556: MATHEMATICAL STATISTICS 1
DEFINITIONS AND NOTATION FROM REAL ANALYSIS

Definition: Limits of sequences of reals
Sequence {a,} has limit a as n — oo, written

lim a, =a

n—oo

if, for every € > 0, there exists an N = N(e) such that |a, — a| < € for all n > N. We say that {a,} is a
convergent sequence, and that {a,} converges to a.

Definition: Limits of functions
Let f be a real-valued function of real argument x.

e Limit as x — oo:
f(x) — a or lim f(x)=a

as x — oo if, every € > 0, AM = M(e) such that [f(x) —al <€,V x> M

e Limit as x — xj:
f(x) —a or lim f(x)=a

x—)xg
as x — xj (thatis, x — x; means “from below” and x — x means “from above”) if, for all
€ > 0,3 such that |f(x) —al <€,V xo < x < xp + 6 (01, respectively xo — § < x < xp).
o Left/Right Limit as x — xo:

f(x) —a or h_1>n fx)=a

as x — x if
lim f(x)= lim f(x)=a.
x—xf x—xy

Definition: Continuity

Function f(x) is continuous at xj if

lim f(x)= lim f(x) = f(xo)
X—UCO

X—UCO

and all limits exist.
Definition: Supremum and Infimum
A set of real values S is bounded above (bounded below) if there exists a real number a (b) such that,
forallx € §, x <a (x> b). The quantity a (b) is an upper bound (lower bound). A real value a; (by)
is a least upper bound (greatest lower bound) if it is an upper bound (a lower bound) of S, and no
other upper (lower) bound is smaller (larger) than a;, (by). We write

ar =supS by =inf §
for the a;, the supremum, and by, the infimum of §.

If S comprises a sequence of elements {x,}, then we can write

ar = sup x, = sup x, by = inf x, = inf x,,.
xX,€S n xp€S n

A sequence that is both bounded above and bounded below is termed bounded. Any bounded, mono-
tone real sequence is convergent.



Definition: Limit Superior and Limit Inferior
Suppose that {x,} is a bounded real sequence. Define sequences {y;} and {z} by

vy = inf x, Zk = Sup X,
n>k n>k

Then {y;} is a bounded non-decreasing sequence and {z;} is a bounded non-increasing sequence, and

lim y; = sup yx and lim z; = inf z;
k—o0 k k

k—o0

and we can consider the limits of these convergent sequences, known as the lim sup and lim inf:

e lim sup is the limiting least upper bound
e liminf is the limiting greatest lower bound

Specifically, we define the limit superior (or upper limit, or lim sup) and the limit inferior (or lower
limit, or lim inf) by

limsupx, = lim supux, =infsupx, = lim x,
n—sco k=00 > nxk

liminfx, = lim infx, = supinfx, = lim x,
n—soo k—oo n>k K n2k -

Then we have lim x, < lim x, and lim x, = x if and only if lim x, = x = lim x,,.

We can define the same concepts for real functions; we write
limsup f(x) = lim {sup{ f(x)}} liminf f(x) = lim {inf{ f(x)}}
X—>00 Y00 x>y X—>00 y—oo | x>y

and the limit as x — o exists if and only if

limsup f(x) = liminf f(x) = lim f(x).
X—>00 X—>00 X—>00
For example, the function f(x) = cos(x) does not converge to any limit as x — co. But
sup{cos(x)} =1 = limsup f(x) = lim {sup{cos(x)}} = lim {1} =1
y—00

x>y X—>00 x>y y—00

and similarly liminf f(x) = -1

Definition: Order Notation (little oh and big oh)
Consider x — xp where x is possibly +co. Then we write

fo~g i LD 1 as x
8(x)
fo =0y if L2 0 as v
8(x)
f(x)=0(@x) if % — b as x— xp,forsomeb
with similar notation for real sequences. For example
R B
smx—x—§+§+~-—x+o(x)

as x — 0, and
x4+ 1P =2 +32 +3x+1 =2 +0(x) = o(x*)

as x — o9,
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SOME USEFUL MATHEMATICAL RESULTS

e Series Summations:

GEOMETRIC
EXPONENTIAL
BINOMIAL (n=1,2,---)
BINOMIAL (a > 0)

NEG. BINOMIAL (a > 0)

LOGARITHMIC

1

1-

eZ

(1+2)"

(I+2)°

1
(1-2°

—log(l - 2)

log(1 + z)

[Se]
=l+z+2+- :sz

where, if I'(.) is the gamma function, in general

-

e Exponential Function: For real x > 0

n
lim (1 + f) - lim
n

n—oo

1_{)—11 =e*
n

n—oo

|z <1
k=0
2 (o)
_1+z+Z—+ % zeR
k=0 "
1 n
=1+n +n(n )z2 +a" + 7 = ")k
2! ik
ala—-1) o [«
=1 2 = k
+az X z ;(k)z
~ al@+1) , o [a+k-1),
— 1+ o _;( )z 2l < 1
2 3 ™k
=+ +8 4 =Z% 2l < 1
k=1
2 3 hd
Z Z k+1 <
=y, 4 _...= -1 — <1
-+ ;( T
re+1)
Tx+ D@ -x+1)
n —-n
1im(1—’-‘) =1im(1+f) -
n—oo n n—oo n

e Taylor Series: For real function f and real number xj, under mild regularity assumptions

o= 30 C I iy = 5 O gt o= )

k=0

k=0

where the approximation holds as x — xo, and

if this derivative exists.

k
fHxo) = —k ey



