥ for some u € /5, u satisfies
Lu=f, (2.10)

where L := (5, Ly)rpev : f2 — {2 is boundedly invertible and f := (f,¥n)rev € lo.
Similarly to L, we define also the matrices A := (5, AYy)x pev = a(Pyu, ¥a)r uev and B :=
(Ux, BYy)apev = b(¥y, ¥2)a uev, so that L = A + B. The matrix A is symmetric positive
definite, so (A-,-) is an inner product on ¢3, and the induced norm || - || satisfies

IVI? = (Av,v) = a(vT ¥, v ) = [VIO[2 vedl
Furthermore, one can verify that for any v € o, A C V, vp € l5(A),
1 1yl
AVl < AV < [Allllv],  dvall < [JATYIZ[[PAAVA]. (2.11)

For any v,w € £, we have (Bv,w) = b(vI0,wl'W) S [VI0[y[wl ]y S V70| y]wl,
implying the following estimate which will be used often in the rest of this section.

B
IBv| = sup (Bv, w)

SIvIw|ly  vel. (2.12)
ozwet, |[Wl]
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For some A C V, let S = span{ty : A € A}. Then ug = ui ¥ € S is the solution to the
Galerkin problem ([2.4)) if and only if uy € ¢2(A) satisfies

PpLIpup = Paf, (2.13)

where Py : ¢ — f3(A) is the orthogonal projector onto ¢3(A), and I, denotes the trivial
inclusion l3(A) — fl2. In the following, we will refer to up as the Galerkin solution with
respect to the index set A. From Lemma [2.6] we know that this solution exists and is unique
when V; C A for some j > jo.

Lemma 2.9. Let Py and I, be as above. Then for any A 2 V; for some j > jo we have
I(PALIy) | < [A7Y| [L + |BL™Y| + O(ay)] -
Proof. Recalling that L(u —up) L f2(A) and that A = L — B, we have

[uall* < [JA7 [luall? = [AH [(Lua, up) — (Bua, uy)]
= [JA7Y [{Lu, up) — (Bu,up) 4+ (B(u —uy), uy)].

Now applying the Cauchy-Schwarz inequality gives
[uall < A7 [[Lull + [Bul| + [B(u — ua)|] - (2.14)
For the last term in the brackets, using the estimates (2.12)), (2.6) and (2.5), we have

IB(u—up)l| < llu—uf¥lly < Oa))llu — uf ]l < O(ay) N Jlu = vl < O(cj)]|ull

We substitute it into (2.14)) to get
luall < JAT [ Ll + [Bull + O(a) ull] < A7 [1+ [BL™ [ + O o) |IL7|] [I£]l

Since this estimate holds in particular for arbitrary f = Pf, taking into account that uy =
(PALI,) 'Pf the proof is completed. O

The following lemma generalizes [GHS05, Lemma 1.2] to the present case of nonsymmetric
and indefinite operators, and provides a way to extend a given set Ag C V such that the error
of the Galerkin solution with respect to the extended set is reduced by a constant factor.

Lemma 2.10. Suppose that ug € l2(Ag) is the solution to P LIx,ug = P f with Ag D V;
for 3 sufficiently large. For a constant p € (0,1), let V. O Ay D Ag be such that

[P, (f — Lug) || = pf|f — L. (2.15)

Then, for uy € la(A1) being the solution to Py, LIn,u; = Py, £, it holds that

NI

lu =il < [1— w(A) "5 + O(e)] * lu — uo] .
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Proof. In this proof, we use the notations ug = qu and u; = u! U. We have
IL(w1 — o) [* = [|A(ur — wo)|* + 2(A(u1 — ug), B(ui — o)) + | B(us — up)|*.

The first term on the right hand side is bounded from above by using the first inequality from
(2.11). We estimate the second term by using (2.12]) as

12(A(u; —ug), B(u; —up))| < 2[|A(uy — ) ||[[B(ur — uo)|| < [lur — uollllur — uoly-

For the third term we have ||B(u; — ug)||* < |lur — uo[/3. Combining these estimates, and
taking into account ({2.6]), we conclude that

IL(ur = uo)|[* < | Allllur — uol® + O [lur — uoll[lur — uolly (2.16)
< [|Alllur = uol® + O(e) (llu — woll* + flu — wi[|?) -
On the other hand, we have
IL(u = up)|[* = [|A(u —ug)||* + 2(A(u — up), B(u — up)) + |[B(u — up)|*.

The first term can be bounded from below by using the last inequality in (2.11)) with A = V.
By using (2.12)) and (2.6)), we bound the second term as

2(A(u — o), B(u — ug))| < [lu — uolllu — uolly < Oe)llu — uoll*. (2.17)
Estimating the third term by zero, we infer
IL(w = uo) > > [A™H " lu — uoll* = O(a)lu — uol|. (2.18)

By hypothesis we have |[|L(u;—ug)|| > |[|Pa,L(ui—ug)|| = [|Pa, (f—Lup)|| > p||L(u—up)|.
Combining this with (2.16]) and (2.18]), we get

1A llur = woll® + O(a)llu — ual* > p* | ATHI7Hlu — uoll* — Oa) llu — uoll*.

Now by using that [lur — uoll < [lu —uoll* — Jlu — urll* + O(ay)(Ju — uo|* + flu — wa[|*) by
(2.9), and choosing j sufficiently large we finish the proof. O

In the following lemma it is showed that for sufficiently small x4 and u € ¢¥, for a set

Ay as in Lemma that has minimal cardinality, #(A1\Ag) can be bounded in terms of
|[f — Lug| and [u|sw only, cf. [GHS05, Lemma 2.1].

Lemma 2.11. For some s >0 and 7 = (3+3s)7! letu € (¥, and let € (0, H(A)_%). Assume
that ug € l2(Ao) is the solution to Pp,LIx,ug = Pp,f with Ag O V; for a sufficiently large
j. Then, the smallest set A1 D Ag with

[P, (f = Lug)[| = p|f — L] (2.19)

satisfies
#(A1\Ao) S I — Lo |~/ ul;s”
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Proof. With a constant A > 0 to be chosen later, let NV be such that a best N-term ap-
proximation uy for u satisfies [[u — uy|| < AJu — up||. Since L is boundedly invertible
we have |Jlu — ugf| = ||f — Lugl|| and thus, in view of (L.2), N < ||f — Lu0\|_1/3|u|Zf. Let
A :=AgUsuppuy D Ay. We are going to show that for a suitable A, and j sufficiently large,
|IPA(f — Lug)|| > u||f — Lug||. Then by definition of A; we may conclude that

H#(A1\Ao) < #(A\Ag) < N < [If — Lug|~/*Jul".

Now we will show that the above claim is valid. The solution to PpLIyus = Paf satisfies

1
lo = uall < [T+ O(ey)]flu — un[l < [T+ O(ey)]| A2 [lu — uy]|

1 (2.20)
< A1+ O(ey)][[Afl2 [lu — o],

where we have used ([2.5) and the second inequality from (2.11). We have
IPAL(ua — wo)[* > [PaA(us — ug)* + 2(PaA(un — uo), B(ua — o).

The first term in the right hand side can be bounded from below by using the last inequality
from (2.11]). Estimating the second term as

2(PAA(uy — o), B(ua — uo))| $ [lua — wofl[lus — wol| < O(ey) (Ju — uall* + Jlu — uo?) ,
we get
IPAL(un —uo)[* > A Hlua — wol* = O(ey) (Jlu — wall® + [lu — uwo|?) -

Now by using that luy — uofl > [lu —uo[|* — Jlu — uall* — O(e;) (Jlu — wol® + flu — wa[I?) by

[£9), and applying (2.20), we have

PAL(us — uo)|* > [1 = O(ep) AT lu = woll® = [1 + O(ay)[|ATH 7 flu — ||
= O(ay) [lla = ual® + lu — uo|]

> [1= O [ATH 7w = uoll® = [1 + O(ap) [ATH 7 lu — ua®

> [1= XAl = O] AT lu — wol*.

On the other hand, we have
IL(u—uo)|* < [1 + O(ay)] Al llu — o
Combining the last two estimates we infer
IPA(f — Luo)|* > s(A) ™" [1 = A[|A]| = O(a;)] ||f — Luo|*.

Choose a value of the constant A > 0 such that R(A)_%(l - )\QHAH)% > p. Then for j
sufficiently large, we have ||Px(f — Lug)|| > u||f — Lug||, thus completing the proof. O
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3 The adaptive algorithm

In this section, we will formulate an adaptive wavelet algorithm for solving and analyse
its convergence behaviour. To give a rough idea before going through the rigorous treatment,
the algorithm starts with an initial index set A and computes an approximate residual of the
exact Galerkin solution with respect to the index set A. Having computed the approximate
residual, we use Lemma [2.10] and Lemma to extend the set A such that the error in the
new Galerkin solution is a constant factor smaller where the cardinality of the extention is
up to a constant factor minimal, and this process is repeated until the computed residual is
satisfactorily small.

Ideally, our algorithm should produce approximations that converge with the same rate
as that of the best N-term approximations, taking a number of operations that is equivalent
to their support sizes, cf. . However, usually this is achieved for a limited range of
convergence rates. Whether this range is reasonably large can be answered by looking at
the connection between the smoothness of a function in the continuous space and the best
N-term approximation rate of the corresponding vector in the discrete space. For some
s > 0, we say that the algorithm has optimal computational complexity for the convergence
rate s, if, whenever u € £ with % = s+ %, for any given tolerance € > 0, it computes an
approximation w to the exact solution u such that |ju — w|| < e and #suppw < Efl/slu\%s,
and the cost of determining w is bounded by an absolute multiple of the same expression. Tn
view of , since, by imposing whatever smoothness conditions on the solution u generally
the convergence rate of best N-term approximations cannot be higher than %, it is fully
satisfactory if the algorithm has optimal computational complexity for s € (0, %)

In order to use Lemma [2.10] we need to compute the residual r := f — Lug for a Galerkin
solution ug. Generally, this residual has infinitely many nonzero coefficients, and has to be
approximated by a finitely supported vector. We will approximate it by approximating the
vector f and the matrix-vector product Lug separately. In connection with that, we assume
that for some constant s* > 0, L is s*-computable, meaning that for any s < s*, for all
N € N, there is an infinite matrix Ly, having in each column O(N) non-zero entries, whose
computations require O(N) operations, such that

IL-Ly|f SN (3.1)

Under this assumption, the adaptive approximate matrix-vector product APPLY from [CDDO01],
Ste03] can be shown to have the following properties:

APPLY|w,c] — z. The input satisfies € > 0, and w is finitely supported. The output
satisfies |Lw — z|| < e, with for any s < s*, #suppz < 6_1/5|w|%s, where, as always,
T= (% +5)7L, and the number of arithmetic operations and storage locations required by this

call being bounded by some absolute multiple of 6_1/S|W|%S + #suppw + 1.

Remark 3.1. In the sequel we will construct an adaptive wavelet algorithm and prove that it
has optimal computational complexity for the convergence rates less than s*. For sufficiently
smooth wavelets, that have sufficiently many vanishing moments, and for both differential
operators with piecewise sufficiently smooth coeflicients, or singular integral operators on
sufficiently smooth manifolds, the results from [Ste04bl [GS04. [(GS06] show that for some
s* > %, L is s*-computable. This result is satisfactory as explained earlier.
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The construction of a sequence of approximations for u that converges with a certain rate
requires the availability of a sequence of approximations for f that convergence with at least
that rate. It can be shown that for s < s*, with 7 = (% +8)7L, if u € ¢¥, then f € (¥,
with [flew S [ulew, and so supy N¥||f — fy| < [ufew, which, however does not tell how to
construct an approximation g which is qualitatively as good as fy with a comparable support
size. We will assume the availability of the following routine, whose realization depends on
the right-hand side at hand.

1/s

RHS[¢] — g with ||f — g|| < e, such that if u € £¥, and s < s*, then #suppg < € \u|£w ,
and the number of arithmetic operations and storage locations requm“ed by this call is bounded

—1/s

by some absolute multiple of €~ l/S\u|zw + 1.

Assuming that we use the above subroutines to compute the residual and extend the
current set Ay to a set A as in Lemma [2.10] we now need to choose a way to compute
the Galerkin solution up on the extended set A. Computing the Galerkin solution requires
inverting the system . In view of obtaining a method of optimal complexity, we will
solve the system approximately using an iterative method. Here we formulate a subroutine
to solve the Galerkin system approximately.

GALSOLVE[A, wy, d,e] — wy

% The input should satisfy 6 > ||Pa(f — LWO)”.

% Let N be such that, with Ly from (3.1)),

% 0:=|L—Ly||A7 2+ IBL™|] < =54 Set Ly := PALyIa.

if § < e then set wp := wqg and terminate the subroutine end if

rj := PA(RHS[$] — APPLY [wy, §])

Apply a suitable iterative method for solving Lax = Fa, e.g., Conjugate Gradients to the
Normal Equations, to find an % with ||F5 — LaX|| < g

WA = W + X

Theorem 3.2. If A O V; with j sufficiently large, the output of wy := GALSOLVEIA, wy, §, €]
satisfies |Pa(f — Lwy)|| < e, and for any s < s*, the number of arithmetic operations and

storage locations required by the call is bounded by some absolute multiple of €~ 1/S(|W |1/S

|u\1/s) + c(6/e)#A, with c: Ry — Ry being some non-decreasing function.

Proof. In this proof, j is assumed to be sufficiently large whenever needed. With the short-
hand notation Ly = P5LI,, using Lemma and estimating 1 4+ O(«;) < 2, we have

Iy (L = L)l < [y Ly = L < [A7H [1+ [BL7Y| + O(ay)] |lLy — Ll < 0 < 1.

This implies that I+ L, (La — Ly) is invertible with ||(I+ L' (La — La)) 7! < 1. Now

writing Ly = La(IT+ Lxl(f;A — Lj)) and using Lemma again, we conclude that Ly is
invertible with
LM < LR < A [2+ [BL]. (3:2)
A -1 0 A -1 0

We have 1
~ o _ _ 0
I~ LalIER | < L — LI A 2+ BL) < 12
and [[TA |l < [Pa(f — Lwo)|| + [|[Pa(f — Lwg) — || < 6+ 5. Setting ry := P (f — Lwg) and
writing

PA(f — LWA) =rp — PpLx = (I‘A — f‘A) + (f‘A — f;Afi) + (f;A — PAL)]ZXI(IN‘A + f;A)NC — f‘A),
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we find
Pa(f—Lwa)| <5+ 5+ 1506 +5+5) <e
The properties of APPLY and RHS show that the cost of the computation of r5 is bounded

by some multiple of 5_1/5(\w0]%s + |u %S). We know that ||La|| < 1 uniformly in & and 6.

So taking into account we have k(Lp) < 1 uniformly in ¢ and . Since by (3-1), Ly
is sparse and can be constructed in O(#A) operations, where the proportionality coefficient
is only dependent on an upper bound for §/¢, and the required number of iterations of the
iterative method is bounded, the proof is completed. ]

Remark 3.3. If the symmetric part of L is positive definite, then the spectrum of Ly lies in
the open right half of the complex plane, and so one can use the GMRES method for the
solution of the linear system in GALSOLVE, cf. [EES83| [SS86]. In this case, the proof of
the preceding theorem works verbatim.

Next, we combine the above subroutines into an algorithm which approximately computes
the residual f — Luy for a given set A C V. We get an approximate Galerkin solution as a
byproduct because we use GALSOLVE to approximate the Galerkin solution uy.

GALRES|A, wy, po, €] — [k, Wk, p] :
% The input should satisfy po > ||f — Lwy|.
% Let w,v € (0,1) and 6 > 0 be constants.

k:=0, o :=0po, o := po
dok:=k+1
Ck = Ck—1/2 X
Sk =Gk (ILIAT] [2 + BLH])
wy := GALSOLVEA, wy_1,0_1, 0]
Ok := min{dg_1, 0k }
until py = [|rgf| + (1 — )Gk < € or G < wllry]

Remark 3.4. In the above algorithm, as opposed to the algorithm in [GHS05], we are forced to
place the Galerkin solver inside the loop that computes the current residual with a sufficient
accuracy. The reason is that in Lemma [2.10] and Lemma the vector uy must be the
Galerkin solution on its support, whereas in the corresponding Lemma 1.2 and Lemma 2.1
from [GHSO05] this vector could be arbitrary.

Remark 3.5. In view of [GHS05, Remark 2.2 and Remark 2.6], taking into account that pg is

an upper bound on the residual of wy, a reasonable choice for the value of 6 is 0 ~ (HWQ)%

Theorem 3.6. If A O V; for some sufficiently large j, then [r,w, p] := GALRES|A, wq, po, €]
terminates with ||f — Lw|| < p, and either p < e or |r — (f — Lup)|| < wlr||. Furthermore,
under the same condition we have p 2 min{pg,e}. In addition, if for some s < s* and
T=(3+s) "1, uely then #suppr < pfl/s\u%s + (po/p)/*#A and the number of arith-
metic operations and storage locations required by the call is bounded by some absolute multiple

of p/*[ulyl? + (po/p) M/ (#A + 1).
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Proof. If at evaluation of the until-clause for the k-th iteration, (x > w||rg||, then pr =
lleell + (1 =) < (W™t 4+ 1 —5)¢. Since ¢ is halved in each iteration, we infer that, if not
by (i < w||rg||, the inner loop will terminate by p < e.

Let K be the value of k at the termination of the loop. First we will show p = min{pg,e}.
When the loop terminates in the first iteration, i.e., when K = 1, we have p; = |r1| + (1 —
¥)¢1 2 po- In the case the loop terminates with px < € we have |[rx_1|| +2(1 — )¢k > €
and 2(x > w|rg_1]|, so we conclude

(A —ywlirr-af +20 = v)¢k) (A —ywe
2+ 2w(l —7) 2+ 2w(l—7)

pr > (1 —7)Ck >

Since after any evaluation of ry inside the algorithm, ||ry — (f — Lwy)|| < (1 — ), for
any 1 < k < K, p is an upper bound on ||f — Lwy||. Together with the condition on pg
this guarantees that the subroutine GALSOLVE is called with a valid parameter d;_1. By
applying Lemma for sufficiently large j, we have

[rr — (f = Lup)|| < llrg — (f — Lwg) || + [L(us — wy) ||
< (1 =) + |IL|[[|(PALIY) || PA(f — Lwy)||
< (1 =7)C + LI - JATH[L + IBL | + O(a))] - 6 < s

and therefore the condition (; < wlrg| implies ||ry — (f — Lua)|| < wl|rg||. This proves the
first part of the theorem.

The properties of RHS, APPLY and GALSOLVE imply that the cost of k-th iteration
can be bounded by some multiple of (,;1/8(|wk_1|%8 + |u\%s + \WH%S) +c(6’3;1 VHAN+H#A+1,
where ¢(+) is the non-decreasing function from Theorem Since gmny vector wy, determined
inside the algorithm satisfies [[u — wy|| < po, from |Wi|ew < [ufew + (Fsupp wy)®||wy — ul|
([CDDO1, Lemma 4.11]), we infer that |wy|pw < |ufmw + (#A)°po. At any iteration the ratio

5’3;1 can be bounded by a multiple of max{g—?, 2} < Z—f + 1 < 1. By the geometric decrease

of ;. inside the loop, the above considerations imply that the total cost of the algorithm can
be bounded by some multiple of CI_(l/s(]u %S + p(l)/s#A) + K(#A + 1). Taking into account
the value of (p, and the geometric decrease of (; inside the loop, we have K(#A + 1) =

Kpal/sp(l)/s(#A—i— 1)< CKI/Spé/S(#A—I— 1). The number of nonzero coefficients in r g is bounded

by an absolute multiple of C[_(l/ *(Ju %s + p(l)/ *#A) so the theorem is proven upon showing that
(k 2 pr- When the loop terminates in the first iteration, i.e., when K = 1, we have

pr = [ral + (1 =G < [If — Lwol +2(1 =G S po+ G S G, and when the loop

terminates with (x > w|rgl|, we have px = |||+ (1 = 7)(x < (2 +1—7)(kx. In
the other case, we have w||rx_1]| < 2¢k, and so from |rx — rx_1| < {x + 2(x, we infer
ekl < llex—1ll + 3¢k < (2 + 3)Ck, so that pi < (2 +4—7)(k. O

We now define our adaptive wavelet solver.

SOLVE[e] — wy :
% Let j be a sufficiently large fixed integer,
% po > |If]|, and o € (0,1) be constants.

k= O, W = 0, A1 = Vj
dok:=k+1
[rs, Wk, p) :=GALRES[A;, Wj;_1, pr—1, €]
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if pp > ¢
then determine a set V O Agi1 D Ay, with, up to some absolute constant factor,
minimal cardinality, such that [Py, x| > ofrg]|
else terminate the subroutine
enddo

Remark 3.7. Employing an efficient exact sorting algorithm, one can determine the set Axi
with true minimal cardinality, in O (#suppr - log(#suppr)) operations. If one allows ”mini-
mal cardinality up to some absolute constant factor”, as in the above algorithm, the log-factor
can be removed via binary bins, see [GHS05, Remark 2.3] and [Ste03] for details.

Theorem 3.8. w := SOLVE[¢] terminates with ||[f — Lw|| < e. In addition, let the param-
eters a and pg in SOLVE, and w in GALRES, be selected such that ‘fi" < &(A)_% and
po S ||l and let e < ||f]|. Then, if for some s < s*, and 7 = (3 + )7}, u € ¥

W we have
#suppw S e 1/5\u| /S and the number of arithmetic opemtwns and storage locations required

by the call is bounded by some absolute multiple of the same expression.

Proof. Before we come to the actual proof, first we indicate the need for the conditions
involving po, ||f|| and . If po Z ||f]| we cannot bound the cost of the first call of GALRES.

If ¢ £ ||f||, then e~/ s|u[ ¢w might be arbitrarily small, whereas SOLVE takes in any case
some arithmetic operatlons

Abbreviating Py, as Py, let uy, € £5(Ay) be the solution of the Galerkin system PjLuy, =
Pyf. Assume that the k-th call of GALRES terminates with py > ¢ and thus with ||ry —
(f — Lug)|| < w|rgl|. Then we have

allrr]] < [Pryarl = [[Pryafrr — (F — Lug) + (f — Lug)]|| < wlrg]| + |Pryr (f — Lug)|,

giving ||Prs1(f — Lug)|| > (o — w)||rg||. Defining vy := ||rg|| + ||rx — (f — Luyg)|| we have
If — Lug|| < v < (14 w)|rgll, and using this we obtain

[Prpr(f — L) > ¢ oI — L,

a—w
1+w Vk = T4w

so that Lemma [2.10/shows that [Ju — w1 < [1—x(A)7L( 1+w) +O(ay)] 2 lu—ug|. Taking

into account that v < (14+w)||r|| < (14 w)pr and that ||f — Lug|| > [|Pry1(f — Lug)|| 2 vk,

we have pp ~ v =~ ||f — Lug|| = |[u — ug|| as long as pr > €. By the conditions that o > w

and that j is sufficiently large, it holds that p, < €¥~1p; for certain ¢ < 1, so that SOLVE

terminates, say directly after the K-th iteration. This proves the first part of the theorem.
With p = %, for 1 <k < K let VDO A D Ag be the smallest set with

[PA(f = Lug)|| > pflf — Luy|.

Since p < H(A)% by the condition on w and «, and |[f — Lug|| < vk, an application of
Lemma [2.11{shows that #(A\Ax) S V71/5|11|1/5. On the other hand, using Theorem twice
we have alfex| < pllf — Lug | + polfe | < [Pa(E— Lug) | + peoljrel) < [Pary]+(1+7

or |[Parg|| > af|rk|]. Thus by construction of Agi; we conclude that

w|[rll

(A1 \Ak) S #A\AR) S v P ulpl” < o olulpl® for 1<k < K.
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Since A} $1 < pgl/s\uﬁés by po S |If]| S [ulew, with Ag := ) we have

k—1
A= #(Mii\A) S O o Ol S ol for 1<k < K. (3.3)
=0 1=0

In view of Remark [3.7, we infer that the cost of determining the set Agyi is of order
#supprg. From Theorem we have #suppry < plzl/s\uh%s + (pr—1/pr)"/*#A; and that

the cost of the k-th call of GALRES is of order ,0,;1/8]u|é;+(pk_1/pk)1/8(#Ak+1), implying
that the cost of the k-th iteration of SOLVE can be bounded by an absolute multiple of the
latter expression. Now by using and 1 S p, 1/ S\u\;és, and taking into account the
geometric decrease of pp we conclude that the total cost of the algorithm can be bounded
by an absolute multiple of pl}l/ S[u\;és. From Theorem [3.6| we have px 2 min{px_1,e} 2 ¢,
where the second inequality follows from px_; > ¢ when K > 1 and by assumption when

K = 1. This completes the proof. ]
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