MATH 556 - EXERCISES 6: SOLUTIONS
1. (a) By direct calculation the mgf of Y; = X? is

M) = Bl = [ (L) e { Lot
v, (t) = Ex,le = e o exp 5 (@ — pi x

— o0

whenever —1/2 < t < 1/2, after completing the square in z in the exponent as

= gt == (1= 3) w207 - 2

and integrating the result, in which the integrand is proportional to a normal pdf, that is

Myi(t) = eXp{(llu_?;t) } /_Z (217r>1/2 eXp{_(l _2%) (@—1 /_MQt)Q}dx

~(5) o)

,
Hence, using the result for independent rvs, writing § = Y 2
i=1

My (1) =Zf[1Mn<t> - (1_12t>/xp{1ft2t}

The distribution of Y here is the non-central Chisquared distribution with r degrees of freedom and
non-centrality parameter fu.

(b) Many possible routes to compute the result. Could differentiate the mgf, or use direct calcula-
tion, or differentiate the cumulant generating function three times and evaluate at zero;

r ot
Ky (t) = log My (t) = -5 log(1 — 2t) + —
" (1—2t)0 + 20t 9
(1) T — + T
Ky(t)—l_2t+ (1= 202 _1—2t+(1—2t)2

so that y = Ey [Y] = KM (0) = r + 6.

@) 2r 40
Ry (1) = (1 —2t)2 + (1—2t)3

so that 0% = Vary, [Y] = Kg) (0) = 2r + 460 = 2(r + 26). Finally,

8r 246
K® ) —
v () (1—2t)3 * (1—2t)4
so that
Ey [(Y — p)?] = K (0) = 8r + 240
yielding that
CEy[(Y - )] 84240 23%(r 4 36)

TS T @ 4002 (r 120
It is easy to verify that Kg) (0) = Ex[(X — p)3] by direct evaluation, complementing the results that
K (0) = Ex[X]and K (0) = Ex[(X — )2,
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2.

(a) By iterated expectation, using the formula sheet to quote expectations for Gamma and Poisson

=2\+r

Ex[X]=En[Exn[XIN]]=En [NH"/Q} _En[NI47/2 _ Atr)2

1/2 1/2 1/2

(b) By the same method of iterated expectation, for —1/2 <t < 1/2,

N+r/2
Mx(t) = Ex[e"¥] = En[Exn[e¥|N]]=En [(1/12/3 t> ]

- (#) = )]
- (1 —12t>r/2GN (1 —12t)

(5) () - (Fa) {25
= expi A -1 = exp
1-2¢ 1-2¢ 1-2¢ 1—-2¢

The distribution of Y here is again the non-central Chisquared distribution with r degrees of freedom
and non-centrality parameter ), identical to the form found in Q1 (a).

. By iterated expectation

Ex, [X1] = En [Ex,m[X1|M]] = En [M] =
and
Ex,[X7] = En [Ex, m[XTIM]] = Ep [M? + 0] = 42 + 7% + o2
so that
Vary, [X1] = Ex, [X?] — {Ex,[X1]}2 =72 + 0%
By symmetry of form, Ex,[X2] = pand Vary,[Xs] = 72 + 02, Now,

Ex, x,[X1Xs] = Enr [Ex, x,)m[X1X2|M]] = Enr [Exy e[ X1IM] x Ex,ar[Xo|M])

by conditional independence. Therefore

[EX1,X2[X1X2] =Epm [M X M] =Euy [M2] _ ,U2 + 72

Hence
Covi, x, [X1, Xo] = Ex, x,[X1Xo] — Exy [X1]Ex, [Xo] = pi? + 72 — p? = 72

and
Cov X1, X 72
Corrx, x,[X1, X2 = X1, [ X1, Xo] _— :
V/Vary, [ X ]Varx,[Xo] 72 +0

X1 and X are not independent; their covariance is non zero.
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