MATH 556 - ASSIGNMENT 4 SOLUTIONS

1 Fort > 0, and constant k& > 0

Ep (X +k)?
PIX>t]=P[X +k>t+k < P(X+K?>>(t+k)?< W
by the Chebychev Lemma. Now if k = 02/t, then
HXZﬂSEwKX+¥ﬁFL:@ﬂ@X+HF]: 2 Er, [ X2 + 2tEp, [X] + 0*
(t+ 02 /t)? (t2 4 0%)? (t2 + 02)?
_ Pt
T (2t o2)?

as B, [X] = 0 implies 02 = Ey, [X?]. Thus

o
PIX>tl<———
X=ts 50
4 MARKS
2 IfY, = max{Xy,...,X,,}, thenfory € R,
(a) ForY,
1 1 "
Fy, (y) ={Fx()}" = (2 + = arctan(:c)) .
But clearly, for any y, Fy, (y) — 0, so there is no limiting distribution.
3 MARKS
(b) If T,, = 7Y, /n, then
L1 1 n
Fr () = (Fx (/)" = (5 + 7 aretan(ry/m)
e Fory <0,
1 1
arctan(ny/m) < 0 <2 + = arctan(ny/w)) <1/2
T
and thus for y < 0, Frp;, (y) — 0asn — oo.
e For y =0, arctan(0) = 0, so
1 n
and so Fp, (y) — 0 asn — oo.
e Fory >0,
1 1 1 1 s
4z =14 - R -1
5 + - arctan(ny/m) + - arctan(—m/(ny)) + - [ ” + o(n )]

using the approximation given. Thus
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Hence, for y > 0,as n — oo,

P = (1% | 2+ o) ) (1= o(n*))n {1y}

Note that for arbitrary A, B,

tan(A + B) = sin(A+ B) _ sin Acos B + cos Asin B

cos(A+ B) cosAcos B —sin Asin B

sowith A =7/2,cos A=0,sin A =1, so

cos B 1
tan(r/2 + B) = — — :
an(r/2 + B) sin B tan B
Thus, if tan B = z, then
1
tan(mw/2 + arctan(z)) = —— tan(m/2 + arctan(—1/x)) = =
x

and thus
/2 + arctan(—1/x) = arctan(x).

Hence, with z = ny /=,

1 1 1
B + = arctan(ny/m) =1+ - arctan(—m/(ny))
3 Forz e R

(i) Convergence in rth mean to zero;

*© 1 nl|z|" 2/°° nx”
Ep [ Xa]= [ - _ 2 [0t
a1 Xnl'] /_Oowl—i—nzxz wJo 1+n2x?

5 MARKS

This integral is divergent if » > 1, but convergent to zero as n — oo if 0 < r < 1. Thus,
if we only consider r to take integer values, there is no convergence, but for 0 < r < 1,

X, — X.

(ii) Convergence in probability; for e > 0,

1 1
P[|X,| < €] = Fx, () — Fx, (—e) = — arctan(ne) — — arctan(—ne) — 1

s T

p
asn — oo. Hence X,, — X.

Of course
X, — X ,somer >0 — X, 2 X

by general relationships between the modes of convergence.
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4 Suppose X, 2,0, so that for any € > 0,
lim P[|X,|>¢=0

Now by iterated expectation, conditioning in turn on the partitioning events

(IXal <€) (|Xnl>¢)

we have
pl—=n | = Bl X <€l PIIX, | <+ E|—"_|1X.|>e€el PllX,|>
[1+|Xn 1+|Xn|H nl s €| PliXal < €] 1+|Xn||‘ n| > €| P[|Xn| > €
€
< 1+6XP[IXn\§6]+1><P[|Xn\>e]
€
as n — 00.
1+e€

But this holds for arbitrary € > 0, so

X ]
E|— 0.
[1+|an _>

| X
E|Zn .
[1 ) 0

Then, using the Chebychev Lemma and the hint

| X € ] <1+€) [ | X ]
PllX,|>€¢ =P > < E — 0
[Xnl > €] [1+|Xn T+e] =\ e 1+ X,

Conversely, suppose

as n — oo. Thus
P|X,| > —0 . X,20

8 M ARKS
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