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CONVERGENT DISCRETIZATION OF HEAT AND
WAVE MAP FLOWS TO SPHERES USING
APPROXIMATE DISCRETE LAGRANGE MULTIPLIERS

SOREN BARTELS, CHRISTIAN LUBICH, AND ANDREAS PROHL

ABSTRACT. We propose fully discrete schemes to approximate the harmonic
map heat flow and wave maps into spheres. The finite-element based schemes
preserve a unit length constraint at the nodes by means of approximate discrete
Lagrange multipliers, satisfy a discrete energy law, and iterates are shown to
converge to weak solutions of the continuous problem. Comparative compu-
tational studies are included to motivate finite-time blow-up behavior in both
cases.

1. INTRODUCTION

Let © C R? (for d > 1) be a bounded domain, and S™~! C R™ (for m > 2) the
unit sphere. The energy of a map w :  — S™ ! is defined as

(1.1) B(w) = %/waﬁdx.

Critical points are called weakly harmonic maps into the sphere [22], which are of
interest in more extended models in micromagnetics [I7], liquid crystal theory [II,
color image denoising [24], (25| 27], [5, [6], or (in generalized form) in general relativity
[20]. Related prototype nonstationary problems for solutions u : Q7 — S™~1! are:
(A) the L2-gradient flow for (L)),

(1.2) u; — Au = |Vul?u in Qr :=(0,T) x Q,
ou

(1.3) = 0 on 0 := (0,T) x 99,

(1.4) u(0,-) = ug in Q,

and (B) the wave map flow into the sphere S™~1,

(1.5) uy — Au= (|Vul’ — |u; *)u in Qr,

ou
(1.6) o 0 on IO,
(1.7) u(0, ) = uo, 0ru(0,-) = vg in Q.

In both cases, static solutions are harmonic maps to the sphere; clearly, evolution is
different in (A) and (B). For problem (A), existence of weak solutions can be found
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in [I2]; the development of singularities in finite time, i.e., lim sup,_, - |Ju(t, -)||w1.
= 00, is shown in [13| [I1] for equivariant initial data. As to problem (B), (stable
self-similar) finite-time blow-up behavior of existing weak solutions (cf. [19] [@ [26])
is known in the (3+1)-dimensional case using equivariant initial data, and existence
of (k-)equivariant solutions (with winding number k£ > 4) in a (2+1)-dimensional
Minkowski space-time setting is known, which lead to finite-time blow-up [I8], [10].

Numerical analysis of problems (A) and (B) is nontrivial for the following reasons:

1) In order to approximate (or construct in the limit) weak solutions in both
cases (A) and (B) by using fully practical schemes based on finite elements,
we cannot benefit from regularity properties of solutions in both cases, but
we need to verify crucial stability properties, like discrete sphere constraint
and discrete energy identity.

2) Straightforward spatio-temporal discretizations, together with standard fi-
nite elements violate the sphere constraint, and lack a discrete energy law;
see e.g. [3, [15].

3) Convergent penalization strategies of problems (A) and (B) which use a
Ginzburg-Landau penalty (with parameter e > 0) to approximate the
sphere constraint allow for convergent discretizations for every € > 0; how-
ever, to specify this parameter in terms of discretization parameters is a
nontrivial task, in particular, in the context of blow-up behavior of weak
solutions to these problems; cf. [7] for computational evidence for problem

B).
In [3, ], a fully practical implicit scheme is given to solve problem (A), which is
based on a reformulation of (2] using cross products (m = 3),

w+ux(uxAu)=0 inQr.

Together with reduced spatial integration, midpoint formula, as well as projected
discrete Laplacian, a lowest order conforming finite element discretization enjoys a
discrete sphere constraint and energy law, and solutions unconditionally
(sub-)converge to weak solutions; moreover, a simple fixed point strategy is pro-
posed to successively solve linear problems, whose solutions still satisfy the discrete
sphere constraint, and conditionally converge to weak solutions by a contraction ar-
gument. Unfortunately, this strategy is not successful for problem (B); instead, an
explicit time-splitting scheme was proposed for problem (B) in [7], and conditional
convergence towards weak solutions is verified; here the idea, which originally was
given in [2] in a different context, is to discretize the following reformulation of (L),
which uses special test-functions w € C ([0, T) x Q,Rm) which satisfy (u,w) =0
a.e. in 7, such that

T T
/ (02u, w)dt + / (Vu,Vw)dt =0.
0 0

In this work, we construct different convergent discretizations for both problems
(A) and (B), which use approximate discrete Lagrange multipliers. To motivate
the approach, recall that to describe the gradient flow for (IT]) requires mappings
u: Qr — R™, and a Lagrange multiplier X : Q7 — RT, such that

w—Au=XAu and |u]=1 in Qp.
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In fact, A = |Vul|? is easy to verify in the present case, where the target manifold
is the sphere. The following scheme uses an approzrimate discrete Lagrange mul-
tiplier to enforce both the discrete sphere constraint, i.e., unit length of (iterates
of) finite element functions at nodes of a triangulation 7, and a discrete energy law.

We employ some notation which is further detailed in Section Let V), C
W12(Q) be the lowest order conforming finite element space subordinate to a tri-
angulation 7, of , and V;, = [V;L]m. By N, we denote the set of all nodes
associated with 7;,. Below, (-, ), denotes the discrete version (reduced integra-
tion) of the inner product in L?(Q, R™), and we use dyp™ := k~(¢" — " 1), and
"2 = (" 4o") with n > 1, for a sequence {¢"},,>0, and for an equidistant
time-step size k > 0. Then, the approximation scheme for problem (A) reads as
follows.

Algorithm A. Forn >0, let U™ € V), be given, and find (U™, A1) € V), xV},
such that

(1.8)  (d, U™, @), + (VU2 V@) = (\"HU"/2 @) VReV,,
(1.9)  [U"Yz)|=1 VzeN,.

As we will show in Section[B] an explicit formula to compute A"+ = \"+1(U"+1/2)
is available; however, in contrast to the continuous Lagrange parameter above, its
computation at a single node z € Nj, requires to consider values of U"t1/2 at
neighboring ones — which accounts for finite values k,h > 0 in the discretiza-
tion scheme. Conditional solvability of Algorithm A holds by Lemma Bl The
method is devised such that a discrete energy identity holds: choose ® = d,U"*!
in (L8), and use reduced integration for the first and last term, together with
U™t (z)|? — |[U"(z)|? = 0, for all z € N}, to obtain

[ U™ 7 + (VU2 vd, Ut =0,

and after summation over all iteration steps 0 <n < N,

N
(1.10) E(UNY) + £ 14, U7 = B(U).

n=0
As is worked out in Section Bl this discrete energy law is then crucial to verify
(subsequence) convergence of iterates from Algorithm A to weak solutions of (L2)-

(T4); see Theorem [B11

Remark 1.1. Note that A"*! € V}, (for n > 0) is not the Lagrange multiplier
associated to the discrete sphere constraint [U"*1(z)|> = 1 for all z € N}, since
the right-hand side of (L8) is modified from (A"™'U", @), to (A"T1U"+1/2 @),
to obtain the discrete energy law (LI0).

A similar program is now evident for the wave map problem (IH)-([L7), where
(T3 is of the form
ur—Au=Xdu and |u/=1 in Qr,

with A = (JVu|? — |uy|?) in the present form. In Section @ we show conditional
convergence of the following implicit discretization, which again uses approximate
discrete Lagrange multipliers.
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Algorithm B. Forn >0, let U", U1 €V}, be given, and find (U™t A"+ ¢
Vi X Vi, such that

(1.11)  (d7U"™ @), + (VU2 V@) = (\"TIU"TH2 8), V& eV,
(1.12) U™ (z)|=1 VzeN,.

For given initial velocity V°, the second starting value is chosen as U™! =
U% — kVY. This value does not satisfy the sphere constraint, but it is used only for
starting the recurrence relation of the algorithm.

As for problem (A), a discrete energy law can be shown, using E,(V,U) =
s[IVIE +1IvUl?],

K2 &
(1.13)  Ep(d,UNTLUNTY) 4 ) > |ld7UnT3 = B,y (VO,U°) (N >1)
n=0

and conditional solvability; cf. Lemma [l As is evident from the second term in
(TI13), Algorithm B uses numerical dissipation, while a symmetric and conservative

discretization of (LA)—(L1), which replaces (LI by

n
(1.14) (22U, @), + (%V[U”“ + U, vq>) - (%[U"“ + UH],@)h,
is discussed in Remark 1l However, in the analysis for Algorithm B in Section [
its dissipative character is needed to conclude convergence of iterates towards weak
solutions of (LA)-(I7); see Theorem A1

The main result for the heat flow of harmonic maps is Theorem [3.1] which verifies
subsequence convergence of iterates from the implicit Algorithm A towards weak
solutions of problem (A), provided that k& < Ch?; this (unexpected) mesh constraint
is sufficient for solvability for finite (k,h) > 0, whereas both, the discrete energy
law and the sphere constraint do not require mesh constraints. We remark that
no constraint is required for a different discretization of (L2)—(T4) in [3] for the
special case where the target is the two-dimensional sphere. For the wave-map
equation, conditional convergence towards weak solutions of problem (B) is verified
in Theorem [} again, only Brouwer’s fixed-point argument to verify existence
of iterates requires a mesh-constraint k < Ch™@{4/21} hile a discrete energy
law and the sphere constraint hold unconditionally. For comparison, to validate
a (slightly perturbed) discrete energy law and eventually conclude convergence for
the splitting-based algorithm in [7] requires the more restrictive mesh-constraint
k= o(h#) to hold. Interestingly, the fixed point iterations employed to solve the
nonlinear systems of equations in the numerical experiments reported in Section
seem to converge exactly under these constraints, which indicates that our results
may be sharp.

The remainder is organized as follows: Section [2 collects some notations which
are used throughout the paper. Section Bl verifies convergence of Algorithm A
to obtain weak solutions of problem (A) in the limit (k,h) — 0. Section [ corre-
spondingly shows convergence of Algorithm B towards problem (B). Computational
experiments to motivate possible blow-up for both problems are reported in Sec-
tion B and are compared with corresponding studies in [3] (harmonic map heat
flow), and [7] (wave map equation).
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2. PRELIMINARIES

Standard notation is adopted throughout this paper: (-,-) denotes the standard

inner product of the Euclidean space RY, (-,-) := (-,-)q is the standard L2-inner
product over the domain Q C RY. W4P(Q,R™) denotes the (¢, p)-Sobolev space
of vector-valued functions, and || - ||yer its norm. Throughout this paper, C' > 0

is used as a generic positive (k, h)-independent constant which may take different
values at different locations. We also introduce u; := Oyu, Vu := ( 0y, u, .., Oy, u ),
D := (0, V), and define the nonlinear Sobolev space

wh2(Q,sm 1) = {u c WhH2(Q,R™); ue S™ ! ae. in Q},

where boldface letters are used for vector-valued quantities.
For simplicity, let Q be a bounded polygonal (when d = 2) or polyhedral (when
d = 3) domain. Let 7}, denote a quasiuniform triangulation of €2 into triangles or
tetrahedra with mesh size h > 0 for n = 2 or n = 3, respectively. For a domain
K C R% let P;(K) stand for the set of all affine functions on K. We define the
Lagrange finite element spaces
Vi = {w € O(ﬁ), ’LU|K S Pl(K) VK € /Th} , V= [Vh]m.

Let N}, denote the set of all nodes associated with the finite element space V},, and
{cpz; zZ € Nh} the nodal basis for Vj; we define the following nodal interpolation
operator Zj : C(Q2) — Vj, by

Thw:= Y w(z)e, Ywel(@Q).
zENh

For any two functions v, w € C(€,R™), we define a discrete L?-inner product by
(v, W) = /th(<v,w>) dx = Y B.(v(z),w(z)),
zEN}

where 3, = [, ¢, dx, for all z € Nj,. We also define ||w]|; := (w,w)flb. It is easy
to check that there holds for all v, wj, € Vy,

1
[[Wallre < [[Walln < (d+2)2|[wn][L2,
|(Vi, Wh)n — (Vi Wh)| < Ch|vp|2 VW] 2.
3. HARMONIC MAP HEAT FLOW TO THE SPHERE

We numerically approximate weak solutions of (L2)—(L4)) in the sense of [22].
We refer to [22] and the references therein for proofs of existence of weak solutions.

Definition 3.1. Given ug € W12(,S™~1) and T >0, a function u € W12(Qr, R™)
is called a weak solution of (L2)—(L4) if (i) u(0,:) = uy € WH2(Q,S™1) in the
sense of traces, (ii) |u| = 1 almost everywhere in Qr, (iii) for almost all 7" € (0,T)
there holds

1 T 1

(3.1) 7/ \Vu(T’,x)|2dx+/ [Opu(t, ]2 dt < 7/ |Vuo(x)|? dx,
2 Ja 0 2 Ja

and (iv) for all ¢ € C°° (7, R™) there holds

(3.2) /Q (Opu,u A @) dxdt + /Q (Vu,V(ur¢))dxdt =0.
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For m = 3 here we have the usual wedge or cross product in R3. For m > 3,
an expression (u,v A w) is to be interpreted as the 3-volume of the parallelepiped
in the vector space spanned by u,v,w. It turns out that the usual differentiation
rules for (u,v A w) as for the cross product in R?® remain valid also in the higher-
dimensional case. The case m = 2 is also covered by taking ¢ as a scalar-valued
function and interpreting (u, v A ¢) = (u,v*¢) as ¢ times the oriented area of the
parallelogram spanned by u and v.

We recapitulate Algorithm A where the approximate discrete Lagrange multiplier
A"t is now specified explicitly. This is obtained by choosing ® = Ut/ 2(z) ¢, in
(C3) and noting that then (d, U™, @), = B,(|U""!(2)|? — [U™(z)|*)/2k, which
should be zero for all z € A;,. We use the expression for \»*! both, in the implemen-
tation of the algorithm by a fixed-point iteration and to study necessary conditions
for well-posedness for finite (k, h) and convergence behavior for (k, h) — 0.

Algorithm A. Let U° € Vy,, with |U%z)| =1 for allz € N}. Forn=0,1,2,...,
find (UL A1) € V), x Vj,, such that for all ® € V}, and all z € N, there holds

(3.3) (d; U @), + (VU2 V@) = (\"HUuntl/2 @),
0 if Untl/2(g) =0,
(3.4) /\nH(Z) = (VU2 Untl/2(2)QVe,) / (=)
B.|Un+1/2(z)|? else.

Next, we verify solvability for Algorithm A for restricted choices k = O(h?) and
quasiuniform meshes 7;,. The proof uses a regularization in a first step to apply
Brouwer’s fixed-point theorem; then, solutions are shown to satisfy (3.3)—-(3.4), and
discrete versions of the sphere constraint and the energy law. In the following, we
use the notation for the energy given in (ITI).

Lemma 3.1. Let T, be a quasiuniform triangulation of Q@ C R, and U° € V),
such that |U%z)| = 1 for all z € Ny,. For sufficiently small C = C(Q,7T,) > 0
independent of k,h > 0 such that k < Ch?, there exists U1 € V), which satisfies
B3)-B4), U™ (z)| =1 for all z € N}, and

N
(3.5) E(UN™) + k> (|4, U7 = E(U%) (N >0).
n=0

Proof. Step 1. Fix n > 0. For every % <e< i, and all ® € Vy, define the
continuous mapping F. : Vi — V3, where
2
(Fo(W),®) := (—{W -U"},®), +(VW,V0®)

(3.6) (VW, W(z) ® Vi)
> (6zmax{\W( )2, e}

0z W, <I>>
zEN}, h
We compute

B, (VW, W (z) ® Vi,)
( max{[W (2)[%, £} ou IWF),
W (z)|?
(1) W (VW V@ 8 Ve

< (IVWLIVIW@)9all) (v
< Ch Y(|[VW], IW(2)])supp(ven) -
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For all W = & such that [[W||, > [[U"(|, and values k < Ch? for some existing
0 < C=C(Q), on using Young’s inequality, and the fact that the number of nodes
y € Ny, such that (Vy, Vi,) # 0 is bounded independently of h > 0,

2 _
(F-(W), W) > — (W = (U™, W)i) + [VW]* = CRH [ VW[ W],

2 Ck 1 )
> 2w — W, — o™ ZIVWI2 >
2| Hh((l 2 Wik = 1U IIh) +5IVWIF =0,

and a corollary to Brouwer’s fixed-point theorem [2I], p. 37] then implies existence
of U"t1/2 € V},, such that F.(U"*1/2) = 0.

Step 2. We proceed by induction to show that U"+1/2 € V), solves Fo(U"t1/2) =
0, provided k£ < Ch2. Let n > 1. For all 0 < £ < n, suppose that U! € V}, satisfies

—1
k )
(3.8) U‘(z)| =1 VzeN,, E(UY)+ 5 > ld U7 = E(UY).
j=0

In order to validate Fo(U™*1/2) = 0, it suffices to show for all z € A}, (by the
triangle inequality)
k !
(39) U2(2)| 2 1= G d U @) >
By (3.0), the iterate U"+! = 2U"+1/2 — U™ satisfies for all ® € Vy,,
(d, U™, @), + (VU2 V®)
(3.10) 3 ((VU"+1/2,Un+1/2(z)®wz)
B B max{|U"t1/2(z)]2 e}

(szn+1/27¢) )
zENh h

We put @ = d, U™t (z%)¢, for z* = argmax ., [d; U™ (y)|, and use properties

of reduced integration, an inverse estimate, and | V,« |11 < B,-h~! to obtain

Bpe | U™ (z*) 2 < [(VU™/2, 4, U™ (2") @ Vip,-)

+C VU2 L [ Vipge || 2] U™ (27))

IN

k
C|SIVdU™ [ + VU e | [d, 0"+ (2)] [ Voo

Lt

IN

k
C By h 2 b|dtU”+1(z*)| n ||U"||Lx} |4, U™ (27)|.

By assumption ([B8) for all 0 < ¢ < n, we then arrive at

(1 _ %)|dtUn+l(z*)|2 < th—Q7
for some C' = C(Q) > 0. Hence, assertion (39) is valid for values & < Ch?, and con-
sequently Fo(Um+1/2) = 0. Therefore, upon testing [33) with & = Un+1/2(z)ep,
and using the definition of \"™!, we verify that [U""(z)| = 1 for all z € Nj,.
Moreover, the energy bound (B8] holds for all 0 < ¢ < n 4 1. This finishes the
inductive argument. The asserted energy law follows as (LI0]). O

Convergence behavior of iterates {U™} of Algorithm A towards weak solutions
of (L2A)—-(T4) for (k,h) — 0 is verified below. In the sequel, we define Uy, p, : Qp —
R™, where for all (t,x) € [tn,tni1] X €,

t—1p

the1 — 1t
Uy n(t,x) = A U (x) +

U,
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and U}, (t,x) 1= U™} (x), respectively, Uy p(t, x) := U"/2(x) for all (¢,x) €
[tn,tn+1) x €.

Theorem 3.1. Let the assumptions of Lemma Bl be valid, E(ug) < oo, and
U — ug € WH2(Q,S™ 1Y) for h — 0. There exists a subsequence of {Uy } which
for (k,h) — 0 converges weakly in WH2(Qp,R™) to a weak solution of (L2)—-(L4).

Proof. Step 1. The bounds of Lemma [3.T] yield the existence of convergent subse-
quences {Uy 5}, and u € WH2(Qp, R™) such that for k < Ch?, and h — 0,

Upn, Ul Upn = uin L0, T; WH(Q,R™)),
Uk,haU;h,ﬁk,h — u in L2(QT,Rm) ,
8tUk7h — w in LQ(QT, R”L) .

Here, we use ([B) again to conclude that sequences {Uy 1, {U;h}7 and {Uyp}
converge to the same limit as k, h — 0, since

N t
n _tn 2
Uk = ULl 02y < € D2 U™ = Un_lni/ (- 2 ) s

n=1 tn—1

[ )
:C?;HdtU 1> = 0.

Since |Uf .| =1 for all z € N, and all ¢ € [0, 77, there holds Z;, [|U} ,|*] =1 for
all (t,x) €[0,7] x Q, and for all K € Ty,

IN

UL = Ul ChIVITL L2 = 1]ll2 ()

Chr(U{)"VUL ey < CRIVUL L2k -

IN

As a consequence, |U;h| — 1 almost everywhere in Q7, and hence |u| = 1 almost
everywhere.

We use weak lower semicontinuity of norms and U° — ugy in WH2(Q,R™) to
conclude from (3.H) that u € WH2(Q,S™1) satisfies [3.1)). Since the trace operator
is bounded and linear, it is weakly continuous as an operator from W2(Q7) into
L2(€2), and we deduce u(0,-) = ug in the sense of traces.

Step 2. It remains to verify property (3.2) for u. For this purpose, we rewrite

B3) as
(04U n(t, ), @) + (VU u(t, ), V®)

(3.11) -y (VOkn(t,), Uk n(t,2) © Vips)
rva Ba|Uk,n(2)]?

@zﬁk,h(ta ')a Q)h

for ® € Vy, and all t € (0,7). Let ¥ € C=(Qr,R™); thanks to (a A b,a) = 0, the
choice ® = I, [Uy (t,) A ¥(t,-)] then leads to
(3.12)

(8tUk7h(t, ~),Uk7h(t, ) A \If(t, ))h + (VUk,h(t, ~), VI, mkyh(t’ ) A ‘I’(t, )]) =0.
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‘We compute
(8tUk.’h, ﬁk,h AN \I’)h — (8tu, uA \I’)
= (0:Ukn, Zn[Urn A]), — (0 Uk, Zn[Upn A 0])
+ (0:Ukp. Zn [Upp AN¥] = Uy, A )
+ (atUk,lu [ﬁk,h - u] A\ \I’) + (at[ﬁk)h — u}, uA \I’) .

(3.13)

The properties of (-, -)s, W"?(Q)-stability of Zj, for elementwise smooth functions,
and [|[Ug ||z <1 yield

‘(atUk,hazh (Ukn A®]), = (8:U 1, I [Ug,p A ¥ )‘
< Chl|0:Upw| IVIH[Ugn A €] < Ch||8: U bl (VU p

|+ 1)1 -

Similarly,
‘(atUk,h,zh [Upn A®] = Upp A \p)‘ < Ch|A Ukl (IV Ukl + 1) €[y

Convergence towards zero (h — 0) of the last two terms in (BI3) follows from
Ugp — uin L?*(Q7,R™), and 8;Uy, — Opu in L?*(Qr,R™), and @), GH).
Summing up, we find for k < Ch?,

T T
(3.14) klfiLmO/ (atUk,h,ﬁk,h/\\I’)h dt = / (Opu,un®)dt V¥ € C(Qp,R™).
=Y Jo 0

Next, we wish to verify for the second term in (BI2) that in case k < Ch?,
T [— S—
li , T , v
k‘,}LIBO : (VUkJL, VI, [Ukﬁ N ]) dt
(3.15)

T
=/ (Vu,V[uA¥))dt V¥ € C®(Qr,R™).
0

Therefore, on using the identities (VUjy, p, V{Ugn AU}) = (VU s, Ups A VI),
and (Vu, V{u A¥}) = (Vu,u A V¥) almost everywhere,

T
/ (Vﬁk,h, VI, [ﬁk,h A\ ‘I’D — (Vu, V[u A ‘I’]) dt
0
T [— S— p—
= / (VUk,h, V{Ih [Uk,h A\ \If] — Uk,h A \I’}) de¢
0
T [— —
+ / (VUkﬁ, [Uk,h - u] A V\I’) dt
0
T —
+/ (V[Tpp—ul,uAVE)dt = T+ [T+ 1]
0
We compute I < Ch|[VUp | (I[VUpp|4+1) || lw2., by an interpolation estimate,
using DQUhh‘K: 0 for all K € 7;,. For the terms II and I1I, we use ﬁk,h —u
in L2(Qr,R™), and VUy, — Vu in L?(Qp,R™), respectively, to conclude that

II,III — 0, for k < Ch2, and (k,h) — 0. Therefore, the limit u : Qp — R™
satisfies (B.2]). O
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4. WAVE MAP TO THE SPHERE

We recall the notion of weak solutions to (LH)—([L1) from [20] in the following
definition. Below, let E(v,w) = 1[[|v|* + [[Vw]?].

Definition 4.1. Given T > 0 and (ug,vo) € WH2(Q,S™71) x L?(Q,R™) with
(ug,vg) = 0 a.e. in Q, we call u: Qp — R™ a weak solution of (LI if (i)
Du e L?(Qp,R™), (ii) |u| = 1 almost everywhere in Qr,

T T
(iii) 7/0 (ut A u,¢t) dt + /o (Vu Au, V¢) dt = (vo A ug, ¢(0, ))

V¢ € Co([0,T); Wh2(Qr, R™)),
(iv) E(w(t,-),u(t, ) < E(vo,uo) for a.e. t>0,
(v) u(t,) —up in WH(Q;R™),  w(t,-) — vo in L*(Q,R™) (t—0).
We numerically approximate weak solutions of (LH)—(I7T). Next, we give an

explicit formula for A”*! in Algorithm B to study well-posedness, which is again
obtained by choosing ® = U"t1/2(z) ¢,.

Algorithm B. Given U", U""! € Vy,, find (U A1) € V), x V), such that
for all ® € Vy, and all z € N}, there holds

(d?Un+1’(I>)h + (VU”+1/2,V(I>) _ ()\n+1Un+1/2,(I>)h,

_ 0 forUt/2(z) =0,
AT Z) = —L[1d, U (2)]*+(d, U™ (2),d, U™ (2))] (VU2 (2) U"H1/2(2) @V p,.)

B.|Un+1/2(z)|2 else.

We set U™ = U — kVO with the given initial velocity V, so that V? = d,U°,
and use the above algorithm for n > 0. We let

V" =d,U" for n>1.

Below, the discrete energy is denoted as
1
Ey(V,0) = 5(IVIE + IVUP).

In the following, the time step restriction k& = O (h™®{4/2:1}) and quasiuniform
meshes 7;, are sufficient to verify solvability of Algorithm B. The proof uses a
regularization in a first step to apply Brouwer’s theorem; then, solutions are shown
to satisfy discrete versions of the sphere constraint and the energy law in the case
of a mesh constraint, and converge to weak solutions of (L5)—(L7).

Lemma 4.1. Let T;, be a quasiuniform triangulation of Q@ C R?, and (U°, V9) €
Vi, x Vi, with [U%z)| = 1 and (U%z),V°(z)) = 0 for all z € N},. Forn > 1,
for sufficiently small C' = C~'(Q,Th) > 0 independent of k,h > 0 such that k <
Chmax{d/21} there exists UMl € V), which satisfies Algorithm B, [U"(z)] = 1
for all z € Ny, and

9 N
(41) B (VNTLUNT) + % Z V"7 = B, (VY,UY) (N >0).

n=0

A verification of this lemma follows the steps of the proof of Lemma [3.1] adapted
to the present case.
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Proof. The discrete energy law (&I]) follows from the first equation in Algorithm
B, on choosing ® = d,U"t!.

Step 1. Fix n > 0. For every % <e< i, and all ® € Vj,, define the continuous
function F, : V;, — Vj,, where

2

(Fo(W),®) = (W + U2 —2U". ), + (YW, V)
-3 [wse) 1z wie)
zeN},
for

e =AU @) + (d U (2), W(z) - U (2))]
IE(W;®) = ( ﬂz;lax{‘ww} %W"I’)h
€ . R (vw’ W(Z) ® v()Oz)
IE(W:®) = ( T (W] wzw,é)h.

‘We compute

e . W (z)|? . 1 .
w2 ZEZNh I, (W,W(Z)(pz) < max{|W(z)|2,} [CHdtU H;ZL + @HW - U ||}21}

< Cld U} + 5 IW — U,
and
IIZ (VV7 W(Z)(Pz) = maX'{T“;(’?i)P 5} (VVV7 W(Z) ® V@z)
(4.3) < (IVW|,|V[W(2)g,]])

supp(Vez)

< Ch™(|VW], IW(2)Dsupp(ve,) -

Choose W = &, and use Young’s inequality, and the fact that the number of
nodes y € N}, is such that (Vey, Vi,) # 0 is bounded independent from h > 0.
Estimates (£2), [@3]), and rearranging terms lead to

2 n— n
(Fo(W), W), > S (W = [(U" 712, W)a| = 2/(U", W) ) +[| VW

n 1 n —
- Clld, U7 - 2W-U 7 = ChH VW[ W]
1 Ckz n—1/2 n 1 2
> S IW (1= S Wl — 4102 = 4 U)) + 5 IV W]
n 1 n
— Clld U P - 5 U

Suppose that k < Ch, for some C = C (Q) > 0 sufficiently small. It is then possible
to find Ry > 0, such that for all {W € V}, : |W]|;, > Ry} there holds

1
4k2
Hence, there exist some 0 < R; < Ry < oo such that (FE(W),W)h > 0 for all

W € V,, which satisfy |[W]|;, > Ra. Then, Brouwer’s fixed-point theorem implies
existence of U"*1/2 € V), such that F.(U"+/2) = 0.

1 n n
(Fo(W), W), > @HWH% - C||d, U7 — U7 > 0.
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Step 2. We show that U"T1/2 € V, solves Fo(U"t1/2) = 0. For this purpose,
it suffices to show for all z € AV},
k rl
(4.4) U2 (z)] > 1~ U (2)] > 5
We proceed by induction to verify this result for k& < Ch™ax{d/2.1} Let n > 1: For
all 0 < ¢ < n, suppose that U’ € V}, verifies |U*(z)| = 1, for all z € A}, and

k2 n
(4.5) E,(Vh,U™) + — Z |d: V|7 = En(V°,U°).
=1
The iterate U™t := 2U"*1/2 — U™ € V,, satisfies, for all ® € V,
(4.6) (U™, @), + (VU2 V@) = — Y I (U"/%@) + TI;(U"H/2% ).
ZGN},,
On putting ® = d,U™"!, we obtain

1 k
Sde 4,02 + VU 2] + Sz o

== Y L(UV%d,0n) 4 T (U2 a0
ZG./\/h
We use kd, Unt! = 2U"+1/2 — 2U™ to control

1+ |d,U*|{|d, U] + |d, U™
Z I§|(Un+1/2 Un+1)| ( | t |{| t 1|2 | ‘}
zeN}, ﬂz maX{|Un+ / | }

|dtUn+1|)h

C n n n n
< C 0+ DI0m ) 10 e (10 o+ 1,07 )

For the second term, we conclude

> IL|(UrH2 U] < ChoY VU 2 d U
ZENh
Putting things together yields

1 1 Ck SETPI| 1 Ck ni1y2 | Ky oprintig2
ﬁ(l—g——)udtu I+ g5 (1= 5 = 5 )IVUH R + Sl o+
1 n n 1 n
< 2k(1+c[1+ SIUn13-]) ld,u 7+ 0+ ) IVUli.

By inverse estimate, induction assumption, and for values k < Ch,
k2 1
5HdtU"“||2Loo < CRPR™ U7 < Ckzh*d[0(1+ ;)HdtU”HiJrQHVU"IF

Hence, assertion (Z4) holds for values k < Ch™a{d/2:1} and hence Fo(U™t1/2) =
0. This implies [U""!(z)| = 1 for all z € NV}, as well as {@.F) for n + 1, and hence
the induction argument is complete.

Step 3. The last step deletes the first possibility in (B)), provided k& < C'hmax{d/2.1},
In order to compute A"*1(z), for every z € N}, we put ® = U"+1/2(z)¢p,. For the
leading term, we find

(47)  (dFU"(2), U 2(2)) = f%[\dtU"(z)|2+ (d;U™(2),di U™ (2))],

thanks to d;|[U"*!(z)|?> = 0 for all z € N},. O
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Convergence behavior of iterates {U"} C Vj, of Algorithm B towards weak
solutions of (LH)—([L1) for (k,h) — 01is verified below. In the sequel, given {®"} C
V},, we define @, : Qp — R™, where for all (¢,x) € [tn,tny1) X Q,

t—1tn -, ty n
Bin(t,x) = 8" () + Lo (x),

&f (%) =8 (x),  Bpu(t,x) =0/ *(x).

Subsequently, we drop subindices k, h and use (U™, U, U), respectively, (AT, \),
and (VT,V) to stand for (U;h,ﬁk’h,Uk’h), respectively, ()\z’h,)\k)h), and
(V,j’h,Vk’h). For ® € C5°([0,T); V}), on putting V" = 4, U™, we may
rewrite the first equation of Algorithm B as follows:

(4.8) / ' (Vi @), + (YO, V@) - (A" T, @), | dt = 0.
0

We first derive the following reformulation of Algorithm B.
Lemma 4.2. Suppose that the assumptions of Lemma 1l are valid. There holds
for all ® € C§°([0,T); C>=(Q,R™)),

]/ (UL [UAEL), + (VO VE[T A ) |t (V0,00,) A 20,)) |

(4.9) ‘/ V+ [UAY] ) dt‘+0k1/2Eh(V0 U [ 1 01 »

where U(0,-) = £v0 4+ U0,

Proof. Let ¥ € C§°([0,T); C>=(Q,R™)), and take ® = I, [U A ¥] in [@E). We
then restate the integrand of the first term in (@8] as follows:

(4.10) (Vi, UAY), = (Vi, UAY), + (Vi,[U-U]Ay),

We use the following identity in 2,

(4'11) ﬁ(tv ) = U(t’ ) + [ (thrl + tn) - t] V+(t7 ) Vte [tn; thrl) )

N =

the estimate (V,[U—-UJA W), <% EIVellal V|6l Lo, and the energy identity
(@I) to bound the last term in ([@I0) as follows:

T 1/2
crl2(i [ vt ar) 1@l
< OVEER VO, UNY2| 8| 1o (0 -

/T(vt, [T-UIA), dt

IN

For the first term on the right-hand side of ([@I0]) we use integration by parts, and
VH(t,) = U(t,") in Q, for all t € [t,,tne1),

T T
/(Vt,U/\‘Il)hdt:f/ (V.[UAE],), dt — (VO,U(0,) A(0,-)),
0 0

:/OT(—[V—V+]—Ut,[U/\\Il]t>hdt (V°,U(0,-) (0, 1)), -

Putting things together then yields the assertion of the lemma. (Il
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Effects like numerical integration, interpolation, and combination of successive
iterates in (£.9)) are considered next to establish convergence of iterates of Algorithm
B to weak solutions of (LH)—(LT).

Theorem 4.1. Let the assumptions of Lemma B be valid, and U° — uy €
WL2(Q,R™), respectively, V° — vo € L?(Q,R™), for h — 0. There exist u €
L™ (O,T,WI’Q(Q;R’")) N whee (O,T;L2(Q,Rm)), and a subsequence {Uy p} such
that for (k,h) — 0,
Upp — u in L2(0,T;WH(Q,R™)),
(Ukn)e = w in L=(0,T; L*(Q,R™)) .
Moreover, u : Qp — R™ is a weak solution of (L3) (L7 .
Throughout the proof, we again drop subindices.

Proof. Step 1. The bounds of Lemma [T yield the existence of u €
L= (0, T; WE2(Q,R™)) N WL (0,T; L?(Q,R™)), such that for k < Chmax{d/21}
and h — 0,

U, UNT = u in L®(0,T; WH2(Q,R™)),
(4.12) U, U U — u in L*(Qp,R™),
U, V.Vt 2w in L™(0,T; L*(Q,R™)).

Here, the energy identity [@.I)) is used to verify convergence of both, {V} and {V*}
towards the same limit as k, h — 0, since

N t
n n— " s—tn 2
IV =Vl <€ IV =V [ () s

n=1 tn—1

e
= S v o,
n=1
and a corresponding result holds for the triple {U}, {U*}, and {U}.
Since [UT|(z) =1 for all z € N}, and all ¢ € [0, 7], there holds Z,[|[UT]?] =1
for all (¢,x) € Qr, and for all K € Ty,

U2 =1l 22050y < CRIVU || 12k -

Consequently, |[UT| — 1 almost everywhere in Qr, and hence |u| = 1 almost
everywhere.

Step 2. We pass to the limit in each of the terms in (£0). For the first term,
because of the wedge product in it, we only need to show limy ;.o (Ut, U /\1/;,5)h =

(ut,u/\'t/)t).
(UL UA®), — (woun®)| < |(ULZWUAR), — (ULZL[U A S|
(4.13) + (U T U A ®) - U A | +[(UL[U - 1) 1 8y)|

+‘(ut_Ut,u/\\I’t) = I+ ---+1V.

We use properties of (-, ), W12(Q)-stability of Zj, and ||U||~ < 1 to find
I < CL[U|[ [VZL[UAT| < ChU (VU] + 1) [ €]l -
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The term IT can be bounded correspondingly. Convergence towards zero (h — 0)
of the terms II] and IV fOHNOWS from U — u in L?(Qr,R™), and U; — w; in
L?*(Qp,R™). Hence, for k < Chmax{d/2,1}

T

lim (Ut,U/\\I’t)hdt
k,h—0 Jq
(4.14)

T
:/ (,uA®)dt YO e C([0,T);C%(Q,R™)).
0

Next, we verify that the limit for the second term in ([@3) for k < Chmax{d/2:1} jg

T

Jim ; (VU,VI,[UAY®])dt
(4.15)

- /T(Vu,V[u/\\Il])dt VU € C5o([0,T); C®(Q,R™)).
0

For this purpose, since (VU,V[U A ¥]) = (VU,U A V¥), and (Vu, V[u A ¥]) =
(Vu,u A V¥) almost everywhere,

(VU,VI,[UA¥]) — (Vu,V[ur¥]) = (VU,V{Z,[UAT] - T AT}
+(VU,[U—-u]AVY¥) + (VU —u],uAVE) =T+ [T +III.

We compute I < Ch|[VU||(|[VU|[+1)|¥ |y 2., by an interpolation estimate, using
Dgﬁ’K: 0 for all K € 7;,. For the terms II, respectively, 111, we use U — u
in L2(Q7,R™), and VU — Vu in L?(Qr,R™9), respectively, to conclude that
fOT IIdt,fOT IITdt — 0, for k < Ch™ax{d/2.1} and h — 0. Therefore, assertion
(@13) is valid.

Convergence (V°,U(0,-) A (0, ))h — (vo,uo A¥(0,)), for k < Chmax{d/2,1}
and h — 0 follows from properties of (-,-)5, and V? — v in L?(2,R™), respec-
tively, UY — ug in W12(Q,R™). Finally, since |U| < 1, we conclude

T
/(V*—V,[U/\\Il]t)hdt
0
T 1/2 T 1/2
<con (i [ pviEan) (e [ uEan) 0 1@ ).

for all but one term in (£9). Therefore, u : Qr — R™ satisfies assertion (iii) of
Definition 11

Step 3. We verify assertion (iv) of Definition @Il ug = lim;_o limy o U(¢,-)
in L2(Q,R™) follows from ([@I2). It remains to show U(t, ) — v in L?(Q,R™) as
t — 0. Therefore, multiply (uy — Au) Au =0 with ¥ € C§°([0,7); C>=(Q,R™)),
integrate by parts on Qr, and subtract the resulting equation from ([3]). We find
for the limit k, h — 0,

(ut(0,~)7v0,u0/\\11) =0 V\IIGC’SO([O,T);COO(Q,Rm)).

On noting (vo(x), up(x)) = (u:(0,x), ug(x)) = 0 for almost every x € Q, it follows
from the vector identity v = (u v)u —uA (uAv) — with v = u(0,-) — v and
u = uy — that w(t,) — v in L%(Q,R™) as t — 0.
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We also need to show w(t,-) — vo in L?(Q,R™) as t — 0. By weak lower
semicontinuity of L?-norm and Fatou’s lemma

[[Du(t, )|z < liicr%i%f IDU(t, )| L2 t>0.

Hence, for all ¢ > 0, because of properties of (-, -), and assumptions on initial data,

E(ut(tv')vu(ta')) < lgilglofE(Ut(tv)’U(t?))
= lliﬁrili_{lofEh (U(t,),U(t,-)) < E(vo,uo) -

Therefore,

imsup Ju(t, )22 < [[vollz=,  lmsup [Vu(t, )z < [|Vuollz2,
t— t—

and the weak convergence w(t,-) — vo in L?(,R™) and Vu(t,-) — Vug in
L*(Q,R™?) implies strong convergence w(t,-) — vo and Vu(t,) — Vug in
L?(Q,R™) as t — 0. Consequently, u : Q7 — R™ attains prescribed initial
data continuously in W12(Q,R™) x L?(Q,R™).

Since all requirements of Definition[4.]] are verified, hence, the map u : Qr — R™
is a weak solution to (LI)—(L1). The proof is complete. O

Remark 4.1. A symmetric variant of Algorithm Bis: Forn=1,2, ..., find (U1 \")
€ V), x Vi, such that for all ® € Vi, and all z € N}, there holds

1 A"
21 T1n+1 - n+1 n—1 — (2 n+1 n—1
(d2U ,<I>)h+(2v[U +U", ve) (2 U™+ 4+ U ],@)h,
0 for [U" + U t)(z) =0,
—(d:U"(2),d; U (2))
)\n(z) — ‘%[Un+1+Un—l](z)‘2

L (VU U Ut L U ()@ Ve,

ti Bo| L[0T 10— 1](2)[2 else.

This choice of A" again ensures that [U"*!(z)| = 1 for all z € N},. The discrete
energy is denoted as £y, (V" {U"7}1_g) = L[|V + 1 (VU |2+ [ VU2 |,
for V= 4,U". Again, existence of solutions U"t! € V), in the case k <
Chmax{d/21} can be shown, and

3 i 1 1
En(VNHL UML) = [V + S (V0P + VU] (V2 0).

However, convergence for (k,h) — 0 is not clear because of the absence of the
second term on the left-hand side of ([]), which gives enough control over temporal
variations of {d; U™} to pass to the limit (k,h) — 0 in every term in (B).

5. COMPUTATIONAL STUDIES

In this section, we report on the practical performance of Algorithms A and B.
The nonlinear systems of equations in each time step were approximately solved
using fixed-point iterations (which utilize the old A"** defined through the actual
iterate U™+1¢ to determine the update UnTH#+1). Both algorithms were imple-
mented in MATLAB with a direct solution of linear systems of equations. The
initial data that we employ for both, the harmonic map heat flow as well as the
wave map evolution, in the following two subsections are defined in the following
example.
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Example 5.1. Given w > 0, let 2 := (0,24w) x (0,1). Withr; = r;(x) := |x—pj|
and a; = a;j(x) = (1 — 27"j(x))4 forx € Q, j = 1,2, and p; := (1/2,1/2) and
p2 = (3/2,1/2), we define for x = (z1,x2) € Q,

(0,0, —1), z1 € (0,1) and m > 1/2,

2(e1-1/2)a1,2(22—1/2)ar a} —r3
et i) o)t <172

up(x) == (0,sin((zy — 1)m/w), cos((z1 — )r/w)), 21 € (1,1+w)
00,1)7 1 € (1+w,24+w) and ro > 1/2,

)
(2(1171/2)a2,2(w271/2)a2,a§7r§)
a?+r? ’

z1 € (1+w,24+w) and ro <1/2.

A projection of the nodal interpolant of the vector field uy onto the zy-plane is
shown in the top plot of Figure For the simulation of the wave flow we also
define the initial velocity vg := 0. All employed triangulations were obtained from
uniform refinements of the triangulation 7 of {2 which consists of 6 triangles which
are all halved squares if w = 1. The discrete initial data is obtained by nodal
interpolation of ug. Unless otherwise stated, we set w = 1.

5.1. Experimental results for the wave map problem. We run Algorithm B
for Example .1 with the triangulation 73 obtained from three uniform (“red-")
refinements of 7y and with k& = h/8, where h = 273. We stopped the time stepping
at t = 1/4, i.e., after 32 time steps, and replaced V(¢,-) by —=V(¢,-) at t = 1/4 to re-
verse the evolution and run another 32 time steps. The numerical results for ¢t = 1/4
and the almost recovered initial data are shown in the second and third (from top)
plot of Figure Bl Owing to an instability related to occurrence of large (maximal)
gradients which motivates finite-time blow-up, we cannot (approximately) recover
the initial data when we reverse the evolution at ¢t = 1/2, which is beyond the in-
stability; cf. the fourth and fifth plots in Figure[El This behavior does not improve
when we significantly decrease the stopping criterion for the fixed point iteration,
i.e., when we solve the nonlinear systems of equations almost exactly.

In order to compare the performance of Algorithm B to the projection strategy
proposed in [7] we display in Figure [ the total energy of the approximations ob-
tained with the two schemes on uniform triangulations with mesh-size h = 273,274,
and for time-step sizes k = h, h/10. We recall that Algorithm 3.1 in [7] involves a
projection step. In particular, given (Uj,Vj) € V7 satisfying |U’(z)| = 1 and for
all nodes z each iteration of that algorithm performs the following two steps:

(1) Compute V7T € V}, such that U’(z) - ViTl(z) = 0 for all z € N}, and
(d; VIt @), = (VU V®) V@ €V,
(2) Define U’T! € V;, through

for all z € N},

i1 U (z2) + EVITl(z)
U/t (z) = Ui+ (z) + ij“(Z)‘

We observe that the total energy is for all pairs of discretization parameters
decreasing for the numerical approximation obtained with Algorithm B. This is not
the case for the approximations computed with the explicit projection scheme of [7;
in fact, the energy rapidly increases for k¥ = h which indicates strong numerical
instabilities. Nevertheless, for & = h/10 all results are qualitatively comparable.
The total energy, the kinetic energy E¥™ (V (t,-)) := ||V (t,-)||2, and the W':>°(Q)-
semi-norm as functions of time ¢ € (0,1/2) for the two different schemes on a
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triangulation with A = 27° and k = h/10 are displayed in Figure[2l We observe that
large gradients occur and that energy is lost when a large change of the W1>°(Q)-
norms takes place.

The experimental results are slightly different when the symmetric but theoret-
ically unjustified scheme of Remark [£.1] is used to compute numerical approxima-
tions. As opposed to Algorithm B and the projection scheme of [7], the evolution
can always be reversed. The reported irreversibility in Example 5.1l which is related
to a numerical instability when the vectors at (1/2,1/2) or (3/2,1/2) changes its
direction within a small time interval is different here and the vectors remain fixed
when the symmetric scheme is used. Also, there is no loss of (the modified) energy
as can be seen in Figure 3l Nevertheless, we emphasize that the symmetric scheme
is not known to converge to a weak solution.

5.2. Experimental results for the heat flow problem. Our numerical experi-
ments for the harmonic map heat flow problem based on Algorithm A do not show
significant advantages of the proposed scheme over the algorithms developed in
[0 B]. The reason for this is that the fixed point iteration requires in all of our
numerical studies that k& < h?/5, and therefore does not improve existing results.
However, for this choice of the time-step size we obtain reasonable results for the
evolution defined by the initial data specified in Example 5.1l Figure [ displays
snapshots of the numerical solution for ¢t = 0, 0.01875, 00375, 0.05625, 0.075. Large
(maximal) gradients occur for ¢ = 0.05 and afterwards the solution appears to be
smooth and converges to a steady (uniformly constant) state. We remark that
the numerical results do not change qualitatively when we employ other values for
the parameter w. Rapid decay of the energy accompanied by occurrence of large
gradients on each mesh when k < h?/5 are the main conclusions of the practical
experience with Algorithm A.

5.3. Effect of different winding numbers. As is detailed in [I4], weak solutions
of the Dirichlet problem for the harmonic map heat flow for f-equivariant maps,
with £ = 2, do not blow up. This is in contrast to the wave-map flow, where finite-
time blow-up behavior is still expected; cf. [I8] Remark 1.6]. The following example
reports on corresponding numerical studies in an equivariant setting but restricted
to a square centered around the origin. The initial data that we use are defined as
follows.

Example 5.2. Set ) := (—2,2)% and for £ =1 or £ = 2 define
sin x(r, £0) sin £0
ug(r,0) := [ sinx(r,£6) costl vo(r,0) =0,
cos x(r, £6)
where (r,60) denotes polar coordinates in R? and x(r,£0) := (r3/4) exp(—(4(r —
2)/10)%).

We ran Algorithm B in Example on uniform triangulations of Q with h =
4.27% and h = 4-27% and time-step size defined through k = h/5. Figure[7displays
the total energies and W1°° semi-norm as functions of ¢ € [0,4]. We observe that
large gradients occur for £ = 1 while they do not occur for ¢ = 2.
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discretization parameters in the wave map problem defined with

initial data from Example .11
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FIGURE 2. Total energy, kinetic energy, and W1 (Q)-semi-norm
for numerical approximations obtained with Algorithm B and with
the projection scheme of [7] for fixed discretization parameters in
the wave map problem defined with initial data from Example 5.1l
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FIGURE 3. Total energy, kinetic energy, and W1>°(£2)-semi-norm
for numerical approximations obtained with the symmetric scheme
from Remark (] for fixed discretization parameters in the wave
map problem defined with initial data from Example Bl
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FIGURE 4. Energy and W1 semi-norm for numerical approxi-
mations of the harmonic map heat flow problem obtained with Al-
gorithm A for various discretizations parameters and with initial
data defined in Example B.11
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FIGURE 5. Numerical solutions obtained with Algorihm B in Ex-

ample B.J] Initial data (top plot), numerical approximations at

t =1/4 and t = 1/2 (second and fourth plots from top), and ap-
proximations at ¢ = 0 when the evolution is reversed at ¢ = 1/4
and ¢ = 1/2 (third and fifth plots). All vectors are scaled by the

factor 1/8 for graphical purposes.
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FIGURE 6. Snapshots of the numerical solutions for evolution
governed by harmonic map heat flow in Example 5.1l and simu-

lated with Algorithm A. Displayed solutions correspond to ¢ =

0, 0.01875, 00375, 0.05625, 0.075 (from top to bottom).
tors are scaled by the factor 1/8 for graphical purposes.
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FIGURE 7. Energy and W1 semi-norm for numerical approxi-
mations of the wave map problem obtained with Algorithm B for
various discretizations parameters and with initial data defined in
Example
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